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On Learned Sketches for Randomized Numerical Linear Algebra

Simin Liu* Tianrui Liuf Ali Vakilian* Yulin Wan? David P. Woodruff!

Abstract

We study “learning-based” sketching approaches for diverse tasks in numerical linear algebra:
least-squares regression, ¢, regression, Huber regression, low-rank approximation (LRA), and k-
means clustering. Sketching methods are used to quickly and approximately compute properties
of large matrices. Linear maps called “sketches” are applied to compress data, and these concise
representations are used to compute the desired properties. Specifically, we consider sparse
sketches (such as CountSketch).

Recent works have dealt with optimizing sketches for data distributions to perform better
than their random counterparts. We extend this theme to several important and ubiquitous
tasks, each of which requires a new analysis and novel practical methods. Specifically, our
contributions are:

e For all tasks, we introduce fast algorithms using learned sketches with worst-case guar-
antees. We give a simple task-agnostic method for retaining the worst-case guarantees of
randomized sketching, which yields time-optimal algorithms for LRA and least-squares re-
gression. Also, for k-means clustering, we give a faster alternative for retaining worst-case
guarantees.

o We show empirically that learned sketches are reliable in improving approximation accu-
racy, with comparison against “non-learned” sketching baselines.

e We introduce a greedy algorithm for optimizing the location of the nonzero entries of
a sparse sketch and prove guarantees for certain distributions on the LRA task. Previ-
ous work only looked at optimizing the values rather than the locations. Also, we show
empirically that it further improves learned sketch performance.

1 Introduction

Sketching is a powerful approach to dimensionality reduction which guarantees that important
properties of the data are preserved. There is much work on designing sketches with approx-
imation guarantees for numerical linear algebra (NLA) tasks including linear regression [Sar06),
[CW09, [CW1T, [Coh16], robust regression [ACW16], low-rank approxima-
tion [WLRTOS8, HMTIIL, [CW09, [CW17, NN13, MMT3, [CEM*15| [Coh16, [CWT14], and cluster-
ing IMMR19]. Also, see the surveys Wool4].

In the basic sketching scheme, we first construct a sketch S, which is typically a random matrix
with a very small number of rows. Then, we apply S to an input matrix A by computing SA. Here,
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we note that we only consider sparse sketches, for which SA can be computed in O(nnz(A)) time,
where nnz(A) denotes the number of non-zero entries of A. Finally, we approximately compute
the desired property of A by computing it more quickly on the much smaller SA. The form of S
guarantees that SA will be a good proxy for A with respect to the task at hand.

In a recent work, [IVY19] proposed a learning-based method on top of the existing sketching-
based framework. While most existing sketches are constructed randomly, [IVY19] showed that
learning a sketch for a data distribution can lead to significantly improved performance. They
focused on the single task of low rank approximation (LRA), using a time-suboptimal sketching
algorithm from [Sar06l, [CW09]. Using gradient descent, they optimized the values of a sparse sketch.

It remained an open question as to whether such learning-based methods could be applied to
a wider range of randomized NLA problems. In this paper, we consider the best-known random
sketching algorithms for a wide variety of tasks and design more efficient learned sketches for each
of them. In particular, we study learned sketches for least squares regression (single and multiple
response), robust regression in the form of Huber and /,-regression, low rank approximation, and
k-means clustering.

Related work on learning based methods. In the last few years, there has been a large
body of work on leveraging machine learning to improve the performance of classical algorithms,
and we only mention a few here. This includes data-dependent dimensionality reduction, such as
approaches for pair-wise/multi-wise similarity preservation for indexing big data [WZSS17] and for
general applications [HSYB15]. Machine learning has also been integrated into other related areas
such as streaming algorithms [HIKVT9, [ATVT9, lJLL ™20, [CGP20] and compressive sensing [MPBI5,
BLS™16, BJPD17, MMBT7].

2 Preliminaries

Most of the work presented here is based on the following special type of sketching matrix.

Definition 2.1 (CountSketch (CS), sparsity pattern). The CountSketch matriz, S € R™*",
is constructed as follows: for each of the n columns, we uniformly randomly pick a row (p(i) € [m])
and a value (v(i) € {—1,1}) for its single non-zero entry. We call p(i) (sometimes denoted p' € 7', )
the “sparsity pattern” of S, since it represents the positions of its non-zero entries. Likewise, v(i)
(sometimes U € R™) represents the values of the non-zero entries.

Notation. We write the singular value decomposition (SVD)of A € R"*%as A =UXV ", with U,
V having orthonormal columns, and ¥ diagonal with non-negative entries. We write AT = VETU "
to denote A’s Moore-Penrose pseudoinverse, where X7 is formed from X by reciprocating each of the
non-zero diagonal entries, leaving the zeros in place, and transposing. Also, we let Ay = UkEkaT
denote the optimal rank-k approximation of A, where U, € R™* ¥, € RF** Vi € R¥*F are the
truncated versions of U, X, V that just include the top k singular vectors/values.

3 Fast Learning-Based Least Squares Regression

We consider a generalized version of the £5 regression problem known as multiple-response regression
(MRR). Given a matrix of observations, A € R"*? and a matrix of corresponding values, B €



/ . , . 2
R™*% the goal of approximate MRR is to compute X € R¥¢ such that HAX — BHF < (1+
£)miny paxa |[AX — B3
Learning-free sketching algorithm. The learning-free sketching algorithm () is simply to

sketch A, B with S, a random CS, and compute the closed-form solution on the resulting small
matrices.

Algorithm 1 SKETCH-REGRESSION [Sar(6, [CW17]

Require: A4 € R™d B ¢ R"¥4 G ¢ Rm*n®
1: return: X = (SA)*(SB)

Lemma 3.1 ([Sar06, [CW17]). Suppose that S € RPOW(/E)Xn s g sparse sketching matriz (such
as CountSketch) and an affine e-embedding for A, B. Then, SKETCH-REGRESSION(A, B, S) returns
a (14 e)-approzimation in time O(nnz(A) + nnz(B) + poly(d?dl)).

Learned sketching algorithm. We optimize our learned sparse sketch (Sp) using gradient
descent (Algorithm [2)), where £(S, A) = ||A(SA)T(SB) — BH?7 is the regression objective. Next,
we provide a way to retain the worst-case guarantees of random CS while taking advantage of Sp,
when possible (Algorithm [B]). To do so, we efficiently compare the quality of the solution using
random CS (Sg) with the one using Sy, and choose the better.

Algorithm 2 LEARN-SKETCH: gradient-descent algorithm for optimizing sketch values

Require: Again = {A1, ..., An,,,.. } where A; € R"*? learning rate «
1: Initialize p, 0 (defined in 2.J]) randomly or use Alg. [6 for p’
2: for i =1 to num_grad_steps do
3:  form S using 7, p
4:  sample batch Apgen from Airain
5. T4 0 — o2El8 aten)
6

. end for

Algorithm 3 LEARNED-REGRESSION

Require: A € R4 B e R §; ¢ RPoly(£)xn
: {SL is a learned affine - embeddmg matrix of A, B}
Sk CS(poly(e) X d) {CountSketch}
X, < SKETCH-REGRESSION(A, B, S1), Xr + SKETCH-REGRESSION(A, B, Sg)
S CS(% xn), R+ CS(% x d)
Ap « ||S(AXL — B)RT||%, Ar + ||S(AXR — B)RT||5
if AL < AR then
return Xy,
end if
return Xp




Theorem 3.2 (Learned sketching with guarantees for MRR). Suppose there exists a learned,
sparse, affine matrix Sy, computed over Aipqin with poly(g) rows that attains a B-approrimation
over Agest. Then, there exists an algorithm that runs in time O(nnz(A) + nnz(B) + poly(d?dl) + B%)
that outputs a (1 4+ min(S, €))-approzimation to the MRR problem.

Note that when 8 < e, Sp gives a better approximation error than Sgr for the same sketching
algorithm runtime. Equivalently, S;, can achieve the same approximation error as Sg with a faster
runtime. To see this formally, observe that the non-learned sketching algorithm gives a (1 + f3)-
approximation in O(nnz(A)+nnz(B) +poly(d7dl)) time, versus O(nnz(A)+nnz(B) —i—poly(del) + B%)
time with a learned sketch. Now % < %, SO poly(d?d/) + % < poly(d?dl). In section [§ we show that
S, is reliably better than Si on natural data sets, so we can solve more quickly than with random

CS.

4 Fast Learning-Based Robust Regression

We introduce two extensions of the basic £ regression paradigm. Given A € R™*? b € R”, the
objective is to find a (1 + ¢)-approximation for #* = argmin,cpa [|[Ax — b||, where G is either a
p-norm or the Huber loss, denoted H. Given parameter 7 > 0 and an input y € R", the Huber loss

2, .
is defined as: [lylly = > ;e H(yi), where H(y;) = Siif |y;| < 7 and H(y;) = |y;| — § otherwise.
The Huber loss is popular in robust regression because it combines the advantages of the ¢; and ¢
norms.

Learning-free sketching algorithm. [CW14] shows that sketching with a sparse “M-sketch”
gives an O(1)-approximation to the optimal ¢, and Huber regressors. We describe the construction
of an M-sketch: S € ROWPoly(klogn)xn jg formed by vertically stacking I € O(log(n)) submatrices,
So,...,S;. Sy e Rroly(klogn)xn jg 5 OS matrix and each following S; retains only O(1/2%) columns
of Sy and scales them by O(2%).

Learned sketching algorithm. To train a learned sketch, we initialize a random M-sketch and
optimize its non-zero values using gradient descent on the objective function (Algorithm [2). With
no closed-form solution, we turn to the Iteratively Reweighted Least Squares (IRLS) algorithm
(JHWTT]) to compute the optimal regressor. IRLS is a standard heuristic for robust regression
that is empirically fast. Its speed is key: the fewer iterations until convergence, the faster it is to
calculate an accurate analytic gradient through backpropagation.

5 Fast Learning-Based Low Rank Approximation

Given an input matrix A € R™*% and desired rank k, the goal of approximate LRA is to find a
rank-k matrix B such that |B — A||% < (1+¢) A — Ax|%.

Learning-free sketching algorithm. We consider the time-optimal (up to what are typically
considered low order terms) random sketching algorithm by [Sar06, [CW17, [ACW16] (Algorithm [).



Algorithm 4 SKETCH-LOWRANK [Sar06l, (CW17, [ACW16].

Require: A € R"Xd S € RmMsxn, R € R™mrxd

1: Sy < 08(52 X n) Ry + CS(B2 x d) {CountSketch}
T

2: Uo [TC TC] — S9ART, [;T} UD < SAR, with Ug,Up orthogonal
D

3: G+ SQAR;—
4: Z,LZJ,Q — [UgGUD]k

—1 ~/
5. Zp =2, Tp" 0],Zr= [TC ZR]

0
6: £ =717R
7. return: AR'ZSA in form Pk, Qrxd

Lemma 5.1. Given CS matrices S € RPOWK/EXd gng R ¢ RPOWK/EXd - Algorithm [ runs in
O(nnz(A) + (n + d)poly(k/e)) time and with constant probability returns a (1 + €)-approximate
rank-k approzimation of A.

Learned sketching algorithm. As before, we optimize our sketches (S, R, Sa, R2) using gradient
descent (Algorithm [2]) and use a comparison method to retain the worst-case guarantees of random
sketching (similar to Algorithm Bl Our algorithm is the first learning-based algorithm to achieve
an optimal running time; the previous algorithm of [IVY19] does not.

Theorem 5.2 (Low-Rank Approximation). Suppose that there exists a learned, sparse, affine
matrixz Sy, computed over Agpqin with poly(%) rows which attains a (1 + 5)-appromimation over
Agest- Then, there is an algorithm A that runs in time O(nnz(A) + (n + d) poly( )+ 64 poly( )
that outputs a (1 4+ min(S3, €))-approzimate rank-k approzimation of A.

6 Fast Learning-Based k-means Clustering

Let A € R"*9 represent a set of n points, Ap,..., A, € R% In approximate k-means clustering,
the goal is to find a partition of Ay, ..., A, into k clusters C = {(fl, . ,ék} such that cost(é) <
(14¢€)cost(C*) := ming Zle min, cpa D _jec; 145 — ,u,-Hg, where p; denotes the center of cluster C;.
Specifically, each cluster C; consists of the indices of the points assigned to it.

Learning-free sketching algorithm. Our algorithm is simply to right-sketch A using CS
R € RO*?/ 52)”, compressing the n points to a smaller dimension. Then, we use any existing
approximation algorithm for k-means. In our experiments, we chose k-means++ with Lloyd’s
algorithm ([AV07], [L1o82]).

