Foundations of Reinforcement Learning and Interactive Decision Making

Dylan J. Foster Alexander Rakhlin
University of California, Berkeley Massachusetts Institute of Technology
dylanf@mit.edu rakhlin@mit.edu
Abstract

Interactive decision making is the problem of learning to act well in an unknown environ-
ment, using the data that one’s own actions generate to continuously improve, and arises in
situations ranging from online platforms and robotics to medical treatments. This monograph
gives a statistical perspective on algorithm design and complexity for interactive decision making,
building from multi-armed bandits through contextual and structured bandits to reinforcement
learning with function approximation within a single, unified framework. Special attention is
paid to function approximation and flexible models such as neural networks, and to the connec-
tion between supervised learning and decision making: the reader will learn how to turn any
supervised learning method into a decision making algorithm, how to analyze the result, and
how to determine whether a given problem can be solved with few interactions.

A unifying theme is that for interactive problems, unlike supervised learning, the question
of how hard a problem is cannot be separated from the question of how to solve it. We develop
this theme through two recent ideas, which complement classical approaches such as optimism
and posterior sampling: the Estimation-to-Decisions principle, which reduces decision making
to supervised estimation combined with an exploration rule, and the Decision-Estimation Co-
efficient, a complexity measure that both determines the exploration rule and lower bounds the
regret of any algorithm. For contextual bandits, the resulting theory is essentially complete and
its algorithms are widely deployed; for reinforcement learning, it represents the current frontier.
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1. INTRODUCTION

Interactive decision making is the problem of learning to act well in an unknown environment, using
the data that one’s own actions generate to continuously improve. A doctor choosing treatments, a
recommendation system choosing what to display, and a robot learning to navigate all face the same
tension: to make good decisions, one must know the consequences of each option, yet consequences
can only be learned by choosing, and there is no way to learn about the options one does not try.
This monograph develops the statistical foundations of this problem: what makes a decision making
problem easy or hard, and how to design algorithms that learn from as few interactions as possible.

We give a unified answer to both questions through FEstimation-to-Decisions, a single principle
for choosing decisions that encompasses settings ranging from classical bandit problems to general
reinforcement learning. The principle splits decision making into two parts: estimation, which can
be handed to whatever off-the-shelf machine learning model one prefers, and an exploration rule
that turns the model’s predictions into decisions. A reader who works through the monograph will
learn to build decision making algorithms out of any supervised learning method, analyze them,
and tell, for a problem they have not seen before, whether it can be solved with few interactions
and what the cost will be.

1.1 Interactive Decision Making

Interactive decision making is a ubiquitous problem, found in medicine, online platforms, robotics,
and the sciences; the following examples illustrate the key challenges.

> Medical treatment: based on a patient’s medical history and vital signs, a doctor must decide
which treatment will lead to the best outcome.

> Controlling a robot: based on sensor readings, a controller must decide what signals to send
to the robot’s actuators so that it reaches a goal.

In both examples, the decision maker or learner (in the first example the doctor, in the second the
controller) interacts with an unknown environment. The doctor does not know in advance how a
given patient will respond to each treatment, and the controller does not know how the signals it
sends change the robot’s configuration, or what the terrain looks like. But because the learner acts,
it can learn: every decision produces data, the data reduces uncertainty about the environment, and
less uncertainty means better decisions later. The crux of interactive decision making is that each
decision plays two roles at once, and the learner must balance them: exploring, to reduce uncertainty
about the environment, and exploiting, to perform well given what they know now (e.g., reaching
the goal as fast as possible). In this monograph, the learner is an algorithm: our goal is to automate
the treatment decisions or robot control signals, in a way that improves with experience.

More concretely, Figure 1 depicts an idealized version of the medical treatment example, to which
we return throughout the monograph. At each round t, the learner—here the doctor, who plays
the role of the algorithm—observes a patient’s medical history and vital signs, summarized in a
context x'; chooses a treatment, the decision 7*; and then observes the outcome of the treatment,
in the form of a reward r* and an auxiliary observation o' about, say, the progression of the illness.
Over many rounds, we wish to use the data {(x*, 7', r%,0")}1_; collected by repeating this process
to learn a good mapping x — 7 from contexts to decisions. How should such an algorithm choose
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Figure 1: The general decision making problem. At each round, the learner (a doctor) selects a
decision and observes a reward and an observation.
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its decisions, so that it learns a good mapping from as few interactions as possible?

1.2 A Spectrum of Decision Making Problems

The problem in Figure 1 can be formalized through several settings, including multi-armed bandits,
contextual bandits, and reinforcement learning, which differ in the assumptions they place on the
environment and the decision making protocol. Each assumption corresponds to a challenge that an
algorithm must overcome, and together they give rise to a spectrum of decision making problems.
Figure 2 organizes this spectrum along three axes, one for each of the core challenges we focus on:

> Interactivity. Does the learner observe data passively, or do its decisions influence what
data it collects? In Figure 1, the doctor observes the effects of the treatments prescribed,
but not the counterfactuals: the effects of the treatments not given. The doctor’s decisions
therefore shape the data, and with them the ability to estimate the effects of the different
treatments. This contrasts with classical statistical learning (Section 2), where the dataset is
given to the learner upfront, with no control over how it was collected. Multi-armed bandits
(Section 3) isolate this challenge.

> Function approximation and generalization. Supervised learning uses function approx-
imation (neural networks, kernels, forests) to generalize across the space of covariates. In-
teractive decision making algorithms can use function approximation in the same way, either
to generalize across contexts (e.g., different patients) or to generalize across decisions (e.g.,
different treatments). In Figure 1, the context ' summarizing the medical history and vital
signs may be a highly structured object, and the treatment 7 may be a high-dimensional
vector with interacting components, or a multi-stage treatment strategy. Contextual ban-
dits (Section 4) and structured bandits (Section 5) isolate generalization across contexts and
across decisions, respectively.

> Data. Is the data (rewards and observations) the learner collects generated from their de-
cisions through a fixed process, or does the underlying process change over time, potentially
adversarially, or in response to the learner’s actions? If the process is fixed, do we wish to
model it directly, or proceed agnostically? Do we observe only labels, as in supervised learn-
ing, or a full trajectory of states, actions, and rewards, as for the robot control example?
Online learning (Section 2) isolates the first of these questions in a non-interactive setting;
reinforcement learning (Sections 6 and 9) raises the last.
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Figure 2: The landscape of decision making problems, organized along three axes: interactivity,
function approximation, and data.

As Figure 2 shows, the basic frameworks—statistical learning, online learning, contextual bandits,
structured bandits—are idealized problems that each capture one or two of these challenges, while
richer settings such as reinforcement learning involve all of them.

Given this diversity, one might worry that every point on the spectrum calls for its own algorithm,
designed from scratch. Supervised learning does not have this problem: there is essentially a single
guiding principle—fit a model to the data—and it applies whether the model is a linear function
or a neural network. For decision making, the situation was far less clear until recently. The body
of theory this monograph presents, developed by many researchers over the past two decades, has
played a key role in clarifying it: it tells us what each position on the spectrum demands of an
algorithm, and it has produced algorithms that are now widely used in practice, quite apart from
their theoretical interest. What a reader working through this monograph can hope to take away
depends on where on the spectrum one looks.

Short-horizon problems: A settled theory. At the near end of the spectrum, for problems
in which each round involves a single decision, such as contextual bandits, the reader will find
a theory of exploration that is, at least for the minimax questions we ask, essentially complete,
and that has been validated in practice. The first generation of contextual bandit algorithms with
provable guarantees—LinUCB and its relatives [21, 145, 57, 1], Thompson sampling [49, 14], and the
agnostic methods of Langford and Zhang [133], Dudik et al. [72], Agarwal et al. [5|—was developed
in the 2000s and 2010s, and deployed in applications from news recommendation [145] to mobile
health [197]. The regression-based methods that grew out of this line of work a decade later [80],
SquareCB and the Estimation-to-Decisions principle behind it [79, 84], are now standard, and are
deployed across industry.! Sections 3 to 5 present this theory.

!SquareCB ships in Vowpal Wabbit [96], the engine behind Azure Personalizer, and in Meta’s Pearl library [230].
Documented deployments of SquareCB and its inverse gap weighting rule include Uber [104], Adyen [203], and Expedia
[35]. See Agarwal et al. [6] for the Decision Service, a canonical example of an early deployment, and Bietti et al.
[32] for an empirical comparison of exploration algorithms.



Long-horizon problems: The frontier. At the far end of the spectrum, for problems that
unfold over many steps, as in reinforcement learning, the reader will find the current frontier.
Exploration was a central theme of the deep reinforcement learning era of artificial intelligence that
began with DQN and AlphaGo [153, 188], which produced a range of methods aimed at exploring
more deliberately than the random perturbations used by default: bootstrapped value functions,
count-based and curiosity-driven bonuses, random network distillation, and Go-Explore [162, 30,
196, 164, 43, 73]. Yet how much deliberate exploration matters in practice, and in which domains,
remains unclear, as does the role it will play as Al systems increasingly build on powerful pre-trained
models. We expect exploration to remain a fundamental capability, but it may take a form quite
different from the one studied classically. For now, what we give is our best account of the field’s
frontier of understanding for when, and how, one can explore better than at random. Sections 7 to 9
present this account as it stands today, after Section 6 lays the groundwork in the tabular setting.

In both regimes, the lesson as to what the theory can offer is the same: reasoning about statistical
complezity, that is, about how many interactions a problem fundamentally requires, tells us how
to use what we know about the problem—whether stated explicitly, through the decision making
protocol, or implicitly, through the choice of a model such as a neural network—to decide how
to explore, adaptively, as data come in. This kind of reasoning has produced methods, SquareCB
among them, that are useful in practice and yet explore in ways that were far from obvious a
priori. Underlying this is a perspective that Section 1.4 develops: in interactive decision making,
the question of how hard a problem is cannot be separated from the question of how to solve it.

1.3 Scope of This Monograph

We aim to do one thing well: to give the reader a working understanding of the statistical complex-
ity of interactive decision making. By this we mean an understanding of what determines how many
interactions a problem requires, how this depends on the structure of the problem and on the model
class, and how to design algorithms that come as close as possible to the best achievable rate. We
build up this understanding one setting at a time, using classical tools such as optimism, posterior
sampling, and concentration inequalities alongside the more recent Estimation-to-Decisions princi-
ple and Decision-Estimation Coefficient, which tie the settings together into a single framework.

Roadmap. Sections 2 to 6 add one form of structure at a time, following the axes of Figure 2;
Sections 7 to 9 give the general theory and apply it to reinforcement learning.

> Background. Section 2 reviews statistical and online learning, and states the estimation guar-
antees that the algorithms in later sections use as subroutines.

> Multi-armed bandits. Section 3 studies the simplest setting, with finitely many decisions and
no contexts. It shows that the greedy strategy fails, and introduces the principle of optimism
through the UCB algorithm.

> Contextual bandits. Section 4 adds contexts and function approximation. It shows that opti-
mism can fail for general function classes, and introduces the Estimation-to-Decisions principle
through SquareCB, which reduces contextual bandits to supervised regression.

> Structured bandits. Section 5 adds structure across decisions, as in linear bandits. It intro-
duces the Decision-Estimation Coefficient, which determines how much exploration a class of
problems requires, and the E2D algorithm, which achieves it.



> Tabular reinforcement learning. Section 6 adds multi-step decisions and credit assignment,
in the “tabular” (finite state/action) setting. It gives the UCB-VI algorithm, based on optimism,
and a first Estimation-to-Decisions algorithm for reinforcement learning.

> General decision making. Section 7 brings the preceding sections together. It introduces a
general decision making framework that contains every setting above, and extends the Decision-
Estimation Coeflicient and E2D to it, so that a single algorithm and a single complexity measure
cover all of them.

> Lower bounds. Section 8 is the punchline of this development. It shows that the Decision-
Estimation Coeflicient also lower bounds the regret of any algorithm—whether or not it follows
the Estimation-to-Decisions principle—quantifying the limit of sample-efficient learning. The
upper bounds of Section 7 are therefore optimal up to the cost of estimation.

> Reinforcement learning with function approximation. Section 9 takes the theory to its
current frontier. It shows that realizability alone is not enough for sample-efficient reinforcement
learning, and gives algorithms for low-rank MDPs and for MDPs with low Bellman rank, and
surveys the landscape of what is known to be tractable and what is not.

Subsections marked with (%) contain optional material that can be skipped on a first reading.
Readers interested in contextual bandits as deployed in practice need only Sections 2 to 4.

What we do not cover. Our focus on the statistical complexity of exploration, and on the
algorithms that address it, leaves out several topics that are important in their own right. On the
statistical side, we do not cover offline reinforcement learning, in which the learner receives a fixed
dataset and never interacts [143], or imitation learning, in which it learns from demonstrations
[168, 179, 91]; the latter in particular is of great practical importance. We also do not cover active
learning or experimental design, in which the learner chooses what data to collect but earns no
reward along the way, nor off-policy evaluation or non-stationary environments, all of which matter
in deployment. We treat adversarial environments and Bayesian methods only briefly, and, beyond
passing examples, we do not cover control or other topics such as partial monitoring. Finally, while
we cover many efficient and practically successful algorithms, we do not systematically address
computational complexity in reinforcement learning, a fascinating topic in its own right [99, 178].

On the practical side, we do not cover policy gradient methods [211, 195, 184, 185], which are
the workhorse of deep reinforcement learning and widely used in practice (see Agarwal et al. [9]
for their theory). Notably, existing guarantees for these methods require the data distribution
to already cover the relevant states, and little is known about exploration with policy gradient
methods beyond tabular and linear settings [44, 7]. A related emerging topic we do not cover is the
role of reinforcement learning in foundation models, where one starts from a powerful pre-trained
model rather than from scratch [56, 192, 163, 28, 170, 216, 106, 107, 93, 54].

For the broader picture, we recommend Agarwal et al. [10] for theoretical guarantees for com-
mon reinforcement learning recipes; see also Lattimore and Szepesvari [139] and Slivkins [191] for
bandits, and Cesa-Bianchi and Lugosi [47] and Hazan [102] for online learning.

1.4 The Interplay Between Statistical Complexity and Algorithm Design

Two things remain before we begin. The first is to say precisely what we mean by statistical
complezity, since the term motivates the questions asked in every later section. The second is to
expand a claim above: that in interactive decision making, the question of how hard a problem is



cannot be separated from the question of how to solve it. The points are related, and together they
explain why a unified treatment is possible at all.

We begin with the definition. We take a minimaz point of view. Let M be a set of possible models,
or environments, that the learner may encounter; M represents the learner’s prior knowledge about
the environment. Let Alg denote an algorithm, and Perfr(Alg, M) a measure of its performance
on the model M € M after T rounds of interaction (or, in passive learning, after observing T'
data points). We want algorithms that perform well for any model in M, in the sense that Alg
approximately solves the minimax problem

i Perfr(Alg, M). 1.1
min. max erfr(Alg, M) (1.1)

Understanding the statistical complexity of a problem amounts to establishing matching, or nearly
matching, upper bounds ¢7(M) and lower bounds ¢,(M) on the minimax value in (1.1). Notice
what this definition demands. An upper bound requires exhibiting an algorithm; a lower bound
requires reasoning about every algorithm at once. Whether these two tasks can be separated is the
question we turn to next.

In statistical learning, to a first approximation, there is only a single algorithm. Empirical risk
minimization, which fits the model that best explains the data, is the default for nearly every
problem, and theory is largely concerned with understanding how well it does: how the performance
is determined by the richness of the model class and data. Thus, the question of what makes a
problem hard is largely separate from the question of how to solve it. Interactive decision making
is different. No single exploration strategy is optimal across problems; the right one depends on
the structure of the model class, often in subtle ways; and the analysis that reveals what makes a
problem hard is the same analysis that produces the algorithm for it. The central perspective of
this monograph is that statistical complexity and algorithm design must be studied together. A
theory of statistical complexity for decision making therefore cannot avoid the question: for a given
class M, which algorithms solve (1.1)?

For many years, the answer was given one class at a time: pick a model class M (linear, generalized
linear, and so on), design an algorithm for it, and prove a guarantee. General techniques point-
ing toward a deeper understanding existed (the eluder dimension, information-directed sampling,
Bellman rank), but an answer for any class M did not. Part of the difficulty is that the minimax
problem (1.1) ranges over the space of all algorithms, which is far too large to search directly.

The key insight, used throughout the monograph, is that for the general problem of Figure 1 we
can restrict attention to algorithms that interleave online estimation, a form of supervised learning
described in Sections 2.1 and 2.2, with an exploration strategy that decides how to balance explo-
ration against exploitation. This reduction is the Estimation-to-Decisions principle. As we show,
algorithms built this way achieve or nearly achieve optimality in (1.1) for a surprisingly wide range
of problems. The performance of this method is quantified by the Decision-Estimation Coefficient
(DEC), a central object that provides a link between complexity and algorithm design: the same
quantity both (1) bounds the minimax value from below and (2) tells the algorithm how much to
explore. This is what allows the theory we develop to treat every class at once.



2. BACKGROUND: STATISTICAL AND ONLINE LEARNING

This section reviews the two non-interactive learning problems on which the rest of the monograph
builds: statistical learning, in which the learner receives an i.i.d. dataset and aims to generalize to
unseen data, and online learning, in which the data arrive sequentially and may be chosen adver-
sarially. In the language of Figure 2, these are the problems obtained by switching off interactivity.
Our interest in these problems is not just for their own sake, but in the estimation guarantees they
provide. Every decision making algorithm in later sections reduces part of its problem to supervised
or online estimation, and inherits its sample complexity from the results stated here.

Organization. Section 2.1 introduces statistical learning and empirical risk minimization. Sec-
tion 2.2 introduces online learning and regret, and shows that regret controls estimation error for
realizable sequential estimation problems; this is the form in which later sections use online learn-
ing. Section 2.3 presents algorithms that attain these guarantees, chiefly exponential weights, and
Section 2.4 collects the concentration inequalities behind the proofs. Readers familiar with the
material can skim Sections 2.1 and 2.2 for the main statements and return to the rest as needed.

2.1 Statistical Learning and Generalization

We begin with a short refresher on the statistical learning problem. Statistical learning is a purely
passive problem in which the learner does not directly interact with the environment, but it captures
the challenge of generalization and function approrimation in the context of Figure 2.

In the statistical learning problem, we receive examples
(' y'), ..., (", y") e X x Y,

iid. from an unknown distribution M* = M} x sz|:r:’ where M} is the marginal distribution of
the x variable and M;lx is the conditional distribution of y given x. Here z' € X are features
(sometimes called contexts or covariates), and X is the feature space; y* € Y are called outcomes,
and ) is the outcome space. Given the data (x',y'),..., (z7,y"), the goal is to produce a model
(or, estimator) f: X — Y that will do a good job predicting outcomes from features for future
examples (z,y) drawn from M*. As discussed below, there are a number of settings where the
outcome space ) is different from the prediction space Y™, and thus we give them a separate

notation.

To measure prediction performance, we decide on a loss function £ : Y™ x Y — R. Standard
examples include:

> Regression, where ) = JP* = R and common losses include the square loss

lsq(a,b) = (a — b)2.

> Classification, where Y = VP = {—1, 1} and we may consider the indicator (or 0-1) loss
éol(a, b) = ]I{a 7& b} .

Alternatively, if Y = {—1,1} but Y* = R (i.e. prediction is a real-valued “score”; large means
“confident”), we may consider the logistic loss

lyogistic(a, b) = log(1 + exp{—ab}).

10



> Conditional density estimation with the logarithmic loss (log loss). Here VP = A()), the set of
distributions on ), and for p € )P,

log(p,y) = —log p(y). (2.1)

The choice of the loss function is typically far from unique, and may lead to different interpretations
of the results and different computational properties of the ensuing algorithms. For instance, we
rarely optimize a model to fit the indicator loss directly because of its discontinuous behavior, and
instead opt for its “softmax” relaxation, the logistic loss.

For a function f : X — V" we measure the prediction performance via the population (or, “test”,
“out of sample”) loss

L(f) = Egy)~mr= [(f (2), y)]. (2.2)

Letting H” := {(*,y")}]_, denote the dataset, a (deterministic) algorithm is a map that takes the
dataset as input and returns a function/predictor:

~

FEHT) X — Y. (2.3)

A classical goal in designing algorithms is to ensure that E [L(]?)] is minimized, where E[-] denotes
expectation with respect to the draw of the dataset H”. Without any assumptions, it is not possible
to learn a good predictor unless the number of examples T scales with |X'| (this is sometimes called
the no-free-lunch theorem). The basic idea behind statistical learning is to work with a restricted
class of functions

FCA{f: X — Yy}

in order to facilitate generalization. The class F can be thought of as (implicitly) encoding prior
knowledge about the structure of the data. For example, in computer vision, if the features z*
correspond to images and the outcomes y* are labels (e.g., “cat” or “dog”), one might expect that
choosing F to be a class of convolutional neural networks will work well, since this encodes spatial
structure. For language modeling, recent practice has shown that autoregressive models (such as
the Transformer architecture) effectively encode temporal structure through attention mechanisms.

The setting of conditional density estimation may be less familiar to the reader, so let us elaborate.
In this setting, the learner is required to compute, for each x, a distribution rather than a point
estimate (see Figure 3 for a cartoon illustration). We write this conditional distribution as f(- | z)
or f(z) interchangeably. For example, given an x containing radar data, a probabilistic forecast
could be: probability of “rain” is 30% and “sunshine” 70%; then, for a given realized outcome
“rain”, the assessed quality of the probabilistic prediction is the negative logarithm of the mass
placed on that outcome, i.e. —log0.3.

In the context of language modeling, X = )Y = ¥*, the set of sequences of tokens in a dictionary
Y, and Y7 = A(X*). We may then view f(- | z) as a generative model of (say) an answer y to a
question z.

The aforementioned loss functions induce (or suggest) corresponding notions of “discrepancy” be-
tween functions in F. Since each function maps X to Y we can measure the discrepancy
between f,g € F by comparing the predictions of f(z) and g(z) for each z € X and aggregat-
ing; it is natural to average these differences over x with respect to the marginal distribution
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—log f(y | x)

Figure 3: Conditional density estimation. Each f(z) is a distribution f(- | ) over outcomes, and
the loss on (z,y) is —log f(y | x).

M on X. For instance, for regression problems, we can measure the (squared) distance between
f,g € FasE, [( f(x) — g(:v))Z] For classification, the corresponding expected indicator becomes
P (f(z) # g(x)), and for conditional density estimation, logarithmic loss can be related to the ex-
pectation over x ~ M of the Kullback-Leibler divergence

D (f( 1) [[9(- 1) = By pijay log {f(y | 2)/9(y | ©)}]

or the squared Hellinger distance

DA | 2).9(- | 2)) = 2By [1 1w z)]_

9y | x)

Empirical risk minimization and excess risk. The most basic and well-studied algorithmic
principle for statistical learning is Empirical Risk Minimization (ERM). Define the empirical loss
for the dataset H” as

T
~ 1 ) )
L(f) = 7 D@, y)- (24)
i=1
Then, the empirical risk minimizer with respect to the class F is given by
f € argminL(f). (2.5)
feF

In the setting of conditional density estimation, (2.5) is referred to as the Maximum Likelihood
Estimate (MLE); Figure 4 illustrates the two cases.

To measure the performance of ERM and other algorithms that use F as encoding prior belief
about a good set of models, we consider ezcess loss (or, regret)

E(f) = L(f) ~ minL(g). (2.6)

Intuitively, the quantity minge 7 L(g) in (2.6) captures the best prediction performance any function
in F can achieve, even with the knowledge of the true distribution M*. If an algorithm f has low
excess risk, this means that we are predicting future outcomes nearly as well as any algorithm

based on samples can hope to perform. ERM and other algorithms can ensure that £(f) is small
in expectation or with high probability over draw of the dataset H7.

12



Figure 4: Least squares fit for a regression problem (left) and maximum likelihood estimate for
conditional density estimation (right).

Connection to estimation. An appealing feature of the formulation in (2.6) is that it does not
presuppose any relationship between the class F and the data distribution; in other words, it is
agnostic. However, if 7 does happen to be good at modeling the data distribution, the excess loss
has an additional interpretation based on estimation.

Definition 2.1 (Realizability): For regression problems, we say that the problem is realiz-
able (or, well-specified)® if the regression function f*(z) := Ely | z] is in F; we refer to this
condition as realizability, and use the same term for the analogous assumption in later sections.
For conditional density estimation, we say that the problem is realizable if the conditional
distribution szlz is in F.

“The term “realizability” comes from statistical and computational learning theory, whereas “well-specified”
is the more common term in statistics. This monograph draws heavily on both bodies of literature; we adopt
the former term throughout, somewhat arbitrarily, for the sake of consistency.

For the case of square loss, the regression function f* can also be seen as a minimizer of L(f) over
measurable functions f, for the same reason that E. [(z — b)?] is minimized at b = E[z]. Similarly,
for the logarithmic loss, f = My is a minimizer of L(f) over all conditional distributions coupled
with the marginal distribution M.

Lemma 2.1 (Excess risk under realizability: square loss): For regression, if the problem
is realizable, then for all f : X — ),

E(f) = Ez[(f(2) = f*(2))?] (2.7)

Proof of Lemma 2.1. Adding and subtracting f* in the first term of (2.6), we have

E[(f(z) = v)*] =E[(f*(z) - 9)°] = E[(f(2) = f*(2))*] +2E[(f*(2) — y)(f(z) - f*(2))]-
O

Inspecting (2.7), we see that any f achieving low excess loss necessarily estimates the true regression
function f*; hence, the goals of prediction and estimation coincide.

13



Lemma 2.2 (Excess risk under realizability: log loss): For conditional density estima-
tion, if the problem is realizable with M;‘x = f* € F, then for all f: X — A(Y),

E(f) = Ee[Dx (/11 )] (2.8)

Section 2.2 uses analogous quantities to measure the cumulative estimation error of a sequence of
online predictors.

Guarantees for ERM. We give bounds on the excess loss of ERM for perhaps the simplest
special case, in which F is finite.

Proposition 2.1 (ERM for finite classes): For any finite class F, empirical risk minimiza-
tion satisfies

~

E[£(f)] S comp(F,T), (2.9)
where

1. For any bounded loss (including classification), comp(F,T) = 4/ %.

2. For square loss regression, if the problem is realizable, comp(F,T) = logT‘fl, assuming Y

and all predictions f(x), f € F, lie in a common bounded interval.

3. For conditional density estimation, if the problem is realizable with M ;‘ ., = " € F, then
the maximum likelihood estimate satisfies

e04 (7.57)) < 571

where Da is the squared Hellinger distance, integrated over x ~ M.

In addition, there exists a (different) algorithm that achieves comp(F,T') = IOgT‘fl for both
square loss regression and conditional density estimation, even when the problem is not realiz-
able.

Henceforth, we use the symbol < to indicate an inequality that holds up to constants, or other
problem parameters deemed less important for the present discussion. As an example, the range
of losses for the first part of Proposition 2.1 is hidden in this notation, and we only focus on the
dependence of the right-hand side on F and T

The rate comp(F,T) = % above is sometimes referred to as a slow rate, and is optimal for

generic losses. The rate comp(F,T) = % is referred to as a fast rate, and takes advantage of
additional structure (curvature, or strong convexity) of the square loss. Critically, both bounds
scale only with the cardinality of F, and do not depend on the size of the feature space X, which
could be infinite. This reflects the fact that working with a restricted function class is allowing us
to generalize across the feature space X'. In this context the cardinality log|F| should be thought
of a notion of capacity, or expressiveness for F. Intuitively, choosing a larger, more expressive class
will require a larger amount of data, but will make the excess loss bound in (2.6) more meaningful,

since the benchmark will be stronger.
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Remark 2.1 (From finite to infinite classes): Throughout this monograph, we restrict
our attention to finite classes whenever possible in order to simplify presentation. If one
wishes to move beyond finite classes, a well-developed literature within statistical learning
provides various notions of complexity for F that lead to bounds on comp(F,T') for ERM and
other algorithms. These include the Vapnik-Chervonenkis (VC) dimension for classification,
Rademacher complexity, and covering numbers. Standard references include Bousquet et al.
[37], Boucheron et al. [36], Anthony and Bartlett [19], Shalev-Shwartz and Ben-David [186].

Note that in statistical learning, the most naive strategy, fitting the data as well as possible, is
already near-optimal. This is not the case for decision making, as Section 3.2 shows.

2.2 Online Learning and Prediction

We now move on to the problem of online learning, or sequential prediction. The online learning
problem generalizes statistical learning on two fronts:

> Rather than receiving a batch dataset of T examples all at once, we receive the examples (z', y")
one by one, and must predict y* from x* only using the examples we have already observed.

> Instead of assuming that examples are drawn from a fixed distribution, we allow examples to be
generated in an arbitrary, potentially adversarial fashion.

Online Learning Protocol
fort=1,...,7 do

Compute predictor ft : X — Yrred,
Observe (z%,y") € X x ).

In more detail, at each timestep ¢, given the examples

H ={(z"y'), ..., (" y )} (2.10)
observed so far, the algorithm produces a predictor
Fr=FCIm,

which aims to predict the outcome y* from the features ‘. The algorithm’s goal is to minimize the
cumulative loss over T' rounds, given by

T ~

Do),y

t=1
for a known loss function ¢ : P x J — R; the cumulative loss can be thought of as a sum of
“out-of-sample” prediction errors. Since we place no assumptions on the data-generating process,
it is not possible to make meaningful statements about the cumulative loss itself. However, we can
alm to ensure that this cumulative loss is not much worse than the best empirical explanation of
the data by functions in a given class F. That is, we measure the algorithm’s performance via
regret to JF:

T

T
Rego = Y _U(f'(2"),") — min 0(f(z),y"). (2.11)
t=1 t=1
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The subscript OL identifies online prediction regret; we reserve Reg for the decision-making regret
studied in later sections. When specifying the loss is useful, we write Reg%ql_ for square loss and
Reggi_g for log loss. Our aim is to design prediction algorithms that keep regret small for any
sequence of data. As in statistical learning, the class F should be thought of as capturing our prior
knowledge about the problem, and might be a linear model or neural network. At first glance,
keeping the regret small for arbitrary sequences might seem like an impossible task, as it stands in
stark contrast with statistical learning, where data is generated i.i.d. from a fixed distribution.

Let us remark that it is often useful to apply online learning methods in settings where data is
not fully adversarial, but evolves according to processes too difficult to directly model. Interactive
decision making is a case in point: the data a decision maker collects depend on its own past
decisions, and do not look like i.i.d. or simple time-series data.

Remark 2.2 (Proper learning, improper learning, and randomization): The online
learning protocol does not require that ft lies in F (]?t € F). A method that chooses functions
from F is called proper, and one that may select predictors outside of F is called improper. It
is also useful to allow for randomized predictions of the form

]?t ~ qt('|Ht71)7

where ¢' is a distribution on functions, typically on elements of F. For randomized predictions,
we slightly abuse notation and write regret as

T

T
Rego = D Egi . [((f'(x),y)] —min ) €(f(z"),4"). (2.12)
t=1 reFia
The algorithms introduced below ensure small regret even if data are adversarially and adap-
tively chosen. More precisely, for deterministic algorithms, (z,y") may be chosen based on f*

and all the past data, while for randomized algorithms, Nature can only base this choice on ¢'.

In the context of Figure 2, online learning moves away from statistical learning along the data axis:
it drops the i.i.d. assumption but retains general-purpose generalization through the class F. It is
not an interactive problem in the sense of this monograph. The learner’s predictions may influence
what Nature reveals next, but the learner observes the outcome y* regardless of what it predicts,
so it never faces a tradeoff between predicting well and gathering information. Like statistical
learning, online learning is a building block for decision making algorithms in later sections.

Connection to statistical learning. Online learning can be thought of as a generalization
of statistical learning, and in fact, algorithms for online learning immediately yield algorithms for
statistical learning via a technique called online-to-batch conversion. This result, which is formalized
by the following proposition, rests on two observations: the cumulative loss of the algorithm looks
like a sum of out-of-sample errors, and the minimum empirical fit to realized data (over F) is, on
average, a harder (that is, smaller) benchmark than the minimum expected loss in F.

16



Proposition 2.2 (Online-to-batch conversion): Let (z',y'),...,(z",y") be drawn i.i.d.
from a distribution M*, and suppose the loss function a — £(a, b) is convex in the first argument
for all b. Then for any online learning algorithm, if we define

~ 1L
f(z) = Zf()

we have
1

E[£(f)] < 7 E[RegoL .

Proof of Proposition 2.2. Let (z,y) ~ M* be a fresh sample which is independent of the history
H™. First, by Jensen’s inequality,

E[L()] = ‘ (;iﬁm,y)]

t=1
which is equal to

(z,y) <E

;EjEme<q@*yH] (2.13)

1 Ti ot t
szmﬂd(wwﬂ] (2.14)
since ft is a function of H'"! and (x,y) and (z',y") are i.i.d. Second,

1 T
Ze

t 1

minL(f) = minE
fer fer

;rél}l— Zﬁ ] (2.15)
O

In light of Proposition 2.2, one can interpret regret as generalizing the notion of excess risk from
i.i.d. data to arbitrary sequences. To motivate the algorithms below, we observe that ERM is
insufficient to derive this type of guarantee: Repeatedly applying ERM to past observations need
not give small regret on arbitrary sequences.

Proposition 2.3 (Failure of ERM in online learning): For binary classification with
indicator loss, there is a class of two constant predictors and a fixed sequence of outcomes on
which online ERM, with a fixed deterministic tie-breaking rule, incurs regret at least 7'/2.

Proof of Proposition 2.3. Use a single feature value and the predictors fo(x) = 0 and fi(x) = 1.
Break ties in favor of fy, and take y* = 1 for odd ¢t and y* = 0 for even t. At odd rounds the past
counts are tied, so ERM predicts zero; at even rounds ones are in the majority, so it predicts one.
Hence ERM makes T' mistakes. The better constant makes |T/2| mistakes, giving regret [1/2].
The symmetric construction applies when ties favor fi. ]
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2.2.1 Online Learning and Estimation

Similar to Lemma 2.1 in the setting of statistical learning, the regret for online learning has an
additional interpretation in terms of estimation if the problem is realizable. We measure this
through cumulative estimation errors, which play a central role in the design of decision making
algorithms from Section 4 onward.

Lemma 2.3 (Regret controls estimation error: square loss): Suppose that the features

z', ..., 27 are generated in an arbitrary fashion, but that for all ¢, the variable y* is random

with mean given by a fixed function f* € F:
E[yt | Ht—l’xt’f\t] _ f*(l‘t).
Define the cumulative squared estimation error by

T

Estsq = > (F(a') - f*(a")?. (2.16)

t=1

Then for prediction with square loss,

E[Ests,] < E[Regd! .

Notably, this result holds even if the features z*,...,z7 are generated adversarially, with no prior
knowledge of the sequence. This is a significant departure from classical estimation results in
statistics, where estimation of an unknown function is typically done over a fixed, known sequence

(“design”) z',..., 2", or with respect to an i.i.d. dataset.

The analogous result for log loss relates regret to KL divergence.

Lemma 2.4 (Regret controls estimation error: log loss): Suppose that the features

', ..., 27 are generated in an arbitrary fashion, but that for a fixed f* € F and every ¢, the

conditional distribution of y* given the past H'~', x*, and the current predictor J?t is f*(- | x").
Assume the log losses appearing in the regret and comparison below are integrable. Define the
cumulative KL estimation error by

T
Bstic i= > D (7C 1 2) 17| 2)). (2.17)

Then for prediction with log loss, any online predictor satisfies

E[Estk] < ]E[Reg"og]

Proof of Lemma 2.4. Comparing with the fixed predictor f* in the definition of regret gives

o “(y' | a")
Reg"g>§ log =—"——=>
t=1 fty|xt)



Conditional on H!~*, 2, and f*, the expected tth summand is precisely Dg_ (f*( | z%) || ft( | :L't)>
Taking expectations and summing gives E[Esty ] < E[Regme]. O

Lemma 2.3 and Lemma 2.4 are the form in which later sections use online learning. In particular,
we design decision making algorithms from Section 4 onward by calling an online learner as a sub-
routine, in a modular fashion that depends on the specific choice of online learner only through its
cumulative estimation error. In what follows, we give concrete examples of online learning algo-
rithms; subsequent sections will abstract such algorithms away as estimation oracles (Section 4.5).

