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Conventional vibratory energy harvesters, working based on linear resonance, suffer from narrow

bandwidth and are very inefficient at small scale for low frequency harvesting. Here, to improve

the harvesting effectiveness, we propose to exploit surface instability or in general instability in

layered composites where intriguing morphological patterns with large strain are formed under

compressive loads. The induced large strains, which are independent of the excitation frequency,

could be exploited to give rise to large strains in an attached piezoelectric layer to generate charge

and, hence, energy. In this study, we particularly focus on wrinkling of a stiff interfacial layer

embedded within a soft matrix. We derive the governing dynamical equation of thin piezoelectric

patches attached at the peaks and troughs of the wrinkles. Results show that wrinkling could help

to increase the harvested power by more than an order of magnitude. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4973524]

Advances in electronics in the last decade have brought

about sea-change shift towards miniaturized low-power

electronic devices. The significant reduction in electronics

energy consumption has made energy harvesting from ambi-

ent vibration, a universal and abundant source of energy, a

viable alternative to the bulky and costly traditional batter-

ies.15,16 A conventional vibratory energy harvester (VEH)

consists of a vibratory host with an attached transduction

mechanism which is usually based on piezoelectric,8,10,29

electromagnetic,1 or electrostatic effect.24 Conventional

VEHs operate based on linear resonance which suffer from

narrow-band harvesting spectrum. Furthermore, they are

extremely inefficient at small scale for low-frequency har-

vesting as it is either hard to realize the low-frequency reso-

nance at small scale, or the natural frequency of the VEH is

bounded from below by an imposed displacement limit.13

To overcome the aforementioned narrow bandwidth,

purposeful inclusion of nonlinearity has been the focus of

the majority of the studies in the field over the last few

years.7 Multi-stable harvesters including penta-,19 tri-,3,28,34

and in particular, bi-stable5,9,12,14,27 VEHs have been investi-

gated so as to widen the harvesting bandwidth. Two other

classes of the nonlinear harvesters have been proposed to

enhance the harvesting efficacy, mainly at the low excitation

frequencies, namely, the up-conversion technique17,21,32 and

the buy-low-sell-high (BLSH) strategy which maximizes the

energy flow to the system.13,14 Although all these techniques

have improved the harvesting process, they have their own

drawbacks including lack of robustness to the system or

excitation parameters, being unable to address the two issues

of narrow bandwidth and low-frequency harvesting at the

same time, or being difficult to implement at the small scale.

In this letter, we propose to exploit instabilities in multi-

layered composites or surface instabilities. Although the

structure of the systems in which these two classes of

instabilities occur are different, the underlying cause and

basis are quite the same: a stiff film/layer surrounded from

one or two sides by a thicker and softer material. When a

stiff layer sitting on a soft foundation or embedded in a soft

matrix is subjected to compressive stress, it may go unstable

with different instability patterns. The induced instability

results in high local strains that could be exploited for energy

harvesting which is the focus of this letter. The large local

strain is the result of two mechanisms: (i) When the stiff

layers go unstable, they take almost no more load resulting

in lower composite stiffness. This consequently leads to

large macroscopic strain when the instability occurs. (ii) The

nonlinear geometric pattern of the stiff layer (e.g., sinusoid

in wrinkling) locally amplifies the macroscopic strain. A key

advantage of these types of instabilities is that they are inde-

pendent of the excitation (compressive force) frequency.

Intriguing morphologies and surface patterns in nature

at different scales from wrinkles on skins of mammalians,

plants, and fruits4,20,33 to crumpled membranes of blood

cells30 have inspired a big body of research in soft matter

instabilities. Recent studies in this field have found applica-

tions in other disciplines including soft lithography, metrol-

ogy, flexible electronics, and biomedical engineering.22

Here, we extend the application of soft matter instabilities to

kinetic energy harvesting.