Cohen et al. [CEMT15] showed that the cost of any clustering on AR" is a (14 ¢)-approximation of
its cost on A; hence, the approximation guarantee of any k-means algorithm (including k-means++)
increases by a factor of (1 + ¢).

Learned sketching algorithm. To train a learned sketch, we use Algorithm 2 with £(S, A) as
the LRA objective. Suppose that R € R™*¢ with m € poly(k/e), is optimized so that there is a
good rank-m approximation to A in col(ART). This suggests that col(AR") and col(U,,) (where



A =UXVT") are similar subspaces. Cohen et al. [CEMT 15| showed that sketching by transforming
A to an approximate top singular vector space yields a good solution to k-means.

Next, we give an algorithm for approximate k-means using the learned sketch while retaining the
worst-case guarantees of the random sketch (Bl). The idea is to concatenate a random sketch (Ry)
to our learned sketch (Rz).

Algorithm 5 LEARNED-SKETCH-k-MEANS
Require: A € R™4 Ayoin = {A1, ..., AN, }, k € ZF
1: Ry < LEARN-SKETCH(Aqin)
2: Ry + C'S(poly(g x d) {CountSketch}
3: UEVT — A [Rl Rg]
4: return: k-MEANS++(AV k)

In the following, we show that this concatenated sketch performs at least as well as the random
sketch alone. In other words, the sketching matrices for k-means clustering satisfy a so-called
“sketch monotonicity” property introduced in [IVY19].

Next, we use the following notation. Given a matrix U with orthogonal columns, let 77 (A) =
AUUT, which is the projection of the rows of A onto col(U). Let Cy be the optimal k-means
clustering of 7y (A).

Theorem 6.1 (Sketch monotonicity property for k-means). Assume we have A € R™.
We also have random CountSketch S € ROWON(K/Exn gnid define U e RI¥OW(K/)) with or-
thogonal columns such that col(U) = row(SA). Then, any extension of S to S  (for example,
concatenation with a learned CountSketch St,) yields a better approximate k-means approximation.
Specifically, define W with orthogonal columns such that col(W) = row(S A). Let C* denote the
optimal partition of A, Cy denote the optimal partition of wy(A), and Cy denote the optimal
partition of my(A). Then

cost(Cw) < (14 ¢€)cost(Cy) < (14 O(e))cost(C™)

7 Greedy initialization

Previous work on learned sparse sketches only optimized the values of a sketch’s non-zero entries
and not their placement, which was randomized ([IVY19]). Empirically, we find that it is better
to optimize both the locations (a sketch’s “sparsity pattern”) and the values (Tables Bl B6l). We
also give examples of data distributions where this greedy initialization is guaranteed to be better
than random for the LRA task.

Algorithm. We apply Algorithm [6] to optimize the sparsity pattern before optimizing values
(Algorithm [2), during which the sparsity pattern is fixed. Applying a CS matrix (SA,S € R™*")
can be viewed as weighting each row of A and hashing it to one of m bins, where the rows are
summed. The greedy algorithm is simple: we iterate over row indices in some order and for each,
we evaluate the task objective (L£(S,A)) for all possible (weight, bin) assignments. Then, we add
a new entry to the sketch for the best option. In Algorithm [6 D,, is the set of candidate weights,
which we set to 10 samples in [—2,2]. An advantage of this method is that it is task-agnostic,
requiring only the ability to evaluate the task objective function.



Algorithm 6 GREEDY-INIT

Require: Again = {41, ..., An,,,,, } Where A; € Rnxd
1: initialize p = 0,7 = 0,
2: sample Apgicn, from Agrain
3: fori=1to ndo

4:  form S using p, v
5
6
7

w*, j* = argming,ep,, iefm] ZAieAbatch L(Sw,j,Ai) where Sy, j = S + w(e}e‘%T)
a0 w7 < 5
: end for

Guarantees on natural distributions. We present two natural distributions and show that for
both, greedy-initialized CS produces a better approximate low-rank approximation than CS with
a random sparsity pattern.
1. Spiked Covariance Model. In this model which is is introduced by Johnstone [JohOl],
each matrix has covariance diag(¢y,---,4,1,--+,1) with r small. That is, each matrix has a few
eigenvalues that are significantly larger than the rest. This distribution closely models certain types
of data in speech recognition [HBT95, [Joh01], wireless communication [Tel99) [CH12], mathematical
finance [PGR™02, LCPBO0, MS04] and statistical learning [HR04al [HR04bl BS06, Pau07, WEF17].
We consider A € R™*? from a spiked covariance distribution Agy(s,£), where s = O(k) is the
number of “heavy” rows with norm ¢ and the remaining rows are of norm 1. Also, we assume the
direction of each row is picked uniformly at random.

Theorem 7.1. Consider a matric A € Ag(s,f). Let Sy denote a CS constructed using Algo-
rithm [@ that visits the rows of A in order of mon-increasing row norm. Let S, denote a ran-
dom CS. Then, there exists a fized constant n such that min ik Xerowsp(s,4) X — A||% < (1-

77) MiNyapk X erowsp(SrA) HX B AH%

2. Heavy Tailed (Zipfian) Random Matrices. This model consists of matrices with Zipfian-
distributed squared row norms. Real data also often follows this model [AGOS, BP09, [AGZ10,
Verl10, BJ11, [AT16].

We consider symmetric matrices A € R™" with “Zipfian squared” row norms where Vi €
O(logn), there are 2 x 2¢ rows of squared norm n?/4!. We assume the direction of each row is
picked uniformly at random.

Theorem 7.2. Consider a symmetric (random) matric A € R™ "™ with Zipfian squared norms.
Let S, denote the CS constructed using Algorithm [G that visits the rows of A in order of non-
increasing row norm. Let S, denote a random CS. Then, there exists a fized constant n such that

. 2 . 2
MINyank-k X erowsp(SgA) ”X - AHF < (1 - T,) MM ank-k X erowsp(SyA) HX - A”F

Remark 7.3. Though our analysis shows that the greedy algorithm with non-increasing row norm
ordering gives a better sketch than the standard approach in certain cases, in other cases, the
converse may be true. See the appendix for an example where greedy with random ordering yields
a cost that is a constant factor better than the non-increasing row norm ordering.



8 Experiments

See the appendix for additional experimental details (Section [D]). Our code is available publicly

8.1

Datasets

We use assorted real-world data sets to verify the broad effectiveness of our algorithms.
For the regression family of tasks (MMR, Huber, £,):

Gas: time series of measured and simulated greenhouse gas concentrations in California’s
atmosphere. Each (A, B) corresponds to a different measurement location. A’s columns

are consecutive measurements and B’s are consecutive simulated values. [(A, B)irain| =
400, |(A, B)est| = 100, A € R327¥15 B ¢ R327x1]

Tunnel: time series of gas concentrations measured by eight sensors in a wind tunnel. Each
(A, B) corresponds to a different data collection trial. A’s columns are consecutive mea-
surements of temperature, relative humidity, and time, as well as values from two sensors;
B’s columns are values from the other six sensors. |(A, B)train| = 144, |(A, B)test| = 36, A €
R13530x5 B ¢ R13530><6E

Electric: residential electric load measurements. Each (A, B) corresponds to a different

residence. Matrix columns are consecutive measurements from different days. |(A, B)train| =
2507 ‘(Aa B)test‘ = 63, A€ R950X50, B e R950X50H

For the low-rank approximation family of tasks (LRA, k-means):

Videos - Logo, Friends, Eagle: frames from YouTube videos of a logo being painted, a
scene from the TV show Friends, and the feed from an eagle’s nest camera. Each A is formed
by flattening a 1920 x 1080 x 3 RGB array. A € R5760X1080 | 4, .1 — 400, | Ayest| = 1008

Hyper: hyperspectral images depicting outdoor scenes. A € R1024XT68 1A, o | =400, |Agest| =
100

Some matrices in these aforementioned data sets have much larger singular values than others. To
keep the approximation errors at the same magnitude, we normalized the matrices to have the same
largest singular value.

For the section on greedy sensitivity analysis:

e Synthetic spiked covariance: given LRA parameter k, each A € R"*¢ has random vectors

with norm O(/%) for its first O(k) rows. The rest of the rows are random unit vectors.
Ae R290X50007 ‘Atrain’ - 1607 ’Atrain’ = 40.

"https://github.com/s1iu2019/learned_sketch
Zhttps://archive.ics.uci.edu/ml/datasets/Greenhouse+Gas+Observing+Network
3https://archive.ics.uci.edu/ml/datasets/Gas+sensor+array+exposed+to+turbulent+gas+mixtures
“https://archive.ics.uci.edu/ml/datasets/ElectricityLoadDiagrams20112014
Shttp://youtu.be/LEHQoFIaT4I, http://youtu.be/xmLZSEfXEgE, http://youtu.be/ufnf_q_30fg6
%https://github.com/gistairc/HS-SOD
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8.2 Baselines
We describe the sketches used in the algorithms we compare:
¢ Random: random CS

e Learned (random pattern): a sparse sketch with learned values, random positions for
non-zero entries

e Learned (greedy pattern): a sparse sketch where both values and positions of non-zero
entries are learned.

We also consider additional baselines with non-oblivious (matrix-dependent) sketches for LRA
and k-means clustering:

e Exact SVD: Randomly sample A; € Agrain, compute A; = ULVT and sketch as AV,.

e Column sampling: sketch as AR, where R is computed from randomly sampled A; € Atyain-
R selects columns of A; with probability proportional to squared column norm and scales by
its inverse.

8.3 Results

The following tables contain average values and standard deviations computed over 3 trials. Ex-
perimental parameters (i.e., learning rate for gradient descent) can be found in the appendix.

Regression family of tasks. For MRR (Table B1), learned (random pattern) gives a 20 — 50%
improvement over random. Also, learned (greedy pattern) is either comparable to learned (random
pattern) or attains up to 10% improvement. For ¢, (p = 1.5) and Huber regression, we observe
that the learned sketch almost always yields better performance than the random one. For /15
(Table B2]), there is up to 15% improvement; for Huber (Table[83]), there is 30 — 95% improvement.

Table 8.1: Test errors for MRR

m, Sketch Gas Tunnel Electric
10, random 106.038 | 0.236 14.942
10,learned (random pattern) | 78.357 | 0.177 11.041
10, learned (greedy pattern) | 87.2379 | 0.1559 | 10.842
20, random 44.180 0.0949 10.663

20, learned (random pattern) | 30.3709 | 0.0580 | 8.822
20, learned (greedy pattern) | 36.7858 | 0.0596 7.9203
30, random 18.2751 | 0.0476 9.173
30, learned (random pattern) | 12.5393 | 0.0368 7.497
30, learned (greedy pattern) | 14.3316 | 0.03200 | 6.8032

LRA family of tasks. For the time-optimal approximate LRA algorithm (Algorithm [), learned
(random pattern) gives a 35 — 75% improvement over random (Table B.6). The work [IVY19]
learns sketches for a different approximation algorithm involving just one sketch (their Algorithm



Table 8.2: Test errors for ¢1 5 regression

m, Sketch Gas Tunnel Electric

20, random 16.100757 | 0.905101 | 139.079274
20, learned (random pattern) | 15.662183 | 0.767999 | 131.755758
30, random 14.955649 | 0.639754 | 57.653981
30, learned (random pattern) | 14.858939 | 0.505537 | 48.685349
40, random 14.329586 | 0.425036 | 48.733799
40, learned (random pattern) | 14.305626 | 0.345803 | 44.492352

Table 8.3: Test errors for Huber regression

m, Sketch Gas Tunnel Electric
20, random 0.058685 0.001115 0.288651
20, learned (random pattern) | 0.042292 | 0.001091 | 0.275271
30, random 0.045003 | 0.001279 | 0.108427
30, learned (random pattern) | 0.020599 | 0.000987 | 0.106119
40, random 0.043164 | 0.001006 | 0.073449
40, learned (random pattern) | 0.009170 | 0.000918 | 0.071874

1), as opposed to four. Though the use of more sketches increases approximation error (compare
Table 84 to Table B.0)), it is much faster (see Table BH]). Now, the desired trade-off between speed
and accuracy varies depending on the application, so we leave it to the reader to decide which
algorithm is more advantageous.

In Table[8.6] we compare our approach, learned (greedy pattern), with several baselines on LRA.
Our approach is always better or comparable to learned (random pattern) from [IVY19], showing
improvements of 10 — 40%. It also beats all baselines, except on the Eagle data set, where ezact
SVD is best. However, our approach has better time complexity than ezact SVD, since our sketch
is sparse and can be applied in input sparsity time (see Table [D.5]).