2.3 Online Learning Algorithms

We now state our first online learning algorithm, the Bayes mizture predictor, and prove its regret
bound for conditional density estimation with log loss. This is arguably the simplest result one can
imagine in online learning.

Lemma 2.5 (Regret of the Bayes mixture predictor): Let F be a finite class of condi-
tional distributions. At time ¢, use the prediction distribution

Fllo =3 ¢(Hit o), gri(f) = LW L)

feF iyt | zt)

with ¢' uniform on F. For any sequence, this algorithm satisfies

Regl‘Og Zlogf (y' | x") Il’lll’l{ Zlogf (y' | x") } < log |F]|. (2.18)

Proof of Lemma 2.5. Write Zy = 3 o> [Tt f(y' | &), so Zo = |F|. By definition, Fily | 2t) =
Zy/Zi—1. Hence, for every f € F,

T
fly' | at) = fy 2.
H M7 -7 ml H
Taking negative logarithms and minimizing over f € F proves the claim. O

In the realizable case (conditioning on the past as well as the current features), Lemma 2.4 and
(2.18) imply

E[Estx.] < E[Regq?] < log | F|. (2.19)

In particular, this KL guarantee allows the features x' to be chosen adaptively and arbitrarily.
On the other hand, when the data are i.i.d. and the problem is realizable, the averaged predictor
fGlz)=7 LT Fi(- | ) satisfies, in view of Proposition 2.2,

log | F|
T b

E[Egmars (Do (FC 1 2) [ (- 1 2))]] <
where x is a fresh draw independent of the training data.

The average predictor f(- | z) also enjoys the log | F|/T expected excess log-loss bound in Corollary
2.1, without requiring the problem to be realizable.
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Corollary 2.1 (Excess log loss without realizability): Let 7 be a finite, nonempty class
of conditional densities and let (xf, y or 1 be i.i.d. Let ft be the Bayes mixture predictor of

Lemma 2.5 and set f(- | z) = T~ S L =1 J (- | ). For log loss, assuming the relevant log losses
are integrable,
. . log | 7|
E[L(f)] — L(f) < .
[L(S)] nin (f) = —

The data-generating conditional distribution need not belong to F.
Proof of Corollary 2.1. For a fresh pair (z,y), convexity of — log gives
T o~
—log fly| =) < = Z og f'(y | ).

Since ft depends only on the first ¢ — 1 observations, its expected loss on a fresh pair equals its
expected loss on (z',y"). Fix a minimizer fy of L over F. The regret bound therefore implies

o(y' [ =) | _ log|F]|
Zl ( |xt)] S T '

E[L(f)] - L(fo) < 7 E

The simple strategy in Lemma 2.5 can be extended to other losses, as we show next.

The exponential weights algorithm. Arguably the most important online learning algorithm
is Ezxponential Weights, which generalizes the Bayes mixture predictor from log loss to arbitrary
losses. The posterior weights ¢'(f) oc [[,., f(y' | #°) of the Bayes mixture predictor are replaced
by weights that decay exponentially in the cumulative loss of each f. At each time ¢, the algorithm
computes a distribution ¢* € A(F) via

q'(f) ocexp{ nZE } (2.20)

where 7 > 0 is a learning rate. Based on ¢‘, the algorithm forms the prediction ft as specified
below; for reasons explained in a moment, we give two variants of the method.

Algorithm 2.1 Exp. Weights (averaged) Algorithm 2.2 Exp. Weights (randomized)
input: Learning rate n > 0; finite class F. input: Learning rate n > 0; finite class F.
fort=1,...,7 do fort=1,...,7T do
Compute ¢' in (2.20). Compute ¢' in (2.20).
Let f' = Esoq[f]- Sample f' ~ g'. N
Observe (z,y"), incur e(ff(xt), yt). Observe (z',y"), incur £(f*(z"),y").

The only difference between these two forms is whether we compute the prediction ft from ¢* via

-~

Fr=Epplfl, o fi~g, (2.21)

The latter can be applied to any bounded loss functions, while the former leads to faster rates
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for specific losses such as the square loss and log loss, but is only applicable when Y is convex.
Note that the averaged version is inherently improper, while the second is proper, yet randomized.
From the point of view of regret, the key difference between these two versions is the placement of
“Ef~qt": For the averaged version it is inside the loss function, and for the randomized version it
is outside (see (2.12)). The averaged version can therefore take advantage of the structure of the
loss function, such as strong convexity, leading to faster rates. For log loss and 1 = 1, the averaged
variant is exactly the Bayes mixture predictor of Lemma 2.5.

The following result shows that Exponential Weights leads to regret bounds for online learning,
with rates that parallel those in Proposition 2.1.

Proposition 2.4 (Exponential weights for finite classes): For any finite class F, the
Exponential Weights algorithm (with appropriate choice of 1) satisfies

1
TRegOL < comp(F,T) (2.22)

for any sequence, where:

1. For arbitrary bounded losses (including classification), comp(F,T") = logT‘f'. This is
achieved by the randomized variant.

2. For regression with the square loss (under boundedness of ))) and conditional density
estimation with the log loss, comp(F,T) = %.

variant.

This is achieved by the averaged

The losses are those introduced in Section 2.1. The bound holds for every sequence: deterministi-
cally for the averaged variant, and in expectation over the algorithm’s own randomization for the
randomized variant, in the sense of (2.12). As in Proposition 2.1, the bound for bounded losses
hides the range of the loss, which enters linearly; the fast rates take ) = Y = [0, 1].

Remark 2.3 (Beyond finite classes): As in statistical learning, there are (sequential) com-
plexity measures for F that can be used to generalize the regret bounds in Proposition 2.4 to
infinite classes. In general, the optimal regret for a class F will reflect the statistical capacity
of the class [171].

Remark 2.4 (Online linear optimization): For the slow rate in Proposition 2.4, the nature
of the loss and the dependence on the function f is immaterial for the proof. The guarantee
can be stated in a more abstract form that depends only on the vector of losses for functions in
F as follows. Let |F| = N. For timestep ¢, define £, = {(f(2"),y") and £ = (€} ,..., £} ) € RN
for F={f1,..., fn}. For a randomized strategy ¢' € A([N]), expected loss of the learner can
be written as

Eq [0 (2),9)] = (¢, €),
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and the expected regret can be written as

T T

Reggo = Z (¢',€') — min Z (e;,£") (2.23)

=1 je{1,...,N} =1

where e; € RY is the standard basis vector with 1 in jth position. In its most general form, the
exponential weights algorithm gives bounds on the regret in (2.23) for any sequence of vectors
£',...,£", and the update takes the form

t—1
q'(k) o< exp {—nzf"(k)} :
=1

This formulation can be viewed as a special case of a problem known as online linear optimiza-
tion, and the exponential weights method can be viewed as an instance of an algorithm known
as mirror descent.

To summarize, exponential weights attains, for arbitrary sequences, the same rates that ERM
attains for i.i.d. data, and these rates cannot be improved in general for finite classes. ERM itself,
applied to the data observed so far, does not have low regret in general (Proposition 2.3). For the
purposes of this monograph, this is all we need from online learning over finite classes.

2.4 Additional Background: Random Variables and Tail Bounds

The main tools for proving Proposition 2.1 and similar generalization bounds are concentration
inequalities (or, tail bounds) for random variables, which we review here with further background
in Appendix A.1.

Definition 2.2 (Sub-Gaussian random variable): A random variable Z is sub-Gaussian
with variance factor (or variance proxy) o? if

¥n € R, E{GH(Z—E[Z])] < o2,

Note that if Z ~ N(0,0?) is Gaussian with variance o2, then it is sub-Gaussian with variance
proxy o2. In this sense, sub-Gaussian random variables generalize the tail behavior of Gaussians.
A standard application of Chernoff method yields the following result.

Lemma 2.6 (Sub-Gaussian tail bound): If Z;,..., Zp are i.i.d. sub-Gaussian random
variables with variance proxy o2, then

T u2
P(;;Zi—E[Z] Zu) Sexp{—ZUQ}. (2.24)
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Applying this result with Z and —Z and taking a union bound yields the following two-sided

P ( > u> < 2exp {—Tuz } . (2.25)

202
Setting the right-hand side of (2.25) equal to ¢ and solving for u, we find that for any ¢ € (0, 1),
with probability at least 1 — ¢,

guarantee:

1 T
T >z - E[Z]
=1

20210g(2/0)

< = (2.26)

Remark 2.5 (Union bound): Observe that the factor 2 under the logarithm in (2.26) is the
result of applying union bound to (2.24). Throughout this monograph, we frequently apply
the union bound to multiple—say N—high probability events involving sub-Gaussian random
variables. In this case, the union bound results in terms of the form log(N/J). The mild
logarithmic dependence is due to the sub-Gaussian tail behavior of the averages.

The following classical result states that any bounded random variable is sub-Gaussian.

Lemma 2.7 (Hoeffding’s inequality): Any random variable Z taking values in [a,b] is
sub-Gaussian with variance proxy (b — a)?/4, i.e.

n°(b—a)®
Vn € R, InEl[exp{n(Z — E[Z])}] < — s (2.27)
As a consequence, for i.i.d. random variables Z1,...,Zr taking values in [a, b] almost surely,
with probability at least 1 — 4,
1 & log(1/9)
— Z; —E[Z] < (b- — 2.28
T 4Bl < -0y 2y (229)
Lemma 2.8 (Bernstein’s inequality): Let Zi,...,Zr,Z be ii.d. with variance v? and

range |Z — E[Z]| < B almost surely. Then with probability at least 1 — 9,

T
%ZZi —E[Z] < vy QIOgﬁ/&) + Blo?;l/é). (2.29)

i=1

A proof of Lemma 2.8 is given in Appendix A.1.1. We refer the reader to Appendix A.1 for further
background on tail bounds. In particular, Lemma A.2 in Appendix A.l is a common starting point
for many inequalities in this monograph, including Hoeffding.
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2.5 Bibliographic Remarks and Further Reading

Takeaways. This section reviewed the two non-interactive learning problems on which the rest
of the monograph builds. Over a finite class, empirical risk minimization attains the slow rate
V1og|F|/T for any bounded loss and the fast rate log|F|/T under realizability for square loss and
for maximum likelihood in Hellinger distance (Proposition 2.1 and Proposition 2.5); exponential
weights attains the same two rates for arbitrary sequences (Proposition 2.4). Later sections use
these estimation guarantees as a starting point to design interactive decision making algorithms.
Notably, the guarantees we will study in later sections do not depend on the finite-class assumption:
they depend in a modular fashion on the estimation error of the online learner, so any estimator
with a comparable guarantee can be substituted.

Bibliographic remarks. The statistical learning framework and empirical risk minimization
go back to Vapnik and Chervonenkis [205], Vapnik [204]; the union-bound argument of Lemma
2.9 is standard. That ERM cannot attain the fast rate in Proposition 2.1 without realizability,
whereas aggregation can, is due to Tsybakov [199], Juditsky et al. [118], Lecué and Mendelson
[142]. Hellinger rates for maximum likelihood are classical [212, 34, 202]; the proof of Proposition
2.5 follows Zhang [225]. Prediction of individual sequences originates with Hannan [100] and Cover
[58], the latter containing the observation behind Proposition 2.3. The Bayes mixture predictor of
Lemma 2.5 takes its name from universal coding [187], and Corollary 2.1 is the progressive-mixture
method of Yang and Barron [219]. Exponential weights (Algorithm 2.1 and Algorithm 2.2) and
the slow rate in Proposition 2.4 are due to Littlestone and Warmuth [146], Vovk [206], Freund and
Schapire [94]; the fast rates for square and log loss, and mixability more generally (Remark 2.6),
are due to Vovk [206, 207]. Online-to-batch conversion (Proposition 2.2) in high-probability form
is due to Cesa-Bianchi et al. [48].

Further reading. Textbook treatments of statistical learning include Vapnik [204], Devroye
et al. [64], Shalev-Shwartz and Ben-David [186]; for fast rates beyond finite classes see Bartlett
et al. [29], Koltchinskii [129]. Cesa-Bianchi and Lugosi [47] is the standard reference for online
learning, and Hazan [102], Orabona [157] develop the online convex optimization viewpoint of
Remark 2.4. Regret for infinite classes is governed by sequential complexities developted in Rakhlin
and Sridharan [171], Rakhlin et al. [173].

2.6 Deferred Proofs: Statistical Learning

Using Hoeffding’s inequality, we now prove Part 1 (the slow rate) of Proposition 2.1.

Lemma 2.9 (Slow rate for ERM (Proposition 2.1, Part 1)): Let F C {f : X — Y}
be finite, and assume that ¢(f(z),y) € [0,1] for any f € F,x € X,y € Y. Then with probability
at least 1 — 9, ERM satisfies

21og(2|.71/9)

L) - min(f) < |/ 222200,

Proof of Lemma 2.9. For any f € F, we can write

~ ~ ~ ~

L(H) = L) = LA =T + [EDH =L + [T - L) - (2.30)
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Further, by Hoeffding’s inequality,

log(2/6)
<\ o (2.31)

for any f € F, with prob. at least 1 — 6, ‘L(f) —/L\(f)‘

By union bound, with probability at least 1 — |F|d, inequality (2.31) holds for any f € F simulta-
neously; thus, for any § € (0, 1),

~ log(2 )
with prob. at least 1 — 4, for any f € F, ’L(f) - L(f)‘ < 0‘3(2’;—/)' (2.32)
The middle term in (2.30) is nonpositive, and the proof is completed by applying (2.32) to the first
and third terms.2 O

To deduce the in-expectation bound of Proposition 2.1 from the high-probability tail bound of
Lemma 2.9, the standard technique of integrating out the tail can be employed. Specifically, for a
nonnegative random variable U, it holds that E[U] < 7+ [P (U > z)dz for all 7 > 0; choosing

7 o« T71/2 concludes the proof.?

Proof of Proposition 2.1, Part 2. By rescaling the common bounded interval, assume that Y and
every prediction f(z) lie in [0,1]. For each f € F, write

Zi(f) = (f(&) =y’ = (f*(@) =y)*  R(f) =E[(f(z) - [*(x))?].
Realizability gives E[Z;(f)] = R(f) = £(f). Factoring the difference of squares also gives
Zi(f)? < 4(f(z) = f* ) |Z(f) —E[Zi(f)]] < 2.

Thus Var(Z;(f)) < 4R(f). Apply Lemma 2.8 to —Z;(f) and take a union bound over F. With
u = log(|F|/d), with probability at least 1 — 0, simultaneously for all f € F,

SR(flu  2u _ 1« R(f) 1l4u
T Tar ST AT

=1 =1

The last inequality uses v8rv < r/2 + 4v for r,v > 0. Since the empirical minimizer satisfies
ST Zi(f) <0, it follows that

5 28log(|7/9)
e(f) < T8,

~

Integrating this tail bound yields E[E(f)] < 28(log |F|+ 1)/(3T). For |F| > 2 this is O(log |F|/T);
for |F| = 1 the excess risk is zero. Rescaling back multiplies the bound by the squared length of
the original interval. ]

(2.33)

We finish this section with a proof of the Part 3 (the fast rate for conditional density estimation)
of Proposition 2.1.

2Tt is important to understand the difference between (2.31) and (2.32). In the former, the function f cannot be
chosen to in a data-dependent manner; in the latter, the high probability event holds for all f € F, and thus also
holds for f

3For the in-expectation bound, only the first term in (2.30) requires this argument: for a fixed f, the third term
has mean zero.

25



Proposition 2.5 (Fast rate for MLE (Proposition 2.1, Part 3)): Let F be a finite class
of conditional densities f : X — A(Y), and M} be a marginal distribution on X. Suppose

My*‘x = f* for some f* € F, and the data x',...,z" are i.i.d. from M} and y' ~ f*(- | z*),
t=1,...,T, independently. Let the MLE be

T
~ 1
f =argmin — —log f(y" | z*).
jer T t;
Then, for any § € (0, 1), with probability at least 1 — 4,

D3 (ﬁ f*) < 2log(:\Ff|/5)

where D3(f,9) = Egonsz [DE(f(- | 2),9(- | )] is the integrated squared Hellinger distance.

Proof of Proposition 2.5. By definition of MLE,

N

Zlogf y' | z) Z log f*(y" | ). (2.34)

Fix f € F and apply Lemma A.2 to independent random variables

Xy = (logf(y | ') —log f*(y" | x*)).

DO \

This yields that with probability at least 1 — ¢,

fly' | z")

T
Z% (log f(y' | z*) —log f*(y" | ")) ZlogE$t t)[exp{ logf*( )
=1 )

H + log(1/4).

Rearranging, taking a union bound over f € F, applying to fand using (2.34), we have that with
probability at least 1 — 4,

fly| =)
—TlogE -——| <log(|F|/6)- 2.35
(z,y) f*(y | x) (‘ |/ ) ( )
Using the inequality —logx > 1 — x, for the natural logarithm, and the fact that, conditionally on
T, By pr o) [1 — f*(élfx))} = 1D3(f(-| ), f*(- | z)), we conclude the proof. O

2.7 Deferred Proofs: Online Learning

We now prove Proposition 2.4. Since we are not placing any assumptions on the data generat-
ing process, we cannot hope to control the algorithm’s loss at any particular time ¢, but only
cumulatively. It is then natural to employ amortized analysis with a potential function.

In more detail, the proof of Proposition 2.4 relies on several steps, common to standard analyses
of online learning: (i) define a potential function, (i7) relate the increase in potential at each time
step to the loss of the algorithm, (iii) relate cumulative loss of any expert f € F to the final
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potential. For the Exponential Weights Algorithm, the proof relies on the following potential for
time ¢, parameterized by n > 0:

= —log ) exp {—nzﬁ(f(xi), yi)} : (2.36)
=1

fer

The choice of this potential is rather opaque, and a full explanation of its origin is beyond the scope
of this monograph, but we mention in passing that there are principled ways of coming up with
potentials in general online learning problems.

Proof of Proposition 2.4. We first prove the second statement, focusing on conditional density with
the logarithmic loss; for the square loss, see Remark 2.6 below.

Proof for Part 2: Log loss. Recall that for each z, f(x) is a distribution over Y, and fq(f(2),y) =
—log f(y | =) where we abuse the notation and write f(z) and f(- | x) interchangeably. With
n =1, the averaged variant of exponential weights satisfies

exp { = S oy (), |

Fi(y'lat) () fy'z") fy'lz") , (2.37)
J;'— J%; Zfe]—‘eXp{_zg;} Elog(f(mi)ayi)}
and thus
log(f(2'), ") = —log fi(y'|2") = B! — i, (2.38)

Hence, by telescoping
Z lrog ([ =37 — Y,

Finally, observe that ®? = —log|F| and, since — log is monotonically decreasing, we have

T T
®T < —logexp {— Z&Og(g(xi),yi)} = loglg(a)), y), (2.39)
=1 =1

for any g € F. This establishes the result for conditional density estimation with the log loss. As
already discussed, the above proof follows the strategy: the loss on each round related to change in
potential (2.38), and the cumulative loss of any expert is related to the final potential (2.39). We
now aim to replicate these steps for arbitrary bounded losses.

Proof for Part 1: Generic loss. To prove this result, we build on the log loss result above. First,
observe that without loss of generality, we may assume that ¢(f(x),y) € [0,1] for all f € F and
(z,y), as we can always re-scale the problem. The randomized variant of exponential weights (2.21)
satisfies

exp {0 UF (), ) }
) D
fo S erexp {—n T (@), p) )

(2.40)
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Hoeffding’s inequality (Lemma 2.7) implies that

NBg (' (2"),y)] < —log +

& Seren{ STy}
Note that the right-hand side of this inequality is simply
n

P — Pt 4 3

establishing the analogue of (2.38). Summing over ¢, this gives

T

~ Tn?
nZEJ?tht [(f ("), y")] < (I): - (I)?l + R
t=1
As in the first part, for any g € F, we can upper bound
T
T <> Lgla'),y"),
t=1
while ®) = —log |F|. Hence, we have that for any g € F,
d - Tn  log|F]|
S BT, 0] - o), o) < 0+ BT
t=1 n
With n =4/ 81%‘7', we conclude that
T
-~ Tlog |F
S B P ), 0 — ga), ) < 4 L
t=1

exp{—nl(f(").y" )} exp { -0 S @) 0) ) 2
L,

(2.41)

(2.42)

(2.43)

O]

Observe that Hoeffding’s inequality was all that was needed for Lemma 2.9. Curiously enough, it
was also the only nontrivial step in the proof of Proposition 2.4. In fact, the connection between
probabilistic inequalities and online learning regret inequalities (that hold for arbitrary sequences)

runs much deeper [172, 82].

Remark 2.6 (Mixable losses): We did not provide a proof of Proposition 2.4 for square loss.
It is tempting to reduce square loss regression to density estimation by taking the conditional
density to be a Gaussian distribution. Indeed, the log loss of a distribution with density
proportional to exp{—(f*(z*) — y*)?} is, up to constants, the desired square loss. However, the
mixture in (2.37) does not immediately lead to a prediction strategy for the square loss, as the
expectation appears in the wrong location. This issue is fixed by a notion known as mizability.

We say that a loss ¢ is mizable with parameter 7 if there exists a constant ¢ > 0 such that the

~

following holds: for any x and a distribution ¢ € A(F), there exists a prediction f(x) € Yr
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such that for all y € Y,

~

e<f<x>,y>s—§1og S a(f) exp{—nt(f(z).9)} | - (2.44)

feFr

If loss is mixable, then given the exponential weights distribution ¢‘, the best prediction
y' = f'(z") can be written (by bringing the right-hand side of (2.44) to the left side) as
an optimization problem

C
arg minmax | £(7',y") + —log | Y ¢'(f) exp{—nt(f(z"),y")} (2.45)
gteypred Yy €Y n jer
which is equivalent to
c t
arg minmax | (7', y") + —log [ Y exp{—n > _£(f(z"),y")} (2.46)
gteypred Y'EY n fer i1

once we remove the normalization factor. With this choice, mixability allows one to replicate
the proof of Proposition 2.4 for the logarithmic loss, with the only difference being that (2.37)
(after applying — log to both sides) becomes an inequality. It can be verified that square loss
is mixable with parameter n = 1/2 and ¢ = 1 when ) = )" = [-1,+1] [206], leading to
the desired fast rate for square loss in Proposition 2.4. The idea of translating the English
statement “there exists a strategy such that for any outcome...” into a min-max inequality
recurs in Section 5, where the Decision-Estimation Coefficient is defined through a min-max
problem of this type.

29



3. MULTI-ARMED BANDITS: THE EXPLORATION-EXPLOITATION TRADEOFF

Section 2 concerned passive learning: data is given, and the learner’s only task is to generalize.
This section takes the first step along the interactivity axis of Figure 2. In the multi-armed bandit
problem, the learner’s decisions determine which rewards are observed, so that collecting informa-
tive data and earning high reward become competing goals. This is the exploration—exploitation
tradeoff, and the multi-armed bandit isolates it in the simplest possible form, with a finite set of
decisions and no additional structure to generalize across. The section establishes the optimal /AT
regret rate for this problem and, more importantly, introduces an algorithm design principle that
recurs throughout the monograph: optimism in the face of uncertainty.

Organization. Section 3.1 formalizes the multi-armed bandit problem and the regret criterion.
Section 3.2 shows that the greedy strategy inherited from statistical learning fails, which motivates
deliberate exploration. Section 3.3 analyzes the simplest remedy, e-Greedy, which explores uniformly
at random. Section 3.4 introduces the principle of optimism and the UCB algorithm, which explores
adaptively and attains the optimal regret; its analysis is the template for a variety of optimistic
algorithms throughout the monograph. Two optional extensions follow: Section 3.5 (marked x)
treats the Bayesian setting and posterior sampling, whose analysis is revisited in Sections 5 and 7;
Section 3.6 (marked x) treats adversarial (non-stochastic) rewards and the Exp3 algorithm.

3.1 The Multi-Armed Bandit Problem

The multi-armed bandit problem is defined by the following protocol.

Multi-Armed Bandit Protocol

fort=1,...,7 do
Select decision 7" € IT:= {1,..., A}.
Observe reward r* € R.

The process proceeds in 7' rounds. At each round ¢ € [T, the learning agent selects a discrete
decision* 7t € 1 = {1,..., A} using the data

Ht71 — {(7_‘_1’ ,r,l)’ A (ﬂtfl,rtfl)}

collected so far; we refer to Il as the decision space or action space, with A € N denoting the size
of the space. We allow the learner to randomize the decision at step t according to a distribution
pt=p'(- | H'™'), sampling 7" ~ p’. Based on the decision 7, the learner receives a reward r’, and
their goal is to maximize the cumulative reward across all T rounds. As an example, one might
consider an application in which the learner is a doctor (or personalized medical assistant) who
aims to select a treatment (the decision) in order to make a patient feel better (maximize reward);
see Figure 5.

The multi-armed bandit problem can be studied in a stochastic framework, in which rewards are
generated from a fixed (conditional) distribution, or an non-stochastic/adversarial framework in

“In the literature on bandits, decisions are often referred to as actions. We use these terms interchangeably
throughout this section.
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$ .
decision T ﬁ
reward rt 9

Figure 5: The multi-armed bandit problem. A doctor (the learner) selects a treatment (the decision)
to improve a patient’s vital signs (the reward).

Y

A

the vein of online learning (Section 2.2). We focus on the stochastic framework, and make the
following assumption.

Assumption 3.1 (Stochastic Rewards): Rewards are generated independently via
v~ MY | ), (3.1)

where M*(- | -) is the underlying model (conditional distribution).

Throughout this section, we also assume that rewards are bounded: r* € [0, 1] almost surely.> We
define

(@) =E[r| 7] (3.2)

as the mean reward function under r ~ M*(- | ). We measure the learner’s performance via regret
to the action 7* := argmax . f*(m) with highest reward:

T T
Reg = Y f*(r*) =Y Eprop[f*(n")]. (3.3)
t=1 t=1

Regret is a natural notion of performance for the multi-armed bandit problem because it is cumu-
lative: it measures not just how well the learner can identify an action with good reward, but how
well it can maximize reward as it goes. This notion is well-suited to settings like the personalized
medicine example in Figure 5, where regret captures the overall quality of treatments, not just
the quality of the final treatment. As in the online learning framework, we would like to develop
algorithms that enjoy sublinear regret, i.e.
E[Leg] —+0 as T — oo.
T

Compared to the online regret (2.11), the definition in (3.3) has the same cumulative form, but the
benchmark is the best fixed decision 7* rather than the best function in a class, and—as discussed

% All results in this section extend to sub-Gaussian rewards with means in [0, 1], at the cost of constants.
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next—only the reward of the chosen decision is revealed. Regret bounds in this section hold with
probability at least 1 — § over the draw of the rewards unless stated otherwise.

The most important feature of the multi-armed bandit problem, and what makes the problem
fundamentally interactive, is that the learner only receives a reward signal for the single decision
7wt € II they select at each round. That is, the observed reward r* gives a noisy estimate for
f*(7"), but reveals no information about the rewards for other decisions = # ‘. For example in
Figure 5, if the doctor prescribes a particular treatment to the patient, they can observe whether
the patient responds favorably, but they do not directly observe whether other possible treatments
might have led to an even better outcome. This issue is often referred to as partial feedback or
bandit feedback. Partial feedback introduces an element of active data collection, as it means that
the information contained in the dataset H' depends on the decisions made by the learner, which
necessitates exploring different actions. This should be contrasted with statistical learning (where
the dataset is generated independently from the learner) and online learning (where losses may be
chosen by nature in response to the learner’s behavior, but where the outcome y*— and hence the
full loss function (-, y*)—is always revealed).

In the context of Figure 2, the multi-armed bandit problem constitutes our first step along the
“Interactivity” axis, but does not incorporate any structure in the decision space (and does not
involve features/contexts/covariates). In particular, information about one action does not reveal
information about any other actions, so there is no hope of using function approximation to gen-
eralize across actions.® As a result, the algorithms in this section have regret that scales with
Q(|II]) = Q(A). This shortcoming is addressed by the structured bandit framework of Section 5,
which allows for the use of function approximation to model structure in the decision space.”

Remark 3.1 (Alternative notions of regret): There are other, widely used notions of
regret for the multi-armed bandit problem. One is the empirical regret, defined as

I;gﬁ(Zrt(w) - Zrt(ﬂt), (3.4)

t=1 t=1

where, for m # 7', r*(7) denotes the counterfactual reward the learner would have received if
they had played 7 at round ¢. Using Hoeffding’s inequality, one can show that this is equivalent
to the definition in (3.3) up to additive O(v/T) factors.

3.2 The Need for Exploration

In statistical learning, we saw that the empirical risk minimization algorithm, which greedily chooses
the function that best fits the data, leads to interesting bounds on excess risk. For multi-armed
bandits, since we assume the data generating process is stochastic, a natural first attempt at
designing an algorithm is to apply the greedy principle here in the same fashion. Concretely, at
time ¢, we can compute an empirical estimate for the reward function f* via

Fi(r) = ! Z’I“S]I {m* ==}, (3.5)

' (ﬂ-) s<t

6 Another way to say this is that we take F = R*, so that f* € F.
"Throughout this monograph, we use the term “multi-armed bandit” exclusively to refer to bandit problems with
finite decision spaces, and the term “structured bandit” for problems with large decision spaces.
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where n'(7) is the number of times 7 has been selected up to time ¢.* Then, we can choose the
greedy action R
7t = argmax f*(m).
well
Unfortunately, due to the interactive nature of the bandit problem, this strategy can fail, leading
to linear regret (Reg = Q(T)). Consider the following problem with IT = {1,2} (A = 2).

> Decision 1 has reward % almost surely.
> Decision 2 has reward Ber(3/4).

Suppose we initialize by playing each decision a single time to ensure that n'(m) > 0, then follow
the greedy strategy. One can see that with probability 1/4, the greedy algorithm will get stuck on
action 1, leading to regret (7).

The issue in this example is that the greedy algorithm immediately gives up on the optimal action
and never revisits it. To address this, we consider algorithms that deliberately explore less visited
actions to ensure that their estimated rewards are not misleading.

There are two lessons to carry from this example. First, the failure is caused by partial feedback,
not by the sequential nature of the data. If the reward of every decision were revealed at each
round, the greedy strategy would be an instance of empirical risk minimization on i.i.d. data, and
Proposition 2.1 would apply. Second, an algorithm should never discard a decision that might be
optimal on the basis of a few samples; the confidence intervals of Section 3.4 make this idea precise.

3.3 The =-Greedy Algorithm

The greedy algorithm for bandits can fail because it can insufficiently explore good decisions that
initially seem bad, leading it to get stuck playing suboptimal decisions. In light of this failure, a
reasonable solution is to manually force the algorithm to explore, so as to ensure that this situation
never occurs. This leads us to what is known as the e-Greedy algorithm (e.g., Sutton and Barto
[194], Auer et al. [22]).

Algorithm 3.1 =-Greedy

input: Exploration parameter ¢ € [0, 1].
fort=1,...,T do R
Compute the empirical mean rewards f* as in (3.5).
With probability 1 — €, select 7 = arg max, .]/(\.t(TF); otherwise select 7" ~ unif(IT).
Observe reward r*.

Let € € [0,1] be the exploration parameter. At each time ¢ € [T], the e-Greedy algorithm computes
the estimated reward function f* as in (3.5). With probability 1 — e, the algorithm chooses the
greedy decision

7 = argmax f* (), (3.6)

™

and with probability ¢ it samples a uniform random action 7* ~ unif({1,..., A}).

SIf n' () = 0, we set f*(m) = 0.
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As the name suggests, e-Greedy usually plays the greedy action (ezploiting what it has already
learned), but the uniform sampling ensures that the algorithm will also explore unseen actions. We
can think of the parameter € as modulating the tradeoff between exploiting and exploring.

Proposition 3.1 (Regret of c-Greedy): For any 7" and ¢ € (0, 1), the e-Greedy algorithm
with e o< (Alog(AT/0)/ T)l/ 3 ensures that with probability at least 1 — 4,

Reg < AY3T2/3 . 1ogt/3(AT/5).

Note that the exploration parameter must decay with the horizon T": the algorithm explores less as it
collects more data. This regret bound has w — 0 with T' — oo as desired, though more sophis-
ticated strategies, beginning with Section 3.4, attain improved regret bounds that scale with v/ AT.?

Proof of Proposition 3.1. Recall that 7' := arg max . ft(w) denotes the greedy action at round ¢, and
that p* denotes the distribution over 7*. We can decompose the regret into two terms, representing
the contribution from choosing the greedy action and the contribution from exploring uniformly:

T
Reg = ZEﬂ'tht [f*(ﬂ-*) - f*(ﬂ-t)]

= T T
=(1=2)) @)= @) +e ) Ernunirqaplf (@) — ()]
1

t= t=1
T
< p) - fFE) +eT
t=1

In the last inequality, we have simply written off the contribution from exploring uniformly by
using that f*(7) € [0,1]. It remains to bound the regret we incur from playing the greedy action.
Here, we bound the per-step regret in terms of estimation error using a similar decomposition to
Lemma 2.9 (note that we are now working with rewards rather than losses):

) = @) = [) = P + [F() = FE)HPE) - G (3.7)
<0
<2 max [fH(m) - fi(m)] < 2max|f*(x) — f'(m)]. (3.8)

Note that this regret decomposition can also be applied to the pure greedy algorithm, which we
have already shown can fail. The reason why e-Greedy succeeds, which we use in the argument that
follows, is that because we explore, the “effective” number of times that each arm will be pulled
prior to round ¢ is of the order £t/A, which will ensure that the sample mean converges to f*. In
particular, we show that the event

& - {mng*(w) Pl ““‘g(‘fT/‘”} (3.9)

occurs for all ¢ with probability at least 1 — 4.

9Note that VAT < AY3T?/3 whenever A < T, and when A > T both guarantees are vacuous.
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To prove that (3.9) holds, we first apply Hoeffding’s inequality. Because the number of times 7 has
been pulled is random and depends on the rewards observed so far, the version for a fixed sample
size does not apply directly; instead we use the version for adaptive stopping times (Lemma A.1),
which gives that for any fixed 7, with probability at least 1 — ¢ over the draw of rewards,

-~ 2log(2T/0
74() Tt < B0 (3.10)
n(m)
From here, taking a union bound over all ¢ € [T] and 7 € II ensures that
- 210g(2AT?2/0)
* _ t < A A .
) = Pl <[ 7B (3.11)

for all 7 and ¢ simultaneously. It remains to show that the number of pulls n’(7) is sufficiently large.

Let €' € {0,1} be a random variable whose value indicates whether the algorithm explored uni-
formly at step ¢, and let m'(w) = |[{i < ¢t : #* = m,e' = 1}|, which has n’(7) > m'(m). Let
Z' =1{n" =m,e" =1}. Observe that we can write

mi(m) =7,

1<t

In addition, Z* ~ Ber(e/A), so we have E[m!(m)] = e(t—1)/A. Using Bernstein’s inequality (Lemma
2.8) with Z*', ..., Z"7' we have that for any fixed 7 and all v > 0, with probability at least 1 —2e~",

_e(t-1)

mi(m) - N < vz T <

< LU e(t—1) 4u
- A 3

54 30

<

u
3
where we have used that V[Z] = ¢/A- (1 —¢/A) < ¢/A, and then applied the arithmetic mean-
geometric mean (AM-GM) inequality, which states that \/zy < 3 + § for 2,3 > 0. Rearranging,
this gives

e(t—1) 4du

- —. 12
2A 3 (3.12)

m'(m) >

Setting u = log(2AT'/d) and taking a union bound, we are guaranteed that with probability at
least 1 — 0, for all 7 € IT and t € [T]

e(t—1) 4log(24T/9)

t
>
mi(m) = =57 3

. (3.13)

As long as et 2 Alog(AT/d) (we can write off the rounds where this does not hold), this yields

et
t > t > -,
ni(r) > mi(r) 2 5
Taking a union bound and combining with (3.11), this implies that with probability at least 1 — 4,
for all ¢,
Alog(AT/6)

max | £*(m) - J'(m)] | E
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which leads to the overall regret bound

T
Reg < Y max () - F(m)| + 7 5 37/ AEALS) | oy
t=1

=1

AT log(AT/6
< (| ATLsAT/0) | (3.14)
€
To balance the terms on the right-hand side, we set

N <Alog(;lT/6)>1/3’

~+

which gives the final result. O

This proof shows that the e-Greedy strategy allows the learner to acquire information uniformly
for all actions, but we pay for this in terms of regret (specifically, through the €T" factor in the
final regret bound (3.14)). This issue here is that the e-Greedy strategy continually explores all
actions, even though we might expect to rule out actions with very low reward after a relatively
small amount of exploration. Section 3.4 addresses this shortcoming with more adaptive strategies.

