SIMONS LAUFER SLMath Summer Graduate School

Stochastic quantisation

1 Discrete (weighted) Besov spaces

We denote by A, = (£Z)? for e =27V, N € Ny, the rescaled lattice Z¢ and by Ay e= 24N T§ =
eZ4n [—%, %)d its periodic counterpart of size M >0 such that M/ (2¢) € N. For notational
simplicity, we use the convention that the case ¢ = 0 always refers to the continuous setting. For
instance, we denote by Ag the full space Ag= R4 and by Ao the continuous torus A= T,{f,.
With the slight abuse of notation, the parameter ¢ is always taken either of the form & =27 for
some N € N, N = Ny, for certain Ny € N that will be chosen later, or ¢ =0. Various proofs below
will be formulated generally for ¢ € A4 :={0, 27NN e Ny, N >Ny} and it is understood that the case
& =0 or alternatively N = oo refers to the continuous setting. All the proportionality constants,

unless explicitly stated, are independent of M, ¢.

Denote f\g := (¢-'T)?. For fe ¢ (A,) and g eLl(/A\g) we define the Fourier and the inverse
Fourier transform as

oF .— d —2mrik-x or -1 - 2mrik-x
Frhky=e! Y fooe?mks  Flg(x) f&gw)e dk,

xeAN,

where k€ A, and x€ A ,. These definitions can be extended to discrete Schwartz distributions in
a natural way, we refer to [3] for more details. In general, we do not specify on which lattice the
Fourier transform is taken as it will be clear from the context.

Consider a smooth dyadic partition of unity (¢;);>_; such that ¢_; is supported in a ball around 0
of radius %, @0 is supported in an annulus, ¢;(-) = ¢ (277.) for j=0andif |i—j]>1 then suppe;n
suppg; = @. For the definition of Besov spaces on the lattice A, for & = 2N
suitable periodic partition of unity on A, as follows

, we introduce a

(p](k)’ j<N—J’
oK) =11=>" gik), j=N-J, (1)
J<N-J

where k€ A, and the parameter J € N, whose precise value will be chosen below independently
on g € A, satisfies 0K N —J <J=inf {j:suppe,; L [-e71/2,e71/2)4) 5 00 as € > 0. We note that
by construction there exists ¢ € Z independent of & =2V such that J, =N - ¢.

Then (1) yields a periodic partition of unity on A,. The reason for choosing the upper index as
N —J and not the maximal choice J, will become clear in Lemma ? below, where it allows us to
define suitable localization operators needed for our analysis. The choices of parameters Ny and J
are related in the following way: A given partition of unity (¢;);>- determines the parameters J,,
in the form J, =N — ¢ for some ¢ € 7. By the condition N —J <J, we obtain the first lower bound
on J. Finally, the condition 0 <N —J implies the necessary lower bound Ny for N, or alternatively
the upper bound for & =277 <27 and defines the set /.

We stress that once the parameters J, Ny are chosen, they remain fixed. Then (1) yields a periodic
partition of unity on A..



Reason for choosing the upper index as N —J and not the maximal choice J,: it allows us to define
suitable localization operators needed for our analysis.

The choices of parameters Ny and J are related in the following way: A given partition of unity
(¢j)j>-1 determines the parameters J, in the form J, =N - ¢ for some ¢ € Z. By the condition
N —J <J. we obtain the first lower bound on J. The condition 0 < N —J implies the necessary
lower bound Nj for N, or alternatively the upper bound for & =27V <27 and defines the set /4.
We stress that once the parameters J, Ny are chosen, they remain fixed.

Remark that according to our convention, (goj(-)) ;>-1 denotes the original partition of unity (¢;);>-1
on R¥, which can be also read from (1) using the fact that for £ =0 we have J, = co.

