Rec)\ we irrtrocdused e, Weivgatrie
™M Woy @5 o malpix 2

w;h;(@ft)) Gl g"’ 5
(v ~dep impliat) .

v Wese wotes, we discuss altervedive

\r(cw'poiw% oV) \/Og,d ) i wil) lead

Yo @ vtowsion Tor Wy which) il

\b{ecd o We Master log eg. i Lt
i



ﬁmsg)_a)%m

Decfine GISS (e Symm el Group
o\gebra) o5 either -

() e sek oF Tunchimg £: S,
e%ufpyd A Comelution ag product :
f3000= 2 6T ge

TESy

@} %C st % Js\m"me&\ UmS
= Z oo,

el pped w] woduck

= ( D o) (Z g(«)a)

0\E’S\/) 0. es‘q



= i %&)g ') 60"

60" 5y
=~ (Z’@(&ii)gtt)> 5
55E >, EESy,
Tee, dwo viewgoints are cgmivcdwt.
EC()“"P CLS] w] e L o 2
il =35 Bl

6 ESn
E)(ev‘cis& ’
IRl < Wi g



G)v\giflw new -W\c e/\evna/l{’/
B i

06 Sw

Ir bk nvertible, 7-e. 3 wedl&,]
S

Gw= WG = 1d |
Moy we delive e wefngar’)w ™
\/\Qﬂp e l/\) & (t»Y,SV)].

To nece ok Wi would be iV
Y e marix def, vote at -

1%t =)= (GW(5tc)



= Z&@i&) W(E)T)
6—\

= Z ( Q:(:[:CYC‘CSCO:iG" )
5 W ((G"Si[ e

BW\\\"\% Yt we defingd '\W,Glmm

e .
# cydes (5 c)
& (g) O‘\) = N yass -

W e Wak dd&mwg)
Way (') O = W(BH T,
we N Wat
ey = 1



§5m1\w\\;) Woy G = L.
Tus, when G 1s invectible iy G384

M Grom mordeix & o ivvertible werdrix
omd Waus e e %qﬁm T it

& W wrse oF &/ Gram wdrig

(% wueiy inverbille, o psemco-inuese.
= uer®) .

How o el whw G 5 invertibleZ
By nat. for 424xen S et

or = U, 6)¥ (20 - (k1K)

7 S
Trangpesitions, ecl oL



W C!Y‘hC(L\CAV‘ 5 = O. These are
e chys M(Ar\?\’\\/ elemants.

Brertist.. e .., Jy, Wﬁ\w.\ly
Commucte. .

Exercise. Tor any NeG©, 2L e
“\Wlu&,

G = z 0 YdtsC«‘)o\

Y
e

= H (N,Q Se)
e

MO‘\’L 2 v IS A UM J{’ ¥~ Jerme,



g,
Wl ¢ ¥-2.
Thus, 1F INIZ ¥) haw that

o0 - RS

= # Syt
I=s =
converg s, i CLSy |
J

e NS S\c/) v (tﬁgwj i nvertible

_W\ug) T N2 N, Uoe at Gy
15 invertidle, o)

o= G = (R



Eyercie. Show ok & N<v, Fnay
Cj 1S V)O{: inwf*ib\ﬁ-cwdw‘\ﬁ %\'lowiwc}
Mot Syee ¥ viok ivertible . (nsider
smple case of N={ n=2.)

Let us supose 1) 2V Pr waw,
We will vetum to e e oF

B.W)CM\ [\’ (ulrﬂr* 2
Note :




03D = N (d- 1, s RS
= NNt
“Loserting i, oot Weinogrus

e UrSiom -
\’ng & CN"\'I/)Si“' U\Hlji

1S %ppor‘rul on &S, s om)=v).