Remark 3.2 (Explore-then-commit): A relative of e-Greedy is the explore-then-commit
(ETC) algorithm (e.g., Robbins [177], Langford and Zhang [133]), which uniformly explores
actions for the first NV rounds, then estimates rewards based on the data collected and commits
to the greedy action for the remaining 7" — N rounds. This strategy can be shown to attain
Reg < AY3T?2/3 for an appropriate choice of N, matching e-Greedy.

3.4 Optimism and the Upper Confidence Bound (UCB) Algorithm

The next algorithm we study is the Upper Confidence Bound (UCB) algorithm [? 12, 22]. The UCB
algorithm attains a regret bound of the order O(\/ﬁ ), which improves upon the regret bound for
e-Greedy, and is optimal (in a worst-case sense) up to logarithmic factors. In addition to optimality,
the algorithm offers several secondary benefits, including adaptivity to favorable structure in the
underlying reward function.

The UCB algorithm is based on the notion of optimism in the face of uncertainty, a general principle
that recurs throughout this monograph in increasingly rich settings. The idea behind the principle
is that at each time ¢, we should adopt the most optimistic perspective of the world possible given
the data collected so far, and then choose the decision 7 based on this perspective.

To apply the idea of optimism to the multi-armed bandit problem, suppose that for each step t, we
can construct “confidence intervals”

f,ft 11— R, (3.15)
with the following property: with probability at least 1 — 4,
Vte [T),mell, f*(m)e€ [f(w),ft(ﬂ)]. (3.16)

We refer to f* as a lower confidence bound and ft as a upper confidence bound, since we are
guaranteed that with high probability, they lower (resp. upper) bound f*. Given confidence
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Figure 6: The UCB algorithm. Selecting 7" optimistically ensures that its suboptimality never
exceeds the confidence width.

intervals, the UCB algorithm simply chooses 7* as the “optimistic” action that maximizes the
upper confidence bound:

= argenll_lax fi(m). (3.17)

Algorithm 3.2 Upper Confidence Bound (UCB)

input: Confidence parameter § € (0,1).
fort=1,...,T do
Compute upper confidence bound f* as in (3.20).
Select 7 = arg max, oy f*().
Observe reward r°.

The following lemma shows that the instantaneous regret for this strategy is bounded by the width
of the confidence interval; see Figure 6 for an illustration.

Lemma 3.1 (O_ptimism bounds regret by confidence width): Fix ¢, and suppose that
f(m) € [f'(m), f(m)] for all 7. Then the optimistic action

7' = arg max f*(7)
well

has

() = 1) < ) = 1) < ) = £ (3.18)

Proof of Lemma 3.1. The result follows immediate from the observation that for any ¢ € [T] and
any 7* € II, we have

() < fi(@*) < fi(n') and = fH(x) < —fH(n).
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Lemma 3.1 implies that as long as we can build confidence intervals for which the width f*(r*) —
fi(x") shrinks, the regret for the UCB strategy will be small. To construct such intervals, here we
appeal to Hoeffding’s inequality for adaptive stopping times (Lemma A.1).1% Since 7* € [0,1], a
union bound gives that with probability at least 1 — ¢, for all ¢ € [T] and 7 € 11,

- 210g(2T2A/6)

[f1(m) = f(m)] < nlm) (3.19)

where we recall that f' is the sample mean and n'(m) = >, I{n" = 7}. This suggests that with

Fim = Fim + [ PO and i) = Fimy - [ 2EEEAD) (s

we obtain a valid confidence interval. With this choice—along with Lemma 3.1—we are in a
favorable position, because for a given round ¢, one of two things must happen:

> The optimistic action has high reward, so the instantaneous regret is small.

> The instantaneous regret is large, which by Lemma 3.1 implies that confidence width is large
as well (and n'(7") is small). This can only happen a small number of times, since n’(7*) will
increase as a result, causing the width to shrink.

Using this idea, we can prove the following regret bound.

Theorem 3.1 (Regret of UCB): Using the confidence bounds in (3.20), the UCB algorithm
ensures that with probability at least 1 — 9,

Reg < /AT log(AT/9).

This result is optimal up to the log(AT') factor: Section 8.2 shows that every algorithm suffers
Q(VAT) regret on some instance with Gaussian rewards. The logarithmic factor can be removed
by using the same algorithm with a slightly more sophisticated confidence interval construction
[20]. Note that compared to the statistical learning and online learning setting, where we were
able to attain regret bounds that scaled logarithmically with the size of the benchmark class, here
the optimal regret scales polynomially with |II| = A. This is the price we pay for partial/bandit
feedback, and reflects that fact that we must explore all actions to learn.

Proof of Theorem 5.1. Let us condition on the event in (3.19). Whenever this occurs, we have that
fr(m) € [f'(m), f{(m)] for all t € [T] and 7 € II, so the confidence intervals are valid. As a result,
Lemma 3.1 bounds regret in terms of the confidence width:

T T

Zf*(ﬂ_*) _f*(ﬂ_t) < th(ﬂt

t=1 t=1 t=1

T
— ) =32 210g(21°4/0) . (3.21)

nt(mt)

~—

here, the “A1” term appears because we write off the regret for early rounds where n'(7*) = 0 as 1.

10While asymptotic confidence intervals in classical statistics arise from limit theorems, we are interested in valid
non-asymptotic intervals, and thus appeal to concentration inequalities.
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To bound the right-hand side, we use a potential argument. The basic idea is that at every round,
n'(7) must increase for some action 7, and since there are only A actions, this means that 1/4/nt(m)
can only be large for a small number of rounds. This can be thought of as a quantitative instance
of the pigeonhole principle.

Lemma 3.2 (Confidence width potential lemma): We have

T
1
— N1 < VAT.
2 g MR

Proof of Lemma 3.2. We begin by writing.

T+1(ﬂ.)

PETETES RIS s s

T t=1

(3.22)

For any n € N, we have ) ;" , \/% A1 <1+ 2y/n, which allows us to bound by
A+2 Z VT ().

The factor of A above is a lower-order term (recall that we have A < v/ AT whenever A < T, and
if A > T the regret bound we are proving is vacuous). To bound the second term, using Jensen’s
inequality, we have

S V@) <A Y ”TXT) = A\/T/A = VAT.

The main regret bound now follows from Lemma 3.2 and (3.21).

To summarize, the key steps in the proof of Theorem 3.1 were to:

1. Use the optimistic property and validity of the confidence bounds to bound regret by the sum
of confidence widths.

2. Use a potential argument to show that the sum of confidence widths is small.

Subsequent sections revisit and generalize both ideas for more sophisticated settings, including
contextual bandits, structured bandits, and reinforcement learning.

Remark 3.3 (Instance-dependent regret for UCB): The O(v/AT) regret bound attained
by UCB holds uniformly for all models, and is (nearly) minimax-optimal, in the sense that for
any algorithm, there exists a model M* for which the regret must scale as Q(v/AT). Minimax
optimality is a useful notion of performance, but may be overly pessimistic. As an alterna-
tive, it is possible to show that the UCB attains what is known as an instance-dependent regret
bound, which reflects the fact that the algorithm has better regret on “nice” problem instances.
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Let A(n) := f*(n*) — f*(m) be the suboptimality gap for decision m. Then UCB can be shown
to achieve

log(AT/d
S~ los(AT/o)

<
Reg < NG

m:A(1)>0

If we keep the underlying model fixed and take T' — oo, this regret bound scales only logarith-
mically in T, which improves upon the v/T-scaling of the minimax regret bound.

This concludes the main development of this section. The remaining subsections cover two exten-
sions, the Bayesian viewpoint and adversarial or non-stochastic rewards.

3.5 Bayesian Bandits and the Posterior Sampling Algorithm*

Up to this point, we have been designed and analyzed algorithms from a frequentist viewpoint, in
which we aim to minimize regret for a worst-case choice of the underlying model M*. An alterative
is to adopt a Bayesian viewpoint, and assume that the underlying model is drawn from a known
prior p € A(M).'! In this case, rather than worst-case performance, we are concerned with the
average regret under the prior, defined via

RegBayes(N) = EM*NM EM [Reg]7

where EM"[-] denotes the algorithm’s expected regret when M* is the underlying reward distribu-
tion.

Working in the Bayesian setting opens up additional avenues for designing algorithms, because
we can take advantage of our knowledge of the prior to compute quantities of interest that are
not available in the frequentist setting, such as posterior distribution over n* after observing the
dataset H'~'. The most basic and well-known strategy here is posterior sampling (also known as
Thompson sampling or probability matching) [198, 181].

Algorithm 3.3 Posterior Sampling

input: Prior distribution over models.
fort=1,...,T do
Set p'(m) = P(r* =7 | H'™'), where H!'™! = (7, rt), ..., (7' 71, rt71).
Sample 7" ~ p' and observe r*.

The basic idea is as follows. At each time ¢, we can use our knowledge of the prior to compute the
distribution P(7* = - | H'™'), which represents the posterior distribution over 7* given all of the
data we have collected from rounds 1,...,¢ — 1. The posterior sampling algorithm simply samples
the learner’s action 7* from this distribution, thereby “matching” the posterior distribution of 7*.

Proposition 3.2 (Bayesian regret of posterior sampling): For any prior y, the posterior
sampling algorithm ensures that

RegBayes(M) < \% AT log(A)7 (323)

171t is important that u is known, otherwise this is no different from the frequentist setting.
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Here we prove a simplified version of Proposition 3.2; the full proof is given in Section 3.8. The
argument has three steps, and the reader may find it useful to keep them in mind: (i) a decoupling
inequality bounds the per-round Bayesian regret by the estimation error of the posterior mean
under the learner’s own distribution p’; (ii) this estimation error is bounded by the information
gain about f* from the round’s observation; (iii) the total information gain over 7" rounds telescopes
and is at most the entropy of the prior. Step (i) is the part that generalizes furthest: Section 5.5
recasts it as a bound on the Decision-Estimation Coefficient, a general complexity measure for
interactive decision making.

Proof of Proposition 3.2 (simplified version). We make the following simplifying assumptions:

> We restrict to reward distributions where M*(- | 7) = N (f*(n), 1), departing, for simplicity,
from the boundedness convention of this section. That is, f* is the only part of the reward
distribution that is unknown.

> f* belongs to a known class F, and rather than proving the regret bound in Proposition 3.2,
we prove a bound of the form

RegBayes(M) 5 \% AT log’]:‘v

which replaces the log A factor in the proposition with log|F]|.

Since the mean reward function f* is the only part of the reward distribution M™* that is unknown,
we can simplify by considering an equivalent formulation where the prior has the form p € A(F).
That is, we have a prior over f* rather than M™*.

Before proceeding, let us introduce some notation. The process through which we sample f* ~ p
and run the bandit algorithm induces a joint law over (f*,H"), which we call P. Throughout the
proof, we use E[-] to denote the expectation under this law. We also define E;[-] = E[- | #] and
P[] =P[- | #H'].

We begin by using the law of total expectation to express the expected regret as

T
RegBayes(:U’) =E ZEt—l[f*(ﬂ-f*) - f*(ﬂ-t)] :
t=1

Above, we have written 7* = 7+ to make explicit the fact that this is a random variable whose
value is a function of f*.

We first simplify the expected regret for each step t. Let u'(f) := P(f* = f | H'') be the posterior
distribution at timestep ¢t. The learner’s decision 7’ is conditionally independent of f* given H'™!,
SO we can write

Eea[f*(mpe) = £5(0)] = Bprspit oot [ (pe) = f7(7)]-

If we define f(m) = Ep«e[f*(7)] as the expected reward function under the posterior, we can
further write this as

Ef*NutthNpt [f*(ﬂ'f*) — ft(ﬂt)].

By the design of the posterior sampling algorithm, 7* ~ p* is identical in distribution to 7+ under
f* ~ p', so this is equal to

Epeopt [f*(mpe) = fr(mpe)].
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This quantity captures—on average—how far a given realization of f* deviates from the posterior
mean f*, for a specific decision 7« which is coupled to f*. The expression above might appear to
be unrelated to the learner’s decision distribution, but the next lemma shows that it is possible to
relate this quantity back to the learner’s decision distribution using a notion of information gain
(or, estimation error).

Lemma 3.3 (Decoupling): For any function f : IT — R, it holds that

Ef*wui [f*<7l'f*) — f(ﬂ'f*)] S \/A . Ef*NMt Eﬂ.twpt [(f*(ﬂ't) — f(ﬂt))2] . (324)

Proof of Lemma 3.3. We show a more general result. Namely, for any v € A(F) and f: II — R, if
we define p(m) = Py, (7 = ), then

B [f(m) = F(mp)] < A~ Epos Bny [(£(m) — F(m))2]. (3.25)

This can be thought of as a “decoupling” lemma. On the left-hand side, the random variables f
and 7y are coupled, but on the right-hand side, 7 is drawn from the marginal distribution over 7y,
independent of the draw of f itself.

To prove the result, we use Cauchy-Schwarz as follows:

Bty [f(mf) = f(mf)] = Epn [(Wf)(f(ﬂf) - f(ﬂf))]

()
@“4méﬂyﬂ(@wthﬂmwfwmﬂf@

For the first term, we have

R N e 0 vf) el
I [P(Wf)] _zf: -2 p(7) ;p(ﬂ) 4

p(my)

For the second term, we have

Efey [p(ﬁf)(f(ﬂf) - f(”f))ﬂ < Epew [ZP(F)(f(W) ~ f(m)*

Putting these bounds together yields (3.25). O

Using Lemma 3.3, we have that

RegBayes (:u) <

T
E[Y \/A B prput Bt [(F*(m0) — ft(w*))z]]
t=1

IN

T
AT . E ZEf*N,ut Eﬂtht [(f*(ﬂ't) — ft(ﬂ't>)2]] .
t=1
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To finish up, we show that

Do | ot

T
E ZEf*Nut [Eﬂ-t,\/pt [(f*(ﬂ’t) —ft(Trt))2H < = log|F|.
t=1

To do this, we need some additional information-theoretic tools.
> For a random variable X with distribution P, Ent(X) = Ent(P) := > p(x)log(1/p(x)).
> For random variables X and Y, Ent(X | Y = y) := Ent(Px|y—,) and Ent(X | V) :=
Eyopy [ENt(X | Y = )]
> For distributions PP and Q, Dk (P || Q) = >, p(x) log(p(x)/q(x)).

To keep notation as clear as possible going forward, let us use boldface script (7', «*, f*, H')
to refer to the abstract random variables under consideration, and use non-boldface script (7*, 7*,
f*, H') to refer to their realizations. Our aim is to use the conditional entropy Ent(f* | H*) as a
potential function, and show that for each t,

%E[Ef*N“z Epept [(f¥(m") — f1(7)?]] < Ent(f* | H'™") — Ent(f* | H"). (3.26)

From here the result follows, because

T T
SE| S B et [0 = Fi(r)?] | < SC[En(F* | H) — Ent(s* | HO)
t=1

t=1

Ent(f* | H°) — Ent(f* [ H")
Ent(f* | H°)
log| F|,

IAIA

where the last inequality follows because the entropy of a random variable X over a set X is always
bounded by log|X|.

We now prove (3.26). Conditional on the history and current action, the predictive reward is
the sum of a random mean in [0,1] and independent A(0,1) noise. By Hoeffding’s lemma, the
centered random mean is 1/4-sub-Gaussian, so the predictive reward is 5/4-sub-Gaussian. The
reward conditional on f* is also 5/4-sub-Gaussian. Thus, Pinsker’s inequality for sub-Gaussian
random variables (Lemma A.6) implies that

92 _
2P () = P < D Bt et | Bripr s
and
2 _
g Ef*,\,#t Ethpt [(f*(ﬂ-t) o ft(ﬂ't))2:| < Ef*N,ut Eﬂtht [DKL (P,,.t|f*’7rt7’Ht—1 || ]P),,.t|7rt,7_[t—1):|
Since KL divergence satisfies E,p, [DKL (IF’HX:I I IP’y)] =E,p, [DKL (IP’XD/:y I IP’X)], this equals

Ei—1 [DKL(P gt ot g0t-1 | Ppriage—1) | = By [Dri (Pprppee | Ppsigge-1 )] (3.27)
Taking the expectation over H'~', we can write this as

E[E;—1 [Dke (Pprpper | Ppsiage—1)]] = Egge—r Eqgegge—s [Di (Pprppee | Ppsjage1)]
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A simple exercise shows that for random variables X,Y, Z,
E(zg)~Px.y [PKL(P2zix =0,y =y | Pz|x=2)] = Ent(Z | X) — Ent(Z | X,Y).
Applying this result above (and using that H'~!' C H') gives
Eqt—1 E’Ht"Htfl [DKL (Pf*|7_[t H ]P’f*|Ht71)] = Ent(f* ’ Htil) — Ent(f* | Ht)
O

The analysis above critically makes use of the fact that we are concerned with Bayesian regret,
and have access to the true prior. One might hope that by choosing a sufficiently uninformative
prior, this approach might continue to work in the frequentist setting. In fact, this is indeed the
case for bandits, though a different analysis is required [13, 14]. However, one can show (Sections 5
and 7) that the Bayesian analysis we have given here extends to significantly richer decision making
settings, while the frequentist counterpart is limited to simple variants of the multi-armed bandit.

Remark 3.4 (Equivalence of min-max frequentist regret and max-min Bayesian
regret): Using the minimax theorem, it is possible to show that under appropriate technical
conditions

min max EY A8[Reg] = max minE ., EY A8Reg].

Rinma [Reg] e main Eage [Reg]
That is, if we take the worst-case value of the Bayesian regret over all possible choices of prior,
this coincides with the minimax value of the frequentist regret.

The entropy potential in the proof plays the same role as the pigeonhole argument of Lemma 3.2:
there, each round that incurs large regret must increase the count of some action, of which there
are only A; here, each round that incurs large regret must reveal information about f*, but only
O(log|F|) bits of information can be revealed in total.

3.6 Adversarial Bandits and the Exp3 Algorithm*

The stochastic model of Assumption 3.1 is restrictive: in applications such as online advertising
or routing, the reward of a decision may drift over time, or may be chosen by an adversary.
This subsection gives a brief introduction to the multi-armed bandit problem with non-stochastic
rewards, which dispenses with Assumption 3.1 entirely. In the context of Figure 2, this moves
the problem along the “data” axis, in the same way that online learning generalizes statistical
learning in Section 2; the algorithm and analysis below make this analogy exact. To simplify the
presentation, suppose that the collection of rewards

{r'(m) € [0,1] : m € [A],t € [T]}

for each action and time step is arbitrary and fixed ahead of the interaction by an oblivious adver-
sary. Since we do not posit a stochastic model for rewards, we define regret as in (3.4).

As one might expect, the solution for non-stochastic bandits leverages the online learning tools
introduced in Section 2.2. We consider an algorithm known as Exp3 (Ezponential Weights for
Ezploration and Exploitation) [23], which builds upon the exponential weights algorithm for online
learning in Section 2.2. To make the connection as clear as possible, we make a temporary switch
from rewards to losses, mapping r* to 1—r*, a transformation that does not change the problem itself.
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Algorithm 3.4 Exp3

input: Learning rate n > 0.
Initialize p' = unif(II).
fort=1,...,7 do
Select 7' ~ p' and observe loss £'(7*).
Form the importance-weighted loss estimate Zt(ﬂ') =L/ (m)[{r* =7} /p!(r) for all w € TI.

Update p"*' () o< p'(m) exp(—nzt(w)).

Proposition 3.3 (Regret of Exp3): For any sequence of losses in [0,1]4 fixed in advance,
the Exp3 algorithm with an appropriate choice of 7 ensures that

E[Reg] < VAT log A,

where the expectation is over the algorithm’s randomization.

The remainder of this subsection sketches the proof.

Recall that p* denotes the learner’s randomization distribution at round ¢. Averaging over the
sampled actions, the expected bandit regret is

E[Reg| = E

T T
Z@t,m] — min > £ (n), (3.28)

t=1

where £' € [0,1]4 is the vector of losses at time t. The expectation also accounts for the randomness
in p’ induced by past observations.

Since only the loss (equivalently, reward) of the chosen action 7" ~ p’ is observed, we cannot directly
appeal to the exponential weights algorithm, which requires knowledge of the full vector £°. To
address this, we build an unbiased estimate of the vector £ from a single real-valued observation
£'(m"). At first, this might appear impossible, but it is straightforward to show that

to- 5

is an unbiased estimate for all = € [A], or in vector notation

x I{n"=n} (3.29)

~t

Bt [€] = £'. (3.30)

We apply exponential weights to the estimated loss vectors £, Asin Remark 2.4, the online learner’s
regret on these vectors is

T T
— U . 7
RegoL = ; <p ¥4 > i 2 £ (m). (3.31)

These estimated losses are nonnegative but can exceed one, so we use the second-order exponential
weights bound. This bound holds for each realized sequence of estimated losses; taking expectations
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and bounding their second moments gives E[Regg | < VAT log A. Unbiasedness then transfers
the guarantee to bandit regret:

T T
E[Reg] = E [Z <pt,2t>] - min B Z?(w)] (3.32)
t=1 t=1

< E[Rego | < VAT log A. (3.33)

The inequality follows by comparing with the best fixed action for the original loss sequence.

3.7 Bibliographic Remarks and Further Reading

Takeaways. This section introduced the multi-armed bandit as the simplest interactive decision
making problem, and used it to isolate the exploration—exploitation tradeoff created by partial feed-
back. The contrast between e-Greedy and UCB—uniform exploration paying 7%/% versus adaptive
exploration paying v/T—reappears in the contextual bandit setting of Section 4. More broadly,
three ideas recur throughout the monograph. First, optimism: by Lemma 3.1, the regret of UCB
is controlled by the sum of confidence widths. Second, the pigeonhole (or potential) argument of
Lemma 3.2, which shows that the widths cannot remain large for many rounds; it reappears in later
sections as the elliptic potential lemma. Third, the information-theoretic analysis of posterior sam-
pling, in which a decoupling inequality (Lemma 3.3) and an entropy potential replace confidence
intervals altogether; this argument foreshadows the Decision-Estimation Coefficient of Section 7.

Bibliographic remarks. The multi-armed bandit problem was introduced by Thompson [198]
in the context of clinical trials and given its modern formulation by Robbins [177]; the name refers
to a slot machine, or “one-armed bandit.” Upper confidence indices originate with ? |, who also
proved the asymptotic instance-dependent lower bound; the finite-time UCB algorithm and analysis
of Theorem 3.1, including the instance-dependent bound in the remark that follows it, are due to
Auer et al. [22], and the Q(v/AT) minimax lower bound is from Auer et al. [23]. Posterior sampling
is due to Thompson [198]; the information-theoretic analysis behind Proposition 3.2 follows Russo
and Van Roy [182], building on Russo and Van Roy [181], and frequentist regret bounds for posterior
sampling are due to Agrawal and Goyal [13] and Kaufmann et al. [123]. Exp3 and the importance-
weighted loss estimator are from Auer et al. [23].

Further reading. Comprehensive treatments of bandits are given by Lattimore and Szepesvari
[139], Slivkins [191], and Bubeck and Cesa-Bianchi [39]. Refinements of UCB include KL-UCB [95],
which attains the constant in the Lai-Robbins lower bound, and MOSS [20], which removes the
logarithmic factor from the minimax bound. The Bayesian analysis of posterior sampling extends to
adversarial rewards through minimax duality [41, 138], a perspective we return to in Section 5.5.2.

3.8 Deferred Proofs

Proof of Proposition 3.2 (full version). Let E-] = E[- | H'] and P[] = P[- | H']. We begin by
using the law of total expectation to express the expected regret as

T
Regpayes(1t) = E| Y Eea [f* (") — f*(x")] .
t=1

Here and throughout the proof, E[-] denotes the joint expectation over both M* ~ u and over the
sequence H” = (7', r'),..., (x",r") that the algorithm generates by interacting with M*.
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We first simplify the (conditional) expected regret for each step t. Let f*(7) := E;_1[f*(7)] denote
the posterior mean reward function at time ¢, which should be thought of as the expected value of
[* given everything we have learned so far. Next, let f!,(7) = E;_1[f*(n) | 7* = 7'], which is the
expected reward given the current history, assuming that 7* = 7’. We write the expression

B [f*(7) — f(7")]

in terms of these quantities. For the learner’s reward, we observe that f* is conditionally indepen-
dent of 7 given H'™', we have

Ei1[f*(7")] = Erpe [f (7).
For the reward of the optimal action, we begin by writing

Ec[f*(m)] = ) P (n = m) B [f*(n) | 7 = 7]

mell

= S P (= ) ()

mell

= Emvpt [f?r(ﬂ)]a

where we have used that p* was chosen to match the posterior distribution over 7*. This gives
Eea[f*(7%) = ()] = Eqept [fr () = fH(m)].

We now make use of the following decoupling-type inequality, which follows from (3.25):

Bt [F(m) = F'(m)] < \JA+ By [(Fie (m) — F1(m))?). (3.34)

To keep notation as clear as possible going forward, let us use boldface script (7!, 7w*, f*, H') to
refer to the abstract random variables under consideration, and use non-boldface script (7, 7*, f*,
H') to refer to their realizations. As in the simplified proof, we show that the right-hand side in
(3.34) is related to a notion of information gain (that is, information about 7* acquired at step t).
Using Pinsker’s inequality, we have

Eﬂ.t’ﬂ.*,\,pt [(f:r* (ﬂ't) - ft(ﬂt))2] S Et—l [DKL (Prthr*’ﬂt,'Ht—l H ]P),r.t‘ﬂtﬂ.tt—l)] .
Since KL divergence satisfies Ex [DKL(IP)Y‘X I Py)] =Ey [DKL (]P’X‘y I IP’X)], this is equal to
Bt 1 [DkL (Prexprt ot agt=1 (| Prerjpge—1) | = Bt [Dri (Prexpe | s age-1) |- (3.35)

This is quantifying how much information about 7#* we gain by playing 7% and observing r* at step
t, relative to what we knew at step ¢ — 1. Applying (3.34) and (3.35), we have

T T
S Byt [F2(m) = ()] £ 32/ A B et [(Fie (7) = ()]
t=1 t=1

T
<3 A B [Pt (Prs e | B )]
t=1

T

< \|AT Y T E[Dr (P pper | Pros =) |
t=1
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We can write
E[DKL(Pﬂ*|Ht H Pﬁ*|7{t71)} = Ent(ﬂ'* | Ht_l) _ Ent(ﬂ'* | Ht),

so telescoping gives

T
ZE[DKL(Pw*|Ht H Pﬁ*|Ht—1)] = Ent(ﬂ'* ‘ HO) - Ent(ﬂ'* ‘ ?‘LT) < lOg(A)
t=1
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4. CONTEXTUAL BANDITS: EXPLORATION AND GENERALIZATION

The multi-armed bandit of Section 3 assumes that a single decision is best for everyone. Few
applications look like this: a treatment that is right for one patient is wrong for another. This
section adds contexts: before each decision, the learner observes side information, and the goal is
to compete with the best policy mapping contexts to decisions. In the language of Figure 2, this
is the first step along the function approximation axis, and the central question is whether the
statistical efficiency of supervised learning can be retained when the learner must also explore. The
answer is yes, but not by optimism alone, and introduces a reduction from decision making to online
regression that resolves the problem for every class. This reduction, the Estimation-to-Decisions
principle, is the organizing idea of the rest of the monograph.

Organization. Section 4.1 formalizes the contextual bandit problem, the regret criterion, and
the role of function approximation. Section 4.2 adapts the principle of optimism to contextual
bandits, replacing confidence intervals by confidence sets built from least squares. Section 4.3
instantiates the template for linear classes (LinUCB), and Section 4.4 complements this by showing
that optimistic methods can have poor performance for general classes.

Section 4.5 introduces the online regression oracle, the main abstraction through which we reduce
decision making to supervised learning. Section 4.6 analyzes the simplest algorithm built on it,
e-Greedy, as a first attempt. This culminates in Section 4.7, which gives an optimal reduction,
Inverse Gap Weighting and the SquareCB algorithm.

4.1 The Contextual Bandit Problem

The simplicity of the multi-armed bandit problem comes at a cost: few real-world problems can be
modeled as a multi-armed bandit directly. For example, for the problem of selecting medical treat-
ments, the multi-armed bandit formulation presupposes that one treatment rule (action/decision)
is good for all patients, which is clearly unreasonable. To address this, we augment the problem
formulation by allowing the decision-maker to select the action 7" after observing a context x*; this
is called the contextual bandit problem. The context x*, which may also be thought of as a feature
vector or collection of covariates (e.g., a patient’s medical history, or the profile of a user arriving
at a website), can be used by the learner to better maximize rewards by tailoring decisions to the
specific patient or user under consideration.

Contextual Bandit Protocol

fort=1,...,7T do
Observe context z* € X.
Select decision 7" € IT = {1,..., A}
Observe reward r* € R.

The protocol proceeds in T rounds. At each round ¢, the learner observes a context z* € X, selects a
decision 7" € II—possibly at random, 7* ~ p’, where the distribution p* € A(II) may depend on z*
and on the history H'™' = (z', 7', r"),..., (z' ', 7", r'~1)—and observes a reward r*; see Figure 7.

As with multi-armed bandits, contextual bandits can be studied in a stochastic framework or in
an adversarial framework. In this monograph, we allow the contexts z',...,xz” to be generated in
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Figure 7: The contextual bandit problem. A doctor (the learner) selects a treatment (the decision)
based on the patient’s context (medical history, symptoms).

A

an arbitrary, potentially adversarial fashion, but assume that rewards are generated from a fixed
conditional distribution.

Assumption 4.1 (Stochastic Rewards): Rewards are generated independently via
rt~ MA(- | 2t ), (4.1)

where M*(- | -,-) is the underlying model (or conditional distribution).

This generalizes the stochastic multi-armed bandit framework in Section 3. As in Section 3, we
assume throughout this section that rewards are bounded, r* € [0, 1] almost surely, and regret
bounds hold with probability at least 1 — § unless stated otherwise; all results hold for arbitrary
(possibly adaptively chosen) context sequences. We define

[ (x,m) =E[r |z, (4.2)

as the mean reward function under r ~ M*(- | x,7), and define 7*(x) := argmax . f*(z, )
as the optimal policy, which maps each context x to the optimal action for the context. Unlike
the multi-armed bandit, the reward landscape now varies with the context, so no single action is
best; the natural benchmark is a policy rather than an action. We measure performance via regret
relative to m*:

T T
Reg := Z f*(lit’ W*(mt)) - Z Eﬂt~pt [f*(xt7 Wt)]? (43)
t=1 t=1

where, as above, p’ is the learner’s action distribution at step ¢. This provides a (potentially) much
stronger notion of performance than what we considered for the multi-armed bandit: Rather than
competing with the reward of the single best action, we are competing with the reward of the best
sequence of decisions tailored to the context sequence we observe.

Remark 4.1 (Contextual bandits versus reinforcement learning): To readers already
familiar with reinforcement learning, the contextual bandit setting may appear quite similar at
first glance, with the term “context” replacing “state”. The key difference is that in reinforce-
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ment learning, we aim to control the evolution of z',..., 2" (which is why they are referred
to as state), whereas in contextual bandits, we take the sequence as a given, and only aim to
maximize our rewards conditioned on the sequence.

Function approximation and the goal. As a first idea, if X', the set of possible contexts, is
finite, one can imagine running a separate multi-armed bandit (MAB) algorithm for each context,
updating each algorithm only when its corresponding context is encountered. This leads to the
following guarantee (the proof is deferred to Section 4.9).

Proposition 4.1 (Unstructured contextual bandits): Suppose |X| =K < oo, |II| = A <
oo, and rewards lie in [0, 1]. If we run a separate UCB instance for each context, then for any
(potentially adaptive) context sequence,

E[Reg] < /AKT log(eAKT).

We see that the regret bound scales with |X'|, an undesirable property which reflects the fact that
this approach does not allow for generalization across contexts. Instead, we would like to share
information between different contexts. After all, a doctor prescribing treatments might never
observe exactly the same medical history and symptoms twice, but they might see similar patients
or recognize underlying patterns. In the spirit of statistical learning (Section 2) this means assuming
access to a class F that can model the mean reward function, and aiming for regret bounds that
scale with log|F| (reflecting the statistical capacity of F), with no dependence on the cardinality
of X. To facilitate this, we make the following realizability assumption.

Assumption 4.2 (Realizability): The decision-maker has access to a class F C {f : X xII —
R} such that f* € F.

In keeping with the reward convention, we also assume that f(z,7) € [0,1] for all f € F unless
otherwise specified. Using the class F, we would like to develop algorithms that can model the
underlying reward function for better decision making performance. Concretely, the goal of this
section is regret that scales with log|F| and has no dependence on |X'|. The best possible rate of this
form, /AT log|F]|, is attained in Section 4.7; for linear classes, the number of actions A is replaced
by the dimension d (Section 4.3). In the language of Figure 2, contexts introduce generalization
across X through function approximation, but the decision space remains unstructured.

With our goal in mind, it is natural to try leveraging the algorithms and respective guarantees we
have already developed for statistical and online supervised learning. At this point, however, the
decision-making problem—with its exploration-exploitation dilemma—appears to be quite distinct
from these supervised learning frameworks. Indeed, naively applying supervised learning methods,
which do not account for the interactive nature of the problem, can lead to failure, as we saw
with the greedy algorithm in Section 3.2. In spite of these apparent difficulties, the remainder of
this section shows that it is possible to leverage supervised learning methods to develop provable
decision making methods, thereby bridging the two methodologies.
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4.2 Optimism for Contextual Bandits: A Generic Template

What algorithmic principles should we employ to solve the contextual bandit problem? One ap-
proach is to adapt solutions from the multi-armed bandit setting. There, we saw that the principle
of optimism (in particular, the UCB algorithm) led to (nearly) optimal rates for bandits, so a nat-
ural question is whether optimism can be adapted to give optimal guarantees in the presence of
contexts. The answer to this last question is: it depends. We first describe some positive results
under assumptions on F (Sections 4.2 and 4.3), then provide a negative example (Section 4.4), and
finally turn to an entirely different algorithmic principle (Section 4.7).

Optimism via confidence sets. Let us describe a general approach (or, template) for applying
the principle of optimism to contextual bandits [57, 1, 180, 80]. Suppose that at each time, we have
a way to construct a confidence set

F'CF

based on the data observed so far, with the important property that f* € F'. Given such a
confidence set we can define upper and lower confidence functions f*, f*: X x II — R via

it(x’ﬂ-) :]1”161.17-1'1’5 f(x,m), ft($77r) :Jrcréaj__}gf($77r) (4.4)

These functions generalize the upper and lower confidence bounds we constructed in Section 3.
Since f* € F*, they have the property that

[z, m) < fr(z,7) < fi(z,m) (4.5)
for all x € X, 7 € II. As such, if we consider a contextual analogue of the UCB algorithm, given by
7' = argmax f'(x', ), (4.6)

mell

then as in Lemma 3.1, the optimistic action satisfies
f*($t7ﬂ*($t)) o f*((ljt,ﬂ't) S ft(xt,ﬂt) —it(mt,ﬂ't).

That is, the suboptimality is bounded by the width of the confidence interval at (z*, "), and the
total regret is bounded as

T
Reg < Y f'(a',7) — f'(a', 7). (47)
t=1

To make this approach concrete and derive sublinear bounds on the regret, we need a way to
construct the confidence set F*, ideally so that the width in (4.7) shrinks as fast as possible.