Now we may define the Littlewood—Paley blocks for distributions on A, by

Nf=F " (of F 1),
which leads us to the definition of weighted Besov spaces. In the sequel, p denotes a polynomial
weight of the form

p(x)=(hx)™ = (1 +|hx|?)~</ (2)

for some ¢ >0 and # > 0. The constant 4 shall be fixed in order to produce a small bound for
certain terms. Such weights satisfy the admissibility condition p(x)/p(y) < p'1 (x—y) for all x,
ye R? ForaeR, p,q€[1,o0] and £ €[0, 1] we define the weighted Besov spaces on A . by the
norm

1

. 1/q . /q
Wlgeem=| Y 20 IIAj?fIIZp,e(p)) - ( S 2w asfig)
-1<j<N-J -1<j<N-J
where LP>® for ¢ € A \ {0} stands for the L” space on A, given by the norm
1/p
Ifllzpe = (ad Y lf(x)lf’)

xeA,

(with the usual modification if p = c0). Analogously, we may define the weighted Besov spaces
for explosive polynomial weights of the form p~!. Note that if £ =0 then By (p) is the classical
weighted Besov space By 4(p). In the sequel, we also employ the following notations

€“%(p):=BSi(p),  H"*(p):=B35(p).

We will frequently use the following auxiliary results whose proofs can be found in Appendix A.1
in [1].

Lemma 1. Let a €R, p,ge[1,00]. Fix n>|a| and assume that p is a weight such that
1Plgzstes oy + 1 grete ) S 1
uniformly in €. Then

”f”B;”;(p) ~ ”pf”B;”;a

where the proportionality constant does not depend on .



This is useful to transfer the results for the unweighted setting to the weighted one.

Lemma 2. Let a €R, p,p’,q.q" €[1, 0] such that p,p’ and q,q" are conjugate exponents. Let
p be a weight as in Lemma 1. Then

(f.8)es ”f”B;i’qg(p)||g||B;,0f[‘;(p")

with a proportionality constant independent of €. Consequently, B[;ffé‘f( phHc (B, ( P~

Lemma 3. Let £ € A. Let a,ag, a1, B, Bo, 1€ R, p, po, P1,9,90,q1 €[1, 0] and 0 € [0,1] such
that

1-06

0 10, 1-0
po P q

o
g9 q1

a=0ap+(1-0)ai, B=0PBo+(1-0) B,

1
p
Then

0 -0
: < ’
”f”B;z’,qs(pﬁ) B ”f”Bﬁg’;O(pﬁO)”f”B;ll:;l(/Jm)

2 Setup for stochastic quantization of 3 3

Based on arguments from the theory of PDEs, we intend to construct the Euclidean ®* quantum
field theory on R 3. This is a probability measure v on the space of Schwartz distributions .#” (R?3)
which is formally represented by

2 1
v(dg) ~exp{—2 [.. [%co(x)r‘+’"7|<p<x>|2+§|V<o(x>|2]dx}d¢,

where m? e R is the mass and 1 >0 is the coupling constant. The above expression is only formal,
because powers of distributions are not well defined in general. The measure v is associated to
the corresponding stochastic quantization equation

(@ +m*=A)g+Ap>-ccp=¢, (LX) R, xR?, 3)

where ¢ is a space-time white noise on R> and the term —cog stands for the so-called mass
renormalization. This permits to make sense of the nonlinearity in (3) and in turn to obtain an
honest probability measure v as the invariant measure of (3).

For notational simplicity, we let m?=2=1inthe sequel. Forde{2,3},let A= (eZ)forg=27N,
N e Ny, be the rescaled lattice Z< and let A me=eZ)](MZ) )4 be the periodic lattice with mesh
size ¢ and side length M with M/ (2¢) € N. We denote by A, the lattice Laplacian on A,

d
Af (x):=672) (f(x+ce)=2f(x)+ f(x—ge)), xEA,,
i=1

where (e;);=1.... 41s the canonical basis of RY. Let @,:=1-A,, £,=0,+ @, and we write % for
the continuum analogue of £..