For approximate k-means clustering (TableR7Tl), we note that learned (random pattern) is always
better than random. It is also always the best or a close second to exact SVD. However, as we
mentioned above, the solution using ezact SVD has the disadvantage of being slower to compute

(see Table [D.5)).

Table 8.4: Test errors for LRA (using Algorithm [l with four sketches)

k, m, Sketch

Logo

Eagle

Friends

Hyper

20, 20, random
20, 20, learned (random pattern)

6.389263 £ 0.117776
1.874400 + 0.018637

12.782090 £ 0.472347
3.126370 £ 0.030783

11.442603 £ 0.641905
3.026187 £ 0.036555

14.133427 £ 0.601569
8.059653 £ 0.063467

20,40, random
20,40, learned (random pattern)

2.329610 + 0.064810
0.918453 +0.011491

8.437103 4 0.195867
2.084160 £ 0.048539

4.100357 £ 0.172226
1.392333 £ 0.019683

6.939890 + 0.211195
4.455760 =+ 0.036090

30, 30, random
30, 30, learned (random pattern)

4.713050 £ 0.099571
2.119253 +0.031725

12.535033 £ 0.074421
4.286367 £ 0.037845

8.794927 £ 0.173146
3.574900 £ 0.034765

12.328263 £ 0.079653
8.252257 £ 0.008888

30,60, random
30,60, learned (random pattern)

1.649640 £ 0.020364
0.916483 £ 0.006059

7.921303 4 0.104303
2.636563 £ 0.045209

2.752303 + 0.041925
1.397930 + 0.006837

5.855720 4 0.058504
4.240370 £ 0.012680

Sensitivity analysis of the greedy algorithm. We explore how sensitive the performance of
learned (greedy pattern) is to row ordering. We consider five orderings: random, by decreasing row
norm, by decreasing row leverage score, backwards (largest row indices first), and forwards. We
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Table 8.5: Timing comparison for two approximate LRA algorithms

n,d 1-sketch time (sec) | 4-sketch time (sec)

5000,4000 | 0.18944 4+ 0.11338 0.03369 + 0.00436

2500,2000 | 0.07076 £ 0.07540 0.02097 + 0.00445

1250, 1000 | 0.04645 £ 0.03839 0.01437 + 0.00401

Table 8.6: Test errors for LRA (using Algorithm 1 from [IVY19] with one sketch)

k, m, Sketch Logo Eagle Friends | Hyper
20, 20, random 3.251 5.97 5.615 6.949
20, 20, exact SVD 1.331 0.3027 | 1.7139 29.1169
20, 20, learned (random pattern) | 0.712 0.468 1.928 2.91
20, 20, learned (greedy pattern) | 0.7121 | 0.3977 | 1.5233 | 2.6812
20,40, random 0.930 3.36 1.542 2.971
20, 40, exact SVD 0.5580 | 0.1458 | 0.5658 23.7912
20,40, learned (random pattern) | 0.255 0.344 0.723 1.273
20,40, learned (greedy pattern) | 0.1961 | 0.2287 | 0.4066 | 0.7841
30, 30, random 2.366 5.84 4.476 6.115
30, 30, exact SVD 1.2435 | 0.3290 | 1.8100 27.1428
30, 30, learned (random pattern) | 0.857 0.762 2.212 3.116
30, 30, learned (greedy pattern) | 0.7552 | 0.5326 | 1.6814 | 2.3989
30, 60, random 0.650 3.08 1.0575 2.315
30, 60, exact SVD 0.4925 | 0.1402 | 0.5086 23.7702
30,60, learned (random pattern) | 0.290 0.485 0.713 1.274
30, 60, learned (greedy pattern) | 0.1978 | 0.3340 | 0.4064 | 0.7174

Table 8.7: Test errors for k-means clustering

k, m, Sketch Logo Eagle Friends Hyper

3,20, random
3,20, column sampling
3,20, exact SVD

3,20, learned (random pattern)

0.591470 + 0.003440
0.602550 + 0.013000
0.581520 £ 0.000210
0.583310 £ 0.000600

1.070480 £ 0.003670
1.096580 £ 0.007790
1.052440 + 0.000680
1.048180 =+ 0.000080

0.975360 = 0.005860
1.034400 =+ 0.050050
0.979120 4 0.001280
0.975170 £ 0.006990

1.070570 £ 0.003100
1.079490 £ 0.001800
1.058340 £ 0.003350
1.058340 =+ 0.000630

6,40, random
6,40, column sampling
6,40, exact SVD

6,40, learned (random pattern)

0.453670 + 0.000440
0.473200 + 0.004230
0.451430 £ 0.000600
0.452130 £ 0.000970

0.998330 + 0.002930
1.010780 £ 0.015490
0.991750 £ 0.000210
0.984460 £ 0.000930

0.785100 + 0.004010
0.801710 + 0.004370
0.787060 £ 0.000580
0.777650 £ 0.000540

0.864000 + 0.004150
0.881960 + 0.005430
0.854410 £ 0.002290
0.855280 £ 0.001150

10, 70, random

10, 70, column sampling

10, 70, exact SVD

10, 70, learned (random pattern)

0.353370 £ 0.000720
0.375130 £ 0.010740
0.351280 £ 0.000480
0.351130 + 0.000290

0.934050 + 0.002240
0.939450 + 0.002650
0.932540 £ 0.000890
0.927560 £ 0.000610

0.635600 + 0.000910
0.667460 = 0.018620
0.637190 £ 0.002200
0.633310 £ 0.000310

0.733080 £ 0.001470
0.757350 % 0.025370
0.727370 £ 0.001240
0.728620 + 0.000420

find that on some data sets (Logo), the random ordering is best, while on others (Friends), the
decreasing row norm ordering is better. We also show that for the spiked covariance distribution
of section [, the empirical results corroborate the theory, which states that decreasing row norm is

better than random.

9 Conclusions

In this work, we developed methods and principles for learning sketches on a variety of numerical
linear algebra tasks, including least-squares, £,, and Huber regression, low-rank approximation,
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Table 8.8: Test errors for learned (greedy pattern) with different row orders

Row ordering Logo Friends Synthetic spiked covariance
random 0.712100 £ 0.013720 | 1.523310 £ 0.057720 2.548000 = 0.696460
decreasing row norm 0.764400 =+ 0.042230 1.372240 £ 0.087160 | 0.589950 £ 0.441570
decreasing leverage score | 0.726540 4+ 0.019410 1.539450 4 0.147030 1.409430 4 0.147600
backwards 0.838640 + 0.038600 1.543980 £ 0.177190 2.039050 £ 0.410570
forwards 0.939110 4 0.098140 1.748210 £ 0.148670 0.199500 =+ 0.025460

and k-means clustering. For least-squares regression and low rank approximation, the proposed
algorithms are time-optimal. For all tasks, we provided a simple means to retain the worst-case
guarantees of classical sketching algorithms. We also showed that a learned sketch is reliably
(and sometimes significantly) better than classical random sketches on several types of data sets.
Further, we provided a method for optimizing the nonzero entry placement in our sparse sketches
and showed for low rank approximation that this empirically and provably yields additional gains.
Possible directions for future research include devising alternate algorithms for optimizing sketches
over distributions and also extending these methods to other linear algebra problems where sketch-
ing has proven useful (e.g., regularized regression, kernel regression, and tensor decomposition).
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A Missing Proofs

A.1 Missing Proofs in Section [3]

Definition A.1 (Affine Embedding). Given a pair of matrices A and B each with n rows,
a matriz S is an affine e-embedding if for all X of appropriate shape, ||S(AX — B)||§; =1+
&) AX - Bl

The following result is shown in [CW17|] and sharpened with [NN13, MM13].

Lemma A.2. Given matrices A, B withn rows, a sparse embedding matriz (i.e., CS) with O(rank(A)?/e?)
rows is an affine e-embedding matriz with constant probability. Moreover, the matriz product S - A

can be computed in O(nnz(A)) time, where nnz(A) denotes the number of non-zero entries of matriz

A. We also define two sets of matrices, Airain and Agesi. Only Agrain 15 made available at the time

of sketch optimization.

Lemma A.3 ([CW17|; Lemma 40). Let A be an n x d matriz and let S € ROGD*™ pe g
randomly chosen sparse embedding matriz (i.e., CS). Then with constant probability, ||SA|% =
(L£e) Al

Proof of Lemma [B.1l Since S is an affine e-embedding matrix of A, B, then
ISAX = SB|7 = (1 +¢)[|AX — Bl

Next, by the normal equations, (SA)*(SB) is a minimizer of miny ||SAX — SB|%.

To bound the runtime, note that since S is a sparse sketching matrix (i.e., CountSketch) we
can compute SA and SB in time O(nnz(A) 4+ nnz(B)) and reduce the problem to an instance of
multiple-response regression with m rows. Then, we can solve the reduced size problem in time

O(d-d -m?): O(d-m?) to compute (SA)* and O(d - d’' - m?) to compute (SA)*(SB). O

Proof of Theorem By Lemma [A22] a CountSketch Sp with poly(g) rows is an affine &-
embedding matrix of A, B with constant probability.

Next, let X7, and Xo be respectively the solutions returned by SKETCH-REGRESSION(A, B, St.)
and SKETCH-REGRESSION(A, B, Sp). By Lemma[3.1] with constant probability, the following hold:

) ) (1+ B)miny |AX — B||% if (A,B) € D
min(|[AXy — Bl[%, [[AXo = Bl[F) < (A1)
(1+¢)miny ||[AX — BH% otherwise

Hence, it only remains to compute the minimum of ||AX, — BH% and [|[AXo — BH% efficiently.
Note that it takes Q(n - d - d') to compute these values. However, for our purpose it suffices to
compare (1 + ()-estimates of these values and return the minimum of the estimates. To achieve

1 ywd b
this, we use two applications of Lemma [A.3 with RT € RO(ﬂQ)Xd , S € RO(B2)Xn. For any X' (in
particular, both X and X)), with constant probability,

|seax’ - B)R|; = | &7 (ax - B)TSTHi — (1£8)||(Ax' - B)| (A.2)
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Let Ap, and Ao respectively denote ||S(AX, — B)R|% and ||S(AXo — B)R||%. By Eq. (A2) and
union bound over of Xp and X, with constant probability,

min(Ar, Ao) < (14 0(8)) - min(|AX, — B||%, |AXo — Bl[3)

(1+0(8)) miny |[AX — B|% if (A,B) €D
<
(1+O(e)) miny |AX — B||3  otherwise

The last inequality holds by Eq. (Ad]) and 3 < «.

Runtime Analysis. By Lemma[31] Xo an X can be computed in nnz(A)+nnz(B )—I—poly(d?)
time. Next, the time to compute Aj, and Ao is

%) — O(unz(A) + nmz(B) + dd' + ;4

where X is either Xp or X and we use that fact that nnz(X) < d-d’ (i.e., the total number of
cells in X).
Thus, the total runtime of Algorithm Blis O(nnz(A) + nnz(B) + poly(d?d/) + B%) O

O(nnz(A) 4+ nnz(X R) + nnz(B) + )

Corollary A.4 (Regression). Suppose that there exists a learned sparse affine B-approximation

matriz Sy with poly(g) rows for the matrices in family D where B < . Then, there exists an

algorithm A that runs in time O(nnz(A) + nnz(B) + poly(g) 62) such that,

1. Improved bound: if (A,b) € D, then A outputs a (1 + (3)-approzimation of the regression
problem.

2. Worst-case bound: otherwise, A outputs a (14 ¢)-approximation of the regression problem.

Proof: The proof is similar to the proof of Theorem but here the sketching matrix S suffices.
This improves the dependence in the runtime on 3 to 2. Moreover, here d’ = 1. O
A.2 Missing Proofs in Section

Lemma A.5. Suppose that S € R™S*" qnd R € R™&*? gre sparse affine e-embedding matrices

for (AT, A) and ((SA)T,AT). Then,

in |[ART x4 — AH (1 A — A
_min AR XS (1+2) ]| A, — A%

Proof: Consider the following multiple-response regression problem:

min [ 4X — Al (A.3)

Note that since X = I}, is a feasible solution to Eq. (A3), it x [|AxX — A% = || A, — Al
Let S € R™s*™ bhe a sketching matrix that satisfies the condition of Lemma [A7] for A := A; and
B := A. By the normal equations, the rank-k minimizer of ||[SArX — SAH% is (SAg)TSA. Hence,

| AR(SAR)TSA - Al < (1+¢) | A — A%, (A.4)
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which in particular shows that a (1 + €) rank-k approximation of A exists in the row space of SA.
In other words,

min | XSA - Al < (1+2) A — Al (A.5)

Next, let R € R™2X4 he a sketching matrix that satisfies the condition of Lemma for A :=
(SA)T and B := AT. Let Y denote the rank-k minimizer of HR(SA)TXT - RATH?:. Hence,

2
H(SA)TYT —ATHF <(1+¢) min [ XSA-Al} > Lemma [A7]
< (140() 45 — A% > Bq. (K3) (A.6)

Note that by the normal equations, again rowsp(Y ") C rowsp(RAT) and we can write Y = AR" Z
where rank(Z) = k. Thus,

min HARTXSA _ AH2 < HARTZSA _ AH2
rank-k X F F
- H(SA)TYT—ATH; >Y =AR'Z

< (14 0()) [l 4% — A% > Eq. (A.6) O

Lemma A.6 ([ACW16]; Lemma 27). For C € RP*™ D € R™ G € RP*V | the following
problem

. 2
min [[OZD — Gy (A7)

can be solved in O(pm'rc + p'mrp + pp'(rp + rc)) time, where ro = rank(C) < min{m/,p} and
rp = rank(D) < min{m, p'}.