Tor wdn & Ik o=V € Spa Ortained
W deletng. alh) = M. Then

NS (33 ()
= Wy y-2 )
Ecé\w@ﬂ% Yol sides oF the vecursion
phwte, Oviin Tt ¥oeSy
wgl\\m(G): ﬂ(d?,?_jvo Nﬁiwﬁw—l ey
~N Z Wy, M0,
3=

s fums out Yo imﬁx/ Wie, Master
\oap .



\lisually, in-tes o e Dlue fuceg,
Mo vewmrcon 1 intexpreked ds follows:




Another @(amV\ej!

‘Z “ nemalized \IOC( cpamtm
\;\)8‘\3,”(5) . ‘l"l #ycles(s \/‘%Nm (5

No‘m :

W~ % Gdes(ed= 2-)t2 - H#eyclsb)




=2 -1)t7
.\— (#oyces(st) 1 ()
20-1)- Hoedese? )
i s
) O e W i
9 relsueSien in Tows

9@ vnowm[iw)l \’03 ™
Wa, &) = |
Oom©) = 1(stn)=n) WﬁN CS‘D
. n-|
2,_ \/\98 N, C\() e

\Ejém

I "
same cyde Ao

0 2‘"’
- \/ngm (:CJV')G\>
.\éjér)
I M i")dﬂ:F
tycles o o




Note : Wis eg, has a lame= N limit |
and s can epect Wat Won,y o
ol Ve a \avge;- N limit as well.

Th e Yol \owm%) wt, il Mppese. Wt
J‘)V\\s YRS also works wheyy N <v.
We wil] velum Yo i ot Yhe end.
[ Svort, amsuer o at it still holds.(



Werd cecomsion
Recall alodtract, Seiting

' Finite sel of le¥lers 341, AT
* St ollection oF werds T=(x,,..T)

2i4) ‘l( i)

s )\c )y cw)
Cﬁmyufve,
Er ey BT (0T)- )]

N ﬂ*ﬁ@%@ﬁ‘\'}j&[b}) C\'i T
1 IT tog, (T

el

Y

(s;,ti)
AR

e H 15 e assoc. map w] extermal
{uces \abelled Ty, T,



\,\)l@Q el A De finst letter or %rs{:
wore) 171 Ansert Way vecursio r oy

:]#C-CCE CS\)C i€l ~
——L) N i) = L»)ngl\’cd\itl)

241¢)

“M@m 0=l )Wy (6] &

_——l N Z:]#CCCE (.%CQ,\&EL})
/L |

1 ™ i S c\/\omge \ariable S



-1
Gy (,) URERSTE

1hen fudnen éﬂh‘m
o1 ) N:H_LCF ce\,t.),aem)wwg“ (4T

241£)

ﬂ@ DE CLC”iD\A)g_N (gg V)
< ZN (2, (GmDor T, (6,149

5k

31 oyt x \T\’Oﬁ ST

For each e, $ind noo woonds ' st
(T, e ), (63)0), 26160
= ®#CC ', (o), i€ 13D




Uisudize. ae follows
CSL%Z Lozig_)(@? p 1.e. G;_(Vlz”’ ttmi)

Ag

...........................
.

il o‘F (:) YJQ CLS Swapping Ve,
Yoo el dached ved wl e 3 from
W ‘fo? dodhed ved



..................

Recall o Jasved e shymmds gamePom
We, words L. :[‘P QV)cvnge, e S%V”ASJ

reaults W c\/\avuﬁe/ i words. -

Loay o “\YLC\[ D\/\(Lﬂge,z.

(e 4: fwo styumds on same, word T .

T\t\m Y,t %Ei,:{)\vi,z- B}‘
Yread Ty o 2 werds

L whef

chqpimg)



\’\ﬂuﬂ 12e 5
ﬂi?-\ Fos i
) . &L
-['/1. ] 1 ]7—-1, .