We approximate the stochastic quantization equation (3) by the finite dimensional lattice model

$£§0M,£+(p/%/l,g_3cM,£§0M,£: §M,£, X€E AM,E' (4)

Here cy, . are renormalization constants diverging as M — oo and ¢ — 0 and &y . is the discrete
and periodic approximation of a space-time white noise & on R?¢

Eme(t,) = e U Em (1), Lmgeesa)s (16X ERx Ay,
with &), being the periodization of &

Ev(h) =& (hy),  where hp(t,x):= 1[_

N|§
SN

() Y hit.x+y), hel(RxR9).
yeMZ4

>

Then (4) is a finite-dimensional SDE in a gradient form and it has a unique invariant measure vy, .
given by

1 =3cepme+1 1
vM,g(d¢>~exp{—2ed > [jgoﬂﬂ%wﬂ%zwg«)xﬁ]] [1 dex. )

XEAM‘E )CEAM,S

where V, denotes the discrete gradient

.....

satisfying the corresponding integration by parts
(AJ’ g)M,S = _<VJ’ V8g>M,85

where by (-,-)y,. we denoted the duality associated to L*(A Me)-

Global existence of solutions to (4) can be proved along the lines of Khasminskii nonexplosion
test [2, Theorem 3.5] whereas invariance of the measure (5) follows from Itd's formula together
with the integration by parts.

Our goal is to show that there exists a choice of the renormalization constants (cps,z)m,. such
that the family of probability measures (v ;)u. extended to #’(R9) is tight. Consequently,
there exists a subsequence converging weakly in the sense of probability measures to some v
and this is the candidate for the Euclidean quantum field theory on R¢. It can be additionally
proved that every such accumulation point v is translation invariant, reflection positive and non-
Gaussian and satisfies a stretched exponential integrability. In order words, it satisfies part of the
Osterwalder—Schader axioms for a Euclidean quantum field theory. Furthermore, an integration
by parts formula can be established and it leads to the hierarchy of Dyson—Schwinger equations
for Euclidean correlation functions.

3 On the regularity of the renormalized cube & C.

Recall our discrete setting:

=2V M=2N" A, y=((Z)N[-M]2,M]2))", “m=(Z/M)n[-1/2g,1/2¢))".



And the definition of the process X, which is the stationary solution to
$£X£,M = é’a,M-

It has the random Fourier series representation (with correct factors of M):

Z exp(2mik- x)f (’"2”22)("“)d/3s(k)

ke Ny ~ <
=X(t,k)

where (computation with the discrete Laplacian)

d
=Y [2&7'sin(rek;)]? = (227) kI
i=1
for |k| < &7,
We want to discuss the Besov regularity of [[XS]] (t,x).

Let's start by reproving that X € C([0,T], € ™ (A n)) for some small x with € = BJ*. This
is useful to have a blueprint for the general argument.

We will use the Besov embedding

—x d/2p-x
Bl Csz,zp

and the Kolmogorov lemma to estimate the Holder norm in time (another Besov embedding in
disguise).

Lemma 4. (Kolmogorov) Let (X;):c[0,1] a continuous stochastic process with values in the Polish

space & then
1X:— Xsllz \* (lle—Xsllg)"
]E[(mseu[gﬂ prT ) Skt>sseu[g,T]]E T (6)

for any small k >0 andp>1 and a € (0,1).

Proof. Let us sketch how does it work. Decompose [0, 7] into dyadic intervals [z, t7, 1] with
ty=T2 "k for k=0,...,2" and consider the quantity

Z s Z ||th+,—Xz,’g||%]
2n

—_ 4
= K1 = 1

for some a € (0, 1), p>2. Reasoning with telescopic sums over dyadic generations one arrives to
deduce that

1Xe—Xslls _ Xy =X lle (X —Xin |l

_ ola =X n _ n|a n _ (g
=sl* e M Lty

where ¢, s are dyadic numbers in D = {#}'} and (k,), and (k;,), are integers depending on t,s. Since
each term in the r.h.s. is bounded by