Proof: Let Ug and Ug be orthogonal bases for colsp(C') and rowsp(D), respectively, so that for each
Z,CZD = UCZ’UE for some Z’. Let Po and Pp be the projection matrices onto the subspaces

spanned by the rows of CT and DT, respectively: Po = UCUCT and Pp = U DUB. Then by the
Pythagorean theorem,

2
ICZD — G||% = HPCUCZ’UEPD - GHF
2
= |PevczUb Py — PeGPD|| + 1PGU = P)IIG + 11T = Pe)GIl

where the first equality holds since PoUg = Ue and UEPD = Ug and the second equality follows
from the Pythagorean theorem. Hence,

2
argminganir 7 ||CZD — GH% = argmin;anic.k 2 HP(;U(;ZUEPD — PCGPDHF.
Moreover,

HPCUCZUgPD - PCGPDH1 - HUCZUg - UCUgGUDUgHi - HZ - UCTGUDH;,
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where the first equality holds since UCT Uc =1 and UEU p = I, and the second equality holds since
Uc and U[T) are orthonormal. Hence,

2
argminank-k Z ||CZD - GH%" = argmilyank k 7 HZ - UgGUDHF

Next, we can find Z = [UL GUp]y, by computing the SVD of U/ GUp.

Runtime analysis. We can compute Ugc and Up by the Gram-Schmidt process in time O(pm/rc+
p'mrp), and ULGUp in time O(min{rcp/(p + rp),rpp(p’ + r¢)}). Finally, the time to compute
Z (i.e., an SVD computation of UL GUp) is O(r¢rp - min{rc,rp}). Since r¢ < min{p, m’} and
rp < min{p’,m}, the total runtime to minimize Z in Eq. (A7) is O(pm'rc+p'mrp+pp’ (re+rp)).0

Proof of Lemma [5.1] Tt first computes C' = S2AR", D = SAR] ,G = Sy AR, which can be done
in time O(nnz(A)). As an example, we bound the time to compute C' = Sy AR. Note that since
Sy is a sparse sketching matrix (i.e., CountSketch), SaA can be computed in O(nnz(A)) time and
the number of non-zero entries in the resulting matrix is at most nnz(A). Hence, since R is a
sparse sketching matrix as well, C can be computed in time O(nnz(A) 4+ nnz(S2A)) = O(nnz(A)).
Then, it takes an extra poly(k/e) - % time to store C,D and G in matrlx form. Next, as we
showed in Lemma [A.6] the time to compute Z in Algorithm [ is O( - poly(k/e)). Finally, it
takes (n + d)poly(k/e) time to return the solution in the form of ankaxd. Hence, the total

runtime is O(nnz(A) + (n + d) poly(k/e) + %i -poly(k/e)). The exact analysis goes through for the
approximation guarantee and we omit it here. ]

Lemma A.7 ([ACW16]; Lemma 25). Suppose that A € R and B € R"*¢. Moreover, let S
be an oblivious sparse affine c-embedding matriz (i.e., a CountSketch matriz) with (rank(A)?/e?)
rows. Then with constant probability,

X = argmingank k X HSAX - SBH%"

satisfies

HAX BH (1+¢) min_|AX — B|J.

rank-k X
In other words, in O(nnz(A) +nnz(B)) + (d + d')(rank(A)?/?) time, we can reduce the problem to
a smaller (multi-response regression) problem with (rank(A)?/e2) rows whose solution is a (14 ¢€)-
approximate solution to the original problem.

Proof of Theorem Let So and Rp be CountSketch matrices of size poly(k/e) x n and
poly(k/e) x d. Note that since rank(A;) = k and rank((SpA)T) < poly(k/e), So and Ro are
respectively affine e-embedding matrices of (A, A) and ((SpA)", AT). Then, by an application of
Lemma [A5]

min_ HAROXSOA AH (1+0()) || A — A% (A.8)

Similarly, by the properties mentioned for Sy, and Ry, and an application of Lemma [A5]if (Ay, A) €
D and ((SLA)T,AT) € D/, then

rairngHARLXSLA AH (1+0(8)) || Ax — A% (A.9)
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Next, by applications of Lemma [A.2] we multiply Eq. (A9]) from both sides by oblivious sparse
affine B-embedding matrices (i.e., CountSketch) So, Ry with O(k?/58?) rows,

min HSQ(ARIXSLA)R; — S2AR] H; —(1£0(8) min_ H52ARIX5LA - 52AHQF

(A.10)

where the first inequality follows since Ry is an affine 3-embedding for (SA)" which is of rank
poly(k/e) and the second inequality follows since Sy is an affine 3-embedding for AR which is of
rank poly(k/e). By a similar argument,

2
i ATXAT—ATHzl in_ || A, — Al Al
min|[$(ARGXSoA)R] — $AR] | = (1+0() min |4, — A}, (A11)

Next, let (Pr,Qr) and (Pp, Qo) be respectively the rank-k approximations of A in factored form
using (Sp, Rp) and (So, Ro) (see Algorithm H]). Then, Eq. (A10) together with Eq. (AI1)) implies
that

(1£0(8)) Ay — Al if (Ay, A) €D,
min(||PLQr — All% . [|PoQo — Allf) = and (ATST,AT) € D'
(1+0(e)) | Ay — Al|7  otherwise
(A.12)

Hence, it only remains to compute the minimum of |[PLQp — A||% and |[PoQo — A||% efficiently
and we proceed similarly to the proof of Theorem We use two applications of Lemma [A. 3] with

1 1
RT e R g e ROG2)™ AL = ||S(PLQL — A)R|% and Ao = ||S(PoQo — A)R|>. Hence,

min(Az, Ao) < (14 O(8)) - min(|PLQr — Al %, | PoQo — All7)
(1+0(B) || Ak — Al% if (Ax, A) €D,
< and (ATST,AT) e D
(14 0(e)) | Ay — A||%  otherwise

The last inequality follows from Eq. (A12) and 3 < e.
Runtime analysis. By Lemma Bl Algorithm @ computes Pr, Q1 and Pp, Qo in O(nnz(A) +
(n+ d) poly(£) + (5) - poly(£))

Next, it takes O(nnz(A) + (n+d) -k + %) to compute Az, and Ap. As an example, we bound
the amount of time required to compute SP;,Q 1R — SAR corresponding to Ay. Since S and R are
sparse sketching matrices, SPr, QR and SAR can be computed in nnz(SPr)+nnz(QrR)+nnz(A).
Since SPp, and Q1R are respectively of size Elg x k and k X Elg, in total it takes O(nnz(A) + B—kg)
to compute these three matrices. Then, we can compute SPLQR and ||[SPLQrRSAR| ; in time
(k).

Hence, the total runtime of Algorithm [ is O(nnz(A) 4 (n +d) - poly(g) + (g—i) : poly(f)). O

A.3 Missing Proofs in Section

We restate notation and the main result below for ease of reference.
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Notation. We define A,, as the optimal m-rank approximation of A formed by truncated SVD:
Ay =Upn Sy Vit

Given a matrix U with orthogonal columns, let m;(A) = AUU T, which is the projection of the
rows of A onto col(U). Let Cy be the optimal k-means partition of 7y/(A). Further, we let pcy,
denote the i-th cluster’s center in the optimal k-means clustering on w7 (A).

We denote dist?(A, 1) as the k-means loss given cluster centers (and their corresponding partition):

dist®(A, 1) = Y > [14; — il

i€lk] jeC;

Likewise, cost(C) is the k-means loss given a partition:

cost(C Z mln Z |A; — ,ung

i€[k] i jeC;

Definition A.8 (Projection-cost preserving sketch). A is a projection-cost preserving sketch
of A if for any low rank projection matrixz P and ¢ not dependent on P:

~ ~112
(1-e)|lA— PAJ% < HA - PAHF +te<(1+e)|A—PA|%

Theorem (6.1} Sketch monotonicity property for k-means). Assume we have A € R™.
We also have random CountSketch S € ROPK/)xn gnd define U e RI*OWoy(k/) with or-
thogonal columns such that colsp(U) = rowsp(SA). Then, any extension of S to S’ (for example,
concatenation with a learned CountSketch St ) yields a better approximate k-means approximation.
Specifically, define W with orthogonal columns such that col(W) = row(S’A). Let C* denote the
optimal partition of A, Cy denote the optimal partition of wy(A), and Cy denote the optimal
partition of my (A). Then

cost(Cyw) < (14 0(e))cost(Cy) < (14 O(e))cost(C*)

Proof:
cost(Cw ) = Z mln Z |A; — 132
1€[k] j€Cw,;i
ze[k}JGCwl
2
=D > 14 = mw (A + [Jmw (A7) = pew, (A.13)
1€[k] j€Cw,;
2
<30 >0 1A = mw (AP + [[mw (A7) = e, (A.14)
iclk] j€Cu.i
= > > 14— wew (A.15)
ZE[k ]GCUl
(1+¢ me > 1A — pll? (A.16)
ick Jj€CU,;
= (14 ¢)cost(Cr)
< (14 O(e))cost(C*) O
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(A13): pey, € colsp(W) so we can apply the Pythagorean Theorem.

(A14): (ncyy,Cw) is an optimal k-means clustering of the projected points myy (A).
(ATI5): pey, € colsp(U) C colsp(W), so we can apply the Pythagorean Theorem.
(A.16l): We apply Corollary [A.12]

Remark A.9. Our result shows that the “sketch monotonicity” property holds for sketching ma-
trices that provide strong coresets for k-means clustering. Besides strong coresets, an alternate
approach to showing that the clustering objective is approximately preserved on sketched inputs
is to show a weaker property: the clustering cost is preserved for all possible partitions of the
points into k groups [MMR19]. While the dimension reduction mappings satisfying strong coresets
require poly(k/e) dimensions, [MMRI9] shows that O(logk/c?) dimensions suffice to satisfy this
“partition” guarantee. An interesting question for further research is if the sketch monotonicity
guarantee also applies to the construction of [MMR19].

Corollary A.10. Assume we have A € R, j € Z*, & > 0. Define m = min(O(poly(j/e)), d).
Let Ay, be a (1 4 &)-approzimation to A,, of the form A,, = AVVT where SA = ULV for
CountSketch S € R™ ™. Let X € R¥™J be a matriz whose columns are orthonormal, and let

Y € R™=9) pe q matriz with orthonormal columns that spans the orthogonal complement of
colsp(X). Then

~ 2
HAXXT - AmXXTHF < e |AY-2.
Proof:

~ 2 2
HAXXT - AmXXTHF - HA(I - VVT)XXTHF

< HA(I . VVT)XXTHz (A.17)
2

ngA I—VVT)H (A.18)

<j- O( )[IA — A5 (A.19)

min(n,d)

Z o2 (A.20)

O(e) ||AY||F (A.21)

O

(A17) Note that rank(X) = 7, so rank(A(I — VVT)XXT) = j. We use this fact to bound the
Frobenius norm by the operator norm.

(AIR) Using the fact that XX T is a projection.

(A19) Using Lemma 18 from |[CEMT15], where A; is the optimal rank-j approximation to A.
We can apply this lemma because CountSketch is one of the eligible types of random projection
matrices.

(A.20) Letting o; be the singular values of A.

(A21) zmm md) 0? = miny ||AY|% for Y € R*(@7) with orthonormal columns.
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Theorem A.11. Assume we have A € R4 j e 7t e€ (0,1]. Define m = min(O(poly(j/e)),d).
Let Ay, be a (1 4 &)-approzimation to A,, of the form A,, = AVVT where SA = ULV for
CountSketch S € R™*™. Then, for any non-empty set p contained in a j-dimensional subspace, we
have:

dist?(Ap, 1) + szlm - AH; — dist?(A, ,u)‘ < edist?(A, )

Proof: We follow the proof of Theorem 22 in [FSS13|, but substitute different analyses in place of
Corollaries 16 and 20. The result of [FSS13] involves the best rank-m approximation of A, A,,; we
will show it for the approzimate rank-m approximation, A,,.