7 17
‘LilZ)YZ) 2 L")> 2



£
%Jo Shomds on d?/r(:Fefm
(a9 &

AL
Te. Then 17

Ny

s W'U‘gb >
wo wo

AYK Tren

"

|
e NE
> AL
..L,»_{, 'LK |



TWus ) Mok w\tﬂg\ eliid
= | L 57/ J7
Y S (/)\X'\C }\-EI ) -L?,) 2 )Lp]. .7J-|/;>

Case,i Co'ft?_él@: % jee 62(”2 = tﬂt_nz.
My fecursion  ontuins prev. Bises ats
beboe, and an addl e (fom e
o

> :1_("’}2 "’6}(”7)}\/&, N &Ef@ il)) '



\lisualize. Wis case as Bllows:

.........................

o, o*
ooooooooooooooooooooooo

...............................
.®
0

BEGE 00000000 00R00




Lee. oping from 63Ty o @f@b g
Yo deleting the topmest cght-diecled
wie, 0o wall P, Gln)=Th) fow,
“he. Yoy |\eFE-divectd tdgﬁr

T aggin sP\[tS o Two cases, c&q).
o \Dacﬁ\lr These, b&aea were. o Ny
same, yord| on ot

CQSQ, A+ de) tfru) Grands o) M
M7 . Ty EL; >\1]Z|7\ )34-_]’7)12 )
hex ch,\e)cMooL eaults in s?\iﬁmﬁ :

T7
17:!_ — 14,2 174,2 ,




T\/\\U,) E): CY{,Z)TLL)YZ,.“)’EV)).

Let. 541,(?('6 Snivi be. Ve WW)S
obYainge) \)\/ s%arﬁn%&vm 03, Ts and)
Um‘\HingL s (n), TWL), Then

WL Lo b LELE D
= C,CCE)} (G',L‘),C@;,E))Zéi < >




(age, 2 * d\e C"E) s‘rrwlcls on d?ncfmwb




L i case,
J\
\
.E = (__T\\ T\L)YZ)0~-)YK)',,) Yn).

1 unmary ) (e o\ﬁ'oti/) We, ”Fallow'n;
wor& NCUSion s

DAREIacIP]!
— :rﬁ‘}\; ECT-(u e
T'eS(?)

= _J_ & - \
T L \LYW(\DUZ \ﬂ
T'e (@)

\_\emq _ﬁ)(/ Sets SS. C?OS'X V)ﬁg. SP[IH/V@%
Mg (pos. & e mergers) gre. defined)

~—




Qs <
St tollecs al\  mses
Y| = >\1.E,)\)\E,z > )\Lffl,j) )‘iI,l;?)

S. ects dll cases

I’\ = A).E‘ﬂ}\ 17l)z ':\ JLI)Z )
Msf lects al ccases
)
=X B AR 7 AR,
N co\\edrs )

[
Y )\T)I\)ﬂ\c:‘ P)(, 2 Zlll-?\c'— :

S

Sl atep words i T vemain smel




Resnairt.

C,OW\ OU\SO \/iSuOL\i%e, 14 ’\’e;n\ms S'F
'\\M/ W(P ks W\/)cv\ s(n) = Tln) 5
Then oL blue 2'-501) iS 31&404 fo A:

[Delete Blat 2—gom |
RE



T Yddele blue, 2793

Exemse‘ ome ??cfrums '(‘\01‘ %& o%w

Cases.
Note: Y may Ve Wa%\aﬁ st as

a qutuu &(p lem&im 5 1-€ Pcd{ng proess,
AV each 3ep, We seleck Some \odry




e%@,vwm\ e Pue. Tuce glu«)\*;n
Wt edge; Yhen use e Wy recarsion
1o VQQ\CM, e blue Tace w] eontp. of
modifid Hlae Toces, (obtuimed by sp)rLHng/
vwerfain;} \I)\QG/‘FQL&%OP rjl&\e:h’w% the. blue
“}GLC in e e it is @ z"%OVI>.