Surface instabilities are grouped into five main catego-

ries: wrinkle, crease, fold, period-double,26 and ridge.31

Based on the phase diagram developed by Wang and Zhao,31

wrinkling is the most common surface instability if there is

no delamination in the layers; hence, we focus on the wrin-

kling instability in this study. Based on the classic beam the-

ory, a clamped beam buckles under axial compressive force

in its first mode (with a mode shape similar to a half sine)

before any other modes take place. In fact, other modes

never take place because they posses larger potential energy

than the first mode. However, if the beam is sitting on a

softer elastic foundation or embedded in an elastic softer

matrix, the beam buckles in higher modes which are usually
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referred to as wrinkling. The unconventional higher mode

buckling occurs simply because the system always seeks a

configuration with the lowest potential energy; and above a

critical stiffness of the foundation/matrix, the higher modes

of buckling posses lower potential energy than the classic

half-wavelength buckling mode.

Figure 1 illustrates schematically how energy is har-

vested via wrinkling instability. Piezoelectric patches are

attached at two sides of the interfacial layers at the peaks and

troughs of the wrinkles. Here, we assume the coupling

between the piezoelectric patches and the interfacial layer is

weak, and hence, the piezoelectric effect on the wrinkling

phenomenon is negligible; in other words, there is one-way

feedback from the wrinkling to the piezoelectric layer. This

allows us to study the wrinkling mechanics independent of

the piezoelectric layer and then feed the interfacial layer

response as the input to the piezoelectric layer. We also

assume a plane strain condition. The strains at any point

along the interfacial layer are given by18

e1 x; z;�eð Þ ¼ �ecr þ
4pz

k �eð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�ej � j�ecrj

p
sin

2px

k �eð Þ

� �
;

e3 x; z;�eð Þ ¼ �
�f

1� �f
e1 x; z;�eð Þ;

e13 x; z;�eð Þ � 0; e2 x; z;�eð Þ ¼ e12 x; z;�eð Þ ¼ e23 x; z;�eð Þ ¼ 0:

(1)

In Eq. (1), �ecr is the critical macroscopic strain at which wrin-

kling starts, and �e is the applied macroscopic post-buckling

strain. kð�eÞ is wavelength of the wrinkle and z is the distance

from the neutral axis of the interfacial layer/film. The Poisson

ratio of the interfacial layer is denoted by �f. Assuming the

overall contour length of the interface is preserved, the kine-

matics enforce that kð�eÞ ¼ kcre
�j�ej with kcr being the initial

wrinkle wavelength.18 The critical macroscopic strain �ecr and

the initial wrinkling wavelength kcr are given by2,23

�ecr ¼ �3
2
3

3� 4�m

1� �mð Þ2

 !�2
3 Ef

Em

� ��2
3

;

kcr ¼ pt
1

3

� �1
3 3� 4�m

1� �mð Þ2

 !1
3 Ef

Em

� �1
3

; (2)

where �m is the Poisson ratio of the matrix, and Ef and Em

are Young’s moduli of the interfacial layer and the matrix,

respectively. Thickness of the interfacial layer is designated

by t. As mentioned earlier, the advantage of exploiting insta-

bility for increased local strain is twofold: first, just based on

kinematics, the nonlinear instability pattern, e.g., Eq. (1) in

this study, induces larger strain than the macroscopic strain;

however, more importantly, the macroscopic strain is greatly

amplified as a result of the instability. This is due to the fact

that once the interfacial layer buckles it takes no more load

which consequently results in decreased overall stiffness of

the composite. The macroscopic strain �e could be mathemat-

ically formulated as

�e tð Þ ¼

�r tð Þ
Ei

comp

; j�r tð Þj < j�rcrj

�ecr þ
�r tð Þ � �rcrð Þ

Ef
comp

; j�r tð Þj � j�rcrj;

8>>><
>>>:

(3)

where �rcr ¼ Ei
comp�ecr is the critical stress at the onset of the

wrinkling. Ei
comp and Ef

comp denote the effective plane-strain

Young’s modulus of the composite before and after the wrin-

kling instability, respectively. Effective Young’s modulus of

the composite before wrinkling could be calculated as Ei
comp

¼ gm
�Em þ gf

�Ef , where gm and gf represent volumetric ratios

of the matrix and the interfacial layer, respectively. Also,
�Em ¼ Em=ð1� �2

mÞ and �Ef ¼ Ef=ð1� �2
f Þ define the plane-

strain Young’s moduli of the matrix and the interfacial layer,

respectively. Once the interfacial layers wrinkle, the effec-

tive stiffness of the composite drops with a good approxima-

tion to Ef
comp ¼ gm

�Em.