Define X € R?J with orthonormal columns such that colsp(X) = span(yu). Likewise, define
Y € R¥(@=9) with orthonormal columns such that colsp(Y) = span(u)*. By the Pythagorean

theorem: . } )
dist? (A, 1) = | A Y||% + dist? (A, X X7, 1)

and
dist?(A, p) = |AY |3 + dist>(AX XT | p). (A.22)

Hence,
‘ <dist2(/1m,,u) + HA - flmHi> - distz(A,,u)‘

~ - - 2
_ ‘HAmyn% + dist2 (A X X7, 1) + HA - AmHF — (JJAY )% + dist*(AX X, M))'

<Ay 1+ 14 = AnlF — AV 3] + [dist? (A XXT, ) — dist(AXXT, )| (A.23)
2 ~

g% JJAY |2 + ‘distz(AmXXT, p) — dist?(AX X7, M)‘ (A.24)
2 ~

g% -dist?(A, p) + |dist? (A, X XT, 1) — dist>(AX X T u)‘ > Used (A22) (A.25)

(A223) Triangle inequality. )
(A24) Take ¢ in Theorem 16 from [CEMT15] as €2/8. This theorem implies that A,, is a

-2
projection-cost preserving sketch with the ¢ term as HA — AmHF. Specifically, it says AV is a

project-cost preserving sketch, which means A,, = AVVT is too: V has orthonormal columns so
I(T = P)AV 5 = ||(T = P)AVVT][,.

By Corollary [AL10,
- 2 2
HAmXXT - AXXTHF < % JAY |2

Since p € rowsp(X), we have ||AY||3. < dist?(A, u). Using Corollary 21 from [FSS13] while taking

case/4, Aas Ap XX, and B as AXXT yields

. 4. - 2
| dist?(An X X7, 1) — dist2(AX XT, )| < Z dist?(AXXT 1) + (L4 2) - HAmXXT - AXXTHF
By[A22] dist?(AX X7, i) < dist?(A, ). Finally, we combining the last two inequalities with (A.25):
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‘(dlst — +HA ’”H) dlst2(A/L)'

l\D

2
4
dlStz(A n) —|— — - dist?(A, p) + g (1+ 5) - dist?(A, p)

<e- dlSt2(A, 1),
where in the last inequality we used the assumption ¢ < 1. O

Corollary A.12. Assume we have A € R™ % and CountSketch S € RO®(K/))xn — Then  define
U € RXO@YE/)) with orthogonal columns spanning row(SA). Also define AV = 7wy (A) and
pu as the set of optimal cluster centers found on AY. Now, assume ¢ € (0,1/3]. Then, uy is a
(1 + €)-approzimation to the optimal k-means clustering of A. That is, defining puj; as the cluster
centers which minimize the cost of partition Cy on A, we have:

dist?(A, py) < (14 ¢) dist? (A, uj;)

Proof: By using § in Theorem [A.TTl with j as k,

dist?(AY, puyr) + A - AUHF — dist?(A, ,uU)‘ §d18t2(A LUy)
which implies that
1- %) dist?(A, ) < dist?(A7, por) + || A — A% (A.26)
Likewise, by Theorem [ on AY and pj; (and taking j as k),
dist®(AY, uj;) + |A- AUHF — dist?(A, ujy)| < %dlst (A, ugr)
which implies that
dist®(AY, ufr) + |A - AUH§7 <1+ %) dist?(A, uj;) (A.27)

By (A.26) and (A.27) together, we have:
(1= 2)dist?(4, po) < dist?(A", o) + A = AV
< dist>(AY, i) + |A - AUHi7
< (1+ ) dist? (A, )

1+€/3

Now, =25 < 1 +¢, so we have dist?(A, uy) < (1 + ) dist*(A, ). O
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B Spectral Norm Guarantee for Zipfian Matrices

In this section, we show that if the singular values of the input matrix A follow a Zipfian distribution
(i.e., o; o i~ for a constant «), we can find a (1 + €) rank-k approximation of A with respect to
the spectral norm. A key theorem in this section is the following.

Theorem B.1 ([CEMT15|, Theorem 27). Given an input matriz A € R™ % there exists an
algorithm that runs in O(nnz(A) + (n + d) poly(k/e)) and returns a projection matriz P = QQT
such that with constant probability the following holds:

IAP — All; < (1 +¢) A~ AkH2+O( )14 = AlE (B.1)

Next, we prove the main claim in this section. There are various ways to prove this, using, for
example, a bound on the stable rank of A; we give the following short proof for completeness.

Theorem B.2. Given a matriz A € R™ ¢ whose singular values follow a Zipfian distribution (i.e.,
o; X i) with a constant o > 1/2, there exists an algom'thm that computes a rank-k matriz B (in
factored form) such that |A — B3 < (1 +¢) |A — A3

Proof: Note that since the singular values of A follow a Zipfian distribution with parameter «, for
any value of k,

rank(A) rank(A)
A= Alz= > of=C- Y i >0; = VC/i
i=k+1 i=k+1
rank(A)
<C- / 72 dg
k
<kt ity
- 2a-—1 k
=O0(k- UI%+1)
= O(k- || A~ Agl)3) (B.2)

By an application of Theorem we can compute a matrix B in a factored form in time
O(nnz(A) 4 (n + d) poly(k/e)) such that with constant probability,

1B = All3 < (1+¢) A~ A3 +O( )HA—AkH% > By Eq. (B.1)
< (1+0() 14— Al >Eq. (B.2) O

C Greedy Initialization

In this section, we analyze the performance of the greedy algorithm on the two distributions de-
scribed in Section [7

Preliminaries and Notation. Left-multiplying A by CountSketch S € R™*"™ is equivalent to
hashing the rows of A to m bins with coefficients in {—1, 1}. The greedy algorithm proceeds through
the rows of A (in some order) and decides which bin to hash to, denoting this by adding an entry
to S. We will denote the bins as b; and their summed contents as w;.

25



C.1 Spiked covariance model with sparse left singular vectors.

To recap, every matrix A € R™*? from the distribution Ag,(s, £) has s < k “heavy” rows (A, , Ay,)
of norm ¢ > 1. The indices of the heavy rows can be arbitrary, but must be the same for all mem-
bers of the distribution and are unknown to the algorithm. The remaining rows (called “light”
rows) have unit norm.

In other words: let R = {r1,...,rs}. For all rows A;,7 € [n]:
Ai:{ C-v; ifieR
V; O0.W.

where v; is a uniformly random unit vector.
We also assume that S,,5, € R¥*" and non-increasing row norm ordering for the greedy
algorithm.

Proof sketch. First, we show that the greedy algorithm using a non-increasing row norm ordering
will isolate heavy rows (i.e., each is alone in a bin). Then, we conclude by showing that this yields
a better k-rank approximation error when d is sufficiently large compared to n. We begin with
some preliminary observations that will be of use later.

It is well known that a set of uniformly random vectors are e-almost orthogonal (i.e., the
magnitudes of their pairwise inner products are at most ¢).

Observation C.1. Letvy,--- ,v, € R? be a set of random unit vectors. Then with high probability
[(vi,v;)] < 24/1%82 Vi< j <n.

We define € = 2 l(’%.

Observation C.2. Let ug, -+ ,u; be a set of vectors such that for each pair of i < j < t,
‘<||Zi||= T, ||>‘ <e, and g;,--- ,g9; € {—1,1}. Then,

Z||U2H2_25 > il llujll, <

1<g<t

2{:!7fuz

Next, a straightforward consequence of e-almost orthogonality is that we can find a QR-
factorization of the matrix of such vectors where R (an upper diagonal matrix) has diagonal entries
close to 1 and entries above the diagonal are close to 0.

< Z uillz +2e D il gl (C.1)

1<g<t

Lemma C.3. Let ui,--- ,u; € R? be a set of unit vectors such that for any pair of i < j < t,
[(ui,u;)| < e where e = O(t2). There exists an orthonormal basis e1,--- ,e; for the subspace
spanned by uq,--- ,us such that for each i <t, u; = Z; 1 a; je; where a2 >1- Z; 1132 €2 and

foreachj<za < 22,

Proof: We follow the Gram-Schmidt process to construct the orthonormal basis e, -- ,e; of the
space spanned by wuq,--- ,us. by first setting e; = w1 and then processing uo, - - - , us, one by one.
The proof is by induction. We show that once the first j vectors wuy,--- ,u; are processed the
statement of the lemma holds for these vectors. Note that the base case of the induction trivially
holds as u; = e;. Next, suppose that the induction hypothesis holds for the first £ vectors uy, - - - , ug.
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Claim C.4. For each j </, a§+1j < j2e2.
Proof: The proof of the claim is itself by induction. Note that, for j = 1 and using the fact that

|(u1,ues1)| < €, the statement holds and a2 11 S 2. Next, suppose that the statement holds for
all j <u </, then by |<ui+17u5+1>| <e

(2
larrrital < (err, wina | + Y laera sl laivagl)/lairsil
=

i
<(e+ ijsz)/\aiﬂ,iﬂ\ > by induction hypothesis on a4 ; for j <4
j=1
i
<(e+ Zj2€ Z] 1/2 > by induction hypothesis on a;11 41
i
<+ 5% ZJ OV (142 ZJ
j=1
i
< (5—1—23’262)-(1—1—2-23'252
j=1 j=1

((ijj%) (1 + 4e - ij%) +1)
j=1

j=1
e(i+1) >bye=0@1"?) O
Finally, since ||uz+1||§ =1, a?—i—l,é—i-l >1- E§:1 j2e2. O

Corollary C.5. Suppose that € = O(t=2). There erxists an orthonormal basis eq,--- ,e; for the
space spanned by the randomly pzcked vectors V1, , U, of unit morm, so that for each i, v; =
ZJ 1a”e]wherea Zl—ZJ lj . g2 andforeachj<za <42 2

Proof: The proof follows from Lemmal[C.3land the fact that the set of vectors vy, - - - , vy are E-almost
orthogonal (by Observation [C.T]). O

The first main step is to show that the greedy algorithm (with non-increasing row norm ordering)
will isolate rows into their own bins until all bins are filled. In particular, this means that the heavy
rows (the first to be processed) will all be isolated.

We note that because we set rank(SA) = k, the k-rank approximation cost is the simplified
expression HAVVT - AH?,, where UXV T = SA, rather than H[AV]kVT - AH?7 This is just the
projection cost onto row(SA). Also, we observe that minimizing this projection cost is the same
as maximizing the sum of squared projection coefficients:

mSin HA — AVVTHj7 ~ mSin Z 1A; — ((Aj,v1)v1 + .+ (A o) o) |

i€[n]
~ min DAL = D (Aivy)?)
1€[n] JE[K]
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~ mg,x Z Z <Ai,1)j>2

i€[n] je(k]

In the following sections, we will prove that our greedy algorithm makes certain choices by
showing that these choices maximize the sum of squared projection coefficients.

Lemma C.6. For any matrix A or batch of matrices A, at the end of iteration k, the learned
CountSketch matriz S maps each row to an isolated bin. In particular, heavy rows are mapped to
1solated bins.

Proof: For any iteration ¢ < k, we consider the choice of assigning A; to an empty bin versus an
occupied bin. Without loss of generality, let this occupied bin be b;_1, which already contains A;_1.

We consider the difference in cost for empty versus occupied. We will do this cost comparison
for A; with j <i—2, j >4+ 1, and finally, j € {i — 1,4}.

First, we let {ej,...,e;} be an orthonormal basis for {Aj,...,A;} such that for each r <
1, A, = Z§:1 arje; where a,, > 0. This exists by Lemma Let {e1,...,e;_2,€} be an
orthonormal basis for {Aj,..., A;19,A;—1 = A;}. Now, € = c¢pe;—1 + c1e; for some ¢, c; because

(Ai-1 £ A;) — projye, e, ,3(Ai—1 = A;) € span(e;—1,e;). We note that c¢ + ¢ = 1 because we let
€ be a unit vector. We can find ¢y, ¢; to be:

Ai—1,4—1 1 Qj5—1 Qi
Co = c1 =

)
\/(ai_l,i_1 +aii-1)?+ a; \/(ai—l,i—l +aii-1)? + af;

1. j <i—2: The cost is zero for both cases because A; € span({eq,...,ej—2}).

2. j > i+ 1: We compare the rewards (sum of squared projection coefficients) and find that
{e1,...,€ei_2,€} is no better than {ey,...,e;}.