How should we construct the confidence set? Recall from (3.20) that the optimistic approach

for multi-armed bandits is to select an action 7* that maximizes f!(m) = f(m) + \/% for some S
n-(m
that depends on 7', A, 5. What are the corresponding quantities for our setting of contextual bandits

with a class F7 Unfortunately, since in the present formulation we may never observe the same z*
more than once, the corresponding meaning of J/"\t(:r, 7) as an average of observed rewards makes
no sense. It turns out that appealing to the variational representation of averages as minimizers of
the squared loss gracefully resolves this conundrum. The idea is as follows.
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Denote by S*(mw) the set of rewards obtained when action m was chosen prior to time ¢, with
|St(7)| = n'(7). As mentioned, we may write the mean reward as

_]?t(ﬂ) = argmin Z (v —71)>.

vr€R reSt(m)
Similarly, the confidence set
. r B
veR: |Jv— fi(n)] < ——= (4.8)
n'(m)
can be shown to coincide with
) N2 N2 2
velR: Z (v—r) min (v —r)" < 5% ), (4.9)
reSt(n) reSt(n)

the set of almost-minimizers of the mean squared error. To verify this when n = n'(7) > 0, let
Fi=n"! D orest(m) - SInce 3, cgi () (r —7) = 0, expansion gives

Y w=rP=n-7’+ > (F-r7

resSt(r) reSt(m)

The minimum is attained at v = 7, so the excess squared loss is n(v — 7)2. Its sublevel set at 52 is
exactly (4.8). When n = 0, the loss in (4.9) is identically zero and the confidence set is all of R.
As we show next, these re-formulations open the door to constructing the confidence sets F*.

Constructing confidence sets with least squares. We construct confidence sets by appealing
to a supervised learning method, empirical risk minimization with the square loss (or, least squares).
Recall that f(x, ) € [0,1] for all f € F and r* € [0, 1] almost surely. Let

i—1
£ — arg min i) — )2 .
f _a?ef ?Zl(f(x, )—1") (4.10)

be the empirical risk minimizer at round ¢, and with 82 := 8log(|F|/J) define F* = F and

t—1 t—1
Ft= {f eF ) (fla', ) =) <D (fila,m) — 1) + 52} (4.11)
=1 =1

for t > 1. These definitions are the bona fide generalizations of Egs. (4.8) and (4.9), aiming to
employ the structure of functions in F and enable generalization across the covariates and decisions.
Observe that the optimization problems in Egs. (4.10) and (4.11) pull together information across
all the triples (z*, 7%, ") instead of bucketing the data according to a particular context.

In summary, our confidence set F* is the collection of all functions in F that have empirical squared
error close to that of ft We set S “just large enough” to ensure that we do not accidentally
exclude f*—a property necessary for establishing (4.5)—with the precise value for 8 informed by
the probabilistic inequalities we explored in Section 2. The only catch here is that we need to use
variants of these inequalities that handle dependent data, since z' and 7* are not i.i.d. in (4.10).
The following result shows that F* is indeed valid and, moreover, that all functions f € F* have
low estimation error on the history.
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Lemma 4.1 (Validity of least-squares confidence sets): Let n',..., 7" be chosen by an
arbitrary (and possibly randomized) decision-making algorithm. With probability at least 1—9,
f* e F for all T € [T]. Moreover, with probability at least 1 — ¢, for all 7 € [T, all f € F~
satisfy

7—1
D By [(f(a', 1) = £ (2", 7))%] < 487, (4.12)
t=1

where 32 = 8log(|F|/6).

Importantly, the definition of F* in (4.11) does not involve the unknown f*, yet Lemma 4.1—the
statistical consequence of least squares—guarantees closeness to f*.

Proof of Lemma 4.1. For f € F, define
U'(f) = (f(a',m') = 1')? = (f*(a', ") — ') (4.13)
It is straightforward to check that!?
Ee-1 U'(f) = Eeor(f(a',7") = f*(2', 7))%, (4.14)

where E;_1[-] := E[- | H*" ', 2]. Then Z*(f) = E,—1 U*(f)—U"(f) is a martingale difference sequence
and » [, Z'(f) is a martingale. Because z' and 7' depend on the past, Bernstein’s inequality for
independent variables does not apply; we use instead its martingale analogue, Freedman’s inequality
(Lemma A.3), which appears here for the first time and is used repeatedly in later sections. Since
increments Z'(f) are bounded as |Z'(f)| < 2 (this holds whenever f € [0,1],7" € [0,1]), according
to Lemma A.3 with n = %, with probability at least 1 — ¢, for all 7 < T,

SO Zf) < = S B [24(F)?) + 8log(a7). (4.15)
t=1 8 t=1

To control the right-hand side, we again use that f,r" € [0, 1] to bound

—~

Ee 1 [2)%) < Bt [((Fatsmt) = ) = (F (a7 = 1)) ] 4.16)

<AE[(ft 7)) - At 7)) = 4B U'()).

—~

4.17)

Then, after rearranging, (4.15) becomes

SR U < Y U(F) + 8log(67). (4.18)
t=1 t=1

Since the left-hand side is nonnegative, we conclude that with probability at least 1 — 4,

Z(f*(xt,wt) —r)? < Z(f(.%’t,ﬂ't> — )2 +8log(671). (4.19)
t=1

t=1

12We leave E;_; on the right-hand side to include the case of randomized decisions 7¢ ~ p'.
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Taking a union bound over f € F, gives that with probability at least 1 — 9,

T

VieF, vre(T], D> (7)) —r)? <> (fa' ) —r)? + 8log(|F|/d), (4.20)
t=1

t=1

and in particular, shifting index 7 by 1 for brevity, and applying to the data-dependent ]?T,

T—1 7—1
vrelT+1, D (ffa ) =) <D (f(at ) — ') + 8log(| F|/0); (4.21)
t=1 t=1

that is, we have f* € F7 for all 7 € {1,...,T + 1}, proving the first claim. For the second part of
the claim, observe that any f € F™ must satisfy

T—1
YU <
t=1

since the empirical risk of f* is never better than the empirical risk of the minimizer ft Thus from
(4.18), with probability at least 1 — ¢, for all 7 < T,

T—1
D B UN(f) <287+ 161og(67"). (4.22)
t=1

The second claim follows by taking union bound over f € F* C F, and by (4.14). O

Lemma 4.1 is valid for any algorithm, but it is particularly useful for UCB as it establishes the
validity of the confidence bounds as per (4.5); however, it is not yet enough to show that the
algorithm attains low regret. Indeed, to bound the regret, we need to control the confidence
widths in (4.7), but there is a mismatch: for step 7, the regret bound in (4.7) considers the width
at (z7,7"), but (4.12) only ensures closeness of functions in F7 under (z*,7'),...,(z" !, 7" 1).
Section 4.3 shows that for linear models, it is possible to control this mismatch; Section 4.4 shows
that this is not possible in general.

4.3 Optimism for Linear Models: The LinUCB Algorithm

We now instantiate the general template for optimistic algorithms developed in the previous section
for the special case where F is a class of linear functions.

Linear models. We fix a feature map ¢ : X xII — B4(1), where BZ(1) is the unit-norm Euclidean
ball in R, The feature map is assumed to be known to the learning agent. For example, in the
case of medical treatments, ¢ transforms the medical history and symptoms x for the patient, along
with a possible treatment 7, to a representation ¢(x, ) € Bg(l). In practice, feature maps come
from domain knowledge or from a representation learned offline (for example, the penultimate layer
of a pretrained neural network); for the analysis, all that matters is that ¢ is fixed and known. We
take F to be the set of linear functions given by

F=A(z,m) — (0,¢(zx, 7)) | 0 € O}, (4.23)

where © C B%(1) is the parameter set. As before, we assume f* € F; we let 0* denote the
corresponding parameter vector, so that f*(z,7) = (6%, ¢(x,7)). With some abuse of notation, we
associate the set of parameters © to the corresponding functions in F.
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The LinUCB algorithm. The following figure displays an algorithm we refer to as LinUCB [21,
57, 1], which adapts the generic template for optimistic algorithms to the case where F is linear in
the sense of (4.23).

Algorithm 4.1 LinUCB

input: Confidence parameter 5 > 0.
fort=1,...,7 do R
Compute the least squares solution €' (over 6 € O) given by

t—1
f' = argmin Z((Q, o', 7)) — )2,

bco
Define
=l
Y= Z o(z', m)p(x, )T + 1.
i=1
Given z', select action

~

7' € argmax (0", ¢(z¢, m)) + /1652 + 4 H(;S(act,ﬂ)H(it),l )

mell

Observe reward r?

LinUCB instantiates the template of Section 4.2 with the least-squares confidence set (4.11): for
linear classes this set is contained in an ellipsoid centered at 5‘, and maximizing a linear function
over an ellipsoid gives the closed-form upper confidence bound in the last step of the algorithm;
the proof below makes this precise. The following result shows that LinUCB enjoys a regret bound
that scales with the complexity log|F| of the model class and the feature dimension d.!?

Theorem 4.1 (Regret of LinUCB): Let © C BJ(1) be a nonempty finite set, let 6* € ©, and
fix ¢ : X x IT — BE(1). Assume r* € [—1, 1] almost surely, and let 7> 1 and 6 € (0,1). Break
ties using a fixed rule. Let F be the corresponding class of linear functions in (4.23), and take
% = 321og(|F|/§). Then LinUCB satisfies, with probability at least 1 — 6,

Reg < /(B2 + 1)dT log(1 + T/d) < \/dT log(1 + T/d)(1 + log(|F|/3))

for any potentially adaptive sequence of contexts. More generally, for any compact, potentially
infinite set © C B4(1) containing #*, the same first bound holds with

8% = 32[dlog(1 + 2T) + log(1/5)] + 6.

In particular, with probability at least 1 — ¢,

Reg < \/dT log(1 + T/d)[dlog(1 + T) + log(1/8) + 1].

3 The theorem allows rewards in [—1, 1] rather than the [0, 1] convention of this section, because linear predictions
with 6 and ¢ in the unit ball take values in [—1,1]. Lemma 4.1 applies after rescaling, with 82 = 32log(|F|/9).
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Notably, this regret bound has no explicit dependence on the context space size |X|. Interestingly,
the bound is also independent of the number of actions |II|, which is replaced by the dimension d;
this reflects that the linear structure of F allows the learner to generalize not just across contexts,
but across decisions. Section 5 expands upon the idea of generalizing across actions.

Remark 4.2 (Connection to UCB for multi-armed bandits): We can embed the multi-armed
bandit setting as a special case of linear contextual bandits by considering a single context zg and
one-hot features ¢(xg,a) = eq, so that d = A. Let N,(t) count selections of action a before time ¢.

Then
1

X' = diag(Ni(),- . Nat).  leallige = 5t

Consequently, LinUCB’s score is é\; + \/1652 + 4/\/Na(t) + 1, and we see that in this setting, the
diagonal covariance recovers the inverse-square-root count dependence of UCB’s bonus.

We prove the here result for finite parameter sets; a straightforward extension to continuous pa-
rameter sets uses discretization, and is deferred to Section 4.9.

Proof of Theorem /.1, finite parameter sets. The confidence set (4.11) in the generic optimistic al-
gorithm template is

=1

t—1 i—1
F= {0 €0: Y (0.0 m)) — )2 < Y (0, p(a’ ) — ) + 62}, (4.24)
i=1

where ' is the least squares solution computed in LinUCB. By Lemma 4.1, with the rescaling to
[—1, 1] described above, with probability at least 1 — ¢, for all ¢t € [T], all § € F" satisfy

t—1

D (0 -0 p(a", 7)) < 4B, (4.25)

=1

which means that F* is a subset of'4

t—1
o = {9 cO:0—07|% < 4/32}, where £ = gz, 7)), 7). (4.26)
=1

Since " € F*, we have that for any 6 € ©’, by triangle inequality, HO — é\tH;t < 16432. Furthermore,

since ' € © C B4(1), H@ - §t|’2 < 2. Combining the two constraints into one, we find that © (and,
hence, F*) is a subset of

t—1
o — {9 e R4 [0 — 6|2, <1682+ 4}, where ¢ = (et w)p(at 7) T+ 1. (4.27)
=1

The purpose of establishing the containment F* C ©" is purely computational, as it gives us a
clean upper bound on f* in (4.4):

fi(a,m) < 9:]\9—@]\2?/16572%@’ ¢z, 7)) = (0, d(x,m)) + V1682 + 4]|p(z, 7)l| 50y -1,  (4.28)

"“For a PSD matrix ¥ = 0, we define ||z||s = /(z, S).
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and similarly f‘(z,7) > <§t,gz§(x,7r)> — /1632 +4H¢(x,7r)\|(it),1. Since 0* € ©", the upper and
lower envelopes of ©” bracket the true reward at every action. LinUCB maximizes this enlarged
upper envelope, so the optimistic-regret argument (Lemma 3.1) bounds its regret by the width of
©" at the selected action. Thus,

T T
Reg < 2/1652 +4) _ [¢(z", )l g1 S o (8% + DT ||, wt>yy§§t),1. (4.29)
t=1 t=1

The above upper bound has the same flavor as the one in Lemma 3.2: as we obtain more and
more information in some direction v, the matrix > has a larger and larger component in that
direction, and for that direction v, the term Hv||?§t),1 becomes smaller and smaller. Unlike the
multi-armed bandit case, where each round increments the count of a single action, a single feature
vector ¢(z', m') can have components in many directions at once. To conclude, we apply a potential
argument, Lemma 4.2 below, to bound

T
S ot 7%, 1 S dlog(1 +T/d).
t=1
]

The following result is referred to as the elliptic potential lemma, and it can be viewed as a
generalization of Lemma 3.2.

Lemma 4.2 (Elliptic potential lemma): Let a,...,ar € R satisfy |ja¢|| < 1 for all t € [T,
and let V; =T+ 3 , asa;. Then

T
> llaclly-s < 2dlog(1+7/d). (4.30)
t=1
More generally, for any A > 0, with V} = A+ > _, asa/,
T
Zlog(l - ||atH?VtA),1) <dlog(1+A"'T/d). (4.31)

t=1

Proof of Lemma 4.2. Set uy = atTVt:llat. Since Vi1 = I and ||at||2 < 1, we have 0 < u; < 1. The
matrix determinant lemma gives det V; = det V;_1(1 + w;). Also, u < 2log(1 + ) on [0, 1], since
the derivative of 2log(1 4+ u) —wis (1 — u)/(1 + u) > 0. Therefore

T T det

Vi
E <2§ log(1 + =21 = 2logdet V.
2 Ut S 2 og( ut) og det Vo ogdet VvV

We further observe that if Aq,..., \q are the positive eigenvalues of Vr, the arithmetic—geometric
mean inequality implies

d tr Vi ¢ 1 T ¢
det Vp =[N < < dT) = <1+dZ|yat\|§> < (1+T/d)".
j=1 t=1

Combining the two displays proves the claim. O
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Figure 8: The construction in Example 4.1. The true function f* (left) and a “defector” f; (right).

To summarize, the analysis of LinUCB combined two ingredients that carry forward: confidence sets
defined through excess square loss (Lemma 4.1), and a potential argument (Lemma 4.2) showing
that the confidence widths at the selected actions cannot remain large. The elliptic potential lemma
reappears in the analysis of LSVI-UCB in Section 9.2.

4.4 Failure of Optimism Beyond Linear Classes

We now present an example of a class F for which optimistic methods necessarily incur regret that
scales linearly with either the cardinality of F or with cardinality of X', meaning that we do not
achieve the desired log|F| scaling of regret that one might expect in (offline or online) supervised
learning. This construction is from Foster et al. [80].

Example 4.1 (Failure of optimism for contextual bandits). Let A = 2, and let N € N be given.
Let 7, and m, be two actions available in each context, so that IT = {m,, m,}. Let X = {xy,...,xx}
be a set of distinct contexts, and define a class F = {f*, fi,..., fx} of cardinality N + 1 as follows.
Let f*(z,7,) = 1/2 and f*(x,m,) = 0 for any « € X. For each i € [N], fi(z;,7,) = 1/2 and
fi(z;,m) =0 for j # ¢, while f,(x;,7,) =0 and fi(x;,m,) = 1; see Figure 8 for an illustration.

Now, consider a (realizable) problem instance in which rewards are deterministic and given by
= ),

which we note is a constant function with respect to the context. Since f* is the true model, 7, is al-
ways the best action, bringing a reward of 1/2 per round. Any time 7, is chosen, the decision-maker
incurs instantaneous regret 1/2. We now argue that if we apply the generic optimistic algorithm
from Section 4.2, it chooses m, every time a new context is encountered, incurring Q(NN) regret.

Let S* be the set of distinct contexts encountered before round ¢. Clearly, the exact minimizers of
empirical square loss (see (4.10)) are f*, and all f; where ¢ is such that x; ¢ S*. Hence, for any
choice of 8 > 0, the confidence set in (4.11) contains all f; for which z; ¢ S*. This implies that for
each t € [T] where 2" = z; ¢ S*, action m, has a higher upper confidence bound (defined in (4.4))
than 7,, since

flatm) = filwi,m) =1> fia',m,) = f*(a',7,) = 1/2.
Hence, the cumulative regret grows by 1/2 every time a new context is presented, and thus scales

as Q(N/2) if the contexts are presented in order. That is, since N = |X| = |F| — 1, the confidence-
based algorithm fails to achieve logarithmic dependence on F.

Let us remark that this failure continues even if contexts are stochastic. If the contexts are chosen
via the uniform distribution on X, then for T > N, at least a constant proportion of the domain
will be presented, which still leads to a lower bound of

E[Reg| = Q(N) = Q(min{|F|,|X|}). <
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This stands in contrast to supervised learning, where empirical risk minimization attains excess
risk scaling with log|F| for every finite class (Proposition 2.1). It is precisely the interactive nature
of the problem that breaks the classical guarantee.

What is behind the failure of optimism in this example? The structure of F forces optimistic
methods to over-explore, as the algorithm puts too much hope into trying the arm m, for each new
context. As a result, the confidence widths in (4.7) do not shrink quickly enough. In what follows,
we develop alternative methods which do enjoy logarithmic dependence on the size of F, with the
best of these methods (Section 4.7) achieving regret O(\/ AT log|F]).

We mention in passing that even though optimism does not succeed in general, it is useful to
understand in what cases it works. We saw that the structure of linear classes in R? only allowed
for d “different” directions, while in the example above, the optimistic algorithm gets tricked by
each new context, and is not able to shrink the confidence band quickly enough over the domain.
Section 5 introduces the eluder dimension, a structural property of the class F which generalizes
this notion, and is sufficient for optimistic methods to achieve low regret.

4.5 Reduction to Online Regression

Given that the principle of optimism only leads to low regret for classes F with special structure, we
are left wondering whether there are more general algorithmic principles for decision making that
can succeed for any class F. This subsection develops the tool behind such principles: a reduction
of decision making to online regression. Sections 4.6 and 4.7 then present two algorithms built on it.

For motivation, inspecting Theorem 4.1, the meaning of 4% in (4.11), and the statistical consequence
of Lemma 4.1, we observe that the regret bound of LinUCB “morally” has the form

T T 1/2
Reg < (d 3N Erey [(ffﬂ(g;t,wt) - f*(f,#))ﬂ)

7=11t=1

where ]?T“ is the least squares (or, supervised learning with square loss) solution with respect to
(zt,mtyrt), ..., (27,77, r"). However, Example 4.1 indicates that relying on past data too much is
not a viable approach in general. Indeed, even if covariates z* are i.i.d., our decisions 7* are not,
and—according to Proposition 2.3—ERM may not have low regret. In hindsight, the fact that
we were able to base our result for LinUCB on simple “offline” regression appears to be more of a
happy accident than an instance of a deeper principle.

To make progress, we build upon online supervised learning as opposed to offline. To make the use
of supervised learning as modular as possible, we the specific algorithm away using the notion of
an online regression oracle [79].
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Definition 4.1 (Online Regression Oracle): At each time ¢ € [T], an online regression

oracle returns, given
1 1 .1 t—1 _t—1 t—1
(zt,mhyrt), o (2 et et

with E[ri|z, 7] = f*(2',7") and 7' ~ p', a function f* : X x Il — R. Define the cumulative

estimation error
T

Bstsq i= 3 Bneye | (2!, 7) = [*(',7))?]
t=1

The oracle is required to ensure that
Estsq < Estsq(F,T,0)

with probability at least 1 — ¢, where Estsq(F,T,0) is a deterministic bound. For the results
that follow, p* = p*(-|*, H'~") will represent the randomization distribution of a decision-maker.

The quantity Estsq is the cumulative squared estimation error from (2.16), now averaged over
the action at each round; it is a random variable that depends on the realized data. We use
Estsq(F,T,6) for a deterministic upper bound on this error that holds with probability at least
1 — §. Throughout, the bare symbol refers to the realized error and the argument form to the
guarantee; results whose proofs are pathwise are stated in terms of the former, and the latter is
substituted in when tuning parameters.

We can construct such an oracle using the online learning methods from Section 2.2. The online
predictor aims to keep its square-loss regret Reggql_ small when predicting r* from (z*,7*). Under
realizability, Lemma 2.3 converts this regret guarantee into an expected squared prediction-error
bound. Freedman’s inequality (Lemma A.3 in the appendix) gives the high-probability guaran-
tee required here. For example, for finite classes of [0, 1]-valued functions and bounded rewards,
averaged exponential weights has Reg(s)ql_ < log|F| and yields Estsq(F,T,6) < log(|F|/d). Note
that we make use of online regression oracles for the results that follow because we aim to derive
regret bounds that hold for arbitrary, potentially adversarial sequences z',...,z7. If we instead
assume that contexts are i.i.d., it is reasonable to make use of algorithms for offline estimation, or

statistical learning with F. See Section 4.7.1 for further discussion.

4.6 A First Attempt: The e-Greedy Algorithm

With the oracle in hand, what remains is the choice of the exploration distribution p* as a function
of the estimate f*. The first general-purpose contextual bandit algorithm we study, illustrated
below, is a contextual counterpart to the e-Greedy method introduced in Section 3.
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Algorithm 4.2 <-Greedy for Contextual Bandits

input: Exploration parameter € € (0, 1); online regression oracle.
fort=1,...,T do
Obtain _]?t from online regression oracle for (z', 7', r'),..., (z" ', w1 r'h).
Observe x*.
With prob. e, select 7' ~ unif([4]), and with prob. 1 — &, choose the greedy action

7 = argmax f'(z, 7).
mE[A]

Observe reward 7r?.

At each step t, the algorithm uses an online regression oracle to compute a reward estimator ]a(l‘, )
based on the data H'™' collected so far (the estimator is computed before z' is revealed, and is
then evaluated at x'). Given this estimator, the algorithm uses the same sampling strategy as in
the non-contextual case: with probability 1 — ¢, the algorithm chooses the greedy decision

7' = arg max j/’\t(xt, ), (4.32)
™
and with probability € it samples a uniform random action 7* ~ unif({1,..., A}). The following
theorem shows that whenever the online estimation oracle has low estimation error Estsq(F, T, 9),
this method achieves low regret.

Proposition 4.2 (Regret of c-Greedy for contextual bandits): Suppose the decision-
maker has access to an online regression oracle (Definition 4.1) with a guarantee Estsq(F, T, ).

Then by choosing € appropriately, the e-Greedy algorithm ensures that with probability at least
1—9,

Reg < AVBT3. Estsq(F, T, 5)1/3
for any sequence z',...,z"7. As a special case, when F is finite, if we use the (averaged)
exponential weights algorithm as an online regression oracle, the e-Greedy algorithm has

Reg < AY/3T2/3 10g1/3(|.7:]/5).

Notably, this result scales with log|F| for any finite class, analogous to regret bounds for of-
fline/online supervised learning. This is the first regret bound in the monograph obtained by
reducing decision making to supervised learning: the only property of the oracle used in the proof
is its estimation error, so any online regression method can be plugged in. The T%/3-dependence
in the regret bound is suboptimal (as seen for the special case of non-contextual bandits), which
Section 4.7 addresses via more deliberate exploration.

Proof of Proposition 4.2. Recall that p* denotes the randomization strategy on round ¢, computed
after observing x*. Following the same steps as the proof of Proposition 3.1, we can bound regret by

r T
Reg = 3 Erupl/(a', 7 (") = (@', 7)) < 30 f7(@, 7 (0)) = f(@ ) 4T,
t=1 =1
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where the €T term represents the bias incurred by exploring uniformly.

Fix t and abbreviate 7*(z") = 7*. We have
f*(ﬂjt,ﬂ-*) _f (xt %t)
= [f*(', 7)) — Fat, 7)) + [Fi(af, 7) — Frat, 7] + [fi(at, 7) — fr(2', 7))
< > et - fiat, o)l

me{mt,m*}
> %w It 7) = Fat,m)
me{mt,m*}

By the Cauchy-Schwarz inequality, the last expression is at most
1/2 1/2

> > rm(Fe - Fatn) (4.39)

¢
re{mt,m*} p (ﬂ-) re{mt,m*}

< Aoy (s - )} (431

Summing across ¢, this gives

T T R 1/2

;f*(mt,w*(xt))_f*(f,w g\/?;{ wtept (/7@ 7) = F 71'))2} (4.35)
1/2

2AT{ZEW,5NP( ) — ft(xt,wt))Q} . (436)

Now observe that the online regression oracle guarantees that with probability 1 — 4,

ﬁ

T

~ 2
Y Erioy ( Fo(at, ) — ft(svt,wt)) < Estsq(F, T, 9).
t=1

Whenever this occurs, we have

Reg < \/ATEstsq(]-“,T,é) T
9

Choosing ¢ to balance the two terms leads to the claimed result (if the balancing value exceeds
one, we take ¢ = 1; in that case ' S AEstsq(F,T,0), and the claimed bound holds trivially). [
4.7 Inverse Gap Weighting and the Estimation-to-Decisions Principle

To conclude this section, we present a general, oracle-based algorithm for contextual bandits which
achieves

Reg < /AT log|F|

for any finite class F. As with e-Greedy, this approach has no dependence on the cardinality |X|
of the context space, reflecting the ability to generalize across contexts. The dependence on T
improves upon e-Greedy, and is optimal.
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To motivate the approach, recall that conceptually, the key step of the proof of Proposition 4.2
involved relating the instantaneous regret

Ertope[f* (@, 7% (2")) — f7(2", )] (4.37)

of the decision maker at time ¢ to the instantaneous estimation error
Epepe | (f*(2',7) = Fi(at, 7)) (4.38)

between f‘ and f* under the randomization distribution p*. The e-Greedy exploration distribution
gives a way to relate these quantities, but the algorithm’s regret is suboptimal because the random-
ization distribution puts mass at least £/A on every action, even those that are clearly suboptimal
and should be discarded. One can ask whether there exists a better randomization strategy that still
admits an upper bound on (4.37) in terms of (4.38). Proposition 4.3 below establishes exactly that.
At first glance, this distribution might appear to be somewhat arbitrary or even magical, but Sec-
tions 5 and 7 show that it arises as a special case of a more general—and in some sense, universal—
principle for designing decision making algorithms. The distribution below was introduced by Abe
and Long [2]; the form and the use we make of it here follow Foster and Rakhlin [79].

Definition 4.2 (Inverse Gap Weighting): Given a vector F=(f1),..., f(A) € R4, the
Inverse Gap Weighting distribution p = IGW,(f F(),....f ( )) with parameter v > 0 is defined

as )
p(m) = (4.39)

A+ 2y(f(F) = f(m))
where 7 = argmax f( ) is the greedy action, and where A € [1,A] is chosen such that
) =

doap(m

Above, the normalizing constant A\ € [1, A] is always guaranteed to exist, because we have % <
S, p(m) < 4, and because A+ 3 p(n) is continuous over [1, A].

Let us give some intuition behind the distribution in (4.39). We can interpret the parameter + as
trading off exploration and exploitation. Indeed, v — 0 gives a uniform distribution, while v — oo
amplifies the gap between the greedy action 7 and any action with f ( ) < f ( ), resulting in a
distribution supported only on actions that achieve the largest estimated value f(%)

The following fundamental technical result shows that playing the Inverse Gap Weighting distri-
bution always suffices to link the instantaneous regret in (4.37) in to the instantaneous estimation
error in (4.38).

Proposition 4.3 (Inverse gap weighting links regret to_estimation error): Con-
sider a finite decision space II = {1,...,A}. For any vector f € R4 and v > 0, define
p=IGW,(f(1),..., f(A)). This strategy guarantees that for all f* € R4,

Enpf*(n) — ()] < f Ty By [(F(m) - £, (4.40)
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Proof of Proposition 4.3. We break the “regret” term on the left-hand side of (4.40) into three
terms:

Ennp[/*(7%) = [*(0)] = B [f(R) = J(0)] + B [F(m) = f*(m)] + f*(x%) = J(R)

(I) exploration bias (IT) est. error on policy (IIT) est. error at opt

The first term asks “how much would we lose by exploring, if fwere the true reward function?”,
and is equal to

f&) - f() A-1
zw: A+ 29(f®) = f(m)) =Ty

while the second term is at most

\/Ew[(f(w) — f*(m)?] < 217 + %EM( (m) — f*(m))%

The third term can be further written as

* (% o = yomt 171'* *71'*—/\77*2 ; fi f
£ = F) = (F) = F) < o) () = F) + 5

2vp(7*)
The term in brackets above is equal to
A+ 29(F @) = F)  amy T A_A
—(f(@) = f(7")) = 5= < o
2y YT 2y

O]

The simple result we just proved is remarkable. The special IGW strategy guarantees a relation be-
tween regret and estimation error for any estimator f and any f*, irrespective of the problem struc-
ture or the class F. Proposition 4.3 is the core of the development for the rest of the monograph; Sec-
tions 5 and 7 greatly generalize it to general decision making problems and reinforcement learning.

Below, we present a contextual bandit algorithm called SquareCB [79] which makes use of the
Inverse Gap Weighting distribution to achieve optimal regret.

Algorithm 4.3 SquareCB

input: Exploration parameter v > 0; online regression oracle.
forit=1,....,T do
Obtain f* from online regression oracle with (z', 7", r"),... (z' ", 7" ', '),
Observe z'. R R
Compute p* = IGW,, (ft(xt, 1),..., fi(a, A))
Select action 7' ~ pt.
Observe reward r*.

At each step t, the algorithm uses an online regression oracle to compute a reward estimator ]a(:c, )
based on the data H'™' collected S0 far. Given this estimator, the algorithm uses Inverse Gap
Weighting to compute p* = IGW,(f*(«",-)) as an exploratory distribution, then samples 7* ~ p'.

The following result, which is a near-immediate consequence of Proposition 4.3, gives a regret bound
for this algorithm.
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Theorem 4.2 (Regret of SquareCB): Given a class F with f* € F, for any v > 0 and any
sequence z',...,x", SquareCB satisfies

TA
Reg < — + v - Estgq
Y

for every realization. In particular, if the decision-maker has access to an online regres-
sion oracle (Definition 4.1) with estimation error Estsq(F,T,d), then SquareCB with v =
\/TA/Estsq(F, T, ) attains a regret bound of

Reg < \/ATEstsq(f, T,6)

with probability at least 1 — §. As a special case, when F is finite, the averaged exponential
weights algorithm achieves Estsq(F, T, ) < log(|F|/6), leading to

Reg < /AT log(|F|/9).

Proof of Theorem 4.2. We begin with regret, then add and subtract the squared estimation error
as follows:

T

Reg = Y Enop[f*(2',7%) — f*(a',7")]

t=1
T

<> iy [f*(xf, ) — At ) — - (F(, ) — P wt))ﬂ + - Estsg.
t=1

~

By appealing to Proposition 4.3 with f(z',-) and f*(z',-), for each step ¢, we have

N A
Bty [ 170, 7%) = P17 =7+ (' n) = Flat, 7)) < 2

and thus A
Reg < — + - Estgq.
Y

This holds for every realization. On the event, of probability at least 1—4, that the oracle guarantee
Estsq < Estsq(F,T,0) holds, choosing v to balance the two terms yields the result. O

If the online regression oracle is minimax optimal (that is, Estsq(F,7,6) is the “best possible” for
F) then SquareCB is also minimax optimal for F. Thus, IGW not only provides a connection between
online supervised learning and decision making, but it does so in an optimal fashion. Establishing
minimax optimality is beyond the scope of this monograph: it requires understanding of minimax
optimality of online regression with arbitrary F, as well as lower bound on regret of contextual
bandits with arbitrary sequences of contexts. We refer to Foster and Rakhlin [79] for details.

Interpretation: The Estimation-to-Decisions principle. SquareCB is the first instance of a
design principle that organizes the rest of this monograph, which we call Estimation-to-Decisions.
The principle has two ingredients: an estimation oracle, a supervised (online) learning algorithm
that produces an estimate ft for the unknown model with no regard for exploration, and an explo-
ration strategy, a fixed rule that maps f* to a distribution p* over decisions. The central property is
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that the exploration strategy ensures that our performance for decision making is controlled by our
performance for estimation. For Inverse Gap Weighting, this is the inequality in Proposition 4.3,

Ervp[f*(7%) — f*(m)] < 1;1+’Y'Ew~p[(f(7f)—f*(7f))2] for all fand f*,  (4.41)

regret of p estimation error of f under p

which, summed over rounds, bounds the regret of the algorithm by the estimation error of the oracle
on the data the algorithm itself collects. That this is possible at all should come as a surprise: the
estimate may be arbitrarily wrong on decisions the algorithm never plays, but (4.41) says that with
the right choice for p, such errors cannot hurt.

The value of this reduction is that it separates the two sources of difficulty: the estimation oracle
handles generalization across the class F (and can be any method from statistical or online learning),
while the exploration strategy handles exploration. It also makes the algorithm oracle-efficient:
each round costs one call to the regression oracle and O(A) additional arithmetic. Generalizing this
principle, in Section 5 we ask what the best possible exploration strategy is for a gemeral decision
space II; the answer is given by a complexity measure, the Decision-Estimation Coefficient, which
systematically generalizes the IGW distribution to general decision spaces. The principle is devel-
oped in even greater generality—subsuming reinforcement learning—in Section 7, and Section 8
further shows that it leads to a universal lower bound on regret for decision making.

This concludes the main development of this section. The remaining subsection covers an extension
and can be skipped on a first reading.
4.7.1 Extension: SquareCB with Offline Regression Oracles*

When z', ..., 27 are i.i.d., it is natural to ask whether an online regression method that works for
arbitrary sequences is necessary, or whether one can work with a weaker oracle tuned to i.i.d. data.
For SquareCB, it turns out that any oracle for offline regression (defined below) is sufficient.

Definition 4.3 (Offline Regression Oracle): Given
(xty 7ty (et

where x*,..., 2" are i.i.d., 7° ~ p(2’) for fixed p : X — A(Il) and E[r’|z*, 7] = f*(z', "), an
offline regression oracle returns a function f : X x II — R such that

By rp(e)(F(2,7) — f*(2,m))? <t Estd(F, ¢, 0)

with probability at least 1 — §.

Note that the normalization ¢! above is introduced to keep the scaling consistent with our con-
ventions for offline estimation.

Below, we state a variant of SquareCB which is adapted to offline oracles [189]. Compared to
the SquareCB for online oracles, the main change is that we update the estimation oracle and
exploratory distribution on an epoched schedule as opposed to updating at every round. In ad-
dition, the parameter v for the Inverse Gap Weighting distribution changes as a function of the
epoch.
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Algorithm 4.4 SquareCB with Offline Regression

input: Exploration parameters 71,79, ... and epoch sizes 71, 7s, . . .; offline regression oracle.
form=1,2,... do
Obtain f™ from offline regression oracle with

(x7"rrz—2+17 7-("'m—2+1’ /r'Tm—2+1)7 ceey (me—l , 7[-Tm—1 , frTm—l)_
fort=7,-1+1,...,7, do
Observe z°.

Compute p* = IGW,,, (fm(:vt, 1),..., fm(azt, A))
Select action 7! ~ pt.
Observe reward 7°.

While this algorithm is quite intuitive, proving a regret bound for it is quite non-trivial—much more
so than the online oracle variant. The key challenge is that, while the contexts z',... 27 are i.i.d.,
the decisions 7',..., 7" evolve in a time-dependent fashion, which makes it unclear to invoke the
guarantee in Definition 4.3. Nonetheless, the following remarkable result, due to Simchi-Levi and
Xu [189], shows that this algorithm attains a regret bound similar to that of Theorem 4.2.