Having the full description of the strain states in the inter-

facial layers which are assumed to be the same as those in

the piezoelectric layer, we look into the piezoelectric layer.

Polarization direction of the piezo layer is placed along the 3(z)
axis. For plane strain deformation (e2¼ 0), the strains and

the electrical field E3 along the polarization direction 3(z) sat-

isfy the constitutive relation6,11,25 D3 ¼ ks
33E3 þ e31e1 þ e33e3,

where the electric displacement D3 is to be found. eij and kij are

the piezoelectric and the dielectric constants, respectively. In

view of Eq. (1), e3 could be replaced in the piezoelectric consti-

tutive relation, and hence, it could be simplified as

D3 ¼ ks
33E3 þ e31 �

�f

1� �f
e33

� �
e1 ¼ ks

33E3 þ �ee1: (4)

The current running through a piezoelectric layer is calcu-

lated by time-differentiating the integral of the electric dis-

placement over the piezo surface as i ¼ d
dt

Ð
Ap

D3dA ¼ Ap
_D3,

where overdot denotes differentiation with respect to time.

The last expression is derived assuming that the length of the

piezo patch is small enough so that D3 is constant over the

length of the piezo layer. Ap is the total area of each piezo

layer. We now consider a case where N of the piezo patches

are connected in series to an external resistive load charac-

terised by the resistance R. Let us also assume that the

electric field E3 across the thickness of each piezo layer is

constant; hence, the voltage across each layer equals tpE3

with tp being the piezo layer thickness. Then equating the

current running through the resistive load and the piezoelec-

tric layers and substituting D3 from Eq. (4), the governing

dynamic equation is derived as

FIG. 1. Energy harvesting via wrinkling phenomenon. The figure on the left

shows a representative element of a soft matrix containing three stiff interfa-

cial layers/films with piezoelectric patches attached on two sides of the films

at the peaks and troughs. The figure on the right depicts larger view of a seg-

ment (one wavelength) of the interfacial layer with attached coordinate sys-

tem where direction x or 1 and z or 3 are aligned with and perpendicular to

the interfacial layer, respectively. Wiring and electrical interconnections

could be mainly embedded within the soft matrix and the harvesting itself

could take place outside the whole structure.
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_v þ Ntp
ks

33ApR

� �
v ¼ �Ntp�e

ks
33

_e1: (5)

Equation (5) is a first order differential equation that could

be solved both analytically and numerically given the input

_e1. e1 is equal to the macroscopic strain before buckling, but

will follow Eq. (1) once the buckling takes place. Assuming

that the piezo patches are small in length and are placed at

the peaks and troughs, we can approximate sinð2px
kð�eÞÞ � 1 in

Eq. (1), and hence the excitation strain rate _e1 in the interfa-

cial and the piezo layers will take the form

_e1 tð Þ ¼

_�e tð Þ; j�e tð Þj< j�ecrj

�4pz

kcr

j�e tð Þj� j�ecrjþ0:5ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�e tð Þj� j�ecrj

p
 !

sign �e tð Þð Þej�e tð Þj _�e tð Þ;else:

8>><
>>:

(6)

The material properties and the geometric dimensions of the

matrix, interfacial layer, and the piezoelectric patches are

given in Table I. bp in this table denotes the depth of the pie-

zoelectric patches. The length of the piezoelectric patches lp
is set to one sixth of the initial wrinkling wavelength, i.e.,

lp¼ 1/6kcr. For the parameters in Table I, the critical macro-

scopic strain �ecr, and the initial wavelength kcr are equal to

�0.0384 and 0.8027 mm, respectively.

In this study, we consider a slowly varying sine-squared

compressive macroscopic stress �rðtÞ ¼ ��ramp sin2ð0:5xtÞ
with amplitude �ramp ¼ 30 MPa, and frequency x¼ 2p(0.5)

rad/s. Figure 2 shows the induced macroscopic strain and the

local strain along the interfacial layer e1 for z¼ –t/2 in Eq. (1).

It could be seen that when the critical strain (�ecr ¼ �0:0384)

is exceeded, wrinkling takes place and both the magnitude

and the rate of the induced strain in the interfacial layer are

increased.