<Ajvé>2 = (co(Aj, ei-1) + c1(4;, ei>)2
< (A + ) ((Af, ei1)? + (Af, e)?) >> Cauchy-Schwarz inequality
= (Aj.eim1)” + (4, ¢)?

3. 7 €{i—1,i}: We compute the sum of squared projection coefficients of A;_; and A; onto e:

1 2 2 2
(ai—l,i—l n ai7i_1)2 n aai) : (ai_lﬂ'_l(ai—l,i—l + ai,i—l) + (ai,i—l(ai—l,i—l + ai,i—l) + ai,iai,i) )
1
=( ) ((@icricr +aii—1)(af 11 +ali ) +af; + 25107 (ai—1,-1 + ;1))

(ai—l,i—l + ai,i—1)2 +a

(C.2)

On the other hand, the sum of squared projection coefficients of A;_; and A; onto e;_1 Ue;
is:

(ai—1,i-1 + agi-1)* + a2, 9 9 9
(@i—1i-1+ aii—1)>+ algl) (a1 T aji +agy) (C.3)
i—1,0— 10— i

2,7
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Hence, the difference between the sum of squared projections of A4; 1 and A; onto € and
ei—1Ue; is (([C3) - ([C2))
azz,i((ai—l,i—l + ai,i—1)2 + azz—l,i—l + 6122,2-_1 —2aii-1(ai—1-1 + @ii-1))
((@j—1,i—1 + aii—1)* + a,%i)

2 2

_ 205 ;051 ;4

_ >0
((@i—1,i-1 + aii—1)* + af;)

Thus, we find that {ej,...,e;} is a strictly better basis than {ej,...,e;—2,€}. This means the
greedy algorithm will choose to place A4; in an empty bin. (]

Next, we show that none of the rows left to be processed (all light rows) will be assigned to the
same bin as a heavy row. The main proof idea is to compare the cost of “colliding” with a heavy
row to the cost of “avoiding” the heavy rows. Specifically, we compare the decrease (before and
after bin assignment of a light row) in the sum of squared projection coefficients, lower-bounding
it in the former case and upper-bounding it in the latter.

We introduce some results that will be used in Lemma

Claim C.7. Let Agi,,7 € [1,...,n — k] be a light row not yet processed by the greedy algorithm.
Let {e1,. .., ey} be the Gram-Schmidt basis for the current {w1,...,wi}. Let B = O(n='k=3) upper
bound the inner products of normalized Ay, w1, ..., wg. Then, for any bin i, (e;, Apyr)? < B2 k2.

Proof: This is a straightforward application of LemmalC.3l From that, we have (A, e;)? < 232,
for i € [1,..., k], which means (Ay,.,e;)? < k%32 O

Claim C.8. Let Apy, be a light row that has been processed by the greedy algorithm. Let{ey,..., e}
be the Gram-Schmidt basis for the current {wi, ..., wi}. If Agi, is assigned to bin by_1 (w.l.o.g.),
the squared projection coefficient of Ay4, onto e;,i # k—1 is at most 46%-k?, where B = O(n~'k™3)
upper bounds the inner products of normalized Ay, w1y, -+ , Wk.

Proof: Without loss of generality, it suffices to bound the squared projection of Ay, onto the

direction of wy, that is orthogonal to the subspace spanned by w1, -+ ,wi_1. Let e1, -+ ,ex be an
orthonormal basis of wy,--- ,w, guaranteed by Lemma Next, we expand the orthonormal

basis to include eg11 so that we can write the normalized vector of Agy, as vgi, = Zfill bje;.
By a similar approach to the proof of Lemma [C.3] for each j < k — 2, b; < (242, Next, since
‘(wkavk+7“>’ < /87

k—1

(w, Orer) |+ Y [bs - (wrye5)])

=1

1 IZ—2

= k—1 ’(5+Zﬁ2‘j2+(/€—1)'5) > |bp_1| <1
\/1 - Zj;l 52 ‘j2 j=1

R =
Y-S

bl < ——
ol < T en

+(k-1)p

29



Bk — )

VS

<2(k— > similar to the proof of Lemma

<28-k
Hence, the squared projection of Ay, onto ey is at most 462 - k2 - || Aj1,||3. We assumed || Ay [|.0

Claim C.9. We assume that the absolute values of the inner products of vectors in vi,--- ,v, are
at most € < 1/(n? > a,eb l4illy) and the absolute values of the inner products of the normalized

vectors of wy,- -+ ,wy are at most § = O(n_?’k;_%). Suppose that bin b contains the row Ag,.. Then,
the squared projection of Agi, onto the direction of w orthogonal to span({wq,--- ,wi} \ {w}) is

at most ”?lk*”r'b +O0(n™2) and is at least ”T*”T”Q —0(n™?).

Proof: Without loss of generality, we assume that Ay, is mapped to by; w = wy. First, we provide
an upper and a lower bound for |(vg4,, W)| where for each i < k, we let w; = |u’L]Uii||2 denote the
Ak+’r

normalized vector of w;. Recall that by definition vg, = v
T2

[Aktrlla + 22 4,e0, € 14illa
”wkH2
A —2 -2
Al + 7 byre "
l|wg | > aseby 14l

A
H k+7’||2 —I—’I’L_2 > HwkH > 1 (C4)
l[willo 2

(@, Vetr)| <

[ Artrlla =24 e, 14ill2 €
l[we I
A
[Akrlly 2 (C.5)
llwell

(@, Vetr)| >

Now, let {e1, - ,er} be an orthonormal basis for the subspace spanned by {w;, - - ,wy} guaranteed
by Lemma [C.3l Next, we expand the orthonormal basis to include epi1 so that we can write
Vpayr = Z;tll bje;. By a similar approach to the proof of Lemma [C.3] we can show that for each
j<k-1, b? < /3%42. Moreover,

k—1
1
b S I ——— w s Uktp + b (W , €5
|0 | Tren)] ({Wks Vkr)| ;lg (Wi, e;)])
1 _
(W, V)| + 252 ’j2) > by Lemma [C.3]

<
T }
\/1 — Y51 B 2 i=1

1 | Atr 9
< — . (n |||,:)+HH2 + 252 > by m)
\/1_2j:152,j2 kll2
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[Aktrlly

1 .
<Bkt——— (n+ ) > similar to the proof of Lemma
V1= B2k [lwkll,
-2 —ony [ Aktr [l _ -37.—3
<On™ %)+ (1+0(n ))7”10 H >by 8 =0(n""k"2)
kll2
||Ak+TH2 —|—O(7’L_2) > ||Ak+TH2 <1
1wl 1wl
and,
1 k—1
bk | > e (@, Vg4r) | — ; b - (W €5)|)
k—1
> (W, v )| = D B 5 > since |(Wg, ex)| < 1
j=1
k—1
[ Al -2 2 2
> Wiy 0 S > by €3
[[wgll =1
A
> ” k+TH2 _ O(n—2) > by 8 = O(n—3k—%)
1wl
4 4
Hence, the squared projection of Ay, onto ey is at most % +0(n~2) and is at least % —
kll2 kll2
O(n™2). O

Now, we show that at the end of the algorithm no light row will be assigned to the bins that
contain heavy rows.

Lemma C.10. We assume that the absolute values of the inner products of vectors in vy, ,vp
are at most € < min{n=2k73, (n Yoacw lAilly) ™}, At each iteration k + 1, the greedy algorithm
will assign the light row Ay, to a bin that does not contain a heavy row.

Proof: The proof is by induction. Lemma implies that no light row has been mapped to a bin
that contains a heavy row for the first k iterations. Next, we assume that this holds for the first
k + 7 — 1 iterations and show that is also must hold for the k + 7 iteration.

To this end, we compare the sum of squared projection coefficients when Ay, avoids and
collides with a heavy row.

First, we upper bound 8 = max;+j<k [(wi, w;)|/(||will, [|wjl|5). Let ¢; and ¢; respectively denote
the number of rows assigned to b; and b;.

B = max [, wy) < A > Observation [C.2]
BTl Tl = o5t o 2o
7 J 9

< 16g,/c;c; >E < n~2k~5/3

< n~1k~5 >E < n 2k0/3
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1. If Ay, is assigned to a bin that contains c light rows and no heavy rows. In this

case, the projection loss of the heavy rows Aj,--- , As onto row(SA) remains zero. Thus, we only

need to bound the change in the sum of squared projection coefficients of the light rows before and

after iteration k 4+ r.

Without loss of generality, let wy denote the bin that contains Ag.,.. Since Sk_1 = span({wy, -+ ,wr_1})

has not changed, we only need to bound the difference in cost between projecting onto the compo-

nent of wy — Ay, orthogonal to S;_1 and the component of wy orthogonal to Si_1, respectively
denoted as e and €.

I. By Claim[C.7] for the light rows that are not yet processed (i.e., A4; for j > k1), the squared
projection of each onto e, is at most 2k?. Hence, the total decrease in the squared projection
is at most (n — k —r) - B2k2.

II. By Claim [C.8, for the processed light rows that are not mapped to the last bin, the squared
projection of each onto ey, is at most 43%k%. Hence, the total decrease in the squared projection
cost is at most (r — 1) - 43%k2.

ITI. For each row A; # Ag., that is mapped to the last bin, by Claim and the fact ||A;]|3 =
12
14:1l7 s + O(n~2) and the

HAZHS = 1, the squared projection of A; onto e is at most ———2—
lwg—Agyrll3

2
squared projection of A; onto € is at least H% - 0(n™2).
kll2

Moreover, the squared projection of Ay, onto e; compared to € increases by at least

(||Ak+r||§ —0(n?) - O(n2) = I Akirllz O(n~2).

2 2
w2 llwgll2

Hence, the total squared projection of the rows in the bin by decreases by at least:
144l - 144l -
(Y RS som)- (Y L -omY)
Ajewi/{Ar i1} Hwk - T—I-kH2 A; Ewy, Hwk”2
v = Ay i3+ 0 w3 - O

2 2
llwe — Artll2 [[wil3
<O(n™1)

+0(n™h > by Observation

Hence, summing up the bounds in items [ to [Tl above, the total decrease in the sum of squared
projection coefficients is at most O(n™1).

2. If Ay, is assigned to a bin that contains a heavy row. Without loss of generality, we
can assume that Ay, is mapped to by that contains the heavy row Ag. In this case, the distance
of heavy rows Ay, -+, As_1 onto the space spanned by the rows of SA is zero. Next, we bound the
amount of change in the squared distance of A; and light rows onto the space spanned by the rows
of SA.

Note that the (k—1)-dimensional space corresponding to wq, - -+ , wi_1 has not changed. Hence,
we only need to bound the decrease in the projection distance of Ay, onto € compared to ey (where
€k, ex are defined similarly as in the last part).

1. For the light rows other than Ay, the squared projection of each onto e, is at most 52k2.
Hence, the total increase in the squared projection of light rows onto ey is at most (n — k) -

B2k2 = O(n~1).
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2. By Claim [C.9] the sum of squared projections of As and Ay, onto e; decreases by at least

A, 4 A, 4
” H2 + H k+ 2”2 + O(n—l))
| As + Ay ir|)?
| Asll + | Akr [l
| AGl[2 + | Ays]l3 — n—OW)
Al (1A = 1Ak l3) = 1Al13 - O(n™)

145115 = (

> || 45 = (

+0(n™1)) > by Observation [C.2]

> 0™
14513 + [ Arikll3 — O(n1)
1Ar k113 (1 Asl3 = [Axerll3) = 45l - O™
> 3 3 O(n™")
[Asllz + | Aryrll2
2 2 2
2\\Ar+kllz(\\2As|!2 ”AIS—I-TH2) _ o)
[ Asllz + 1 Arsll2
IArskll3 (1= (U Aksrll3 /IASI3) ) -
z 2 2 O(n™")
L+ ([[Arsll2 /1 As]12)
Apgr|l _ 1—¢?
> || A, 21_m_0 1 > >1—
> || Argklls ( 441, ) (n™") 1+¢e2 7~ ©
Hence, in this case, the total decrease in the squared projection is at least
[ Ag-4rl - || A -
1Arskllz (1 = F5572) = O(n™h) = 1 — ==t 2) = O(n ™) > [ Arilly = 1

145l [As [

=1-(1/V) - 0™ > [[Aslly = V2

Thus, for a sufficiently large value of ¢, the greedy algorithm will assign A, to a bin that only
contains light rows. This completes the inductive proof and in particular implies that at the end
of the algorithm, heavy rows are assigned to isolated bins. O

Corollary C.11. The approximation loss of the best rank-k approximate solution in the rowspace
S,A for A ~ Agy(s,0) where A € R™*? for d = Q(n*k*logn) and S, is the CountSketch constructed
by the greedy algorithm with non-increasing order is at most n — s.