/p
{ [HXI,?H—X@II%H < 2200017
k=0

|tk+1 _tk|a



and they are at most n <log|t—s|, we have

- X p
| Bt <ie-sr o) e

for some O < x < a. So we deduce that

Xi—Xslz 1P
sup W} SQ(X)

t>seD

and by considering a continuous version of X we can extend this to all #>s € [0,7T]. Then taking
expectations and using Fubini:

E

sup 1Xe=Xilg | Z M]
sseo) E=sIF | T 0 Itk = 11"

from which we obtain finally the basic estimate (6) for any small x >0and p>1and ¢ € (0,1). O
We need to estimate E|X(¢) —X(s)llzcé’_x in terms of |z —s|.

E|X(t)-X(s )“%9 SSE|IX(t)-X(s )||Bd/2p . (Besov embedding)

2p.2p

<) 2W2mligd N BIAX(t,x) - AX(s,x)”  (Fubini)

i>-1 xeAg,M

sz 2(d=2p)igd Z [BIAX(t,x) - AX(s,x)*]”  (Hypercontractivity)

iz-1 XENgMm

<MY 2P EIAX(£,0) - AiX(s,0)7]7 (Stationarity)

iz-1

Therefore consider I:= E|AX(z,0)— AX(s,0)>

AiX(1,0)-AX(s,0) = Md/z Z exp(2mik- x)f 2(m?+k2) (1 wd gk
ke Ny m

N

2,72 2,72
Z exp(2arik- x) (e 20m k) 1=5) _ l)f =2+ (= g g ()

—0o0
keAt‘ M

Md/2

N
<I(m2+k2) (1-s)|4€OD

Consider the first term: by Ito (for > s)

Z —lk 2 —(m2+k) (- S)J‘te—Z(mZHGZ)(t—u)du
MdkeA* y
&M
Z +k2 ( 2+k2)(t—S)|a€(0’l)
keA*

—ipN12 —-i1\12
[(P(z k)] kza(t—S)an( dk[¢(2 k)] <2i(d—2+2a)(t_s)a

1
M L2 TR et TR



and similarly for the other term.

So
EIX(1) = X ()| s M4 2102 1dIp=rxa)2p (g g)ap < (e (g - 5) 0P
iz-1
when
d-2 d
K>——+—+a
2. p

From this one deduces that
XeC([0,T],€7)

almost surely.

For [X?] the computation is more laborious. Consider the fixed time moments.

1 . .
A0 = D Q7+ kot ka)) T ORI 1, k) R (2, ko) R (1K)
ki.ka.k3

a computation with Wick's theorem gives (the sunset diagram)

EIAIX3](2,%)] 3d Y [p @7k +ky+ k) PEIX (£ k) PEIX (1, ko) PEIX (2, ka) 2
ki,ka,k3

[ (27 (k1 +ka+k3))]?
~ [ dk,dk,dk
f PR 2 k) (m2+ 12) (M2 + &2)

[p (27 (k1 + k2 + k3))]?
~ dkdk,dk I, rarn ¢
Z J 1UR2 .5( 2+ kz)( +k2)( +k§) k=2 ,k2~2b’k3~2

a,b,c

=y 2—20—217—20[ dkydkadks [ (277 (ky + ko +k3)) P, o oy oe

a,b,c

Assume an order among |k, |kz|, |k3|, since the integral is symmetric, it is enough to consider

a=b>=c. Then since k; + ko + k3=~ 2% we only have two possibilities. Either

a) ki =ky=292k3=2¢>2". In this case note that k» + k; = 2¢, so the sum over k, gives a

contribution of the order 2¢¢, the sum over k a contribution of order 2% and the sum over
k3 a contribution of order 2°?. Together with the behaviour of the propagator this gives

(for d<4)

Z 2—4a—26220d+ads Z 23cd—6c

azczi azczi

and which can be bounded, when d <3 as

2 (3d-6)i 201



b) k;~2%~2' >k, > k3. In this case note that, denoting g =k + ko + kz = 2! we have 20 ~
ko + k3=~ q—kj so the sum over k; gives a contribution of the order 20 the sum over k; order
2¢ and also the sum over k3 is of order 2¢ . Together with the behaviour of the propagator
this gives (for d > 2)

Z 2—2a—2b—2c2bd+2cd < Z 2—2a—4b+3bd > Z 2—6a+3ad ~ 2(3d—6)i ~ 20[

i=azbzc i=azb i~a

Both cases are fine for d =2 but diverge logarithmically in ¢! for d =3.