Proposition 4.4 (Regret of SquareCB with offline oracles): Form = 1,2,..., let 7,,, = 2™
and v, = \/ATm_l/Estggf(}", Tm—1,0). Then with probability at least 1—J, regret of SquareCB
with an offline oracle is at most

[log T']
Reg < Z \/A T Est‘s’g(}", T, 0/m2).
m=1

Under mild assumptions, above bound scales as

Reg < \/A‘T-Estgg(}",T,é/logT).

For a finite class F, we recall from Section 2 that empirical risk with the square loss (least squares)
achieves Estgg(}' ,T,0) < log(|F|/6), which gives

Reg < /AT log(|F|/0).

Thus, when contexts are i.i.d., the Estimation-to-Decisions reduction goes through with an offline
oracle as well, at the price of an epoch schedule and a more delicate analysis.

4.8 Bibliographic Remarks and Further Reading

Takeaways. This section showed that supervised learning algorithms can be lifted into interac-
tive decision making algorithms without sacrificing statistical efficiency: with a realizable class F,
one can achieve regret scaling with log|F| and no dependence on the number of contexts. Opti-
mism accomplishes this for linear classes (LinUCB), but fails for general classes (Example 4.1). The
key idea is the Estimation-to-Decisions principle: pair an off-the-shelf regression oracle with an
exploration rule, Inverse Gap Weighting, that guarantees that the regret of the chosen distribution
is controlled by the estimation error of the oracle under that same distribution (Proposition 4.3).
SquareCB is the simplest instance of this principle, and the rest of the monograph generalizes this
to structured bandits and reinforcement learning.
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Bibliographic remarks. The optimism template of Section 4.2, with confidence sets defined
through excess square loss (Lemma 4.1), follows Russo and Van Roy [180]. Optimism for linear
contextual bandits originates with Auer [21]; the name LinUCB and the algorithm in Algorithm 4.1
are from Li et al. [145], with the first regret analysis given by Chu et al. [57]. The confidence
ellipsoids and elliptic potential lemma behind Theorem 4.1 are due to Dani et al. [61] and Abbasi-
Yadkori et al. [1]. Example 4.1 is from Foster et al. [80]. The T2/3 rate of Proposition 4.2 for uniform
exploration (Algorithm 4.2) with a supervised learning oracle goes back to the epoch-greedy algo-
rithm of Langford and Zhang [133]; the online regression oracle (Definition 4.1) is the abstraction
of Foster and Rakhlin [79]. The Inverse Gap Weighting distribution (4.39) was introduced by Abe
and Long [2]; Proposition 4.3 for linear contextual bandits. SquareCB (Algorithm 4.3), and Theo-
rem 4.2 are due to Foster and Rakhlin [79], who observed that inverse gap weighting encompasses
the general contextual bandit problem and is minimax optimal. The offline variant of SquareCB,
Algorithm 4.4, and its regret bound are due to Simchi-Levi and Xu [189], who termed this version
of the algorithm as FALCON. The perspective of Estimation-to-Decisions as the general principle
behind these methods is from Foster et al. [84].

Further reading. Textbook treatments of linear and contextual bandits are given by Lattimore
and Szepesvari [139] and Slivkins [191]. Refinements of SquareCB include instance-dependent regret
bounds governed by a disagreement coefficient [85], first-order bounds [78], and adaptation to
misspecification [83]. Not covered in this monograph is the agnostic formulation of the contextual
bandit problem, where one competes with a class of policies rather than assuming realizability.
This is the setting of Exp4 [23] and of the oracle-efficient algorithm of Agarwal et al. [5].

4.9 Deferred Proofs

Proof of Proposition 4.1. The case T' =1 is immediate from Reg < 1, so assume T > 2. For each
pair (x,a), consider an independent stream of rewards with distribution M*(- | x, a), revealing the
next entry whenever that pair is selected. This is equivalent to the stochastic multi-armed bandit
protocol, even when contexts and actions depend on the past. Let 7, 4, be the mean of the first
n entries of this stream. Hoeffding’s inequality and a union bound over K AT choices of (z,a,n)
give, for L = log(2AKT?),

L 1
P|3 1<n<T: |fpan— f(z, | <2KATe L = —.
<w,a7 Sn<T: |l f(wa)|>\/2n>_ e T

Condition on the complement of this event. Once every action has been tried for a given context,
the usual optimistic comparison shows that choosing an action with n > 1 previous observations
incurs regret at most 21/L/(2n). When n = 0, UCB chooses an untried action, whose regret is at
most one.

Let N o be the number of selections of (z,a) up to time T" and N, = Y N, ,. The first selections
contribute at most min{A, N,} < /AN, in context z. Since Z?z_ll n~1/2 < 2,/m, the remaining
selections give

A
Reg, < VAN, +2V2L Y /Ny o < (1+2V2L)\/AN,.
a=1

Summing over contexts and applying Cauchy—Schwarz once more yields

Reg < (1+2V2L)VAY /N, < (1+2V2L)VAKT.
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Taking expectations and using L < log(eAKT) proves the result. O

LinUCB with continuous parameter sets. We now extend Theorem 4.1 to continuous pa-
rameter sets. The idea is to approximate the parameter set by finitely many points, apply the
concentration argument to those points, and then bound the error from the approximation. We
begin with the elementary covering lemma needed for this argument.

Lemma 4.3 (Finite nets for linear predictors): For any nonempty © C Bg(1) and 0 <
€ < 1, there is a finite ©. C © such that

O/ <(1+2/e)% V€O Jnin 0 02 <e.

For any such approximating pair and any feature map with ||¢(z, 7)|]2 < 1,

|fo(z,7) — for(z,m)| < e for all (z,7).

Proof of Lemma 4.3. Choose a maximal collection ©, C © whose distinct points are more than e
apart. The open Euclidean balls of radius /2 centered at these points are disjoint and contained
in the ball of radius 1 + £/2. Comparing their volumes gives

10:1(e/2)7 < (1+¢/2)7,

so the collection is finite with the claimed cardinality. In particular, greedily adding separated
points must terminate, which establishes existence even when © is not closed. Maximality makes
this collection an e-net. Finally, Cauchy—Schwarz gives

[fo(z,m) = fo(z,m)| = [{0 = 0, (2, m))| < (|0 — O'l|2]|d(z, m)]l2 < e.
O

Proof of Theorem 4.1, continuous parameter sets. Recall that in this setup, LinUCB still computes
least squares over the full set ©; we appeal to covering numbers and a finite approximation only to
establish the confidence set guarantee.

Fix 0 < € <1 and the net O, from Lemma 4.3; write N = |©,|. For any 6 € ©, define
Ui(0) = (fo(a', 7)) —r')? = (f*(a',7") —7)%, Di(0) = Eia[Ui(0)].

Here E;_; conditions on the past and the current context, before choosing the action and observing
its reward. The stochastic reward assumption gives

Di(0) = Einpi [(fo(a', 7') — f*(2',7))?].
All rewards and predictions lie in [—1, 1]. Consequently, |D;() — U;(0)| < 8 and
Ei—1[(Di(8) — Ui(6))*] < Ei—1[U;(6)?] < 16D;(6).

Apply Lemma A.3 with n = 1/32 to each fixed § € O, and take a union bound over the net. With
probability at least 1 — d, simultaneously for all net points #/ € ©. and all 0 <n < T,

LS D) < 3 @) + 2108V,
=1 i=1
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The comparison function in this argument is the true f*; it need not belong to the net.

For any 6 € ©, choose 0" with ||§ — ¢’||2e. Factoring differences of squared losses, and using
boundedness, gives
\U;(0) — U;(0")| < 4e, |D;(0) — Di(0)] < 4e.

Thus the same event ensures, for every § € © and prefix n < T,
1 n n
3 > Di0) <Y Ui(0) +b,  b=32log(N/5) + 6Te. (4.42)
i=1 i=1

Let 2 > b, and consider the confidence sets (4.11) over the original class. Compactness of © ensures
that the least-squares minimizer exists. Applying (4.42) to that minimizer, and using D; > 0, shows
that its cumulative loss is at least the cumulative loss of f* minus . Hence f* € F* for every t.
Every 6 € F* also has ), _, U;(0) < 32, because the empirical minimizer has no greater loss than
f*. Therefore

> Di(6) < 2(8> +b) < 45%.

i<t
This is exactly the confidence guarantee used in the finite-class LinUCB proof. Since LinUCB chooses
its maximizing action deterministically (with fixed tie-breaking), these conditional squared errors
are the quadratic forms in its empirical covariance matrix. The rest of the proof and Lemma 4.2
then give

Reg < /(8% + 1)dT log(1 + T/d).

Finally, setting e = 1/T, the e-net bound gives b < 32[dlog(1 + 2T') + log(1/0)] + 6, proving the
stated result. O
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5. STRUCTURED BANDITS: EXPLORATION IN LARGE DECISION SPACES

Contextual bandits generalize across conterts; this section turns to the other axis of Figure 2, gen-
eralizing across decisions. In the structured bandit problem, the decision space may be continuous
or combinatorially large, and the learner must use structured in the reward landscape to infer the
rewards of decisions it may have never played from those it has. Compared to contextual bandits,
the situation is more subtle: regret must scale with log|F| and with a measure of how hard the
class F is to explore, and the right way to explore depends on F. The section’s main tool is
the Decision-Estimation Coefficient, which identifies the best possible exploration strategy for any
class, and the resulting algorithm, Estimation-to-Decisions, which turns the principle of Section 4
into a single method for that can be applied to all structured bandit problems.

Organization. Section 5.1 formalizes the structured bandit problem and desiderata. Section 5.2
adapts the principle of optimism to the structured setting and analyzes it based on a complexity
measure called the eluder dimension, but shows that it can be exponentially suboptimal in general.
Section 5.3 introduces the Decision-Estimation Coefficient and the E2D algorithm, and shows that
Inverse Gap Weighting is the special case for finitely many actions. Section 5.4 computes the DEC
for examples including linear bandits and nonparametric bandits. Lastly, Section 5.5 relates the
DEC back to optimism and to posterior sampling. Two optional extensions (marked *) follow:
Section 5.6 adds contexts, and Section 5.7 collects structural properties of the DEC.

5.1 The Structured Bandit Problem

The structured bandit problem generalizes the (non-contextual) multi-armed bandit problem by
allowing for large, potentially infinite or continuous decision spaces. The protocol is as follows.

Structured Bandit Protocol

fort=1,...,7 do
Select decision 7t € II. //11 is large and potentially continuous.
Observe reward rt € R.

The only change from the multi-armed bandit protocol of Section 3 is that II is no longer restricted
to {1,...,A}. This added generality is natural in many applications:

> In medicine, the treatment may be a continuous variable, such as a dosage. The treatment
could even be a high-dimensional vector (such as dosages for many different medications).
See Figure 9.

> In pricing applications, a seller might aim to select a continuous price or vector or prices in
order to maximize their returns.

> In routing applications, the decision space may be finite, but combinatorially large. For
example, the decision might be a path or flow in a graph.

Assumptions and regret. As in preceding sections, we assume that rewards are stochastic, and
generated from a fixed model.
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reward 1 a

Figure 9: The structured bandit problem. A doctor (the learner) selects a continuous, high-
dimensional treatment (the decision).

Assumption 5.1 (Stochastic Rewards): Rewards are generated independently via
rt o~ M*(- | ), (5.1)

where M*(- | -) is the underlying model.

We define
fr(m):=E[r|n] (5.2)

as the mean reward function under r ~ M*(- | ), and measure regret via

T T
Regi= 3 /(") = S B [F(r)] (53)
t=1 t=1
Here, 7* := argmax, p f*(7) as usual. We define the history as H' = (7',7'),..., (7", r"). As

in the preceding sections, we assume that r* € [0,1] almost surely, and regret bounds hold with
probability at least 1 — § unless stated otherwise.

Function approximation. A first attempt to tackle the structured bandit problem might be
to apply algorithms for the multi-armed bandit setting, such as UCB. This would give regret
O(+//II|T"), which could be vacuous if IT is large relative to 7. However, with no further as-
sumptions on the underlying reward function f*, this is unavoidable. To allow for better regret,
we make assumptions on the structure of f* that allow us to share information across decisions,
and to generalize to decisions that we may not have played. This is well-suited for the applications
described above, where IT is a continuous set (e.g., IT C R?%), but we expect f* to be continuous, or
perhaps even linear with respect some well-designed set of features. To make this idea precise, we
follow the same approach as in statistical learning and contextual bandits, and assume access to a
realizable function class F that aims to capture our prior knowledge about f*.

Assumption 5.2 (Realizability): The decision-maker has access to a class F C {f : II — R}
such that f* e F.
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As for rewards, we assume that f(7) € [0,1] for all f € F unless stated otherwise. Given such a
class, a reasonable goal—particularly in light of the development in Section 2 and Section 4—would
be to achieve guarantees that scale with the complexity of supervised learning or estimation with
F, e.g. log|F| for finite classes; this is what we were able to achieve for contextual bandits, after
all. Unfortunately, this is too good to be true, as the following example shows.

Example 5.1 (Necessity of structural assumptions). Let IT = [A], and let F = {fi}ic4), where

1 1 .
fi(m) = 5t §]I{Tr =1i}.
It is clear that one needs Reg 2 A AT for this setting, yet log|F| = log(A), so a regret bound of
the form Reg < /T log|F| is not possible if A is large relative to T <

What this example highlights is that generalizing across decisions is fundamentally different (and,
in some sense, more challenging) than generalizing across contexts (the two can also be combined;
see Section 5.6). In light of this, we aim for guarantees that scale with log|F|, but additionally scale
with an appropriate notion of complezity of exploration for the decision space II. Such a notion
of complexity should reflect how much information is shared across decisions, which depends on
the interplay between Il and F. The complexity measure we arrive at, the Decision-Estimation
Coefficient, does exactly this, and characterizes the optimal regret for structured bandits up to the
log|F| estimation term (Section 8).

5.2 Warm-Up: Optimism and the Eluder Dimension

To see what such guarantees look like and how they can be obtained, we first investigate the
optimism principle and the UCB algorithm in the structured setting. We show that:

1. UCB attains guarantees that scale with log|F|, and additionally scale with a notion of com-
plexity called the eluder dimension, which is small for simple problems such as bandits with
linear rewards.

2. In general, UCB is not optimal, and can have regret that is exponentially large compared to
the optimal rate.
5.2.1 UCB for Structured Bandits

We can adapt the UCB algorithm from multi-armed bandits to structured bandit by appealing to
least squares and confidence sets, similar to the approach we took for contextual bandits [180].
Recall that f(7) € [0,1] for all f € F and r* € [0,1] almost surely. Let

t—1
£ — arg min ) — ri)? .
f _a%e]-" ;(f( )—1") (5.4)

be the empirical minimizer on round ¢, and with 3% := 8log(|F|/§), define confidence sets F* = F
and

t—1 t—1
F= {f EF D (fr) =2 <Y (fila) =) + 52}- (5.5)
i=1 =1

Defining f*(r) := max ezt f(7) as the upper confidence bound, the generalized UCB algorithm is
given by

= argérllqax fi(m). (5.6)
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When does the confidence width shrink? Using Lemma 4.1, one can see the generalized
UCB algorithm ensures that f* € F* for all ¢ with high probability. Whenever this happens, regret
is bounded by the upper confidence width:

T
Reg <) f'(x') — f*(x"). (5.7)
t=1

This bound holds for all structured bandit problems, with no assumption on the structure of IT and
F. Hence, to derive a regret bound, the only question we need to answer is when will the confidence
widths shrink?

For the unstructured multi-armed bandit, we need to shrink the width for every arm separately,
and the best bound on (5.7) we can hope for is O(y/|II|T"). One might hope that if IT and F have
nice structure, we can do better. In fact, we have already seen one such case: For linear models,
where

F= {w — (0,6(r)) |0 €O C Bgu)}, (5.8)

Theorem 4.1 shows that we can bound (5.7) by y/dT'log|F|. Here, the number of decisions |II| is
replaced by the dimension d, which reflects the fact that there are only d truly unique directions
to explore before we can start extrapolating to new actions. Is there a more general version of this
phenomenon when we move beyond linear models?

5.2.2 Eluder Dimension: Bounding Confidence Widths

The eluder dimension [180] is a complexity measure that aims to capture the extent to which
the function class F facilitates extrapolation (i.e., generalization to unseen decisions), and gives a
generic way of bounding the confidence width in (5.7). It is defined for a class F as follows.

Definition 5.1 (Eluder Dimension): Let 7 C (II — R) and f* : II — R be given, and
define Edim ;. (F, ¢) as the length of the longest sequence of decisions 7',..., 7% € II such that
for all ¢ € [d], there exists f* € F such that

[F{(x) = (@) > e, and Y (f1(r) - fr(n)? < 2 (5.9)

1<t

The eluder dimension is defined as Edimg«(F, &) = sup. >, Edim. (F,&') vV 1. We abbreviate
Edim(F,e) = max «cr Edim s« (F, €).

The intuition behind the eluder dimension is simple: It asks, for a worst-case sequence of decisions,
how many times we can be “surprised” by a new decision n* if we can estimate the underlying
model f* well on all of the preceding points. In particular, if we form confidence sets as in (5.5)
with § = €, then the number of times the upper confidence width in (5.7) can be larger than ¢ is
at most Edim g« (F, ). We consider the definition Edim+(F, &) = sup./>. Edim ;. (F,¢) V 1 instead
of directly working with Edim . (F,e) to ensure monotonicity with respect to e, which is used in
the proof of Proposition 5.1.

The following result gives a regret bound for UCB for generic structured bandit problems. The
regret bound has no dependence on the size of the decision space, and scales only with Edim(F,¢)
and log|F]|.
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Proposition 5.1 (Regret of UCB via the eluder dimension): For a finite set of functions
F C (I — [0,1]), using 32 = 8log(|F|/§), the generalized UCB algorithm guarantees that with
probability at least 1 — ¢,

Reg < Er;igl{\/Edim(]:, e)-Tlog(|F|/9) + 5T} < \/Edim(]:, T-1/2) . Tlog(|F|/5). (5.10)

For the case of linear models in (5.8), it is possible to use the elliptic potential lemma (Lemma 4.2)
to show that
Edim(F,e) < dlog(e™1).

For finite classes, this gives Reg < /dT log(]F|/d) log(T), which recovers the guarantee in Theo-
rem 4.1. Another well-known example is that of generalized linear models. Here, we fix link function
o:[—1,+1] — R and define

F= {7r = a((0,¢(r))) [0 €O C Bg(l)}'

This is a more flexible model than linear bandits. A well-known special case is the logistic bandit
problem, where o(z) = 1/(1 + e™#). One can show [180] that for any choice of o, if there exist
w, L > 0 such that p < 0/(z) < L for all z € [-1,+1], then

: L? -
Edim(F,¢e) S e -dlog(e™1). (5.11)

]"fhiii }terads to a regret bound that scales with %\ /dT log|F|, generalizing the regret bound for linear
andits.

In general, the eluder dimension can be quite large. Consider the generalized linear model setup
above with o(z) = +relu(z) or o(z) = —relu(z) (either choice of sign works), where relu(z) :=
max{z,0} is the ReLU function; this can be interpreted as a neural network with a single neuron.
Here, we can have o/(z) = 0, so (5.11) does not apply, and it turns out [144] that

Edim(F,e) > e (5.12)

for constant €. That is, even for a single ReLU neuron, the eluder dimension is already exponen-
tial, which is a bit disappointing. Fortunately, the eluder dimension can be overly pessimistic: Sec-
tion 5.4 shows that it is possible to do better for this class, but this requires changing the algorithm.

Proof of Proposition 5.1. Define
Fr= {f €F [ (f(x) = f*(x)* < 4ﬁ2}-
i<t
By Lemma 4.1, we have that with probability at least 1 — §, for all ¢:
1. fre F.
2. Ft C Fu.
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Let us condition on this event. As in Lemma 3.1 , since f* € F*, we can upper bound

Reg < — ().

1M
i

Now, define
w'(m) = sup [f(m) — f*(m)],

feFt

which is a useful upper bound on the upper confidence width at time ¢. Since F* C F*, we have
T
Reg < Z w' ('
t=1

We now appeal to the following technical lemma concerning the eluder dimension, which is Russo
and Van Roy [180, Lemma 3].

Lemma 5.1 (Eluder dimension controls confidence widths): Fix a function class F,
function f* € F, and parameter § > 0. For any sequence 7', ..., w7, if we define

w'(m) = SUP{f(W) = fH(m) Y () = 1) < ﬂQ},

fer

then for all o > 0,

Z]I{w N> a} < (inrl)-Edimf*(]—",a).

Note that for the special case where 5 = «, the bound in Lemma 5.1 immediately follows from the

definition of the eluder dimension. The point of this lemma is to show that a similar bound holds
2

for all scales a simultaneously, but with a pre-factor % that grows large when a < f.

To apply this result, fix € > 0, and bound

T

Z <Zw ') > e} +£T. (5.13)

t=1

Let us order the indices {1,...,T} as {i1,...,ir}, so that w'i(7"1) > w2(x'2) > ... > w7 (7w'").
Consider any index 7 for which w' (7'7) > €. For any a > ¢, if we have w'"(7'7) > «a, then Lemma
5.1 (since o < 1 < 52) implies that

2

< Z]I{w ) > a) < (52 + 1) Edim ;. (F,a) < 55 2 Edim . (F, o). (5.14)

Since we have restricted to o > ¢ and o — Edim ¢« (F, o) is decreasing, rearranging yields

5Edim(F,¢)

T

w'(r'T) < B
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With this, we can bound the main term in (5.13) by

L [Edim(F,¢) .
w'(m)[{w'(7*) > e} < B\ ————= < BV Edim(F,e)T.
Z 2T % :

Combining this with (5.13) gives Reg < 5+/Edim(F,e)T + T'. Since € > 0 was arbitrary, we are

free to minimize over it.

O

Proof of Lemma 5.1. Let us adopt the shorthand d = Edim. (F, ). We begin with a defini-
tion. We say 7 is a-independent of 7', ... «" if there exists f € F such that |f(7) — f*(7)| > «
and S (f(7) — 5 (7))? < a®. We say 7 is a-dependent on «',...,x" if for all f € F with
i (f(m) = (7)) < o2, |f(m) = f*(m)] <

We first claim that for any ¢, if w'(7*) > a, then m; is a-dependent on at most 32/a? disjoint
subsequences of 7', ... w7, Indeed, let f be such that |f(7") — f*(7")| > . If 7" is a-dependent

on a particular subsequence 7’1, ... 7' but w'(x") > a, we must have
k
> (f(ms) = (7)) = .
J=1

If there are M such disjoint sequences, we have

Ma? < 3 (f(x) - (7)) < B,

i<t
so M < g—z
Next, we claim that for 7 and any sequence (7', ..., 77), there is some j such that 77 is a-dependent
on at least |7/d] disjoint subsequences of 7*,... ,7’~'. Let N = |7/d], and let By,..., By be
subsequences of 7', ..., 7. We initialize with B; = (#*). If #V¥*! is a-dependent on B; = (7*) for

all 1 <i < N we are done. Otherwise, choose 7 such that 7+ is a-independent of B;, and add it
to B;. Repeat this process until we reach j such that either 77 is a-dependent on all B; or j = 7.
In the first case we are done, while in the second case, we have S_Y |B;| > 7 > dN. Moreover,
|B;| < d, since each 77 € B; is a-independent of its prefix (this follows from the definition of eluder
dimension). We conclude that |B;| = d for all 7, so in this case 7" is a-dependent on all B;.

Finally, let (7’1, ..., 7w'") be the subsequence 7', ..., 7" consisting of all elements for which w'i (7') >
a. Each element is dependent on at most 5%/a? disjoint subsequences of (7’1, ..., 7'7), and by the
argument above, one element is dependent on at least |7/d] disjoint subsequences, so we must have
|7/d] < B%/a?, which implies that 7 < (8%/a? + 1)d. O

5.2.3 Failure of Optimism: The Cheating Code

The following example shows a function class F for which the regret experienced by UCB is expo-
nentially large compared to the regret obtained by a simple alternative algorithm. The construction
is adapted from Amin et al. [17] and Jun and Zhang [119].

Example 5.2 (Cheating Code). Let A € N be a power of 2 and consider the following function
class F (in this example, we depart from the convention of this section and allow rewards and
functions to take values in [—1, 1]; rescaling to [0, 1] changes nothing).
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> The decision space is Il = [A]UC, where C = {ci, ..., Clog,(4)} 15 a set of “cheating” actions.

> For all actions 7 € [A], f(7) € [0,1] for all f € F, but we otherwise make no assumption on
the reward.

> For each f € F, rewards for actions in C take the following form. Let 7y € [A] denote the
action in [A] with highest reward. Let b(f) = (b1(f),- .., biog,(a)(f)) € {0, 1}1og2(4) pe a
binary encoding for the index of my € [A] (e.g., if 7y = 1, b(f) = (0,0,...,0), if 7y = 2,
b(f) =(0,0,...,0,1), and so on). For each action ¢; € C, we set

flei) = =bi(f).

The idea here is that if we ignore the actions C, this looks like a standard multi-armed bandit
problem, and the optimal regret is ©(v/ AT'). However, we can use the actions in C to “cheat” and
get an exponential improvement in sample complexity. The argument is as follows.

Suppose for simplicity that rewards are Gaussian with r ~ N (f*(7),1) under 7. For each cheating
action ¢; € C, since f*(¢;) = —b;(f*) € {0,—1}, we can determine whether the value is b;(f*) =0
or b;(f*) = 1 with high probability using 5(1) action pulls. If we do this for each ¢; € C, which
will incur O(log(A)) regret (there are log(A) such actions and each one leads to constant regret),
we can infer the binary encoding b(f*) = bi(f*),...,big,(4)(f*) for the optimal action 7y« with
high probability. At this point, we can simply stop exploring, and commit to playing 7+ for the
remaining rounds, which will incur no more regret. If one is careful with the details, this gives that
with probability at least 1 — §,

Reg < logy(A) - log(logy(A4)/6),

since there are log,(A) cheating actions, and a union bound over them requires each to be pulled
O(log(logy(A)/d)) times. In other words, by exploiting the cheating actions, our regret has gone
from linear to logarithmic in A (we have also improved the dependence on T', an added bonus).

Now, let us consider the behavior of the generalized UCB algorithm. Unfortunately, since all actions
c; € C have f(c;) <0 for all f € F, we have f*(c;) < 0. As a result, the generalized UCB algorithm
will only ever pull actions in [A], ignoring the cheating actions and effectively turning this into a
vanilla multi-armed bandit problem, which means that

Reg = VAT.

<

This example shows that UCB can behave suboptimally in the presence of decisions that reveal
useful information but do not necessarily lead to high reward. Since the “cheating” actions are
guaranteed to have low reward, UCB avoids them even though they are very informative. We
conclude that:

1. Obtaining optimal sample complexity for structured bandits requires algorithms that more
deliberately balance the tradeoff between optimizing reward and acquiring information.

2. In general, the optimal strategy for picking decisions can be very different depending on the
choice of the class F. This contrasts the contextual bandit setting, where we saw that the
Inverse Gap Weighting algorithm attained optimal sample complexity for any choice of class
F, and all that needed to change was how to perform estimation.
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Remark 5.1 (Suboptimality of posterior sampling): Recall the Bayesian bandit setting
in Section 3.5, where we showed that the posterior sampling algorithm attains regret 6(\/@)
when IT = {1,..., A}. Posterior sampling is a general-purpose algorithm, and can be applied
to directly to arbitrary structured bandit problems (as long as a prior is available). However,
similar to UCB, the cheating code construction in Example 5.2 implies that posterior sampling
is not optimal in general. Indeed, posterior sampling will never select the cheating arms in C,
as these have sub-optimal reward for all models in F. As a result, the Bayesian regret of the
algorithm will scale with Reg > /AT for a worst-case prior.

5.3 The Decision-Estimation Coefficient: Estimation-to-Decisions for Structured Bandits

Section 5.2 leaves us with two requirements: an algorithm must deliberately trade reward for
information, and the tradeoff must adapt to the class F. This section shows that both are met
by a general version of the Estimation-to-Decisions principle of Section 4: reduce decision making
to supervised online estimation, and pair the estimation oracle with an exploration strategy that
ensures that regret is controlled by estimation error.

Concretely, we keep the online regression oracle of Section 4 and generalize the exploration strategy.
First, we require the following oracle for supervised estimation.

Definition 5.2 (Online Regression Oracle): At each time ¢ € [T], an online regression

oracle returns, given
(), o (et

with E[ri|7] = f*(7') and 7* ~ p‘, a function fi: 1 — R. Define the cumulative estimation
error

Bstay = 3" By () — 1
t=1

The oracle is required to ensure that Estsq < Estsq(F,T,0) with probability at least 1 — ¢,
where Estsq(F,T,0) is a deterministic bound. Here, p’(-|H*"") is the randomization distribu-
tion for the decision-maker.

This is the oracle from Definition 4.1 with the context omitted. As discussed there, a square-loss
online regret bound on Reggql_ yields an estimation-error bound Estsq(F, T, 0) under realizability.
In particular, for finite classes of bounded functions and bounded rewards, averaged exponential
weights gives Estsq(F,T,0) < log(|F|/9).
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The following algorithm, which we call Estimation-to-Decisions or E2D [84, 89], is a general-purpose
meta-algorithm for structured bandits.

Algorithm 5.1 Estimation-to-Decisions (E2D) for Structured Bandits

input: Exploration parameter v > 0; online regression oracle.
fort=1,...,7 do
Obtain f* from online regression oracle with (mwhyrt), ., (m et
Compute

p' = argminmax Eq.p | f(mf) — f(r) — v+ (f(x) = f'(r))?|.
peA(Il) JEF

Select action 7* ~ p* and observe reward r’.

As in SquareCB, each round consists of an estimation step and an exploration step; the only change
is the latter, which now solves a min-max problem over p € A(II) and f € F instead of applying a
closed-form rule. Why a min-max problem? Inverse Gap Weighting was tailored to finitely many
unstructured actions, and the examples in Section 5.2 show that for a general class F, the right way
to explore depends on F in a delicate way. Rather than designing an exploration strategy by hand
for each F, E2D lets the class itself determine the strategy: given the estimate ft, it asks for the
distribution over decisions that achieves the best possible tradeoff between regret and estimation
error. The value of this tradeoff is a complexity measure (or, structural parameter) for F called
the Decision-Estimation Coefficient [84, 89|, given by

dec ]-',A = i axEr~ — — - — f(m)? |. 5.15
+(F5 f) ouin max By f(ry) = f(m) = (f(7) = f(7)) (5.15)
regret of decision  information gain for obs.

That is, the Decision-Estimation Coefficient is the value of a game in which the learner (the min
player) chooses a distribution over decisions so that, against a worst-case instance f (the max
player), the regret of the decision is controlled by the information gain (or, estimation error) about
f relative to a reference model f—a guess for the true model. With enough information, the learner
can confirm or rule out the guess, and the scale parameter « controls how much regret they are will-

~

ing to incur to do so. In general, the larger the value of dec, (F, f), the more difficult it is to explore.

To state a regret bound for E2D, we define

dec,(F) = sup decv(}',f). (5.16)
j?eco(]:)

Here, co(F) denotes the set of all convex combinations of elements in F. The reason we consider the
set co(F) is that in general, online estimation algorithms such as exponential weights will produce
improper predictions with f € co(F). In fact, it turns out (see Proposition 5.13) that even if we
allow f to be unconstrained above, the maximizer always lies in co(F) without loss of generality.

The main result for this section shows that the regret for E2D is controlled by the value of the DEC
and the estimation error Estsq(F, T, d) for the online regression oracle. The result is from Foster
et al. [84].
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Theorem 5.1 (Regret of E2D for structured bandits): The E2D algorithm with explo-
ration parameter v > 0 guarantees that for every realization,

Reg < dec,(F)-T + v - Ests,. (5.17)
In particular, with an online regression oracle (Definition 5.2), with probability at least 1 — 4,

Reg < dec,(F)-T + v - Estsq(F,T,0). (5.18)

Compare (5.17) with the guarantee for SquareCB in Theorem 4.2, which has the same form with
dec, (F) replaced by A/v: regret is controlled by the estimation error of the oracle, and the price
of exploration, which was A/~ for finitely many actions, is now the DEC. We can optimize over
the parameter v in the result above, which yields

Reg < ir;t("){decv(}") T+ - Estsq(F, T, 6)}
g
<2 ir>1% max{decv(}") -T,~ - Estsq(F,T, 5)}
g

For finite classes, we can use the exponential weights method to obtain Estsq(F,T,0) < log(|F|/d),
and this bound specializes to

Reg < iI;% max{decv(]-") Ty log(|.7-"|/6)}. (5.19)
gl

As desired, regret scales only with the estimation complexity log|F| and the exploration complexity
dec, (F). Before interpreting the result further, we give the proof: it is the proof of Theorem 4.2
with (4.41) replaced by the definition of the DEC.

Proof of Theorem 5.1. We write

T

Reg = ZEWtht [f*(7) = f*(7")]

t=1

o~

T
<3 Bt [ (7 = f(7)] = Bt [ (£7(7) = F(7))?] + 7 - Bstsq.
t=1
For each t, since f* € F, we have
Eret gt [f5(7) = f5(7)] = 7 Bty [(f*(wt) = ft(ﬂt))ﬂ

< s (B 1) = )] = Bt (41

~,
~—
-
2
—~
3
~
=
~—
[\
| IS
—

= inf supEWNp[f(ﬂf) — flm) =y (f(7") =

pEA(I) feF
= dec, (F, 1), (5.20)

where the first equality above uses that p® is chosen as the minimizer for dec,(F, ft) Summing
across rounds, we conclude that

Reg < m%}f];decw(}", ]?t) T + 7y - Estgg.
te
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It remains to bound decy(]:,fi) by decy(F). If the oracle’s estimates satisfy Jt e co(F), as
is the case for exponential weights, this is immediate from the definition (5.16). For arbitrary
estimates ]E: : II — R, it follows from Proposition 5.13, which shows that references outside co(F)
do not increase the DEC. The second statement follows on the event that the oracle guarantee
Estsq < Estsq(F,T,0) holds. O

Of course, the bound is only useful if the DEC is indeed bounded, which is not immediately
apparent. Section 8 shows that boundedness is not just sufficient but necessary for low regret, in
a fairly strong quantitative sense; for now, we build intuition through examples.

5.3.1 Warmup: Computing the DEC for Multi-Armed Bandits

To understand how to apply the general DEC regret bound to specific classes of interest, we begin
with the multi-armed bandit, where II = [A] and F = RA. Here the Inverse Gap Weighting
distribution of Section 4 turns out to be the exact minimizer.

Proposition 5.2 (IGW minimizes the DEC): For the Multi-Armed Bandit setting, where
T = [A] and F = R4, the Inverse Gap Weighting distribution p = IGWa,(f) in (4.39) is the

exact minimizer for dec, (F, f), and certifies that dec,(F, ]?) = %.

By rewriting Proposition 4.3, it is straightforward to deduce that the DEC is bounded by %, but
Proposition 5.2 shows that IGW is actually the best possible distribution for this minimax problem.
In this sense, the SquareCB algorithm can be seen as a (contextual) special case of the Estimation-
to-Decisions principle. Note that to attain the exact optimal value (instead of a bound that is
optimal up to constants), we use IGWy,, as opposed IGW,, as in Proposition 4.3; the reason why this
choice for 7 is optimal is related to the fact that the inequality zy < x2 + %yQ is tight in general.

