
 

Recall we introduced the Weingarten
for Wgn as a matrix

Wgp o t T TE Sn

n dep implicit

In these notes we discussalternative

viewpoints on Wgn whichwill lead

to a recursion for Wgn which will
lead to the Master loop eq.in lattice
YM



Group algebra

Define 15m the symmetric group
algebra as either

1 the set of functions f Sn
equipped w convolution as product

Ag o Ʃ fire g e
TESn

2 the set of formal sums

f 470

equipped w product

fg Ʃ for Ʃ geoso
resn o Esn



2s fingers
on

Is Eg
E get 0

These two viewpoints are equivalent

Equip Sn w the et norm
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Exercise

1 fgll 1171111911



Consider now the element

G IN
des

re 15m

resn

If G is invertible i e WE

St

GW WG id

then we define the Weingarten for

Wgn WE Sn

To check that thiswould be equiv
to the matrix def note that

I Lott id GW Etc



Goto W GSE

µ
cycles ital

W rift

Recalling that we defined theGram
matrix

GCO ol µ
cyclesCotoy

we see that defining

Wgn o E W GIFT

we have that

GWGN I



Similarly WgpG I

Thus when G is invertible in 0953

the Gram matrix is an invertiblematrix
and thus the Weingarten for matrix
is the inverse of G Gram matrix

if matrix invertible then pseudo inverse
inverse

How to tell when G is invertible

Fix n 1 For 1 EK en let

Jg 1 k 2k kt k

EC Sn
transpositions



In particular J1 0 These are

the Jucys Murphy elements

Exercise The J Jn mutually
commute

Exercise For any NEG n 21 have

that

G Ʃ µ
cycles r

Otsu

IT Npt Jk
4 1 id

Note Jk is a sum of k 1 terms



Thus

115111 K 1

Thus if IN K have that

N JKJᵗ N id ÑᵗJF

NEE It
converges in 1S

i e IN JK ECI Sn is invertible

Thus if IN n have that G
is invertible and

Wg G N Jef Nt JnJᵗ



Exercise Show that if Nan then

G is not invertible Reduce to showing
that Jute is not invertible Consider
simple case of N 1 4 2

let us suppose IN In for now
We will return to the case of
general N later

Note

1

Thus



Nt5nF N id ÑᵗJn idt ÑᵗJnJ

Ñᵗ ÑJn Nt Jn t

Inserting this obtain Weingarten
recursion

Wg NtJÑ NtJeJᵗ

N Nt Jn N JeJᵗ
Nt Jn Wgn

Note

NtJan5 Nt Je

is supported on OES O n n



For such o let a t Sna obtained

by deleting on n Then

IN Jn It IN JI O

Wgn n e at

Equating both sides of the recursion
ptwise obtain that oESn

Wgm n o 11Coin n N'Wgio n Coy

it Way Gmo
j 1

This turns out to imply the Master
loop eq



Visually in terms of the bluefaces
this recursion is interpreted as follows

Wyn 4
5

Wgn

1

I WIN III

I



Another example

Wgn 0 92

Wgnz

Wgn 65 3

Recall normalized Weingarten

Wg n
o µ

des

Wgn

Note

2n cycles o 2 n 1 2 cycles6



2 n 1 2

cycles rt 1

2 n 1 cycles oh

1

Thus can rewrite Wg recursion in terms

of normalized Wg fn

Wgnno Coin n Wgn ny ot

Ʃ Wynn yn r

Kjen
he deafo

Ʃ Wgmn Gmo

Ken



Note this eq has a large N limit
and thus can expect that Wgn n to
also have a large N limit as well

In the following we will suppose that
this recursion also works when Nan
We will return to this at the end
Short answer is that it still holds



Word recursion

Recall abstract setting
finite set of letters 341 de
finite collection of words I In

Ei mi

Ii Xii Acilmi

Compute

ELTRUED Tr OCT Tr UCI

IN
CCHCiti it 4 T1Wg Coit Ii

IELL
Coi Ti
KIEL

here M is the assoc map w external
faces labelled It In



WLOG let x1 be first letter of first
word II Insert Wgp recursion forde

IN
CCCI coin 4

Wgnoitti
24142

Coi Ti
2

HERE ECMDWGNCIT.LY

f IN
CLICHED IEC

8 1 10,4 TIWgnloi.tt
KILL 2442

Wg GHOITE

In 2ⁿᵈ sum change variables



5117 int II

Then further obtain

IN
CCCI Conti it 4

Wg Coitti
24142

Coi Ti
2

HENe ECMDWGNCIT.IT

IN
CCC 4h19 IL Oi ti KEL

N
8 110,4 ITWgnoitti

KIL 1442

For each term find new words I st

CECI CUNHA Te Gi til ZEIL

CCCI Oi ti it L



Visualize as follows

Case 5141 n i e TIE Tina

11

Think of Lj nd as swapping the

top left dashed red w the jth from
the top dashed red



17 3 11

9

E

c

C

Recall dashed red strands comefrom
the words I If change the strands
results in change in words In what

way do they change

Case 1 two strands on same word It
Then I It ex 11,2 By swapping
break It into 2 words