For d =2, time regularity can be argued as above so we end up with

[X’]€C([0,T],€7),

fork>0ind=2.

(end of Monday's lecture)

In d =3 we will need to consider instead a distributional norm in the time variable. Alternatively
we can apply %! to [X?] and define the stationary tree

X=X = [ et M0 (5)ds,

Now we have

1 ,
BIAXT(6,0)P=—7 ) [9Q7 (ki + Ko+ k3))
ki.ka,k3

m2+ (k1 +ha+k3) ) (21=s=5") = (m2+k3) (s=5") = (m?+83) (5=5") = (m2+£3) (s=5")

t s e_( ,
X = = = dsds
I—‘” f—‘” (m2+k7) (m? +k3) (m2 + k3)

1 )
=am O @7 ki k- k) P
ki,ka,k3

1

X —— " " " S o ———
(m2+ (k1 + ko +k3) )(m2+k12)(m2+k§)(m2+k32,)(4m2+k12+k§+k§+(k1+k2+k3) )

So now the same argument as before gives (for d <4)

EIA X3 (1, x) < 2(:1—2):‘2 zc(d—Z)Z nad—6a

c2i azc

Sz(d—2)iz 20(2d—8) < Z 20(3d—10)

c2i c2i
(othe other case can be treated similarly) and when d =3 this implies that
XYeC([0,T],€'/?™)

for some small x > 0.

Let us remark that, as X¥ =[X?], even X" is not well defined in d = 4.



These computation are not uniform as M — co due to the constant in the initial bounds. For this
reason we have to use weighted spaces. For example:

EIX (017, S BIX (01255, (Besov embedding)

2p.2p (p)

<Y 2W2ligd N Blp(x)AX(tx)?P  (Fubini)

i=-1 XEA; M

sz 2 (d=2pr)igd Z p(x)zp[IBml-X(t,x)lZ]p (Hypercontractivity)

i>-1 xe€Aem

=3 2(d‘2p")i[]E|Al-X(t,0)|2]1( > p(X)z”] (Stationarity)

iz-1 XEN: M

and now since

Y p<i

XE/\&M

for any algebraic decay exponent for p, provided p is large enough. This gives now the uniform
bound.

These arguments can be used to prove that in d =2
[Xzml € C([0,T]; €% (p))

almost surely with bounds uniform in ¢, M in L? spaces, i.e.
n p
SUAE’]E[”[[X&MH||C<[0,T];f€;”<p>>] < Feo.
&,

This is enough for stochastic quantisation. With some more work one can show that the stochastic
objects converge as € — 0, M — co (with suitable embeddings in .#”(R%)) in

C([0,T; €% %(p'*%))

for any & > 0.

4 The construction of the Euclidean ®3 theory

In order the explain the main ideas of the contruction in a simpler setting, we restrict ourselves
now to d =2. Our aim is find a decomposition of (4) where all the quantities can be controlled
uniformly in M, ¢. In the first step, we isolate the term coming from the noise as it is expected to
be the most irregular in the limit M — oo, ¢ = 0. Recall that in d =2, (&p,.)m, only has uniform
bounds in a weighted Besov space of regularity —2 — x for every x >0. This regularity becomes
worse in 3 dimensions and we will see later that creates further difficulties and additional ideas
are needed to complete the proof. To remove this irregularity, we solve the corresponding linear
counterpart of (4) and let Xj, . be its stationary solution, that is,

$£XM,£:§M,£- (7)



By Schauder estimates, (Xas ¢ ). is bounded uniformly in the weighted function space C€ ™ (p?)
a.s. for «, 0 >0 arbitrary and p as in (2).