Proof of Proposition 5.2. We rewrite the minimax problem as

min max B [ £(ry) = f(m) = (f(x) = F(m))]

PeA([A]) feRA

= min max max E., {f(?T*) — f(m) = ~y(f(m) — ]?(77))2}

PeA([A]) feRA T €[A]

= min max maxE.., [f(w*) — f(m) = ~y(f(m) — ]?(7['))2:|

PeA([A]) mr€[A] fERA

For any fixed p and #*, first-order conditions for optimality imply that the choice for f that
maximizes this expression is

f(m) = f(m) - 217 + WH{W =),
This choice gives 1 *
Ermplf (1) = £(m)] = Enny | Fl*) = F()| z;é’éiif
and
—~ 1— p(7r*) (1 _ p(ﬂ*))Z B 1 1
Eeny (1) = F] = 4y dyp(r) dyp(nr) Ay
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Plugging in and simplifying, we compute that the original minimax game is equivalent to

min max {Em [Fr) — Flm)| + 1} _ 1 (5.21)

pEA([A]) 7 €[A] dryp(m*) 4y

Finishing the proof: Ad-hoc approach. Observe that for any p € A(II), we have

;zleaﬁ]{Em 7w = Fm)] + %} > B [Enwp [Fr) = Fim)] + 47p1(7r*)] - i,

S0 no p can attain value better than 4 i If we can show that IGW achieves this value, we are done.

Observe that by setting p = IGWa, (f ), we have that for all 7*,
1

Bre | F7) = F)| + s = B [ T) = )] + ; + @) - Fr) (5.22)
— Boy [F7) - Fim)] + 1

Note that the value on the right-hand side is independent of 7*. That is, the inverse gap weighting
distribution is an equalizing strategy. This means that for this choice of p, we have

max}{EWNp [f(w*) - A(w)] T *)} = min}{]Empr(W*) - f(ﬂ)} + 1}

T e[A 4yp(m T €[A 4yp(7*)

el ol i}

Hence, p = IGWQrY(]/t\) achieves the optimal value.

Finishing the proof: Principled approach. We begin by relaxing to p € ]R_‘ﬁ. Define

~ 1
gﬂ'*(p) = (ﬂ- )+ 4’}/]7(77'*)

Let v € R be a Lagrange multiplier and p € Rﬂ, and consider the Lagrangian

L(p,v) = gur Zp +V<Zp(7f)—1>~

By the KKT conditions, if we wish to show that p € A(II) is optimal for the objective in (5.21), it
suffices to find v such that!?

0€9,L(p,v),

where 0, denotes the subgradient with respect to p. Recall that for a convex function h(z) =
maxy g(z,y), we have 0,h(z) = co({Vg(z,y) | g(z,y) = max, g(z,y')}). As a result,

OpL(p,v) = 11—+ co({Vygr (p) | gr-(p) = max g (p)}).

Now, let p = IGW» (f ) We argue that 0 € 9,L(p,v) for an appropriate choice of v. By (5.22), we
know that g, (p) = g (p) for all 7, 7" (p is equalizing), so the expression above simplifies to

8,L(p,v) = v1 — [ + co({V g+ (p) }rret)- (5.23)

"°If p € A(II), the KKT condition that -= £(p,v) = 0 is already satisfied.
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Noting that V,gr+(p) = — =2~ €x+, We compute

 dypP ()
0= Zp(ﬂ)Vgﬂ(p) = {— 1 } = {—)\ — f(?r\) + f(ﬂ')} )
— Ayp(m) J wen Ay el
which has § € co({Vpgr+(p) }r+et). By choosing v = % + f(ﬁ), we have
vl—f+6=0,
so (5.23) is satisfied. O

5.3.2 Approximate Solutions and Certified Bounds on the DEC

Before proceeding, let us mention that to apply E2D, it is not necessary to exactly solve the minimax
problem (5.15). Instead, let us say that a distribution p = p(f,) certifies an upper bound on the
DEC if, given f and « > 0, it ensures that

~

sup Erey | £(m7) = f(m) =7+ (f(m) = F(m))?] < dec,(F, ])
fer

for some known upper bound dec,(F, f) > dec, (F, f) In this case, if we define dec,(F) :=
Sup]?diecﬂY (F, f), then it is simple to see that using this distribution p' = p(f*,~) within E2D gives

Reg < dec,(F) - T + v - Estgq

for every realization.

5.4 Examples: Computing the Decision-Estimation Coefficient

We now compute the DEC for classes where, unlike the multi-armed bandit, the right exploration
strategy is not obvious. In each case we exhibit a distribution p that certifies a bound, and read
off regret via Theorem 5.1.

5.4.1 Cheating Code

We begin with the cheating code of Example 5.2, on which both UCB and posterior sampling incur

VAT regret.

Proposition 5.3 (DEC for Cheating Code): Consider the cheating code in Example 5.2.
For this class F, we have

dec,(F) S M.

v

Combining Proposition 5.3 with Theorem 5.1 gives Reg < /log,(A) T log|F|, whether E2D plays
the certifying distribution or the exact minimizer; a refinement of E2D [89] improves this to the
log,(A) bound of Example 5.2.
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Proof of Proposition 5.3. To simplify exposition, we present a bound on dec, (F, f) for this example
only for f € F, not for f € co(F). A similar approach (albeit with a slightly different choice for p)
leads to the same bound on dec,(F). Let f € F and v > 0 be given, and define

p=({1-¢g)ms+e- unif (C).

We show that if we choose ¢ = 2%, this strategy certifies that

~ _ logy(A
dec, (F, ) < %()'
Y
Let f € F be fixed, and consider the value

Enmp|£(r) = £(m) =7+ (£(m) = F(m))?]:
We consider two cases. For the first, if 7y = w7, then we can upper bound

~

Ervp | F(m7) = £(7) =7 - (F(%) = F(m))?] < Bl (mp) = ()] = By | () = ()] < 22,

since f € [—1,1].
For the second case, suppose that m; # T We begin by bounding

~

Ervp [£(r) = S(7) =7+ (f(7) = F(m)?] <2 =7 Enmp [ (f(m) -

-~

(2],

using that f € [—1,1]. To proceed, we want to argue that the negative offset term above is
sufficiently large; informally, this means that we are exploring “enough”. Observe that since m; #
T if we let b1,...,bg,(4) and b, .. .,b{ogQ( ) denote the binary representations for 7y and T

there exists 7 such that b; # b}. As a result, we have

Er ) — f(m)?] > —= ) — fle)? = < b — b))% = S
|7 = FP] 2 o (e = Fle)? = o= = 00 = =
We conclude that in the second case,
- - — - - <2y,
Envp|f(m) = $() =7 (S () = T | S 2 =i
Putting the cases together, we have
B [ £(7) = f(m) =7+ (f(7) = F(m)?| < maxd 22,2~ 95~
mep | F(Tf T — T 0 < max4 2¢, VlogQ(A)
To balance these terms, we set
_ 210g2(A)
7 )
which leads to the result. ]
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5.4.2 Linear Bandits

Linear bandits [2, 22, 61, 57, 1] are the linear contextual bandit problem of Section 4 without
contexts: II is arbitrary and F = {7~ (0, (7)) | 6 € O}, where © C B%(1) is a parameter set and
¢ : 1 — B4(1) is a fixed feature map known to the learner.

To prove bounds on the DEC for this setting, we make use of a primitive from convex analysis and
experimental design known as the G-optimal design; the following is the Kiefer—Wolfowitz theorem
[125].

Proposition 5.4 (G-optimal design): For any compact set Z C R? with dimspan(Z2) = d,
there exists a distribution p € A(Z), called the G-optimal design, which has
Sup<§];lz, z) <d, (5.24)
z€Z
where ¥, :=E., [zzT].

The G-optimal design ensures coverage in every direction of the decision space, generalizing the
notion of uniform exploration for finite decision spaces. In this sense, it can be thought of as a
“universal” exploratory distribution for linearly structured decision spaces. Special cases include:

> When Z = A([4]), we can take p = unif(e1,...,e4) as an optimal design
> When Z = B{(1), we can again take p = unif(ey, ..., eq) as an optimal design.

> For any positive definite matrix A > 0, the set Z = {z cR? | (Az,2) < 1} is an ellipsoid.
Letting A1,..., g and vy, ..., vy denote the eigenvalues and eigenvectors for A, respectively,

the distribution p = unif()\flﬂvl, cel )\;1/21)(1) is an optimal design.

To see how the G-optimal design can be used for exploration, consider the following generalization
of the e-greedy algorithm.

> Let ¢ € A(II) be the G-optimal design for the set {¢(7)}rem.

> At each step t, obtain fAt from a supervised estimation oracle. Play 7" = T with probability
1 — e, and sample 7* ~ g otherwise.

It is straightforward to show that this strategy gives Reg < d'/3T72/3(log|F|)?/3 for linear bandits.
The basic idea is to replace (4.33) in the proof of Proposition 4.2 with the optimal design property
(5.24), using that the reward functions under consideration are linear.

The following result shows that by combining optimal design with inverse gap weighting, we can
obtain a d/v bound on the DEC, which leads to an improved vdT regret bound.

87



Proposition 5.5 (DEC for Linear Bandits): Consider the linear bandit setting. Let a
linear function f and v > 0 be given, consider the following distribution p:

> Define ¢(7 /\/1 +7 f( ), where T§ = arg max,cy f(ﬂ')

> Let ¢ € A(IT) be the G-optimal design for the set {¢(m)}rem, and define ¢ = g+ %]Iﬂf.

> For each 7 € II, set
q(r)

Y = fm)
where A € [1/2,1] is chosen such that ) _p(7) =

p(m) =

This strategy certifies that
d
dec,(F) S —.
Y

“The normalizing constant A always exists because we have 55 <> p(7) < &

One can show that decy(F) 2 % for this setting as well, so this is the best bound we can hope for.
Combining this result with Theorem 5.1 and using the averaged exponential weights algorithm for

estimation as in (5.19) gives Reg < +/dT log(|F|/9).

Proof of Proposition 5.5. Fix f € F. Let us abbreviate n = 7. As in Proposition 4.3, we break
regret into three terms:

Enn [ (1)) = F(2)] = Ennp[Frp) = F(0)] + By [F(m) = 1)) + S(rp) = F7) -

(I) exploration bias (II) est error on policy (IIT) est error at opt

The first term captures the loss in exploration that we would incur if f were the true reward
function, and is equal to:

~

q(ﬂ)(f(ﬂf) — f(m))
zﬂ: A+

and the second term, as before, is at most

VEp[(Fm) = )] < o + LBy () — f(m)?.

The third term can be written as

-~ ~ ~ ~ ~

() = f(ng) — Flmg) — (Flap) = Flag)) = (80— B.6(mp)) — (Flrp) — Flyp)),

where 6,6 € © are parameters such that f(m) = (6, ¢(m)) and f(Tr) = <§, ¢(m)). Defining ¥, =
Ernp|¢(m)o(m) "], we can bound

(0 —0,0(rp)) = (5/2(0 — 0), 2, *6(rp))
<226 - B)llolIZ, ool < SIS0 -3+ 7”2;1/%(@)”%.
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Note that [|£5/%(0 = 0)[13 = Exupl(F(m) — £(m))2] and ||Z, 26 (x )13 = (6(rs), S5 é(7f)), s0 we

have
() < JEany(F(7) = 7))+ 5-(00m7). 55 0(mp)) = (Flmg) = Fimp) .
Iv)
To proceed, observe that
1 q(m) T
X, = = — = mT)p(mT
P52 e — 7y
- AT 4T = 2 gmdmam T = L5,
2 T 1+77(f(7rf)_ (7‘1’)) 2 T 2

This means that we can bound

(d(mp) By o(mp)) < 2e(mp), X o(my))
=2(1+n(f(xp) = Fxp)))(d(ms), S5 ()

~ ~

< 2d(1+n(f(mg) = f(7y)),

where the last line uses that g is the G-optimal design for {¢(m)}recr. We conclude that
2d  2dn, ~ ~ -~ ~ d
V) < 3% + 5 Fleg) = Fomp) = (Ferp) - Fin) < 2.

O]

Remark 5.2 (Log-determinant strategy for linear bandits): When © = R? and fe F,
an alternative strategy for linear bandits is given by

—~ 1 T 7
pE a;egAn(ll%x{Ewwp [f(ﬂ')] + @ log det (EwNp [¢(W)¢(W)T] - ‘7519(/5;) }

Here ¢, = Erp[¢(m)], so the matrix inside the determinant is the centered covariance of the

~

features.® This strategy certifies dec, (F, f) < d/(47); see Foster et al. [83, Lemma 2].

“The determinant is computed on the span of the feature differences ¢(w) — ¢(n’), for m, 7’ € II.

5.4.3 Nonparametric Bandits
For all of the examples so far, we have shown that

< eff-dim(F, IT)

dec, (F) S

)

where eff-dim(F,II) is some quantity that (informally) reflects the amount of exploration required
for the class F under consideration (A for bandits, logy(A) for the cheating code, and d for linear
bandits). In general though, the Decision-Estimation Coefficient does not always shrink at a y~!
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rate, and can have slower decay for problems where the optimal rate is worse than V7. We now
consider such a setting: a standard nonparametric bandit problem called Lipschitz bandits in metric
spaces [24, 128].

We take II to be a metric space equipped with metric p, and define
F={f:1—0,1] | fis 1-Lipschitz w.r.t p}.

We give a bound on the Decision-Estimation Coefficient which depends on the covering number for
the space II (with respect to the metric p). Let us say that II' C II is an e-cover with respect to p
if

Vrell In'elll! st. p(mn) <e,

and let NV,(IL, €) denote the size of the smallest such cover.

Proposition 5.6 (DEC for Lipschitz Bandits): Consider the Lipschitz bandit setting, and
suppose that there exists d > 0 such that NV,(I1,e) < e~ for all e > 0. Let f : II — [0,1] and
~v > 1 be given and consider the following distribution:

1. Let IT" C I witness the covering number N,(IL, ) for ¢ € (0, 1].

2. Let p be the result of applying the inverse gap weighting strategy in (4.39) to f, restricted
to the (finite) decision space IT'.

1
By setting € oc v~ @+1, this strategy certifies that

o~

dec,(F, f) Sy .

d
Ignoring dependence on Estsq(F, T, d), this result leads to regret bounds that scale as T @ (after
tuning 7 in Theorem 5.1), which cannot be improved.

Proof of Proposition 5.6. Let f € F be fixed. Let II' be the e-cover for II. Since f is 1-Lipschitz,
for all 7 € II there exists a corresponding covering element «(7) € ITI' such that p(7, (7)) < ¢, and
consequently for any distribution p,

Ernplf(mf) = f(m)] < Ennplf(e(mp)) — f(m)] + 1 f(mg) — fulmp))]
< Epnplf (umg)) — f(m)] + p(7p, 0(7y)
< Erplf(e(my)) — f(m)] + e

At this point, since «(my) € II', Proposition 4.3 ensures that if we choose p using inverse gap
weighting over II', we have

[T £

Ernplf (e(my)) = f(m)] < +7 - Ennp | (f(m) = f(m))?].

From our assumption on the growth of N,(IL,¢), [II'| < ™%, so the value is at most

E_d
£+ —.
gl

1
We choose € ox v 4+1 to balance the terms, leading to the result.
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5.4.4 Further Examples: Eluder Dimension, Concave, and ReLU Bandits
We state some additional upper bounds on the DEC without proof; details can be found in [84].

Example 5.3 (Decision-Estimation Coefficient subsumes Eluder Dimension). Consider any class
F with values in [0,1]. For all v > e, we have

Edim(F — F,¢e)log?
im( ’ E)Og(V)}_%V—y

<
dec, (F) < gg{s + (5.25)

<

As a special case, this example implies that E2D enjoys a regret bound for generalized linear bandits
similar to that of UCB.

Example 5.4 (Bandits with Concave Rewards). The concave (or convex, if one considers losses
rather than rewards) bandit problem [126, 77, 4, 40, 42, 135] is a generalization of the linear bandit.
We take IT C B4(1) and define

F={f:1—[0,1] | f is concave and 1-Lipschitz w.r.t /5}.

For this setting, whenever F C (IT — [0, 1]), results of Lattimore [135] imply that

d4
dec,(F) S ; - polylog(d, ) (5.26)

for all v > 0. N

For the function class

F={f(m) =1-relu((r,0)) | 0 € © C BY1)},

(5.26) leads to a y/poly(d)T regret bound for E2D. This highlights a case where the Eluder dimen-
sion is overly pessimistic, since we saw that it grows exponentially for this class.
5.5 Relationship to Optimism and Posterior Sampling

This subsection relates the Decision-Estimation Coefficient and E2D to the two other approaches
covered so far, optimism and posterior sampling.

5.5.1 E2D with Confidence Sets: Recovering Optimism

The E2D meta-algorithm and the Decision-Estimation Coefficient can be combined with the idea of
confidence sets that we used in the UCB algorithm. Consider the following variant of E2D.
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Algorithm 5.2 Estimation-to-Decisions (E2D) with Confidence Sets

input: Exploration parameter v > 0; confidence radius 8 > 0; online regression oracle.
fori=1,...,T do
Obtain f* from online regression oracle with (7', r'),..., (7'=! ri=1).
Set
Ft= {f eF ’ ZEwiwpi |:(fl(7rl) - f(ﬂ—l))Q] < 52}
i<t

Compute

5 e g [fm) _ fm) - (f(m) - %))2] |

peA(IT) fEF!

Select action 7 ~ p*.

This strategy is the same as the basic E2D algorithm, except that at each step, we compute a
confidence set F* and modify the minimax problem so that the max player is restricted to choose
f € Ft.16 With this change, the distribution p' can be interpreted as the minimizer for dec, (F*, f*).

To analyze this algorithm, we show that as long as f* € F* for all ¢, the same per-step analysis as in
Theorem 5.1 goes through, with F replaced by F*. The argument uses nothing about the confidence
sets beyond this containment, so we state the result for an arbitrary sequence of confidence sets;
the construction above is one way to obtain them.

Proposition 5.7 (Regret of E2D with confidence sets): Let F* ..., F© C F be any
sequence of confidence sets, where F* may depend on H'™', such that f* € F* for all ¢t € [T]
with probability at least 1 — §, and assume the conditions of Proposition 5.13 hold for each
F*. Then for any v > 0, E2D with these confidence sets, run with an online regression oracle,
ensures that with probability at least 1 — 24,

T
Reg < Z decy (F*) + v - Estsq(F,T,9). (5.27)
=1

For the construction in Algorithm 5.2 with 3% = Estsq(F, T, d), the containment holds on the
oracle’s own event, and the bound holds with probability at least 1 — é.

Proof of Proposition 5.7. Condition on the intersection of the event guaranteed by the online re-
gression oracle, on which Y7 Erpt[(f(m) = f*(7))?] < Estsq(F,T,5), and the event that f* € F*
for all ¢; by a union bound, this intersection has probability at least 1 — 2. For the construction
in Algorithm 5.2 with 3% = Estsq(F, T, d), every partial sum of the oracle’s error is at most 3% on
the oracle’s event, so f* € F* for every ¢ on that event alone. By the choice of p’ and the definition

5Note that compared to the confidence sets used in UCB, a slight difference is that we compute F* using the
estimates f',..., f* produced by the online regression oracle (this is sometimes referred to as “online-to-confidence
set conversion”) as opposed to using ERM; this difference is unimportant, and the latter would work as well.
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of the DEC, we then have

Byt [f*(752) = f*(m)] < decy (F, ') 4 4 B [(F () = £*(7))7]
< decy (F") + 7 Ermpe [(F1(m) = f(m))?).

The second inequality uses Proposition 5.13; this step is needed because ft need not lie in co(F?").
Summing over ¢ and using the oracle bound proves the claim. O

This bound is never worse than the one in Theorem 5.1, but it can be smaller if the confidence sets
Fro..., FT shrink quickly.

Relation to confidence width and UCB. It turns out that the usual UCB algorithm, which
selects 7' = argmax, cp f*(7) for f'(m) = maxycr f*(7), certifies a bound on dec, (F*) which is
never worse than usual confidence width we use in the UCB analysis.

Proposition 5.8 (UCB certifies a bound on the DEC): For any ¢, the UCB strategy
mt = argmax,cry f'(7) certifies that

deco(F*) < fi(x") — f'(x"). (5.28)

Proof of Proposition 5.8. By choosing 7* = arg max, . f*(7), we have that for any ]?,

d tF) = inf Ern )
eco(F*, f) Lent ;;lﬁ p[rr;ng(ﬂ) f(?r)}

O

As we saw in the analysis of UCB for multi-armed bandits with IT = {1,..., A} (Section 3.4), the
confidence width in (5.28) might be large for a given round ¢, but by the pigeonhole argument
(Lemma 3.2), when we sum over all rounds we have

T T
D “deco(F) <> fi(x') — fi(n') < O(VAT).
t=1 t=1

Hence, although UCB does not minimize the DEC, the bound it certifies is small whenever the
confidence widths shrink quickly.

Note that Proposition 5.8 bounds the DEC at v = 0; this is only meaningful for shrinking classes,
since for F = R“, Proposition 5.2 gives dec,(F) = A/y — oo as v — 0. Allowing v > 0 gives the
following slightly stronger result, which replaces f* by f*.
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Proposition 5.9 (UCB certifies a bound on the DEC, v > 0): For any v > 0, the UCB
strategy m' = arg max, .y f*(7) certifies that
- 1

dec, (F', ') < J'(x*) = F'(x") + e

Proof of Proposition 5.9. This is a slight generalization of the proof of Proposition 5.8. By choosing
' = argmax cr f*(7), we have

~

dec (71, F) = i o By | max S(5°) = (1) = -(F) = F()

2

< o max (5%) = J() =7 (F(x) - 1)

feFt| =

< x| 7°(n) - 7)1

)
—
3
N
|
=
3
=
e
| S

= max [ft(ﬂt) — (@) =y -(Fi(r) - f(ﬂt))Q] + () = F).

feF

5.5.2 The Bayesian DEC: Recovering Posterior Sampling

The Decision-Estimation Coefficient (5.15) is a min-max problem. Its dual (max-min) analogue is

~ ~

= i — f(m) = - (f(m) = f(m))?]. .
dec,(FF)= sup Wl EpeyBayflng) — 1)~ () = Fr) (5.29)

The dual has a Bayesian interpretation: the adversary selects a prior p over F, and the learner,
knowing u, trades off regret and information on average over f ~ p.

Using the minimax theorem (Lemma A.8), one can show that the Decision-Estimation Coefficient
and its Bayesian counterpart coincide.

Proposition 5.10 (Equivalence of primal and dual DEC): If F and II are finite, or more
generally under the regularity conditions of the minimax theorem (Lemma A.8), we have

~ ~

dec, (F, f) = dec (F. f). (5.30)

Proof of Proposition 5.10. For fixed ‘]?, define

~ ~

L(p, 5 f) = Egpanplf (mp) = f(m) = 7(f(m) = F(m))?].

Maximizing over f € F is equivalent to taking the supremum over p € A(F). The payoff L is affine
in each distribution. For finite F and II, both simplices are compact and L is continuous, so the
minimax theorem (Lemma A.8) implies that the infimum and supremum can be exchanged. The
same argument applies more generally whenever the regularity conditions of the minimax theorem
hold. O
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Thus, any bound on the dual DEC immediately yields a bound on the primal DEC. As an exam-
ple, we can adapt the posterior sampling/probability matching strategy introduced in Section 3.
When applied to the Bayesian DEC—this approach selects p to be the action distribution in-
duced by sampling f ~ p and selecting 7;. The following proposition makes the resulting bound
explicit.

Proposition 5.11 (Posterior sampling bounds the DEC): If [[I| = A < oo and F is
uniformly bounded, then for every v > 0 and reference f,

~ A

Consequently, whenever the minimax identity (5.30) applies, decy(F) < A/(47).

Proof of Proposition 5.11. Fix a prior pu and let f(r) = Ej., f(r). Choose the probability-
matching distribution p(m) = Pr.,(my = m), using a fixed rule to choose each maximizer 7.
Write

V = Ejmpumnp (f(m) = F@)%, T = Eppmmpl(f(x) = F(m))7).

Here f and m are drawn independently. Variance decomposition gives I = V + E ., [(f(7) —

f(ﬂ))Q] > V. Since the marginal distribution of m; is p, the terms involving f cancel in the
expected regret:

Efmpmnplf (r5) = f(m)] = Epoulf(ms) — flmrp)] < VAV,

where the inequality is Lemma 3.3. Thus the objective in the dual DEC, evaluated at this p, is at
most

VA 2
\/T—VIS\/E—VI:;:—*y(\/j—A) Sé.

Taking the supremum over priors proves the dual bound. The primal bound follows from Proposi-
tion 5.10 and the supremum over references. ]

More generally, most analysis techniques for the Bayesian setting can be viewed as implicitly
providing bounds on the dual Decision-Estimation Coefficient [181, 41, 40, 183, 138, 135]. Notably,
the dual DEC is always bounded by a Bayesian complexity measure known as the information
ratio, which is used throughout the literature on Bayesian bandits and reinforcement learning [87].
Beyond the primal and dual Decision-Estimation Coefficient, there are deeper connections between
the DEC and Bayesian algorithms, including a Bayesian counterpart to the E2D algorithm itself
[84].

5.6 Incorporating Contexts*

The Decision-Estimation Coefficient and E2D extend directly to contertual structured bandits,
and hence to a version of SquareCB for general decision spaces. Consider the following proto-
col.
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Contextual Structured Bandit Protocol

fort=1,...,7 do
Observe context z* € X.
Select decision 7t € II. //11 is large and potentially continuous.
Observe reward r* € R.

This is the same as the contextual bandit protocol in Section 4, except that we allow II to be large
and potentially continuous. As in that section, we allow the contexts z',...,x” to be generated in
an arbitrary, potentially adversarial fashion, but assume that

rt~ ME(- [ 2t ),

and define f*(z,7) = E,p+(|o,r). We assume access to a function class F such that f* € F, and
assume access to an estimation oracle for F that ensures that with probability at least 1 — ¢,

T
> Breop (Fi(a!,7) = f*(at,7))? < Bstsg(F, T.9).
t=1

For f € F, we define 7¢(x) = argmax, ¢y f(z, 7).

To extend the E2D algorithm to this setting, at each time ¢ we solve the minimax problem corre-
sponding to the DEC, but condition on the context xz‘.

Algorithm 5.3 Estimation-to-Decisions (E2D) for Contextual Structured Bandits

input: Exploration parameter v > 0; online regression oracle.
fort=1,...,7 do
Observe z' € X.
Obtain ]?t from online regression oracle with (z', 7', r"),..., ("', 7"~ ri=1).
Compute

p' = argminmax Er, | f(at, 75(2%)) — f(at,7) — v - (f(a!,7) — Fi(at, )2 |.
peA() fEF

Select action 7* ~ p' and observe reward r’.

For x € X, define
Fz,)={f(z,-) | f € F}
as the projection of F onto x € X. The following result shows that whenever the DEC is

bounded conditionally—that is, whenever it is bounded for F(x,-) for all x—this strategy has
low regret.

Proposition 5.12 (Regret of E2D for contextual structured bandits): The E2D algo-
rithm with exploration parameter v > 0 guarantees that

Reg < supdec,(F(z,-)) T + - Estgq (5.31)
reX

for every realization, and hence, with probability at least 1 — §, the same bound holds with
Estsq(F,T,6) in place of Estsg.
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The proof is nearly identical to that of Theorem 5.1, conditioning on z* at each round, and is
omitted.

In particular, since IGW exactly minimizes the DEC when F = R4 (Proposition 5.2), SquareCB is
the special case of Contextual E2D with F = R4.

Going beyond the finite-action setting, it is simplest to interpret Proposition 5.12 when F(z,-)
has the same structure for all contexts. One example is contextual bandits with linearly structured
decision spaces. Here, we take

F={f(z,a) = (¢(z,a),9(x)) | g € G},

where ¢(r,a) € R? is a fixed feature map and G C (X — B%(1)) is an arbitrary function class.
This setting generalizes the linear contextual bandit problem from Section 4, which corresponds
to the case where G is a set of constant functions. We can apply Proposition 5.5 to conclude that
sup,cy decy (F(z,-)) S %, so that Proposition 5.12 gives Reg < /dT - Estsq(F, T, 9).

5.7 Additional Properties of the Decision-Estimation Coefficient*

The following proposition is what allows the supremum in (5.16) to be taken over co(F), and
justifies the final step in the proofs of Theorem 5.1 and Proposition 5.7 when the oracle’s estimates
do not lie in co(F).

Proposition 5.13 (References outside the convex hull do not increase the DEC):
Suppose F and II are finite. More generally, it suffices that the Bayesian DEC equivalence in
(5.30) holds for every reference and that the pointwise mean of every prior on F belongs to
co(F). Then, for any v > 0,

sup decv(}",f): sup decw(}",f).
FI-R feco(F)

Proof of Proposition 5.13. The supremum over all reference functions is at least the supremum over
co(F). For the reverse inequality, fix any reference f and prior 4, and define f,, = Ef.,[f] € co(F).
At each action 7, variance decomposition gives

Efoul(F(7) = F(m)?) = Bl (f(7) = Ju(m)’] + (Julm) = F(m))*.

Let L(p, u; g) denote the expected DEC payoff with reference g, as in the proof of Proposition 5.10.
The identity above implies L(p, u; f) < L(p, p1; fu) for every p. Hence, using (5.30) for equality, we
have that

dec, (F, f) = supinf L(p, si; f)

m p

< supinf L(p, 11; f,.)
m p

< supsupinf L(p, v; fu) = sup dec, (F, fu)
p v P B

< sup decy(F,g).

geCco(F)

Taking the supremum over fproves the reverse inequality. O
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5.8 Bibliographic Remarks and Further Reading

Takeaways. This section extended the Estimation-to-Decisions principle from finite action sets
to structured decision spaces, where the learner must generalize across decisions rather than across
contexts. We showed that optimism remains a viable strategy when confidence widths shrink
quickly, and the eluder dimension quantifies when this happens, but the cheating code shows that
this rule is not optimal for every class F. The Decision-Estimation Coefficient resolves this by
letting the class itself determine the exploration distribution: E2D solves a per-round min-max
problem whose value links regret to estimation error, and recovers IGW for multi-armed bandits,
optimal design for linear bandits, and covering-based exploration for Lipschitz bandits. The DEC
is the quantity that Section 7 generalizes beyond bandits and that Section 8 shows to be necessary.

Bibliographic remarks. The generalized UCB algorithm with least-squares confidence sets, the
eluder dimension, Proposition 5.1, and Lemma 5.1 are due to Russo and Van Roy [180]. The cheat-
ing code in Example 5.2 is adapted from the constructions of Amin et al. [17] and Jun and Zhang
[119]. The Decision-Estimation Coefficient, the E2D meta-algorithm (Algorithm 5.1), Theorem 5.1,
and the bounds in Proposition 5.3, Proposition 5.5, and Proposition 5.6 are due to Foster et al. [84];
the log(T") refinement for the cheating code and the treatment of reference models in co(F) appear
in Foster et al. [89]. The closed-form minimizers in Proposition 5.2 and for linear bandits are from
Foster et al. [83, 84]. The existence of the G-optimal design is the Kiefer-Wolfowitz theorem [125];
our presentation follows Lattimore and Szepesvari [139, Chapter 21]. Lipschitz bandits in metric
spaces are due to Kleinberg et al. [127, 128] and Auer et al. [24].

The results relating the DEC to optimism and posterior sampling—E2D with confidence sets (Algo-
rithm 5.2 and Proposition 5.7), the observation that UCB certifies a bound on the DEC (Proposition
5.8 and Proposition 5.9), and the Bayesian DEC (Proposition 5.10) and its bound by the infor-
mation ratio—are from Foster et al. [84]; the probability-matching argument in Proposition 5.11
behind the Bayesian bound is the decoupling argument of Russo and Van Roy [181, 182]. E2D
for contextual structured bandits (Algorithm 5.3, Proposition 5.12) is from Foster et al. [84], and
Proposition 5.13 is implicit in Foster et al. [84, 89].

Further reading. Textbook treatments of linear and structured bandits are given by Lattimore
and Szepesvari [139, Part V] and Slivkins [191, Chapter 4]. Lattimore and Szepesvéri [137], comple-
menting the minimax perspective in this section, show that optimism is asymptotically suboptimal
even for finite-armed linear bandits. The information ratio originates in the Bayesian analysis of
posterior sampling and information-directed sampling [181, 182, 183]; its use for minimax regret
is due to Lattimore and Szepesvari [138]. Extensions of the Decision-Estimation Coefficient to
adversarial decision making can be found in Foster et al. [87], Xu and Zeevi [217].
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6. REINFORCEMENT LEARNING:
BASIC PRINCIPLES AND FINITE STATE SPACES

The bandit problems of Sections 3 to 5 feature one-shot interaction at each learning episode: a
decision is made, a reward is observed, and the interaction ends. In this section, we take the
next step along the interactivity axis of Figure 2. In reinforcement learning, each decision is a
multi-stage policy that acts on a state evolving in response to the learner’s actions, and the learner
observes the intermediate states and rewards along the way. This extra information supports credit
assignment—recognizing which actions made a policy good or bad so that the decision can be
broken down into a sequence of single-step choices. This section treats the simplest version of
the problem, tabular reinforcement learning, in which states and actions are finite and there is no
structure to generalize across. We return to the setting, this time with function approximation and
generalization, in Section 9.

Organization. Section 6.1 formalizes the episodic reinforcement learning problem. We first set
statistical uncertainty aside: Section 6.2 shows how to compute an optimal policy when the MDP is
known, via dynamic programming. We then turn to the learning problem, following the structure of
the preceding sections. Section 6.3 shows that uniform exploration fails, now with regret exponential
in the horizon. Section 6.4 introduces analysis tools for reinforcement learning that are used
throughout the remainder of the monograph. Section 6.5 adapts the principle of optimism to
unknown MDPs, and Section 6.6 instantiates it with the UCB-VI algorithm. Finally, Section 6.7
gives a second approach, based on Estimation-to-Decisions.

6.1 The Episodic Reinforcement Learning Problem

We consider an episodic finite-horizon reinforcement learning framework. With H denoting the
horizon, a Markov Decision Process (MDP) M takes the form

M = {8, A{PYHL ARYYL di ),
where S is the state space, A is the action space,
PY:SxA— A(S)
is the probability transition kernel at step h,
R) : S x A— AR)

is the reward distribution, and d; € A(S) is the initial state distribution. We write P (s,a) € A(S)
for the transition distribution at (s,a) and P} (s’ | s,a) for its probability mass at s’, and likewise
for R)'(s,a) and R}'(- | s,a). We allow the reward distribution and transition kernel to vary across
MDPs, but assume for simplicity that the initial state distribution is fixed and known.

For a fixed MDP M, an episode proceeds under the following protocol. At the beginning of the
episode, the learner selects a randomized, non-stationary policy

= (T, ,TH),

where 7, : § — A(A); we let I, for “randomized, non-stationary” denote the set of all such
policies. The episode then evolves through the following process, beginning from s; ~ dy. For
h=1,...,H:
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> oap ~ Wh(sh).
> 7y ~ R (sh,an) and sp1 ~ P (sp,ap).

For notational convenience, we take sgy1 to be a deterministic terminal state. The Markov property
refers to the fact that under this evolution,

M / M /
PY(spy1 = 5" | sn,an) = PY(spy1 =5 | Sh,an, Sh-1,an-1,- - -, 51,01).
The value for a policy m under M is given by

flw(ﬂ_) = E]\I,Tr

H
Zrh] , (6.1)
h=1

where E7[-] denotes expectation under the process above. We define an optimal policy for model
M as

7y € argmax fM (7). (6.2)
ﬂ'eHrns

Online reinforcement learning. For reinforcement learning, we focus on the online reinforce-
ment learning problem, in which we interact with an unknown MDP M™ for T episodes.

Online Reinforcement Learning Protocol

fort=1,...,7 do
Select policy 7" € Il;ns (possibly at random, 7' ~ p').
Execute 7 in M™* for one episode.
Observe the trajectory 7* = (s{,al,r}),..., (8%, ay,ry).

The learner may randomize, selecting n* ~ p* for a distribution p' € A(Il,ns) that depends on the
trajectories observed so far; note that this randomization is in addition to the randomness within
the policy itself. The goal is to minimize the total regret

T

Reg i= 3 Evuope[f5(n*) — f*(")] (6.3)

t=1

against the optimal policy 7* := m,+ for M*. Here and throughout, we abbreviate f* := f™" and
m* 1=+ whenever the true MDP M* is meant, retaining the model subscript or superscript for
a generic M. Throughout this section, rewards are bounded, r, € [0, 1], and normalized so that
Zthl ry, € [0,1] almost surely; regret bounds hold with probability at least 1 — ¢ unless stated
otherwise.