Proof: First, we need to show that absolute values of the inner products of vectors in vy,--- , vy, is
at most & < min{n"2k™2, (nY_ 4 ,, [|4illy) 7'} so that we can apply Lemma [CI0 To show this,

note that by Observation [C.I] € < 24/ 10% < n2k72 since d = Q(n*k*logn). The proof follows
from Lemmal[C.6land Lemma[C.I0l Since all heavy rows are mapped to isolated bins, the projection
loss of the light rows is at most n — s. O

Next, we bound the Frobenius norm error of the best rank-k-approximation solution constructed
by the standard CountSketch with a randomly chosen sparsity pattern.

Lemma C.12. Let s = ak where 0.7 < a < 1. The expected squared loss of the best rank-k
approzimate solution in the rowspace S, A for A € R™4 ~ A, (s, ) where d = Q(n%0?) and S, is the
sparsity pattern of CountSketch is chosen uniformly at random is at least n+ % — (1+a)k—n‘o(1).
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Proof: We can interpret the randomized construction of the CountSketch as a “balls and bins”
experiment. In particular, considering the heavy rows, we compute the expected number of bins
(i.e., rows in S, A) that contain a heavy row. Note that the expected number of rows in S, A that
do not contain any heavy row is k- (1 — %)8 > k- e R, Hence, the number of rows in S, A that
contain a heavy row of A is at most k(1 — e_ﬁ). Thus, at least s — k(1 — e_k%l) heavy rows
are not mapped to an isolated bin (i.e., they collide with some other heavy rows). Then, it is
straightforward to show that the squared loss of each such row is at least £ — n=91),

Claim C.13. Suppose that heavy rows A, ,--- , A, are mapped to the same bin via a CountSketch
S. Then, the total squared distances of these rows from the subspace spanned by SA is at least

(c—1)f—0(n".

Proof: Let b denote the bin that contains the rows A,,, -+, A,. and suppose that it has ¢’ light
rows as well. Note that by Claim and Claim [C.9] the squared projection of each row A,, onto
the subspace spanned by the k bins is at most

4
[ An [l

2
Hsz

+0(mn™h

62
< +0(nt
Tl 4 —28(c 4 VI + ?) (™)
62

Sc@— n—01)

e -1 -1
gﬁ-(d—FO(n )+O0(n™")
Sé +0(n™h

+n~0W >by g <n 3!

Hence, the total squared loss of these ¢ heavy rows is at least c/—c-(£+0(n™1)) > (c—1)(—O(n~').0

Hence, the expected total squared loss of heavy rows is at least:

- (s—k(1— e_ﬁ)) —s-n7 00

>0 k(o —1+e®) — o —n W >s=a-(k—1) where 0.7 < a <1
Sk, —o >a > 0.7

2e

Ok _1 .
2£ —0(n™") > assuming k > 4e

Next, we compute a lower bound on the expected squared loss of the light rows. Note that
Claim and Claim imply that when a light row collides with other rows, its contribution
to the total squared loss (which the loss accounts for the amount it decreases from the squared
projection of the other rows in the bin as well) is at least 1 — O(n~!). Hence, the expected total
squared loss of the light rows is at least:

n—s—k)(1-0n1)>n-04a) -k)—0n1



Hence, the expected squared loss of a CountSketch whose sparsity is picked at random is at
least
lk

P On H+n—Q4+a)k—0n™1 >n+ % — (14 a)k—-0(n™"h O

Corollary C.14. Let s = a(k — 1) where 0.7 < o < 1 and let { > W. Let S, be the
CountSketch whose sparsity pattern is learned over a training set drawn from As, via the greedy
approach. Let S, be a CountSketch whose sparsity pattern is picked uniformly at random. Then,
for an n x d matrizx A ~ Ag, where d = Q(n8¢?%), the expected loss of the best rank-k approzimation
of A returned by S, is worse than the approrimation loss of the best rank-k approzimation of A

returned by Sy by at least a constant factor.

Proof:
. 2 k —o() ~
s, min X -Alpl>n+——-1+a)k—n > Lemma [C.12]
rank-k X erowsp(S;-A) 4e
4 1
> (1+1/a)(n — s) >£2(e;r7k)n
=(1+1/a) min | X — A||3 > Corollary [CCT1]
rank-k X €rowsp(SgA)
O

C.2 Zipfian on squared row norms.

Each matrix A € R"*% ~ Aips has rows which are uniformly random and orthogonal. Each A has
27+ rows of squared norm n?/2% for i € [1,...,0(log(n))]. We also assume that each row has the
same squared norm for all members of A;,;.

In this section, the s rows with largest norm are called the heavy rows and the remaining are
the light rows. For convenience, we number the heavy rows 1 — s; however, the heavy rows can
appear at any indices, as long as any row of a given index has the same norm for all members of
Aips. Also, we assume that s < k/2 and, for simplicity, s = Z?il 2i+1 for some hy € Z*. That
means the minimum squared norm of a heavy row is n?/22% and the maximum squared norm of a
light row is n?/2%s+2,

The analysis of the greedy algorithm ordered by non-increasing row norms on this family of
matrices is similar to our analysis for the spiked covariance model. Here we analyze the case in
which rows are orthogonal. By continuity, if the rows are close enough to being orthogonal, all
decisions made by the greedy algorithm will be the same.

As a first step, by Lemma[C.6] at the end of iteration k the first k rows are assigned to different
bins. Then, via a similar inductive proof, we show that none of the light rows are mapped to a bin
that contains one of the top s heavy rows.

Lemma C.15. At each iteration k+r, the greedy algorithm picks the position of the non-zero value
in the (k+r)-th column of the CountSketch matriz S so that the light row Ak, is mapped to a bin
that does not contain any of top s heavy rows.

Proof: We prove the statement by induction. The base case r = 0 trivially holds as the first k& rows
are assigned to distinct bins. Next we assume that in none of the first k + r — 1 iterations a light
row is assigned to a bin that contains a heavy row. Now, we consider the following cases:
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1. If Ay, is assigned to a bin that only contains light rows. Without loss of generality we
can assume that Ay, is assigned to by. Since the vectors are orthogonal, we only need to bound
the difference in the projection of A, and the light rows that are assigned to by onto the direction
of wy, before and after adding Ay, to bi. In this case, the total squared loss corresponding to rows
in by and Ag., before and after adding A1 are respectively

, > et 14l
before adding Ay, to by: ”Ak+rH§ + Z HAng - (===

. [ Aksrll + 2, en 1455
after adding Agy, to by: ”Ak+rH§ + Z HAJHg —( 5 A >
Aj€by, ||Ak+rH2 + ZAjebk HAJ'”Q

)

Thus, the amount of increase in the squared loss is

4 4 4 2 4 4 2

Enen 1A MAels + Saen 14515 IAesrlf S 14513 = Ars 13- S 14515
2) 2 2) = 2 2 2

>4 eb, 14513 [Ak+rllz + 24,0, 14512 (22 4, eb, 14512 ([ Ak4rll2 + 224, e, [145115)

S e 14511 )
DAt Al
ZAjebk”Aj”g || k-H“HQ

2 2
2 a by, 145115 + Akl
2 2
ZAijk ”A]”2 - ”Ak-l-rHQ
2 2
2 a by, 145115 + 1Akl

2
= HAk+r||2‘

< ([ Apsrll3 (C.6)

2. If Ay, is assigned to a bin that contains a heavy row. Without loss of generality and
by the induction hypothesis, we assume that Ay, is assigned to a bin b that only contains a heavy
row A;. Since the rows are orthogonal, we only need to bound the difference in the projection of
Ajy4r and A; In this case, the total squared loss corresponding to A; and Ay, before and after
adding Axy1 to b are respectively

before adding Ay, to by: |]Ak+rH§
4 4
| Atrll2 + 1145115

. A 2 +[|A 2
after adding Ag4, to by: ” k+rH2 H sz (”A H2 + HA H2
k+rli2 Jli2

)

Thus, the amount of increase in the squared loss is

4 4 2 2

k+rll2 Jllo gl — 14 k+ril2

[ Argrlls + [ 4]l 14115 = [[Arr ]
2 2 2 2
[Akerllz + 1451 14515 + | Ak+rll2
Then (C7) is larger than (C8) if || 4] > > Aieny | A;]l5. Next, we show that at every inductive

iteration, there exists a bin b which only contains light rows and whose squared norm is smaller than
the squared norm of any heavy row. For each value m, define h,, so that m = Z?;”l it — 2hm+2_9

145115 — ( ) = | Al - (C.7)

Recall that all heavy rows have squared norm at least 2’;—,1 There must be a bin b that only
contains light rows and has squared norm at most

) o 9i+1,,2
9 9 n Z':h +1 2%
lwll = > 144l < 2 T ks
A;€b
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< n? " 2n?
— 92(hs+1) Qhk(k‘ _ s)
2 2
T hy+1
< 92(hs+1) + 92y, >s <k/2and k > 2"
n2
< 32het 1 >hp > hg+1
2
< [l A2
Hence, the greedy algorithm will map Ag., to a bin that only contains light rows. 0

Corollary C.16. The squared loss of the best rank-k approzimate solution in the rowspace of SgA
for A € R4 ~ Aips where A € R™? and Sy is the CountSketch constructed by the greedy
algorithm with non-increasing order, is < 2,17;—2,2

Proof: At the end of iteration k, the total squared loss is sz:hk 41 it . ;—222 After that, in each
iteration k + r, by (C.6)), the squared loss increases by at most ||Ak+r\|§. Hence, the total squared
loss in the solution returned by S, is at most

hn hn

2i+1n2 1
D =)=t ) 5
i=hp+1 i=hp+1
4n? _ n? .
ohy — 9hp—2

Next, we bound the squared loss of the best rank-k-approximate solution constructed by the
standard CountSketch with a randomly chosen sparsity pattern.

Observation C.17. Let us assume that the orthogonal rows A, ,--- ,A,. are mapped to same bin
and for each i < c, HATng > ||Arl||§ Then, the total squared loss of Ay ,--- , Ay, after projecting
onto Ay, £--- £ Ay, is at least ||AT2||§ +- HATCH%

Proof: Note that since A, ,---, A, are orthogonal, for each ¢ < ¢, the squared projection of A,,

onto A, £---+ A, is |4, Hg‘ /35 | A, H; Hence, the sum of squared projection coefficients of
Ay oo+ A, onto A, £--- £ A, is

4
Z‘?:l HAT1H2 < HA ”2
c = r112
Zj:l HA?“J'Hz
Hence, the total projection loss of A,,,---, A, onto A, +--- £ A,_is at least
- 2
2 2 2
> 1A 15 = 1A 15 = A7 15+ + A 13- O
j=1

In particular, Observation implies that whenever two rows are mapped into a same bin, the
squared norm of the row with smaller norm fully contributes to the total squared loss of the solution.
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Lemma C.18. For k > 20 — 2, the expected squared loss of the best rank-k approzimate solution

in the rowspace of S, A for Apxaq ~ Asips, where S, is the sparsity pattern of a CountSketch chosen

1.095n2
2hk72 .

uniformly at random, is at least

Proof: In light of Observation [C.17, we need to compute the expected number of collision between
rows with “large” norm. We can interpret the randomized construction of the CountSketch as a
“balls and bins” experiment.
2

For each 0 < j < hy, let A; denote the set of rows with squared norm 22(;’? and let A>j =
Uj<i§h‘k A;. Note that for each j, |4;| = 277+l and | A | = Z?:’“jﬂ 2hk—itl — Zzh:’“l_’ 20 =
2(2"=J — 1). Moreover, note that k = 2(2"*+! — 1). Next, for a row 4, in A; (0 < j < hy), we
compute the probability that at least one row in A ; collide with A,.

1
Pr[at least one row in A ; collide with A4,] = (1 — (1 — E)‘AM‘)

A
>(1—e" &

_2Mhk—i g
:(1—6 2hk+171)

L 2hk—j _ 1 .
2 (1 — 6_2 ! 2) > since m > 2_‘7_2

Hence, by Observation [CI7] the contribution of rows in A; to the total squared loss is at least

2 2
_g-i-2 n* g2 n
(1—e ) |'AJ| ) 92(hx—7) =(1-e ) ohy—j—1
2
_ —279-2 n j—1
== ) o= ?

Thus, the contribution of rows with “large” squared norm, i.e., A~q, to the total squared loss is at

least]j

2

2 fu
n i _9—j—2 n
Sz D YT (e ) 21095 >for hy > 8 O
7=0

Corollary C.19. Let S, be a CountSketch whose sparsity pattern is learned over a training set
drawn from Agp, via the greedy approach. Let S, be a CountSketch whose sparsity pattern is picked
uniformly at random. Then, for an n x d matriz A ~ Ay, for a sufficiently large value of k, the
expected loss of the best rank-k approximation of A returned by S, is worse than the approrimation
loss of the best rank-k approxzimation of A returned by S, by at least a constant factor.