Decomposing @u. . = Xar. e + m.e We expect 1y, . to be more regular. It satisfies
gsﬂM,s + (Xlil;/l,s - 3CM,.9XM,5) + 3(XA2/I,8 _CM,S)UM,S + 3XM,877]2V1,£ + ﬂl?l’/l,s =0. (8)

The advantage is that choosing cyy = ]E[X,‘z,,’g(t)] the terms

IXirol=Xire—cmes  [Xigol=Xipo—3cm.eXne, )

are bounded uniformly in M, & in C€ " (p?) a.s. In particular, the terms defined in (9) are the
second and third Wick power of the Gaussian random variable Xjs .. Then by Schauder estimates
we expect (7y.¢)um.¢ to be bounded uniformly in C€2>~*(p?), hence it is function valued and all
the products in (8) are well-defined.

4.1 Weighted energy estimate
As the next step, we want to derive a weighted energy estimate for 7y, . and make it uniform

in M, . To this end, we test (8) by p*nu.., or alternatively we apply the chain rule to calculate
%at”pan,g”zZ,a. We obtain

Lo o 2 4 2, 2 2 2
jat”p 77M,a||L2,E + ”p’]M,a”LM' +lp 77M,a||L2,E +lp Va’]M,e;”LZ,E

=—(p*mes [Xige] + 31Xir Dme + 3Xar.enhr o )e-

The L*#-norm on the left hand side is obtained from the cubic term, the L>#-norm from the mas-
sive term —7y,., and finally the norm of the gradient comes after integration by parts from the
term —A .7p,.. Observe that by Lemma 1 and Lemma 7, the two last terms on the left hand side
can be estimated from below by the H I=1e( pz)—norm of 5y, for x>0 small so that the above
rewrites as

1
S0P nat.ellfze + o1, elizae + 107w (10)

<Pt es [Xig.o] + 31X ) nmte + 3Xua e Mg e (11)

All the terms on the left hand side will be crucially used to control the right hand side. More
precisely, it is necessary to absorb into the left hand side the norms of 7,/ . needed in the estimates
of the right hand side. The final estimate can only depend in a polynomial way on the given data,
namely, the uniform in M, & estimates of

Xre = (Xnr.e» [Xir.e]s [Xig.e]) € [CTE ™4 (p) 13

10



for x, 0 >0 small and an arbitrary T € (0, co). This is achieved by combining the basic results
for discrete Besov space from Section 1 with weighted Young inequality in a suitable way. The
key role is especially played by the L*-norm because it permits to balance the loss of weight on
the right hand side. This is due to the fact that the noise terms X, . always require a part of the
weight to be bounded uniformly in M, ¢.

For the sequel, we fix the parameters x, ¢ >0 small as well as a weight p as in (2) and a small
parameter 1 € (0, 1) so that p'e L*0. This technical assumption will help us with several embed-
dings to close the desired energy estimate.

First, we apply Lemma 1, the duality (Lemma 2), the embedding H'=*%(p?) = B35* C B | (p*%)
which holds provided p?~? € L>¢ and the weighted Young inequality, to bound for an arbitrary
5€(0,1)

o e DX oD el S 107 1K oDl el 04t el

<o [Xir, Ul p*nut.ellg-re < Q(Xge) + 81 p>1as,elp1ovce- (12)

Here and in the sequel, Q(Xjy ) always denotes a polynomial in the uniform norms of X, . and
it may change from line to line. Due to the small constant &, the last term on the right hand side
of (12) can be absorbed into (10).