The online RL framework is a strict generalization of (structured) bandits and contextual bandits
(with i.i.d. contexts). Indeed, if S = {so} and H = 1, each episode amounts to choosing an action
a' € A and observing a reward r* with mean f*(a'), which is precisely a bandit problem. On the
other hand, taking S = X and H = 1 puts us in the setting of contextual bandits, with d; being
the distribution of contexts. In both cases, the notion of regret (6.3) coincides with the notion
of regret in the respective setting. Conversely, one could view an episodic MDP as a structured
bandit whose decisions are policies and whose rewards are episode returns. What distinguishes
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reinforcement learning is the additional feedback: the learner observes the intermediate states and
rewards, not just the return, and this is what makes credit assignment possible.

In the language of Figure 2, reinforcement learning moves further along the interactivity axis; the
tabular setting, like the multi-armed bandit, assumes no structure across states and actions, so
their cardinalities S = |S| and A = |A| appear in the rates; function approximation is the subject
of Section 9.

Remark 6.1 (Alternative MDP formulations): We mention in passing that many alter-
native formulations for Markov decision processes and for the reinforcement learning problem
appear throughout the literature. For example, MDPs can be studied with infinite horizon
(with or without discounting), and an alternative to minimizing regret is to consider PAC-RL
which aims to minimize the sub-optimality of a final output policy produced after exploring for
T rounds. The core ideas are largely the same, but we find the formluation here to be cleanest,
while capturing the essential features of the problem.

6.2 Planning via Dynamic Programming

We first set statistical uncertainty aside: suppose that the MDP M is known, so that the only task
is to find a policy maximizing f* (), as in (6.2). This is the planning problem. It arises on its own
in games such as chess or backgammon, where the transition rules are given, and it is a prerequisite
for the learning problem, in which the learner must additionally estimate the unknown M* from
interaction. We show that planning is solved by the principle of dynamic programming, which
addresses credit assignment directly: it breaks the choice of a multi-stage policy into a sequence of
single-step choices, each made with knowledge of the value of the actions that follow.

Value functions. The objects that make this decomposition possible are intermediate “reward-
to-go” functions. For a given model M and policy w, we define the state-action value function and
state value function via

H
2 (s,a) =EMT Z rw | sp=s,ap=al, and V,"7(s)=E""
h'=h

H

Z T | sp = s] )
W=h
Hence, the definition in (6.1) reads

f]M (ﬂ-) = ESNdl,aNﬂl (S) [ ?{7W(87 a)] = ]ESNCll |:V11W77T(8)j|

We begin by observing that the optimal policy m,, in (6.2) may not be uniquely defined. For
instance, if d; assigns zero probability to some state sq, the behavior of 7,, on this state is imma-
terial. We now introduce a fundamental result, Proposition 6.1, which guarantees existence of an
optimal policy 7y = (Tara, .-, Tary) that maximizes V""" (s) over m € Tlypns for all states s € S
simultaneously (rather than just on average, as in (6.2)). The fact that such a policy exists may
seem magical at first, but it is rather straightforward. Indeed, if 7, ,(s) is defined for all s € § and
h=2,...,H, then defining the optimal 7,,,(s) at any s is a matter of greedily choosing an action
that maximizes the sum of the expected immediate reward and the remaining expected reward
under the optimal policy. Indeed, this observation is Bellman’s principle of optimality, stated in
its original form as follows [31]:
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PRINCIPLE OF OPTIMALITY. An optimal policy has the property that
whatever the initial state and initial decisions are, the remaining de-
cisions must constitute an optimal policy with regard to the state resulting
from the first decisions.

To state the result formally, we introduce the optimal value functions as

H
Q)" (s,a) = max EM-™ Z r | sp=s,ap=a|l and V;"(s) = max Q5" (s,a) (6.4)
rns h,:h

M %

for all s € S, a € A, and h € [H]; we adopt the convention that Vlﬁ’_*l(s) = @y, (s,a) = 0. Since
these optimal values are separate maximizations for each s, a, h, it is reasonable to ask whether
there exists a single policy that maximizes all these value functions simultaneously. Indeed, the
following lemma shows that there exists m,, such that for all s, a, h,

QZL*(&G) _ hM,ﬂ']V[ (8, a)’ and VhM’*<8) _ Vh]\“rM(s)' (6.5)

Proposition 6.1 (Bellman Optimality): The optimal value function (6.4) for MDP M can

be computed via VgﬂM (s) :==0, and for each s € S,

VR 5) = ma B VT () | s = 3,00 = ] (6.6)

The optimal policy is given by

Tun(s) € argmax EY [rh + Vh”i’fM(shH) | sp = s,ap, = a]. (6.7)

acA
Equivalently, for all s € S, a € A,

QL (5,0) = B [+ max QYT (s, ) | = .00 = . ©5)

and an the optimal policy is given by

T (8) € arg n;lax Q; ™ (s,a). (6.9)
ac

The Bellman operator. The update in (6.8) is referred to as value iteration (VI). It is useful to
introduce a more succinct notation for this update. For an MDP M, define the Bellman Operators
TM, ... TH" via

[T, Q](s,a) = EThNRﬁI(51a)78h+1NP}JL”(Sva) Th+ g}gﬁQ(sh*b a,)} (6.10)

for any @ : S x A — R. We write the expectation above more succinctly as

[T Q)(s,a) =EM |ry(sn, an) + max Q(shi1,d) | sp = s,ap = a] (6.11)
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R = g PO A

T Qns](s,0) (s, a) arg max Q1 (s, )

Figure 10: The Bellman operator. Applying 7, to Q41 adds the immediate reward to the expected
greedy value at the next state.

Figure 10 visualizes the operator: 7, maps a function of the next layer’s state-action pairs to a
function of the current layer’s, by taking one step of the dynamics and one greedy maximization.
In the language of Bellman operators, (6.8) can be written as

ZI;W}W _ EMQZI—SM' (6.12)

6.3 The Need for Strategic Exploration

The task of planning using dynamic programming—which requires knowledge of the MDP—is
fairly straightforward, at least if we disregard the computational concerns. In this monograph,
however, we are interested in the problem of learning to make decisions in the face of an unknown
environment. Minimizing regret in an unknown MDP requires exploration. As the next example
shows, exploration in MDPs is a more delicate issue than in bandits.

Recall that naive exploration with e-Greedy, while having a suboptimal rate in T' (T° 2/3 a5 opposed to
\/T), gives a meaningful and useful regret guarantee for multi-armed and contextual bandits. The
following classical example, a so-called “combination lock,” shows that for reinforcement learning,
the performance of this strategy can be disastrous rather than merely suboptimal, as it leads to
exponential regret in the horizon H.

Consider the MDP depicted in Figure 11, with H + 2 states, and two actions a4 and ap, and a
starting state 1. The “good” action a4 deterministically leads to the next state in the chain, while
the “bad” action deterministically leads to a terminal state. The only place where a non-zero
reward can be received is the last state H, if the good action is chosen. The starting state is 1,
and so the only way to receive non-zero reward is to select a4 for all the H time steps within the
episode. Since the length of the episode is also H, selecting actions uniformly brings no information
about the optimal sequence of actions, unless by chance all of the actions sampled happen to be
good; the probability that this occurs is exponentially small in H. Of course, the learner does not
know in advance which action is the good one at each state, so any algorithm that does not adjust
its exploration strategy adaptively must guess all H of them at once. This means that T" needs to
be at least Q(2/) to achieve nontrivial regret.

Given the failure of e-Greedy for this example, one can ask whether other algorithmic principles
also fail. As we now show, appropriate adaptations of the optimism principle and the Estimation-
to-Decisions principle succeed, and yield regret bounds that are polynomial in the parameters |S]|,

103



Figure 11: The combination lock MDP. The good action a4 advances along the chain and the bad
action a; leads to a terminal state; reward is received only at the end of the chain.

|A|, and H. Before diving into the details, we present a collection of standard tools for analysis in
MDPs, which are used throughout the remainder of the monograph.

6.4 Analysis Tools: Performance Difference, Bellman Residuals, and Simulation

One of the most basic tools employed in the analysis of reinforcement learning algorithms is the
performance difference lemma, which expresses the difference in values for two policies in terms of
differences in single-step actions taken by the two policies. The simple proof, stated below, pro-
ceeds by successively changing one policy into another and keeping track of the ensuing differences
in expected rewards. One may also interpret this lemma as a version of the credit assignment
mechanism.

Henceforth, we adopt the following simplified notation. When a policy 7 is applied to the random
variable sp, we drop the subscript h and write 7(sj) instead of 7 (sp,), whenever this does not cause
confusion.

Lemma 6.1 (Performance Difference Lemma): For any s € S, and 7,7’ € Il,ps,

/

VT (5) = ZEM“[QM” (5ns'(50)) = Q)™ (snyan) | 51 = s (6.13)

Proof of Lemma 6.1. Fix a pair of policies m, 7’ and define

h / /
T = (T, ey Thel, Thy -+ s TH ),

H+1

with 7! = 7/ and 7 = 7. By telescoping, we can write

!

‘/le,Tl' (S) ]W TI' Z ‘/le TI' - ]W Trh+1(8). (614)

Observe that for each h, we have

h

Vanr (S) _ V]\/I 7rh+1 — M, wh

Zrh/|31—s

h'=1

H
_ EM,ﬂh+1 [Z Ty ‘ s51 = 3] . (6,15)

h'=1

Here, one process evolves according to (M, ") and the other according to (M, 7"*1). The processes
only differ in the action taken once the state sy, is reached. In the former, the action 7'(sy,) is taken,
whereas in the latter it is m(sy). Hence, (6.15) is equal to

EM [ Q) (sn 7' (5n)) = Q4 (s m(sn) | 51 = s (6.16)
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which can be written as
]E]M,Tr [szﬂrl(Sh’ﬂJ(Sh)) o QZ[”T/(S}“ ah) | s1 = §|. (617)
O

We state the performance difference lemma for completeness. It is not needed for the main results
in this monograph, but it is the starting point for many analyses in reinforcement learning, and
the decomposition that follows can be viewed as a variant of it.

In contrast to the performance difference lemma, which relates the values of two policies under the
same MDP, the next result relates the performance of the same policy under two different MDPs.
Specifically, the difference in initial value for two MDPs is decomposed into a sum of errors between
layer-wise value functions. The quantity Qp — 7, Qn+1 appearing in the second part is called the
Bellman residual of () at layer h under M; it measures how far () is from being self-consistent
under one application of the Bellman operator, and appears as a central notion of estimation error
in the analyses that follow.

Lemma 6.2 (Bellman residual decomposition): For any pair of MDPs M = (P, RM)
and M = (PM, Rﬂ), for any s € S, and policies 7w € IIgrns,

H

VM (s) — VT (s) = D ENT[QY T (shyan) — h — Vi T (sht1) | s1 = s] (6.18)
h=1

Hence, for M, M with the same initial state distribution,

H

FY(m) = f(m) =Y BT [Q T (snyan) — i — VLT (sne1)]- (6.19)
h=1

In addition, for any MDP M and function Q = (Q1,...,Qn, Qu+1) with Qg1 = 0, letting
To,n(8) = argmax,c 4 Qn(s,a), we have

H
max Q1 (s, a) — VT s) = Y BMTR[Qulsny an) — [T Qnial(snian) | s1 =], (6.20)
h=1
and, hence,
H
Esind; [l;ﬂgff Qi(s1,a)] — fM(mg) = ZEM’WQ [Qn(snyan) = [T Qny1l(sns an)]. (6.21)
h=1
Note that for the second part of Lemma 6.2 Q = (Q1,...,Qp) can be any sequence of functions,

and need not be a value function corresponding to a particular policy or MDP. It is worth noting
that @ gives rise to the greedy policy mg, which, in turn, gives rise to @Q"™@ (the value of 7, in
model M), but it may well be the case that Q"™ # Q.

Proof of Lemma 6.2. We prove (6.19), and omit the proof for (6.18), which is similar but more
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verbose. We have

H rH
ZEMJ (Q1" (shyan) — i — Vi (She)] ZEM QT (8hyan) — Vit (Spg)] — EMT [Z Th]
h=1 h=1 h=1

M,

Q" (s, an) — Vi (spa1)] — f ().

Mm

h=1
On the other hand, since VhM’ﬂ(s) = Eqr(s) [QhM’ﬂ(s, a)], a telescoping argument yields

H

ZEﬁ’ﬂ[QZI’W(ShaGh) Vi (sn1)] ZEMW (V" (sn) = Vit (sh41)]
h=1

— EM’” (V7 (s1)] = EM7 [V (sm4)]
= fM(ﬂ')v

where we have used that Vi 1= = 0, and that both MDPs have the same initial state distribution.
We prove (6.21) (omitting the proof of (6.20)) using a similar argument. We have

H
> EM7R[Qn(sh, an) — T — MAX Qhe1(Sh+1, a)]
h=1
H H
=Y EM"@[Qn(sn, an) — max Qui1(spi1,a)] —EM7T@ | "y,
h=1 acA h=1

I
M=

EY"Q [Qn(sn, an) — max Qh+1(sh+1, a)] = " (7).

>
Il

1

Since apy1 = 7o n(Sh41) = arg max,c 4 Qn+1(Sp+1,a), we have
EM7TQ [Qp(sh, an) — max Qnt1(sht1,a)] =EM ™ [Qn(sh, an) — Qn1(Sh+1, an1)],

and the result follows by telescoping.
O

A third tool, the simulation lemma, compares the value of a single policy under two different MDPs.
We state it in two parts: the first bounds the value difference by the distance between the two tra-
jectory distributions, and the second decomposes it into per-layer errors in transition probabilities
and rewards. Both are used in Section 6.7 to analyze model-based exploration.

Lemma 6.3 (Simulation lemma): For any pair of MDPs M = (P, R™) and M= (PM RM)
with the same initial state distribution, and any policy m, we have

£(m) = £7(m)| < Dry (M(x), M) (6.22)

< Dy (M(ﬂ‘), J\Y(w)) <X iip (M(ﬂ), M(w)) Vn>0.  (6.23)
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Lemma 6.4 (Layer-wise simulation lemma): In the setting of Lemma 6.3,

() = ¥ ()

H
— Y ET H(P,ﬁf - Pf)vﬁ’ﬂ (sn, ah)} (6.24)
h=1 Y .
LY B [EWR% ) =B, g [rh]} (6.25)
h=1
H
< Z Eﬂ’w [DTV (P}?I(Sh, ah), Pf?(sh, ah)> + DTV (R%(Sh, CLh), R]I?(Sh, ah)>] . (6.26)
h=1

Proof of Lemma 6.3. Let X = Zle rp. Since X € [0, 1] almost surely, we have
£ = 17 (m)| =

The final result now follows from the AM-GM inequality. O

EM7X] — Eﬁﬂf[X]‘ < D1y (M(Tr), A?(ﬂ)) < Dy (M(w), J\?(n)).

Proof of Lemma 6.4. From Lemma 6.2, we have

H

FM () = f(r) = Z EMT (Q1 " (shyan) — 11 — Vi1 (sh))]
h=1

H
= Y BT [BVAT] (nsan) = VT (sn1) + Epy et (o 1) =B, i, 7]
h=1

I
M=

B[ [(B = PV (snan)

>
Il
—

H
M, M
+ Z E*7 [EThNRQ/I(Smah) [rh] - ErhNRQI(Sh:ah)[Th]}
h=1

H
< ) EMT [DTV (Piiw(shaah)vpf]tw(shaah)) + Drv (R%(Sh,ah)jRﬁ’(Sh,ah))},
h=1

where we have used that V"7 (s) € [0,1].
U

When rewards are known and deterministic (Assumption 6.1 below), the reward distributions of
any two MDPs coincide, so the reward terms in Egs. (6.24) and (6.25) vanish.

6.5 Optimism in Reinforcement Learning

To develop algorithms for regret minimization in unknown MDPs, we turn to the principle of
optimism, which we have seen is successful in tackling multi-armed bandits and linear bandits
(in small dimension). Recall that for bandits, Lemma 3.1 gave a way to decompose the regret
of optimistic algorithms into width of confidence intervals. What is the analogue of Lemma 3.1
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for MDPs? Thinking of optimistic estimates at the level of expected rewards for policies 7 is
unwieldy, and we need to dig into the structure of these multi-stage decisions. In particular, the
approach we employ is to construct a sequence of optimistic value functions Q1,...,Qm which are
guaranteed to over-estimate the optimal value function Q™ * for the true MDP M*. Since the
optimal value functions of M* appear frequently, we abbreviate Q7 := Qzﬁ’* and V)© 1= VhM*’*,
retaining the model superscript only when a generic M € M is intended. For multi-armed bandits,
implementing optimism amounted to adding “bonuses,” constructed from past data, to estimates
for the reward function. We construct optimistic value functions in a similar fashion. Before
giving the construction, we introduce a technical lemma, which quantifies the error in using such
optimistic estimates in terms of Bellman residuals; Bellman residuals measure self-consistency of
the optimistic estimates under the application of the Bellman operator.

Lemma 6.5 (Error decomposition for optimistic policies): Let {Q1,...,Qpy} be a se-
quence of functions @y, : S x A — R with the property that for all (s, a),

5 (s,a) < Qn(s,a) (6.27)
and set Q41 = 0. Let T = (71, ..., 7y) be such that 7, (s) = argmax, Qp(s,a). Then for all
seS,

~ H o~ J— p—
Vi (s) = VT (s) < Y EMT[(Qn — T3 Qn) (s T (sn)) | 51= ). (6.28)
h=1

Lemma 6.5 is an analogue of Lemma 3.1 for bandits, with Bellman residuals playing the role of
confidence widths. Optimism lets us pass from the unknown m,, to the algorithm’s own policy 7,
and what remains is a notion of estimation error for the optimistic value functions.

Lemma 6.5 tells us that closeness of Qj to the Bellman backup TM Qn+1 implies closeness of 7 to
7 in terms of the value. As a sanity check, if Q) = ;\f’*, the right-hand side of (6.27) is zero,
since QhM’* =TM Q;‘f_:l Crucially, errors do not accumulate too fast as a function of the horizon.
This fact should not be taken for granted: in general, if @ is not optimistic, it could have been the
case that small changes in @Q, exponentially degrade the quality of the policy 7.

Another important aspect of the decomposition (6.27) is the on-policy nature of the terms in the
sum. Observe that the law of s;, for each of the terms is given by executing 7 in model M. The
distribution of s, is often referred to as the roll-in distribution; when this distribution is induced
by the policy executed by the algorithm, we may have a better control of the error than in the
off-policy case when the roll-in distribution is given by m,,; or another unknown policy.

Proof of Lemma 6.5. Let V,(s) := max,e4 Qn(s,a). Just as in the proof of Lemma 3.1, the as-
sumption that @y, is “optimistic” implies that

n " (shTar(sn)) < Qn(sn, mar(sn)) < Qulsn, Tsn))

and, hence, V;""*(s) < V(s). Then, (6.20) applied to @ = Q and 7, = 7 states that
~ H o~ J— p—
Vi(s) = V' (s) = Y BT [Qn(sn,an) — T3 Qnsa] (snan) | s1=s]. (6.29)
h=1
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Remark 6.2 (Optimism is only needed at the first step): In fact, the proof of Lemma
6.5 only uses that the initial value @ is optimistic. However, to construct a value function
with this property, the algorithms we consider proceed by backwards induction, producing
optimistic estimates Q1, ..., Qg for all steps h in the process.

6.6 Optimism for Tabular MDPs: The UCB-VI Algorithm

We now instantiate the principle of optimism to give regret bounds for online reinforcement learning
in tabular MDPs. Tabular RL may be thought of as an analogue of finite-armed bandits: we assume
no structure across states and actions, but require that the state and action spaces are small. The
regret bounds we present depend polynomially on S = |S| and A = |A], as well as the horizon H.

Preliminaries. For simplicity, we assume that the reward function is known to the learner, so
that only the transition probabilities are unknown. This does not change the difficulty of the
problem in a meaningful way, but allows us to keep notation light.

Assumption 6.1 (Known deterministic rewards): Rewards are deterministic and known
to the learner: R}(s,a) = 0y, (s,q) for known rj, : § x A — [0, 1], for all M.

Together with the normalization Y, 7, € [0,1] of Section 6.1, this implies V;"**(s) € [0,1] for all s
and all M.

Define, with a slight abuse of notation,

t—1 t—1
nZ(Saa) = ZH{(SZ,G%) = (Sva)} , and n;z(sva’ 5/) = ZH{(S%L’G“;NS;"L-Fl) = (s,a, 5/)} )
=1 =1

as the empirical state-action and state-action-next state frequencies. We can estimate the transition
probabilities via

n(s,a,s)

Pi(s'| s,a) = (6.30)

ny, (s, a)

Together with the known rewards, the estimated transitions define an estimated MDP Mt =
{S,A, {ﬁﬁ}thl,{rh}thl,dl}. Under Assumption 6.1, an MDP is determined by its transition
kernels, so estimating M* and estimating {P}"}/_, are the same thing, and we use the two
viewpoints interchangeably. The analysis of UCB-VI below works directly with ]3,2, the estimated
MDP M is the main object in Section 6.7.
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The UCB-VI algorithm. The following algorithm, UCB-VI (“Upper Confidence Bound Value
Iteration”) [27], combines the notion of optimism with dynamic programming.

Algorithm 6.1 UCB-VI

input: Confidence parameter ¢ € (0,1).
fort=1,...,7 do
Let Vt]{-‘,—l =0.
for h=H,...,1do
Update nj,(s, a), nj,(s, a,s’), and bj, 5(s,a), for all (s,a) € S x A.

/1b} 5(s,a) is the bonus computed in (6.31).
Compute:

Qi(5,0) = {rn(5:0) + By _po ooy Vii1 (8) + bis(s:0) f A L. (6.31)

Set V’;L(s) = maXge A Q;L(s, a) and 7}, (s) = argmax,¢c 4 Q’;L(s, a).

Collect trajectory (si,ai,r}),...,(s%,aly,rl) according to 7.

We analyze the UCB-VI algorithm using Lemma 6.5. In constructing functions Qp, we need to
satisfy two goals: (1) ensure that with high probability (6.26) is satisfied, i.e. the value functions
are optimistic; and (2) that the functions @Qj are “self-consistent,” in the sense that the Bellman
residuals in (6.27) are small. The second requirement already suggests that we should define @y,
approximately as a Bellman backup T, Qp+1, going backwards for h = H+1,...,1 as in dynamic
programming, while ensuring the first requirement. In addition to these considerations, we must
use a surrogate for the Bellman operator 7, ", since the model M* is not known. This is achieved
by estimating M™* using empirical transition frequencies. Putting these ideas together gives the
update in (6.30). We apply the principle of value iteration, except that

1. For each episode t, we augment the rewards 7 (s,a) with a “bonus” b} 5(s,a) designed to
ensure optimism.

2. The Bellman operator 7, " is replaced by that of the estimated MDP, 771@ " which uses the
estimated transition probabilities in (6.29).

The bonus functions play precisely the same role as the width of the confidence interval in (3.20):
these bonuses ensure that (6.26) holds with high probability, as Lemma 6.6 shows.

The following theorem shows that with an appropriate choice of bonus, this algorithm achieves a
polynomial regret bound.

Theorem 6.1 (Regret of UCB-VI): For any § > 0, UCB-VI with

b s(5,0) = 2 \/ log(2SAHT/6) (6:2)

n;,(s, a)

guarantees that with probability at least 1 — 6,

Reg < HSV AT - \/log(SAHT/$)
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We mention that a slight variation on Lemma 6.8 below (using the Freedman inequality instead
of the Azuma-Hoeffding inequality) yields an improved rate of O(HVSAT + poly(H, S, A)logT).
The optimal rate is O(VHSAT) (a formal lower bound is Proposition 8.4 in Section 8), which is
achieved using the same template with a more careful choice for the bonus b}, ;. We remark that care
should be taken in comparing results in the literature, as scaling conventions for the individual and
cumulative rewards (as in Assumption 6.1), as well as stationary versus non-stationary transition
assumptions, can vary.

6.6.1 Optimism and Bellman Residuals Within an Episode

In what follows, we prove Theorem 6.1. The analysis features two of the same ingredients as that of
UCB for multi-armed bandits: bonuses to ensure optimism, and a potential argument that controls
the number of times the algorithm can be surprised by bad state-action pairs. What changes is
that we need Lemma 6.5 to relate the algorithm’s (global) suboptimality to its (local) per-state
action bonuses.

To begin, we first prove several helper lemmas concerning the performance within each episode t.
Throughout this subsubsection, we fix t and drop the superscript t. Given the estimated transitions

{ﬁh( | s,a)}, ., define the estimated MDP M= {S,.A, {ﬁh}thl, {R}" thl,dl}. The associated
Bellman operator is

T'Q(s,a) = ru(s,a) + B, _p, |, maxQ(s', a) (6.33)

for Q : S x A — R. Consider the sequence of functions Qy : S x A — [0,1],V}, : S — [0,1], for
h=1,...,H +1, with Q41 =0 and

Qu(s,@) = { [T Qnal(s,a) + ba(s,a) p AL, and Vi(s) = maxQu(s, ) (6.34)

for bonus functions by 5 : S x A — R that we leave unspecified for now. Henceforth, we follow the
usual notation that for functions f, g over the same domain, f < ¢ indicates pointwise inequality
over the domain.

The first lemma we present shows that as long as the bonuses by, s are large enough to bound the
error between the estimated transition probabilities and true transition probabilities, the functions
Q1,...,Qm constructed above are optimistic.

Lemma 6.6 (Bonuses ensure optimism): Suppose we have estimates {ﬁh( | s,a)}hsa
and a function by, 5 : S x A — R with the property that for all s € S,a € A,

Zﬁh(s’ | s,a)Vi(s') — ZP}]L\/I*(S/ | s,a)Vir(s')| < bps(s,a). (6.35)

S S

Then for all h € [H], we have

Qn>Qj, and V>V (6.36)

for Qpn, V', defined in (6.33).
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Proof of Lemma 6.6. The proof proceeds by backward induction on the statement
Vi>Vy

with h = H + 1 down to h = 1. We start with the base case h = H + 1, which is trivial
because Vi1 = Vi1 = 0. Now, assume Vil > Vi1, and let us prove the induction step.
Fix (s,a) € S x A. If Qu(s,a) = 1, then, trivially, Qpn(s,a) > Q5 (s,a). Otherwise, Qx(s,a) =
Eﬁ@h_,_l(s, a) + by s5(s,a), and thus

Qn(s,a) — Qf(s,a) = bys(s,a) + ES'Nﬁh(-\s,a) Vig1(s') — Es’~P}f/f*(-|s,a) V;fﬂ(sl)
> bps(s,a) + Es/fvﬁh(.\s,a) Vi (sh) = ESINP}JLW*(.B,Q) Vi (s') > 0.

This, in turn, implies that V},(s) = max, Qx(s, a) > max, Q% (s,a) = V;*(s), concluding the induc-
tion step. 0

We now analyze the effect of using an estimated model M for the Bellman operator rather than
the true unknown 7,M".

Lemma 6.7 (Bellman residuals of the optimistic value functions): Suppose we have
estimates {Py(- | s, a)}h .o and by 5(s,a) : S x A — R with the property that

Pu(s' | 5,a)V(s) =S PM(s | s,a)V(s)| <V, 5(s,a). 6.37
V§3§}SZ w(s' | s,a)V(s') Z w (8| s,a)V(s)] < b, 5(s,a) (6.37)

Sl

Then the Bellman residual satisfies
Qn — T Qny1 < (bns + bl 5) A1 (6.38)
for Qp, V1, defined in (6.33).

Proof of Lemma 6.7. That Qj — EM*Q}LH < 1 is immediate. To prove the main result, observe
that

Qn— T Qni1 = {Eﬁéh+1 + bh,a} A =T Qnir < (TM = T )Qnsr + bis (6.39)

For any Q € S x A — [0,1],

(T =T )Q(s,a) =B 5 (g0 maxQ(s’a) =B, e maxQ(s’,a)  (6.40)
s'~Pp(-|s,a) 7 s'~PM T (s,a) T g
/ /
< VIGIE(%)I(]S‘ES'NE('|S’“) V(s') - ES/NP}ILVI*(.B,Q) V(s (6.41)

Since the maximum is achieved at a vertex of [0,1]%, the statement follows. O

6.6.2 Concentration and Regret Bound

We now bring back the time index t and show that the estimated transition probabilities in UCB-
VI satisfy conditions of Lemma 6.6 and Lemma 6.7, ensuring that the functions Q7,...,Q% are
optimistic.
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Lemma 6.8 (Concentration for empirical transitions): Let {ﬁitz}he[H] te[T] be defined as
n (6.29). Then with probability at least 1 — §, the functions

¢ (sra) = 2 \/1og(2SAHT/5)7 and B 5(5,0) = 8 \/Slog(QSAHT/(S)

ny, (s, a) ny, (s, a)

satisfy the assumptions of Lemma 6.6 and Lemma 6.7, respectively, for all s € S, a € A,
h € [H], and t € [T] simultaneously.

Proof of Lemma 6.8. We leave the proof as an exercise to the reader, as it follows similar reasoning
to other concentration results throughout the monograph. O

Proof of Theorem 6.1. Putting everything together, we can now prove Theorem 6.1. Under the

event in Lemma 6.8, the functions Q¢, ..., @}I are optimistic, which means that the conditions of
Lemma 6.5 hold, and the instantaneous regret on round ¢ (conditionally on s; ~ dj) is at most

H
ST (@h — T Qi) (s Fh(sh) | 51 = o]
h=1

Mm

B [ (b5 (55, 7 (53)) + b, 5 (85, T (sh))) A1,
h=1

where the second inequality invokes Lemma 6.7; note that the expectation is under 7 itself, the
on-policy roll-in distribution discussed after Lemma 6.5, which is what allows the bonuses to be
summed along the algorithm’s own trajectories. Summing over t = 1,...,7, and applying the
Azuma-Hoeffding inequality, we have that with probability at least 1 — 4, the regret of UCB-VI is
bounded by

H
ZEM* (bn,5 (s> T (s5)) + bl s (sh, T (sh))) A 1]

E

t=1 h=1
T H

SZ (bns(sh, Th(s5)) + by, 5(sh, )) A1+ +/HTlog(1/9).
t=1 h=1

Using the bonus definition in (6.31), the bonus term above is bounded by

Slog(2SAHT/5) e 1
ZZ gt = /%) A1 </Slog(2SAHT[6) Y Y ——eoe—= A1 (6.42)

t=1 h=1 (85 7 (5h)) t=1 h=1 n, (sy,, 77, (s7,)

The double summation can be handled in the same fashion as Lemma 3.2:

ZE\/TAl_ZZZH{Shﬂ% sp)) = (s, )}/\1

t=1 h=1 h=1 (s,a) t=1 nj,(s,a)
H
522 ni(s,a)ﬁH\/m
h=1 (s,a)
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6.7 Estimation-to-Decisions for Tabular Reinforcement Learning

We now give a second approach to tabular reinforcement learning, based on the Estimation-to-
Decisions principle of Sections 4 and 5 rather than on optimism. The estimation step is the same
as in UCB-VI: from the trajectories observed so far, we form an estimated MDP M. However, in-
stead of planning optimistically in M ¢, we adapt the Estimation-to-Decisions principle to turn the
estimate into an exploratory distribution over policies whose regret is controlled by the estimation
error of M. Doing so requires an exploration strategy that exploits the structure of MDPs, which
serves as a preview for the most general form of the Decision-Estimation Coefficient we introduce
in Section 7.

Throughout this subsection, we adopt Assumption 6.1. We write M for the set of all tabular MDPs
with state space S = [S], action space A = [A], horizon H, and the known rewards r;; a model
M € M is thus specified by its transition kernels. For M € M and 7 € Ilns, M(7) denotes the
law of the trajectory (s1,a1,71,...,8H,am,rg) under w in M.

Occupancy measures. The results we present make use of the notion of occupancy measures
for an MDP M. Let P 7™(-) denote the law of a trajectory evolving under MDP M and policy .
We define state occupancy measures via

d;\:f’ﬂ(s) =P" 7 (sp = s)

and state-action occupancy measures via
dIW,ﬂ'( _ }P)I\/I,Tr _ _
n (s a) = (s = s,ap = a).

Note that we have dy""(s) = dy(s) for all M and 7.

Instantiating Estimation-to-Decisions: Policy Cover Inverse Gap Weighting. The main
ingredient in our algorithm is the following subroutine which, given an estimated MDP MeM
and a parameter n > 0, computes a distribution p over policies. The strategy, Policy Cover Inverse
Gap Weighting, combines inverse gap weighting with the notion of a policy cover—a collection of
policies that ensures good coverage of every state [69, 152, 114].

Algorithm 6.2 Policy Cover Inverse Gap Weighting (PC-IGW)
input: Estimated model M e M; exploration parameter n > 0.

output: Distribution p € A(Ilns).

Define inverse gap weighted policy cover ¥ = {ﬂh,s,a}he[m’se[g},ae[A] via

47 (s, a) (6.43)
Th.s.q = arg max — — ) .
e e 2HS A+ n(f ¥ (mg) — [ ()
For each policy m € ¥ U {my;}, define
1
p(m) (6.44)

T A+ 0(fT () — [Y(m))

where A € [1,2HSA] is chosen such that ) _p(m) = 1.

return p.
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The algorithm consists of two steps. First, in (6.42), we compute the collection of policies ¥ =
{7h,s,a} he|H),se[S],ae4] that constitutes the policy cover. The basic idea here is that each policies in
the policy cover should balance (i) regret and (ii) coverage—that is—ensure that all the states are
sufficiently reached, which means we are exploring. We accomplish this by using policies of the form

M,
. dh (Sv a)
Th,s,a *= argmax

rellys 2HSA+n(f¥(n5) — f4())

which—for each (s, a, h) tuple—maximize the ratio of the occupancy measure for (s, a) at layer h to
the regret gap under M. This inverse gap weighted policy cover balances exploration and exploita-
tion by trading off coverage with suboptimality. With the policy cover in hand, the second step of
the algorithm computes the exploratory distribution p by simply applying inverse gap weighting to
the elements of the cover and the greedy policy 777 A naive alternative would be to apply inverse
gap weighting to all of Il,,s at once; this would pay |Ils| /7, which is exponential in S and H. The
cover replaces this count by HSA, as the following proposition shows.

Proposition 6.2 (PC-IGW links regret to estimation error): Under Assumption 6.1, for
any v > 0 and M € M, the PC-IGW strategy with 1 = 57k ensures that for all M € M,

3 —
Banpl £ (7ar) = £ (1)) § 2 49+ B [ DR (M), H(m) .

Proposition 6.2 has the same form as (4.41), with H3SA/~ in place of A/ and Hellinger distance
between trajectory distributions in place of squared error of rewards. That such an inequality
holds at all is the non-trivial content of the result. The estimate M is an entire MDP, and the
Hellinger error on the right-hand side is measured only along trajectories that p actually generates;
an error in the transitions at a state that p rarely visits is invisible to the right-hand side, yet could
in principle be exactly what makes a policy suboptimal. The policy cover is what rules this out:
every state—action pair that can be reached with non-negligible probability under some policy is
visited by p with probability inversely proportional to that policy’s estimated suboptimality, so any
misestimation that could cause regret is paid for by the oracle.

From the inequality to an algorithm. We turn the inequality in Proposition 6.2 into an
algorithm using the same Estimation-to-Decisions template as in Section 4.7. In each episode t
an online estimation oracle produces estimated transition kernels, and hence an estimated MDP
M € M, from the trajectories observed so far, and we play 7* ~ p' := PC-IGW(M?"). The oracle
now estimates distributions rather than means, so its error is measured in Hellinger distance: in
direct analogy with Definition 4.1, we assume an oracle whose cumulative Hellinger error

Esty = ZT: Entpt | Df (M* (), AT (7))

satisfies, with probability at least 1 — 0, Esty < Esty(M,T,d) for some deterministic bound
Esty(M,T,6). Informally, this guarantee states that M* and M must induce similar distributions
over trajectories, on average over the policies sampled from p*. This is the online estimation oracle
of Definition 7.1 in Section 7, restricted to proper estimates Mt e M.
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To minimize the estimation error, the following result shows that a natural choice—the empirical
transition frequencies of UCB-VI, smoothed by adding one pseudo-count to each next state—has the
required guarantee. This is Laplace’s rule of succession [134], applied separately for each (h,s,a);
equivalently, this is the continuous-prior analogue of the Bayes mixture predictor of Lemma 2.5,
with the uniform distribution over the simplex A(S) as the prior. The log-loss regret bound is
classical [47, Chapter 9].