To have a fair comparison between two cases of harvest-

ing with and without the wrinkling phenomenon, we first

optimize the average harvested power with respect to the

external load. The average harvested power is defined as the

time-average of the dissipated power in the external load:

Pave ¼ 1
T

Ð T
0

vðtÞ2
R dt for a large value of T. The optimal resistive

loads are found to be 2.0� 1011 X, and 2.5� 1011 X for the

cases with and without the wrinkling, respectively. These

optimal loads are used for the rest of the simulations.

As a result of the increased induced strain and its time

rate, the external load is excited by a larger current source,

and hence, the voltage induced at the external load is

increased. Consequently, the energy harvesting is dramatically

improved. Figure 3 shows the time histories of the induced

voltage and the harvested energy. Based on the figure, the

induced voltage is increased, and subsequently, the harvested

energy is improved by about 20 times. It should be noted that

if the whole volume is made of the piezoelectric material

(assumed to have large stiffness), a comparable level of

energy could be harvested even though no instability takes

place and it compresses uniformly, but at the cost of a much

stiffer system which in many applications is not acceptable.

Assuming zero initial conditions for the voltage v, the

solution to Eq. (5) could be written as vðtÞ ¼ � Ntp�e
ks

33

e
� Ntp

ks
33

ApR
t

Ð t
0

_e1ðtÞe
Ntp

ks
33

ApR
t
dt. Now if e

Ntp
ks
33

ApR
t

is bounded from above, the

whole expression is bounded even though _e1ðtÞ momentarily

goes to infinity at the onset of the wrinkling, i.e., j�ej ¼ j�ecrj.
It could also be noticed that if

Ntp
ks

33
ApR� 1, the induced volt-

age v(t) is proportional to the induced strain e1(t). For the

parameters used for the simulations in this study,
Ntp

ks
33

ApR is not

TABLE I. Material properties and geometric dimensions of the matrix,

interfacial layer, and the piezoelectric patches.

Parameter Value

E m 50 MPa

E f 5 GPa

�m 0.48

�f 0.48

T 50 lm

tp 1 lm

gf 0.0625

bp 0.1 mm

e31 �0.3041 C/m2

e33 �0.4865 C/m2

ks
33 0.106� 10�9 C/Vm

N 1

FIG. 2. Time history of the induced macroscopic strain �eðtÞ and the local

strain in and along the interfacial layer e1(t). The black dotted line shows the

macroscopic and the interfacial layer strain if there was no wrinkling phe-

nomenon. The red dashed-dotted and the blue solid lines represent the mac-

roscopic strain in the composite and the local strain in the interfacial layer in

the presence of the wrinkling, respectively.

FIG. 3. Time history of the induced voltage v(t), and the average harvested

power across the external load with (solid line) and without (dashed line) the

wrinkling phenomenon.
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too small (it is about 3.5) so the voltage response is more

involved than just being proportional to the strain.

There is another subtle reason to the improved harvest-

ing performance in addition to the large induced strains:

wrinkling helps the system to passively mimic the BLSH

strategy13 proven by the authors’ earlier work to maximize

the energy flow into the system. Typical soft matter instabil-

ities occur after a critical applied stress/strain is exceeded.

This means the system is not experiencing a large displace-

ment/deformation until a larger value of the excitation force

is reached. The larger displacement as a result of the instabil-

ity, at a large input force simply means larger flow of energy

to the system.

In conclusion, we proposed to exploit soft matter insta-

bilities to improve energy harvesting, and theoretically

investigated this idea for wrinkling instabilities as the most

common instability in the soft matter. The idea lies in the

suddenly induced large strains in this class of instabilities

mainly due to the effective softening behaviour, and the

large-strain nonlinear instability patterns. Both the large

magnitude and the time rate of thus induced strains could

subsequently induce large charge and current in a piezoelec-

tric patch locally attached in the vicinity of the high strains.

A big advantage of harvesting via such instabilities is that

they are independent of excitation frequency. Theoretical

and simulation results show that wrinkling could help to

increase the harvested power by more than an order of mag-

nitude. We believe the proposed approach opens the way to

previously uncharted energy harvesting paradigms, and in

view of the recent advances in flexible electronics,6 introdu-

ces a promising method to effectively harvest energy for a

wide range of applications.
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