Starting similarly for the second term in (11) and using the estimate for powers from Lemma ? as
well as the interpolation from Lemma 3 with 6 = %, the embedding from Lemma 7, we obtain

(o *nat.er 30Xin, el mane)el S 10 IXGn ellig el p* = mig gy

3-1-0

2 1
<lp?1Xiz.elle—<<lp " naell 2l p N, ell gv.e

3 1 1+6y, .2 1-0
S”PUHXM,gH”%‘W”P +l7]M,g||L2,£ ||,0 UM,EHHI—K,S

3 1+6, .2 1-6
S“pa[[XM,E]]||§€"‘~5||p77M,.9”LIE llp 77M,s||H1—k.e

<O(Xpre) + 8 pnar.ellfoe+ 11020 cli-e.e).

In the same spirit, the last term is bounded as
K 0,6 3X1,eMi1.5)el S 11p " Xnaelle-ell p*~ iy oy,
<o "Xt elewell pnas.ell ol P>~ Nt el v
<IpXu.ele-well pnaeloclp ' el foel o0, sl i

<OXps.e) + 8l pnmelfas +102 00 el71x).

11



Finally, this brings us to the estimate

1
S0l o el + 1 pMat ellpae + 107 elFpve < Q(Xig o) (13)

which we exploit further in the next section in order to deduce tightness of the approximate
invariant measures (5).

4.2 Extension operators

In order to construct the Euclidean quantum field theory as a limit of lattice approximations, we
need a suitable extension operator that allows to extend distributions defined on the lattice A,
to the full space R?. To this end, we fix a smooth, compactly supported and radially symmetric
nonnegative function w € C>(R9) such that suppw C By 2 where B2 C R4 is the ball centered at
0 with radius 1/2 and fRdw(x) dx=1. Let wé(-):= 9w (&) and define the extension operator
&° by

Ef=wif,  feF (A,

With a slight abuse of notation we used the same notation #, as for the convolution on the lattice
A ; to denote the operation

Weaef)(x) =8 ) wo(x=y) f(y), xeR
YEA,

which defines a function on the full space R?. The following result is proved in Section A.4 in [1].

Lemma 5. Let a € R, p,ge[1,00] and let p be a weight. Then the operators
2By (p) > Big(p)

are bounded uniformly in €.

4.3 Tightness

Let ¢ - and X)y . be stationary solutions to (4) and (7), respectively, defined on a common proba-
bility space (Q, % ,P). These solutions can be obtained by solving (4) and (7) with random initial
conditions sampled from the probability measures (5) and

XEAy . XEAM,;

1 —3Bcpe+1 1
ZM’ECXP[—ZEd Z [%|¢x|2+§|vs(ﬂx|2” H do,,

respectively, where Zy, . denotes a normalizing constant. As above, we define 7y ¢ := Q. — Xy«
and observe that it is a stationary solution to (8) so that the weighted energy estimate (13) holds
true. Taking expectation and using stationarity therefore implies

Ellpna.elgs: + Blp*nu el SEQ(Xp,) S 1, (14)
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where the implicit constant is independent of M, €. In particular, it is important to note that the
form of the polynomial Q does not depend on M, ¢: the only dependence of Q(Xyy ;) on these
parameters comes through the norms of Xy, . and the qunatity is uniformly bounded in expecta-
tion.

All the involved objects @ ¢, X, ¢, . are extended periodically to the full lattice A ;. In order
to establish tightness of the measures (5), that is, the laws of @, . at an arbitrary time, we make
use of the extension operator € defined in Appendix 4.2, which further permits to extend @y, .
as a distribution on A, to a distribution on the full space R2.

Theorem 6. The family of laws of (E°@.¢(0)) s is tight on €~ (p*>**). Every accumulation
point v is the candidate Euclidean ®3 quantum field theory.

Proof. Lemma 5 below and (14) lead to

EI6 Xue O}y S 1. BIE (0 S

and consequently

EI8°0u1.0 (0% 2) S BIE“Xat.5 (0) 1%+ (pr) + BIE 0116 (0) 10,2 S 1.

Since the embedding € (p?) C €2 (p>*"¥) is compact, the result follows. ]
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