It 11,1 1112

71
hi

µ

t
1111

Thus
I 11,171,2 Iz In



Case 2 two strands on different
words It Ik Then I XI

If a then twowords merge
It If XILAI

HW
II If

I



Thus hatmeansomission

It XII XII Ic i In

Case 5152142 me i e 911 End
Then recursion contains prov cases as
before and an addl case from the
term

11014 021nA WGN CEE



Visualize this case as follows

At

I

EE

i



I e going from 1 to corn

to deleting the topmost right directed

edge as well the n Tina from

the top left directed edge

This again splits into two cases dep
on whetherthese edges were on the
same word or not

Case 1 deleted strands on same

word 71 Then It XI 712
then deleting results in splitting

Ie 11,1 11,2



I 1

I

1111

Thus I 11,2 It 1 Iz In
Let of tie Snit be the perms
obtained by startingfrom T1 T1 and

omitting oh Eine Then

CCCI Cri Ei TELL

CCCI Col ti Coi Ti Z i L



Case 2 deleted strands on different
words Ie I I Id
Then deleting results in merger

1 Ii
ñ

Ii I Ii

1



In this case

I 1 Iie Iz In

In summary we obtain the following
word recursion

EETRUCID

I Ʃ ECTROCI'D

I'ES I

I Ʃ ETHOLI
I EMII

Here the sets Se pos neg splittings

Mt pos neg mergers are defined



I 9 9

as

St collects all cases

I XI 17,2 HIM 1712

SS collects all cases
I XP I In 171,2

My collects all cases

I I I a d AI AI

M collects all cases

I AI IK It I Ii

all otherwords in I remain same



Remark

Can also visualize in terms of
the map M When oca tin

then a blue 2 gon is glued to d

1

1 delete blue 2 gon

I 41



L

I delete blue 2 gon

Is
I

Exercise draw pictures for the other
cases

Note this may be thought of as
a surface exploration i e peelingproces

At each step we select some bdry



edge reveal the blueface gluedto
that edge then use the Wgn recursion

to replace the blue face w contr of
modified blue faces obtainedby splitting

merging bluefaces or deleting the blue
face in the case it is a 2 gon

Each possible operation results in a

new map
M w a modified bdry

Another example merger

ÉI I
__

Ii Ii



Replace

I

by

A

Think of resultingmap M as a

map w hdry I AI

Visualize first cut out the bluefaces



1

Now glue in a new blue face

connecting the two



Recursion for general N

To discuss the Weingarten recursion

for general N we need some additional

setup

Define é Sn End 7 as

follows For OE Sn Y Vn E CIN let

r V O Vn Voce Vain

Visualize

1



Define eco End d
a

by
eco EG IF

here IN EndCN is the identity
operator Visualize

3

2

1 1

3 3
2 a 2

1 1

Extend e to 15m by linearity



e Ifr Ʃ faeco
otsu Otsu

End E 2n

Recall that for general N n

N Jn

may not be invertible in Sn

Claim for all N n 1

e Jn IN 1 I

i e all eigenvals N 1

In particular

e N Jn

is always invertible



We willnot discuss thepf of thisclaim
It requiressome reptheory Schur Weyl
duality see CP525 Section2.3.13

Given Sn recall

No Ci ein Eii Cid

fili ou fin ion E pl
n

visualize

3
2 a

1



Note ECT Vo Ver i e

I

2



Lemma For all N n 1 have that

0 59

e NtJnJ eCNTJEIs.VE

Pf Recall that

On P

where P is the orth proj onto
V span Vo of Sn

Thus suff.to show that

e NtJnJ ECN 5 2,4
I



is also the orth prog onto V i e

show

1 52 5
2 5 P
3 Im D V

We leave 2 as an exercise and
show 1 3 For 3 let It Sn
Compute

ve ECN 5nF ECN Jest

E Eve



ECN 5nF CIN Jejtfg.vn
ades t

eCNtJnJt eCN
JeJtEgvrN

E

ECN 5nF e IN 515 VE V
4dest

eCNtJnJ elNtJeJEgecF N
yclest

Vt

e NtJnt ECN
Jeffer

Names



Recall

N 51 NTI N using

thus
eCNtJ ECN Jn N eco

thus further obtain

Pre Ve

and thus Im F V

Similarly for I we use 2 to compute

Ñ veve eCNtJJ ENJET

I veveeCNTJJ.CN Et



P as desired

As before using that

1

we have that N n 21

ECN In IF e Id ÑᵗJnJᵗ

Ñᵗ Id elitin eCIdtÑJnJ

if Id Helin eCNtJnJt
From this we may obtain the following
result This is the general Wg recursion



Thm For any N n 21 we have that

E u n Jon

an D 0 0

een D
51 E

1

IN
I 4

1

I Jan 5

Here ekn End CN
2

is

defined visually as



3
3 j 2

3
2 2

1H

3 3

2 a 2

1_ 1

and in formulas by

en j YO Van

In Unt 78 0 un ea

Vnt Unt Deb

Until I Van

In words we contract the n and



nt comp and replaceby
gob ea eb

Act as identity on all other comp

Pf Exercise using recursion and
lemma