Proof: The proof follows from Lemma and Corollary [C.16] O

Remark C.20. We have provided evidence that the greedy algorithm that examines the rows
of A according to a non-increasing order of their norms (i.e., greedy with non-increasing order)
results in a better rank-k solution compared to the CountSketch whose sparsity pattern is chosen

"The numerical calculation is computed by WolframAlpha.
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at random. However, still other implementations of the greedy algorithm may result in a better
solution compared to the greedy with non-increasing order. To give an example, in the following
simple instance the greedy algorithm that check the rows of A in a random order (i.e., greedy with
random order) achieves a rank-k solution whose cost is a constant factor better than the solution
returned by the greedy with non-increasing order.

Let A be a matrix with four orthogonal rows u, u, v, w where [Jul|, = 1 and |[v||, = [|w]|], = 1+¢
and suppose that the goal is to compute a rank-2 approximation of A. Note that in the greedy
with non-decreasing order, v and w will be assigned to different bins and by a simple calculation

we can show that the copies of u also will 2be assigned to different bins. Hence, the squared loss in
one bin and the two copies of u to the other bin which results in the squared loss of (14 ¢)? which
is a constant factor smaller than the solution returned by the greedy with non-increasing order for
sufficiently small values of €.

On the other hand, in the greedy algorithm with random order, with a constant probability
(% + %), the computed solution is the same as the optimal solution. Otherwise, the greedy algorithm
a with random order returns the same solution as the greedy algorithm with a non-increasing order.
Hence, in expectation, the solution returned by the greedy with random order is better than the

solution returned by the greedy algorithm with non-increasing order by a constant factor.

the computed rank-2 solution is 1+ . However, the optimal solution will assign v and w to

D Experiments - Appendix

We first note that we group k-means clustering into the low rank approximation (LRA) family of
tasks because it can be considered as a constrained LRA problem (Section 2.3 in [CEM™15]).
D.1 Baselines

We comment on two of our baselines for the low-rank approximation family of tasks (LRA, k-
means):

e Exact SVD: In the canonical, learning-free sketching setting (i.e., any matrix is equally
probable), sketching using the top m singular vectors yields a (1 + ¢)-approximation for both
LRA and k-means [CEM™15].

e Column sampling: In the canonical, learning-free sketching setting, sketching via column
sampling yields a (1 + &)-approximation for k-means [CEM™15].

D.2 Evaluation metric

To evaluate the quality of a given sketch S, we first compute the task objective, £(.S, A), over Agest.
We will denote this by Liest(S). As an example, for MRR:

! 2
L es S)=——_——— AZ SAZ + SBZ o BZ
' t( ) ’(Aa B)test’ (AivBi)g(;‘LB)tes; H ( ) ( ) HF
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Then, we compute the average optimal objective value over Aiegt. We call this £*. Continuing the
MRR example, we have:

Lr= HAZ-(AZ-TAZ-)‘lAiTBi _ B

2
F

1
(A, Brest| (Ai7Bi)§(;47B)tesc
For MRR and LRA, it is easy to compute the optimal objective because we have expressions for the
optimal solutions. For ¢, and Huber regression, we use stochastic (sub)-gradient descent (SGD) or
iteratively reweighted least squares (IRLS) until convergence to iteratively find the optimal solution.
For k-means clustering, we use an approximation algorithm such as k-means+-+ to approximate
L*. Finally, our evaluation metric is Ag = Lyest (S) — L*.

D.3 Multiple trials

We computed each value in our tables by averaging over three trials. For the tables in Section 8
that omitted standard deviations, we provide that information in Tables and For most
experiments, the standard deviation is much smaller than the difference in approximation error
between random and learned (random pattern).

Table D.1: Test errors and standard deviations for £1 5 regression

m, Sketch Gas Tunnel Electric

20, random
20, learned (random pattern)

16.100757 £+ 1.878811
15.662183 £ 1.249631

0.905101 + 0.148539
0.767999 £ 0.177185

139.079274 £ 7.094347
131.755758 £ 3.352831

30, random
30, learned (random pattern)

14.955649 £ 0.207941
14.858939 + 0.553371

0.639754 £ 0.190440
0.505537 4 0.057456

57.653981 4 0.801098
48.685349 £ 2.433104

40, random
40, learned (random pattern)

14.329586 + 0.162131
14.305626 + 0.138766

0.425036 + 0.086589
0.345803 £ 0.051074

48.733799 + 1.633098
44.492352 + 3.361606

Table D.2: Test errors and standard deviations for Huber regression

m, Sketch

Gas

Tunnel

Electric

20, random
20, learned (random pattern)

0.058685 =+ 0.029150
0.042292 + 0.027936

0.001115 = 0.000043
0.001091 =+ 0.000054

0.288651 £ 0.017330
0.275271 + 0.014699

30, random
30, learned (random pattern)

0.045003 £ 0.023366
0.020599 + 0.016536

0.001279 £ 0.000291
0.000987 + 0.000079

0.108427 £ 0.019368
0.106119 £ 0.021819

40, random
40, learned (random pattern)

0.043164 £ 0.008262

0.009170 £ 0.015103

0.001006 =+ 0.000057
0.000918 =+ 0.000047

0.073449 £ 0.011859
0.071874 £+ 0.011770

D.4 Experimental parameters

For the tables in Section [§, we describe experimental parameters. First, we provide some general
implementation details.

We implemented both the greedy (Algorithm [6]) and stochastic gradient descent (Algorithm [2])
algorithms in PyTorch. In the first case, PyTorch allowed us to harness GPUs to speed up computa-
tion on large matrices. We used several Nvidia GeForce GTX 1080 Ti machines. In the second case,
PyTorch allowed us to effortlessly compute numerical gradients for each task’s objective function.
Specifically, PyTorch provides automatic differentiation, which is implemented by backpropagation
through chained differentiable operators.
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There are also two points of note in the greedy algorithm implementation. First, we noticed
that for MRR and LRA, each iteration required computing the SVD for many rank-1 updates of
the current S. Instead of computing the SVD from scratch for each of these variants, we first
computed the SVD of S and then used fast rank-1 SVD updates [BraQ6]. This greatly improved
the runtime of Algorithm [6l Second, we decided to set D,, (the set of candidate row weights) to 10
samples in [—2, 2] because we noticed most weights were in this range after running Algorithm 21

Next, we introduce some abbreviations for our experimental parameters.

For Algorithm [2

e bs: batch size, the number of training samples used in a given iteration.
e [r: learning rate.
e num_it: total number of gradient steps.

e init_method: if not initializing with S produced by Algorithm [6] then this is the initialization
method for the values of the non-zero entries. These can be Rademacher (Unif(+£1)) or
standard Gaussian (N(0,1)).

For Algorithm
o row_order: order that the rows of the data matrices are iterated over.

e bs: batch size, the number of training samples used in a given iteration.

Table Test errors for MRR

Parameters for Algorithm Bt bs = 20, Ir = 10.0,50.0, 30.0 for gas, tunnel, and electric respectively,
num_it = 1000, init_method = Uni f(£1)
Parameters for Algorithm [Bt row_order = random, bs = 5 for gas and bs = 1 for others

Table Test errors for /1 5 regression
Parameters for Algorithm 2t init_method = N(0, 1) for all, other parameters in Table

Table D.3: Experimental parameters for learned (random pattern) on ¢1 5 regression

m | Gas Tunnel Electric

20 | bs = 32,lr = 1le — 5, num_it = 1000 | bs = 64,lr = 5e — 6, num_it = 1000 | bs = 128, lr = le — 5, num_it = 180
30 | bs = 64,lr = le — 5,num_it = 200 | bs = 64,lr = 5e — 6, num_it = 1000 | bs = 64,Ir = 1, num_it = 90

40 | bs = 32,lr = le — 8, num_it = 180 | bs = 64,lr = 5e — 6, num—it = 1000 | bs = 128, lr = 20, num_it = 30

Table 8.3t Test errors for Huber regression

Parameters for Algorithm 2t num_it = 1000 unless otherwise stated, init_method = N (0, 1) for all,
other parameters in Table [D.4]
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Table D.4: Experimental parameters for learned (random pattern) on Huber regression

m | Gas Tunnel Electric

20 | bs =64,lr =5e —03 | bs =64,lr =0.5 | bs = 64,lr = le — 6, num_it = 90
30 | bs =64,lr =5e¢ —03 | bs =64,lr =50 | bs =128,lr = le — 5, num_it = 90
40 | bs =64,lr =be — 03 | bs = 128,lr =50 | bs = 128,lr = le — 6, num_it = 20

Table 8.4t Test errors for LRA (using Algorithm M| with four sketches)

For a given m, the dimensions of the four sketches were: S € R™*" R € R™*4 G, ¢ Ro"*" R, €
R5m><d

Parameters for Algorithm 2 bs = 5,ir = 1.0,10.0 for hyper and video respectively, num_it =
1000, init_method = Uni f(£1)

Table Timing comparison for two approximate LRA algorithms
The algorithms are timed for speed on 1 input matrix run on an Nvidia GeForce GTX 1080 Ti
GPU. The times are averaged over 10 trials.

Table Test errors for LRA (using Algorithm 1 from [IVY19] with one sketch)

Parameters for Algorithm 2t bs = 1,5 for learned (random pattern) and learned (greedy pattern) re-
spectively, Ir = 1.0,10.0 for hyper and video respectively, num_it = 1000, init_method = Unif(+1)
Parameters for Algorithm [6 row_order = random,bs = 1

Table 8.7t Test errors for k-means clustering

We used the transposition of the LRA data sets and the transposition of the left-handed sketches
trained for LRA. In other words, our sketched data was AT ST, with A from an LRA data set and
S trained for LRA using Algorithm 1 from [IVY19] and the learned (random pattern) method.

Table [B.8: Test errors for learned (greedy pattern) with different row orders

Table values were computed for the LRA task with & = 20, m = 20.
We analyze row ordering performance in greater detail below.

Definition D.1 (Leverage score). Let A; be the i-th row of A. The leverage score of A; is
0<o;=A] (ATA) 4, <1

A row’s leverage score measures how important it is in composing row(A). If a row has a large
leverage score, that means it has components along the least well-represented row space directions
and is therefore important.

We studied three arbitrary row orderings (random, forwards, backwards), the decreasing row
norm ordering suggested by Theorems [( Tl and [7.2] and the decreasing leverage score ordering. We
included this last ordering because it was reasonable to try prioritizing rows that were “unsubsti-
tutable” in composing row(A).
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The performance of the decreasing leverage score ordering was average, perhaps because it is
better to prioritize rows that compose important (i.e., high variance) directions of row(A) than
rows that compose rare directions (i.e., rows with high leverage scores). The decreasing row norm
ordering sometimes performed very well and sometimes with a less pronounced effect. One conjec-
ture is that it excels when the natural data distribution closely matches the spiked covariance or
Zipfian models, as explained by our theory.

We note that the forward ordering performed best on the synthetic spiked covariance data set.
This is because we constructed the data set by placing the heavy-normed rows first in every matrix.
However, we can still observe that the decreasing row norm ordering is ~ 20% better than random,
as suggested by Theorem [7.11

Based on Table B8] and Tables B.1] and (where the random ordering was used exclusively),
we conclude that while the best row ordering depends on the application, random performs well
across various applications.

D.5 Running time

We examine the runtimes of our various sketching algorithms. In Table[D.5] the times are obtained
for the LRA task with £ = 30, m = 60 on the logo data set. However, similar trends should be
expected for other combinations of task, task parameters, and data sets.

We define the inference runtime as the time to apply the sketching algorithm. The training
runtime is the time to train a sketch on A.in and only applies to learned sketches. Generally, the
long training times are not problematic because training is only done once and can be completed
offline. On the other hand, the inference runtime should be as fast as possible.

Note that inference was timed using 1 matrix from Aiest on an Nvidia Geforce GTX 1080 Ti
GPU. The values were averaged over 10 trials.

We observe that sparse sketches (such as the ones used in learned (random pattern) and learned
(greedy pattern)) have much lower inference runtimes than the dense sketches of exact SVD.

Table D.5: Timing comparison of sketching algorithms for LRA (using Algorithm 1 from [IVY19])

Time (sec)

random: inference 0.0114
exact SVD: inference 0.185
learned (random pattern): training | 193 (3 min)

learned (random pattern): inference | 0.0114

learned (greedy pattern): training 6300 (1 h 45 min)

learned (greedy pattern): inference | 0.0114
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