Each possible operartion veadts i e
Nt wicp How o wediited bdny.
A\O\Mm @mmp\e, CVV)WB(’/‘)




Think oF regL\Anng 3
mip W) \odmx/ A D, AE,

\ouaize * ivst ek ok, e, blug, Jaces:



Pl

Now %&Ae in @ vew Hlue Tace
c@mwwtvr& e wo :

(oe




TO t&'\SQ(LS& *\’VIC’/ Wei Y)%Ctv*“’fv\ Y LUYSiOV)
or 80%%\ N) ) Wy veed some. calditional

SERUp-
Dt&:m(/ E ; Sv) =

Bad @) ag

Pollows, tor c&Sn vy, vy e @ let

(é(cr) @ o=

Viguelize,

\/G‘(L)QQ'" ® \/cs-cn)

% >
1 it



Define  plsY € Bnd flitpd pity \0)’
ele) = OO TT |

Mot Ty € BAQ) s e dentity
operator. \sualize,

3 5
1 1
ol e ~ 2
2"' o
e e

Sy

Edfend o to €IS by \iwcarﬁy :



P (Z%r) cr) Z to)els)

665,

& By (@ P*),

Real) Whot fon Semrﬂ\ M5
N+ v
iy vk Ve nvertible i ©LSW),
Claim: for o) N )V >
e(In)z ~W-DL,

e ol eiqenveds =-(\-1)

% u\ww\[ s inertivle .



We, will ot discuse, e ¢f of s claim .
1 cequives some, ep Sheary (Schur—~Wey
duskity), see. [CPSLS, Seckion 2.5.45.
Briven & & Sy, vecd
Ng = €8 e, B e 0 e
L ke T






t
Lemma. toral) N w24 Wave the
EEC)@'/)@DQ‘)V)]

.
o ~4 ¢V
= emm-nema@%

B, Lecall at
SDQQV)@.@M] = P)

where. ¥ i We o, O). oo
N = span (e, 065,).
Wus, suff. o shap Wat

:
_ o
r eG“‘fM-“eCNﬂD%



b alo We oM omj. ooV, fe.
SNow 2 -
W ¥== P
w V= b
@ Im )= V.

We leae D) as m eercise und
Fow (1), B). tor (3), et TES,,.
Lompurte,

E\r(, = QCN*%BL*HQLN*}LSi

z_ s \F;VL
c&5v



: _ st
=l 3 e 3t Y v

0“6’5\/)

= N+ I - W3 ) Ve
J"e’SV)

= Sl O )
= (ZCM%)L* > e((\’ﬂ&)ii_\/&ic \ .

0 G’Sv)

#oydes(ea)
N

B 2 iy, yesls)
= p (RS- ecmm%ewm o

= ~ e
= QCN ’YI{;}L“ : Q(N '\’5L>L (6) W SCT)VL-

=
0t



Rega)
(NDy) - (N,) = = B

Veee

s,

QCN'VJ)) QU\HX,) ‘L yullb[ )

Wos Taer Sotain

N
i = 5

Oﬂ/\l)\ WMus  Swy ((?): .
Smilarly, e ©), we vse © o comete

=2

7= PS5 vl ey vy
T

S v ey ey
T



~

= 5 05 Jesivec]. T
As beose 7 \sing Wat

PR 3y = 13T p (T W)
= (TN - el e DY)
= NI - TeOmes B

From Wis | we vy cptuin Fhe Tolbain
veslt. This \5430& fjewem\ \»\‘)8 NCLUYSION -



Tha. Yor ciny N, v 2 we hawe Wat
EEDQQV) ® 509\4]

Here, eln 37 e Bad(@P™) 55
defined v?wl\\/ s



Py —e
.
’;L/ ]
.
el s 5

-L/)wm%p\/% Comrack e, v )



0ty comyp. , and, replae by

8 €
Ak s dertity o o] ol gonp.
W. Brercie. usng recursion @ ok

lewm ot T