Proposition 6.3 (Hellinger estimation for tabular MDPs): Let M* € M be the MDP

with transition kernels
ny(s,a,s') +1

Bi(s' | s.a) =

(6.45)

where n}, (s, a) and n}, (s, a, s’) are the empirical counts defined in Section 6.6. For any 6 € (0,1),
with probability at least 1 — 4,

Esty < HS?Alog(e(T + S)) + 2log(671).

This holds for any sequence of distributions p',...,p" used to select «!,..., w7,

The proof is deferred to Section 6.9. Summing Proposition 6.2 over episodes and plugging in
Proposition 6.3 gives the following end-to-end regret bound.

Theorem 6.2 (Regret of Estimation-to-Decisions with PC-IGW): Under Assumption
6.1, the algorithm that plays 7' ~ PC-IGW(M") with exploration parameter v > 0 has the
following guarantees.

1. For any estimation oracle and every realization,

H3SA
Reg < 5

'T—i-’)/'EStH.

Consequently, if the oracle has estimation error Esty (M, T, ), then with probability at
least 1 — 46,

Reg < /H3SA-T -Esty(M,T,85) for ~v=+/H3SA T/Esty(M,T,9).

2. With the estimator (6.44) and v = \/H3SA - T/(HS2Alog(e(T + S)) + 2log(6~1)), with
probability at least 1 — 4,

Reg < \/H4S3A2T log(e(T + S)) + H3S AT log(6—1).

Proof of Theorem 6.2. The first bound is proven identically to Theorem 4.2, with Proposition 6.2
in place of Proposition 4.3: adding and subtracting -E ¢t [Da (M *(mh), M t(ﬂt))} in each episode

and applying Proposition 6.2 with M = M* and M = M bounds each episode’s regret by H3SA /v
plus v times that episode’s estimation error; summing over episodes gives the bound. The second
bound in the first part follows on the event that Esty < Esty(M,T,0), by the choice of . O

The rate in Theorem 6.2 is polynomial in all parameters, though worse than the HSv AT rate of
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UCB-VI (Theorem 6.1); the point of the argument is its generality rather than its constants. We re-
turn to this construction in Section 7 (Example 7.7), as an instance of the more general DEC theory.

Remark 6.3 (Computational efficiency): The PC-IGW strategy can be implemented in a
computationally efficient fashion. Briefly, the idea is to solve (6.42) by taking a dual approach
and optimizing over occupancy measures rather than policies. With this parameterization,
(6.42) becomes a linear-fractional program, which can then be transformed into a standard
linear program using classical techniques.

6.7.1 Preliminary Lemma: Change of Measure

The proof of Proposition 6.2 uses the simulation lemma (Lemma 6.3) from Section 6.4, together with
the following “change-of-measure” lemma, which allows one to move between quantities involving

an estimator M and those involving another model M.

Lemma 6.9 (Change of measure for RL): Consider any MDPs M, MeM (so that both
satisfy Assumption 6.1). For all p € A(II) and n > 0 we have

Erp[fM () = £ ()]

< By [£(70) = £7(0)] + 1 [ DR (M), 3T()) ] + 7. (6.46)
and
By BV EHI D2, (p,y(sh,ah),P,?(sh,ah))] <8HE,, [DE, (M(w),z\?(w))] (6.47)
h=1

Proof of Lemma 6.9. We first prove (6.45). Writing f (m,,) — f(7) = fM(my) — fM (7)) + f¥ (1) —
fM(m) and applying (6.22) (with 2n in place of n) to the second difference, we have that for all
n>0,

]Eﬂwp[fM(TrM) - fM (77)]
1

< Erp[£(mar) = £7m)] 4 0By | DR (M (), M () | + 4

We now prove (6.46). Using Lemma A.5, we have that for all h,
B [ DR (P (51, an), P (sn,an) )| < 8DR (M (), M ().

As a result, using that D2,(-,-) < D3(-,-),

H

Y D3, (P,y (s, an), P (sn, ah)>] < 8HD? (M(w), ]\//.7(71')).
h=1

Eﬁ,w

Since this holds uniformly for all 7, taking expectation over 7 ~ p gives (6.46).
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6.7.2 Proof of Proposition 6.2

Proof of Proposition 6.2. Let M € M be fixed. The main effort in the proof is to bound the
quantity

Ervp| £ (mas) = £7(m)

in terms of the quantity on the right-hand side of (6.46), then apply change of measure (Lemma
6.9). We begin with the decomposition

Enep | £ (70) = S7(7)] = B [ 1) = £7(m)] + £ (m) = 7 (mw) . (6.48)
RS (I

For the first term (I), which may be thought of as exploration bias, we have

[ (ng) = () _ 2HSA

Nt () — @) S (6.49)

Enmp [/ 7(rs) = (M) = >0

re€VU{m;}
where we have used that A > 0. We next bound the second term (II), which entails showing that
the PC-IGW distribution explores enough. We have

fM(WM) - fﬂ(ﬂ?) = fM(”M) - fM(WM) - (fAAI(Wﬁ) - fﬁ(WM))- (6.50)

We use the simulation lemma to bound
H

H
FM () = M () < ZEﬁ’”M {DTV (Pé‘/l(shjah),P,?(sh,ah))} = Zde’”M(s,a)err%(s,a),

h=1 h=1 s,a

where err} (s, a) := Drv (P (s, a), P (s, a)) (the reward terms in (6.25) vanish under Assumption

6.1). Define dj,(s,a) = Erp[d; " (s,a)]. Then, using the AM-GM inequality, we have that for any
/

n >0,

H _ = 1/2
Z Z d,"™ (s, a)lerry (s Z Z dM M ( <Z:E ;) lerrp! (s, a)]

h=1 s,a h=1 s,a
R 3) DL LIS o S ANATSTA
—I— - s,a) err s, a
h=1 s,a dhsa 2h:18,ah "
dMﬂ-M 77, H
ZZ i —l— EZE”NP EMm [(exr) (s, an))?].
h=1 s,a h 85 CL h=1

The second term is exactly the upper bound we want, so it remains to bound the ratio of occupancy
measures in the first term. Observe that for each (h, s, a), we have

dﬁﬂrM dJ’VTJFM 1 dIWJTM N N
(s, a) < (s,a) < (s,a) (2HSA+n(fM(7rﬁ) B fM(ﬂh@a))’
dh($7 a) dh 7Thys,a (57 a) p(ﬂ'h,s,a) dh yTh,s,a (57 a)

where the second inequality follows from the definition of p and the fact that A < 2HSA. Further-
more, since

A" (s, a)
Th,s,e — arg max

rellys 2HSA+n(f¥(ng) — f(r))’
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and since m,,; € Il;,s, we can upper bound by

dMm (s,a)
)

h_ (2054 + (/™ (r37) = [™ () = 2HSA+ n(f ™ (x5) = J7 (a0, (6.51)
d, "M (s, a)

As a result, we have

dM 7FM )2

ZZ dhsa

h=1 s,a

H v — —_—
<N d ™ (s,0)(2HSA + n(f (ng) — [T (7))

h=1 s,a
= 2H2SA + nH (f"(m57) = ¥ (7))
Putting everything together and returning to (6.49), this establishes that
) — fﬁ(ﬂﬁ)
L SA i 5
2
h=

I ) — £ () — (P () — £ ().

Erep EM ” errh (8h7ah))2] + 72777

7 +
1

We set ' = % so that the latter terms cancel and we are left with

H
v 2HSA H e
F ) = () € S0 T S B B (e (sn, an) .

h=1
Combining this with (6.47) and (6.48) gives
ET(Np [fM(ﬂ'M) - fﬁ(ﬂ-):|
H

4HSA nH N,
< A S B B e )]

AHSA nH & o W
==+ ; Eyp EM7 [D%V (P#L”(Sm an), Py’ (sn, ah))] :

We conclude by applying the change-of-measure lemma (Lemma 6.9), which implies that for any
/
n >0,

Bl (mar) — f4 ()] < 254

+ (47) ™+ (2H2 + ) - By | DR (M (), M () .

The result follows by choosing n = ' = 211]2 (we have made no effort to optimize the constants

here). O

6.8 Bibliographic Remarks and Further Reading

Takeaways. This section introduced the finite-horizon episodic MDP, showed that planning in a
known MDP reduces to dynamic programming, and gave two approaches to online reinforcement
learning in tabular MDPs. Both build the same estimated MDP M from empirical transition
frequencies and differ only in what they do with it: UCB-VI plans optimistically in M* and is
analyzed through the Bellman residuals of its optimistic value functions, while PC-IGW uses M
to build an exploratory distribution over a policy cover, analyzed in Hellinger distance; Section 7
shows that the latter is the DEC construction for tabular MDPs. The analysis tools in Section 6.4
recur throughout the monograph.
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Bibliographic remarks. Bellman’s principle of optimality and value iteration (Proposition 6.1)
go back to Bellman [31]; see Puterman [169] and Sutton and Barto [194] for textbook treatments.
The performance difference lemma (Lemma 6.1) is due to Kakade [121], and the simulation lemma
(Lemma 6.3) takes its name from Kearns and Singh [124]; the Bellman residual decomposition
(Lemma 6.2) is a telescoping identity that appears in many forms, with Jiang and Agarwal [110]
being perhaps the most notable example.

Optimism for tabular RL originates with E3 and R-max [124, 38] and, for regret minimization,
with UCRL2 [108]. UCB-VI (Algorithm 6.1) and Theorem 6.1 are from Azar et al. [27]; Lemma
6.5, Lemma 6.6, and Lemma 6.7 follow their analysis. The Q(v HSAT) lower bound quoted after
Theorem 6.1 is from Domingues et al. [66], refining Jaksch et al. [108], Osband and Van Roy [159].

The PC-IGW strategy (Algorithm 6.2), Proposition 6.2, and the change-of-measure lemma (Lemma
6.9) are adapted from Foster et al. [84], where the same argument bounds the Decision-Estimation
Coefficient for tabular MDPs and Theorem 6.2 is a special case of the general E2D guarantee. The
notion of policy cover used in the algorithm is developed in Du et al. [69], Misra et al. [152], Jin
et al. [114]. The estimator in Proposition 6.3 is classical [47, Chapter 9].

Further reading. The monograph of Agarwal et al. [10] covers tabular RL in depth. The bound
in Theorem 6.1 is loose in S and H; Bernstein-type bonuses give the minimax rate [27, 221], and
Zhang et al. [228] remove the remaining horizon dependence under the normalization of Assumption
6.1; see Jiang and Agarwal [110] for why this normalization matters. Model-free counterparts of
UCB-VI, which maintain optimistic Q-functions without an estimated model, begin with Jin et al.
[112]. Posterior sampling for tabular RL is analyzed by Osband et al. [161], Osband and Van Roy
[160].

6.9 Deferred Proofs

This proof uses somewhat standard machinery from the theory of online learning; we refer to
Lemma 7.3 for further background.

Proof of Proposition 6.3. Under Assumption 6.1, the density of a trajectory 7 = (s1, a1, ..., 8y, ax)
under policy 7 in an MDP M € M is dy(s1) [T, mn(an | sp) P (Sh+1 | sn,an) (rewards are a
deterministic function of the trajectory, and the final transition can be ignored). Hence, for the
trajectory 7* observed at round ¢, the log-loss difference between the true model and the estimate

satisfies
H

M*(rt | 7)) Zlo P (s}, | s}, af,)
= - = ’
Mt(rt | t) 1 P;L(SZ_H | S;L,a’,;)

(6.52)

since the initial state and policy terms cancel. For each cell (h,s,a),let T 54 = {t € [T] : (s},,a},) =
(s,a)} be the set of rounds in which the cell is visited, and define

— P (she | 5,0)
h,s,a *— Z BSi/ ¢
t€Th sa P ()41 | 5,0)

: (6.53)

the log-loss regret of the estimator (6.44) relative to the fixed distribution PM"(- | s,a) on the
subsequence of next states observed at this cell. Since every pair (¢, h) belongs to exactly one cell,
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summing (6.51) over ¢ gives

*(Tt ‘ 7Tt) H
log == =$" Rhsa- (6.54)

We bound Ry, s, for a fixed cell. Write n = |7}, 54| for the number of visits, yi,...,y, € S for
the next states observed on these visits in order, and n; for the number of occurrences of state
J € 8 among y1,...,Yn, so that >°;n; = n. Let n;(k) be the number of occurrences of j among
Y1, -+, Yk At the k-th visit, the counts in (6.44) are those of the first & — 1 next states, so the
estimator assigns probability
Ny, (k—1)+1

k—1+4+S
to the state y; that is actually observed. In this notation,

Pi(yr) =

Ris. Zlg yk\sa)_lng By (yk|3a)'
Pr(yr) [T5=1 Pr(yx)

We compute the two products separately.

The estimator’s product likelihood. The denominators of P (y1),---, ﬁn(yn) are S,S+1,...,n+5-1,
whose product is % For the numerators, fix a state j and consider the visits k£ at which
yr = j: at the first such visit n](k: — 1) +1=1, at the second it is 2, and so on up to n;, so these

visits contribute the factor n;!. Multiplying over j,

no (S = 1) TTics !
] Peton) = (n—i—S—JS! '

(6.55)
k=1

(This quantity is also [ A(S) [T5—1 ¢(yx) dq for the uniform distribution over the simplex, which is
why (6.44) is the Bayes mixture predictor with a uniform prior [47, Chapter 9]; we do not need
this fact.)

The true distribution’s product likelihood. Writing ¢ = PM (- | s,a) and q(j) = nj/n for the
empirical distribution of y1, ..., y,, we have [;_; ¢(yx) = H] q(3)™, and

loqu )= nz 1) log q(j) = nz 1) 1log G(7) — nDkL(q || q) < loqu(j)”f
J

since KL divergence is nonnegative (Lemma 7.1). In words: the empirical distribution maximizes
the likelihood of the observed sequence, so the true distribution can do no better than it.

Putting everything together. Dividing the second product by (6.54),

(n+S—1 n B n+S5-1 n! NG\ "
Rh,s,aglog ( H n]'H< ]) = 0g< S_1 )+10g WH(;)

The second logarithm is at most zero: its argument is the multinomial probability of observing
exactly the counts (n;)jes in n independent draws from ¢, which is at most 1. For the first, the
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standard estimate (") < (em/r)"” with m =n+ S —1 and r = S — 1 gives (cf. Cesa-Bianchi and
Lugosi [47, Chapter 9], which proves the same bound for the Laplace forecaster)

(n+S—-1)

Rpsaq < (S— 1)10g<e S| ) < Slog(e(T +9)),

where the last step uses n < T and %ﬁzl <n+S-1<T+5S.

Summing over the HSA cells in (6.53), the log-loss regret of the sequence ]\/4\1, e ,]\7T relative to
M* is at most HS?Alog(e(T + S)). Finally, Lemma 7.3 (stated in Section 7.4.1) converts log-loss
regret relative to M™* into Hellinger estimation error: with probability at least 1—9, Esty is at most
this regret plus 2log(6~1). Since M is determined by the history and ' is drawn from M *(7h),
the lemma applies for any choice of the distributions p*. O
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7. GENERAL DECISION MAKING: A UNIFIED FRAMEWORK

So far, we have covered three frameworks for interactive decision making beyond the multi-armed
bandit: contextual bandits, structured bandits, and episodic reinforcement learning. For each set-
ting, we developed algorithms as instances of the Estimation-to-Decisions principle. For structured
bandits, the Decision-Estimation Coefficient (DEC) identified the best possible exploration strategy
for a given class, yielding one algorithm, E2D, for all classes. For tabular reinforcement learning, the
same principle was applied (with the main difference being to move from regression to estimation
of entire models), but the exploration strategy and analysis were built by hand. In this section, we
unify these developments by introducing a general decision making framework that captures the
settings of the preceding chapters and deriving general versions of Estimation-to-Decisions and the
Decision-Estimation Coefficient in this setting.

Organization. Section 7.1 introduces our general decision making framework and shows how the
earlier settings are special cases. Section 7.2 reviews the information-theoretic divergences needed
to formally define the algorithms and complexity measures we study. Section 7.3 defines the most
general form of the DEC and computes it for examples, and Section 7.4 builds on this to give the
general form of the E2D algorithm. Finally, Section 7.5 introduces a second variant of the DEC,
the constrained DEC, which leads to sharper regret bounds and sets up for Section 8.

7.1 General Decision Making Framework

We work in a simple framework we refer to as Decision Making with Structured Observations
(DMSO), which we will show subsumes the different decision making frameworks we have encoun-
tered so far. far. The protocol has two ingredients beyond those of a structured bandit: a decision
space II, which may consist of actions, policies, or any other objects, and an observation space O,
which carries whatever feedback the learner receives beyond the reward.

General Decision Making Protocol

fort=1,...,T do
Learner selects a decision 7* € II (possibly at random, 7* ~ p').
Nature selects a reward r* € R C R and observation o' € @ based on the decision.
Learner observes (rf, o").

We focus on a stochastic variant of the DMSO framework.

Assumption 7.1 (Stochastic Rewards and Observations): Rewards and observations
are generated independently via

(r',o") ~ M*(-| ), (7.1)
where M* : II — A(R x O) is the underlying model.

To facilitate the use of learning and function approximation, we assume the learner has access to a
model class M that contains the model M*. As usual, depending on the problem domain, M might

123



consist of linear models, neural networks, random forests, or other complex function approximators;
this generalizes the role of the reward function class F used in contextual/structured bandits. We
make the following standard realizability assumption, which asserts that M is flexible enough to
express the true model.

Assumption 7.2 (Realizability): The model class M contains the true model M*.

Throughout, we assume that mean rewards are bounded, E™™[r] € [0,1] for all M € M and
7w € II; the rewards themselves may be unbounded (Gaussian, for example). Regret bounds hold
with probability at least 1 — ¢ over the draw of the rewards and observations and the learner’s
randomization. For a model M € M, let EY"™[-] denote the expectation under (r,0) ~ M(x).
Further, following the notation in Section 6, let

f]W(ﬂ_) e EA{,TI’ [T]
denote the mean reward function, and let

Ty = arg max [ ()
well

denote the optimal decision with maximal expected reward. Finally, define

Fa=A{f"

M e M} (7.2)

as the induced class of mean reward functions. We evaluate the learner’s performance in terms of
regret to the optimal decision for M™*:

T

Reg =Y Epop[f" (o) — (7)), (7.3)

t=1

where p* € A(II) is the learner’s distribution over decisions at round ¢. As in Section 6, we
abbreviate f* = fM" and 7* = m+. In the language of Figure 2, this framework sits at the far
corner: it is interactive, it allows arbitrary function approximation through M, and the observation
o' can be as rich as one likes. Every setting studied so far is recovered by restricting the decision
and observation spaces in different ways. Let us first see how it subsumes the structured bandit
and contextual bandit problems.

Example 7.1 (Structured bandits). When there are no observations (i.e., O = {@}), the DMSO
framework is equivalent to structured bandits studied earlier in Section 5. Therein, we defined a
structured bandit instance by specifying a class F of mean reward functions and a general class
of reward distributions, such as sub-Gaussian or bounded. In the DMSO framework, we may
equivalently start with a set of models M and let F be the induced class (7.2). By changing the
class F, this encompasses all of the concrete examples of structured bandit problems we studied in
Section 5, including linear bandits, nonparametric bandits, and concave/convex bandits.

<

Example 7.2 (Contextual bandits). The DMSO framework captures contextual bandits (Section 4)
with i.i.d. contexts, a special case of the setting of Section 4, which also allows adversarial contexts.
To make this precise, we slightly abuse notation and think of 7* as functions mapping the context
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x' to an action in [A]. To this end, on round ¢, the decision-maker selects a mapping 7" : X — [A]
from contexts to actions, and the context o' = x' is observed at the end of the round. This is
equivalent to first observing z' and selecting 7'(z") € [A].

Formally, let O = X be the space of contexts, [A] be the set of actions, and IT : X — [A] be the
space of decisions. The distribution (r,z) ~ M (m) then has the following structure: x ~ D" and
r ~ RM(:|z,m(z)) for some context distribution D™ and reward distribution R™. In other words,
the distribution D" for the context x (treated as an observation) is part of the model M. N

Example 7.3 (Ounline reinforcement learning). The online reinforcement learning framework we
introduced in Section 6 immediately falls into the DMSO framework by taking II = Il r* =
25:1 i, and o' = 7'. Tabular MDPs are one choice of model class M. Reinforcement learning
with function approximation, the subject of Section 9, corresponds to other restrictions on M (e.g.,
low-rank or smooth structure in the transition dynamics); we will apply the tools of this section to
each of these settings. N

Other problems included in the DMSO framework which we will not cover in this monograph
include partially observable MDPs [120, 113, 147, 98], where the observation is the sequence of ob-
servations and actions in an episode, and bandits with graph-structured feedback [149, 16], where
the observation contains the rewards of neighboring actions. In each case the framework is the
same, all that changes is the model class M.

7.2 Refresher: Information-Theoretic Divergences

To develop algorithms and complexity measures for general decision making, we need a way to mea-
sure the distance between distributions over abstract observations (this was not a concern for the
structured and contextual bandit settings, where we only needed to consider the mean reward func-
tion). To do this, we use the notion Csiszdr f-divergence, which includes the Kullback-Leibler (KL)
divergence, total variation distance, and Hellinger distance as special cases (we already made use of
the latter in Section 6, but it will be helpful to review some additional properties before we continue).

Let P and Q be probability distributions over a measurable space (€2, .%#). We say that P is absolutely
continuous with respect to Q if for all events A € .#, Q(A) =0 = P(A) = 0; we denote this by
P <« Q. For a convex function f : (0,00) — R with f(1) = 0, the associated f-divergence for P and
Q is given by

Dy(E 1 Q) =Eo|f( 55 )| (7.4

whenever P < Q. More generally, defining p = fl—]}: and ¢ = %) for a common dominating measure
v, we have

DyE1Q = [ af(2)ar+Pla=0)- £(c0) (75)
q>0 q
where f’(c0) := lim,_,o+ xf(1/x). We make use of the following f-divergences, all of which have

unique properties that make them useful in different contexts.'”

17 Another important example which appears throughout the decision making literature, but not this monograph,
is the Neyman-Pearson y2-divergence.
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> Choosing f(t) = 3|t — 1| gives the total variation (TV) distance
dP  dQ

dv v |

Dr(®@) =3 [

which can also be written as

Dry(P,Q) = sup IP(A) —Q(A)|.

> Choosing f(t) = (1 — v/t)? gives squared Hellinger distance

e [({E- @)

> Choosing f(t) = tlog(t) gives the Kullback-Leibler divergence:

flog(dp)d}P’ P < Q,
400, otherwise.

DL (B[ Q) = {

Note that for TV distance and Hellinger distance, we use the notation D(-,-) rather than D(- || -)
to emphasize that the divergence is symmetric. The divergences satisfy the following relation-
ship.

Lemma 7.1 (Total variation, Hellinger, and KL): For all distributions P and Q,

D3y(P,Q) < Di(P,Q) < Dk (P Q). (7.6)

Proof of Lemma 7.1. Take the common dominating measure v = P 4+ Q and write p = dP/dv and
g = dQ/dv. By Cauchy—Schwarz,

Dry(®.Q) = 5 [ VB~ Val(VF + Vi) dv

<1 (/(ﬁ—m?du)m (/msw@?du)ms N

since [ /pgdr <1 and thus the second integral is at most 4. Squaring proves the first inequality.
The second is immediate if Dk (P || Q) = +00. Otherwise P < Q, and —logu > 1 — u gives

Di (P|| Q) = _2/>Op10g Valpdv > 2/>Op<1— Va/p) dv

~2-2 [ ypgar = DA(P.Q).
]

It is known that D1y (P,Q) = 1 if and only if D3(P,Q) = 2, and Dty (P,Q) = 0 if and only if
Da (P,Q) = 0 (more generally, Da(IP’, Q) <2D7y(P,Q)). Moreover, they induce same topology, i.e.
a sequence converges in one distance if and only if it converges the other. KL divergence cannot be
bounded by TV distance or Hellinger distance in general, but the following lemma shows that it is
possible to relate these quantities if the density ratios under consideration are bounded.
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Lemma 7.2 (KL is bounded by Hellinger under bounded density ratios): Let P and

Q be probability distributions over a measurable space (2,.%). If suppc # % <V, then

Dyi(P Q) < (2 +log(V)) Di(P, Q). (7.7)

Other properties we use include:
> Boundedness of TV (by 1) and Hellinger (by 2).
> The triangle inequality for total variation distance and for (unsquared) Hellinger distance Dy.

> Convexity: every f-divergence is jointly convex in its arguments. In particular, for a distribution
v over distributions Q with mixture Q = Eg.,[Q], D} (IP’, Q) < Eg[D3(P,Q)].

> The data-processing inequality, satisfied by every f-divergence: for any measurable map g, if P,
and Qg denote the laws of g(X) under X ~ P and X ~ Q,

Dy(Py || Qq) < Dy(P || Q). (7.8)

In words, discarding part of an observation cannot increase the divergence.

> Chain rule and subadditivity properties for KL and Hellinger divergence (Lemma 8.2 and Lemma
8.3), stated in Section 8 where they are used.

> A variational representation for TV distance:

Dtv(P,Q) = sup [Eplg] — Eglg]| (7.9)
g:2—[0,1]

See Polyanskiy [165] for further background.

7.3 Decision-Estimation Coefficient for General Decision Making

To extend the Decision-Estimation Coeflicient beyond bandits, the notion of information gain has
to change. In a multi-armed bandit the mean rewards are a sufficient statistic, so squared error
between mean reward functions is the right measure. In general decision making, the observation
may carry information that the mean reward does not (a trajectory, in reinforcement learning), and
so may the shape of the reward distribution itself. To address this, we measure information gain
by a divergence between the distributions of rewards and observations. This handles both cases at
once, and is the only change from Section 5.

For a model class M, reference model M , and scale parameter v > 0, the Decision-Estimation
Coefficient for general decision making [84, 89] is defined via

dec, (M, M) = inf sup Epmp| ¥ (ma) — fY (x) =y - DE(M(7), M()) |. (7.10)
pEAIL) Mem ~ .
regret of decision information gain for obs.

We further define

dec, (M) = sup decv(/\/l,]\/i\). (7.11)
]/\ZECO(M)
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Compared with the structured bandit version in (5.15), two things have changed: the coefficient
is defined over a class of models rather than mean reward functions, and the information gain

Ernp [D,%| (M (m), M (w))] measures the distance between the distributions of rewards and observa-

tions under M and M , not the distance between means. We have already met (7.10) once, without
naming it: for tabular MDPs, Proposition 6.2 shows that PC-IGW certifies decy (M, M) < H3SA/y
for every M € M (Example 7.7 below).

The supremum in (7.11) is over co(M) rather than over all models because, as for structured
bandits (Proposition 5.13), allowing arbitrary reference models changes the coefficient by at most
a constant factor in .

Proposition 7.1 (References outside the convex hull): Suppose that IT and M are finite
and rewards are bounded, so that the minimax theorem (Lemma A.8) applies; more generally,
it suffices that the conclusion of Lemma A.8 holds for the payoff in (7.10), as in Proposition
5.10. Then for all v > 0,

sup decﬂ,(./\/l,]/w\) < sup dec7/4(/\/l,]\7) = dec, /4 (M), (7.12)
M Meco(M)

where the supremum on the left is over all models M : IT — A(R x O).

This is a slight generalization of Proposition 5.13, which gives the same statement for the squared-
error coefficient with no loss in -y; the factor of 4 is the price of replacing squared error by Hellinger
distance. The proof is deferred to the end of the section.

Remark 7.1 (The choice of Hellinger distance): Any f-divergence could be substituted
in (7.10), but we will see that Hellinger satisfies two properties that are essential for the
analysis in this section and Section 8. First, it is dominated by KL divergence, so an estimator
that minimizes the logarithmic loss controls it (Lemma 7.3), which is what we need for upper
bounds. Second, it dominates total variation (Lemma 7.1), so a small information gain means
the models are hard to distinguish by any test, which is what the lower bounds of Section 8
need. The latter results also use that Hellinger distance obeys a chain rule over sequences.

7.3.1 Examples

To build intuition as to how the general Decision-Estimation Coefficient adapts to the structure of
the model class M, let us review a few examples—some familiar, and some new.

Example 7.4 (Multi-armed bandit with Gaussian rewards). Let II = [4], R =R, O = {@}. We
define
Mwmagc ={M : M(m) = N(f(r),1), f: 1T = [0,1]}.

We claim that 4
deC'y(MMAB-G) X ; (7.13)

To prove this, consider the case where M € M for simplicity. Recall that we have previously
shown that this behavior holds for the squared error version of the DEC defined in (5.15). Thus,

128



it is sufficient to argue that the squared Hellinger divergence for Gaussian distributions reduces to
square difference between the means:

D (M (), M(m)) o (f(m) = 17 (m)*.
Once this is shown, the claim follows from Proposition 5.2. To prove this, first note that
— — 1 _
Df (M (m), M(m)) < Dy (M(x) | M(m)) = (" (x) = £7(m))*. (7.14)

In the other direction, one can directly compute

—~

DA (M), Fi(r)) = 2 - 2exp{ - 1) - 7))}
and using that 1 — exp{—z} > (1 — e~ ')z for = € [0, 1], we establish
D (M(m), M () = e (£(m) — £ (m))?

for ¢ = 1_81/6. <

In fact, one can show that the general DEC in (7.10) coincides with the basic squared error version
from Section 5 for general structured bandit problems, not just multi-armed bandits [84].

Let us next consider a twist on the bandit problem that is more information-theoretic in nature,
and shows why the divergence in (7.10) is taken between distributions rather than means.

Example 7.5 (Bandits with structured noise). Let II = [4], R =R, O = {@}. We define
Muagsn = {Mu, ..., Ma} U {Mo}

where M;(7) := N(1/2,1) for m # i and M;(w) := Ber(3/4) for m = i; we further define My(7) :=
N (1/2,1) for all 7 € II. We take M as the reference model. Before proceeding with the calculations,
observe that we can solve the general decision making problem when the underlying model is
M* € M with a simple algorithm. It is sufficient to select every action in [A] only once: all optimal
actions have Bernoulli rewards and give r € {0, 1} almost surely, while the suboptimal action has
Gaussian rewards, and gives r ¢ {0,1} almost surely. Thus, if we select an action and observe a
reward r € {0,1}, we know that we have identified the optimal action.

The valuable information contained in the reward distribution is reflected in the Hellinger diver-
gence, which attains its maximum value when comparing a continuous distribution to a discrete
one:

D3 (M;(r), My(m)) = 20 {m = i} .

To use this property to derive the upper bound on dec (Mmag-sn, Mo), first note that the maximum
over M in the definition of dec,(Mmag-sn, Mo) is not attained at M = My, since in that case both
the divergence and regret terms are zero, irrespective of p. Now, take p = unif[A]. Then for any
M e {My,...,Mu},
Ernplf* (mar) = fY(m)] = (1 = 1/A)(3/4 = 1/2),
and 5
decy(Mmag-sn, Mo) S (1 = 1/A) (%4 = 1/2) =y ST{y = A/4}.

This leads to an upper bound

deC'y(MMAB-SN, Mo) <I {’7 < A/4} (7.15)

which can also be shown to be tight. <
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Example 7.6 (Bandits with Full Information). Consider a “full-information” learning setting. We
have IT = [A] and R = [0, 1], and for a given decision m we observe a reward r as in the standard
multi-armed bandit, but also receive an observation o = (r(7')) (4] consisting of (counterfactual)
rewards for every action.

For a given model M, let Mg (mw) denote the distribution over the reward r for m, and let Mo (m)
denote the distribution of o. Then for any decision 7, since all rewards are observed, the data
processing inequality implies that for all M, M € M and =’ € II,

D (M (), M(r)) = D} (Mo(r), Mo(r)) (7.16)

- D? (Mg(w’), ]\/4\(9(77')) > D2 (MR(TH), J\YR(W’)) . (7.17)

Using this property, we show that for any Me M,
1

v

Comparing to the finite-armed bandit, we see that the DEC for this example is independent of A,
which reflects the extra information contained in the observation o.

dec,, (M, ]\//T) (7.18)

To prove (7.18), for a given model M € M we choose p=1I (i.e. the decision maker selects 77
deterministically), and bound Er,[f" (7)) — f*(7)] by

M) = () < () = () + () = Y ()
<2-  max |f¥(m)- FH(m)|

m€{Tr T 7

<2- max Dy (M’R(T['), ]\/4\73(71'))

m€{m T}

We then use the AM-GM inequality, which implies that for any v > 0,

max  DH <M'R(7T), ]/\ZR(W)) <~v-  max Da (MR(W),J/W\R(W)) + Ply

Te€{mMm, 57 me€{mpM, 57
—~ 1
< DA (M (), M) + -

where the final inequality uses (7.16). This certifies that for all M € M, the choice for p above
satisfies

By [ 1) = 1() = - DR (M (). 7)) ] 5 =

so we have decW(M,M\) < % q

Example 7.7 (Tabular reinforcement learning). Let M be the class of tabular MDPs with §
states, A actions, horizon H, and known rewards (Assumption 6.1), viewed as a general decision
making problem as in Example 7.3. By Proposition 6.2, the PC-IGW strategy certifies that

H3SA
v

This is the first example in which the observation o = 7 carries information beyond the reward,
and the Hellinger distance between trajectory distributions is what makes the bound polynomial
in S, A, and H rather than exponential. N

dec, (M, M) < for all M € M.
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7.4 Estimation-to-Decisions Algorithm for General Decision Making

The most general version of the Estimation-to-Decisions meta-algorithm (E2D) is given below.

Algorithm 7.1 Estimation-to-Decisions (E2D) for General Decision Making

input: Exploration parameter v > 0; online estimation oracle.
fort=1,2,---,T do

Obtain M*® from online estimation oracle with (7', r',0'),..., (7", r'=' 0o 1). N
Compute //Minimizer for dec, (M, M?").
p' = argmin sup Erp | fM(my) — fM(7) — - D (M (), M*(m))|. (7.19)

peA(Il) MeM

Sample decision 7* ~ p' and update estimation algorithm with (7, 7", o").

Compared to the meta-algorithm we studied for structured bandits, the main difference is that
rather than trying to estimate the reward function f*, we now estimate the underlying model M™*,
as we did for tabular reinforcement learning in Section 6.7. To do so, we appeal once again to the
notion of an online estimation oracle, but this time for model estimation.

Definition 7.1 (Online Estimation Oracle): At each time ¢ € [T], an online estimation

oracle returns, given
1 1 1 t—1 t—1 t—1
(rhyrtoh), oo, (m et o)

with (%, 0") ~ M*(7") and 7* ~ p’, a model M € M, where M D M is a fixed class of models
associated with the oracle. Define the cumulative (Hellinger) estimation error

Esty = inzwtwpt [Da (M*(ﬂt), J/w\t(n‘)ﬂ. (7.20)
t=1

The oracle is required to ensure that Esty < Esty(M, T, §) with probability at least 1—§, where
Esty(M,T,6) is a deterministic bound. Here, p’(- | H'~') is the randomization distribution
for the decision-maker.

This mirrors the online regression oracle of Definition 5.2, with two changes: the oracle estimates the
model rather than the mean reward function, and estimation error is measured by squared Hellinger
distance between the distributions M*(7) and M*(7) rather than by squared error between means.
As in the preceding sections, the bare symbol Esty denotes the realized error and Esty(M, T, J)
the guarantee. We use . M to denote any set where the oracle’s predictions are guaranteed to live.
A proper oracle has M = M; the estimator for tabular MDPs in Proposition 6.3 is one example.
Standard online estimation algorithms such as exponential weights produce improper (mixture)
estimates, for which M= co(M); see Section 7.4.1.

E2D solves a min-max problem rather than applying an explicit rule such as inverse gap weighting,
for the reasons discussed in Section 5.3: the min-max problem is the definition of the best possible
exploration strategy for the class, and any explicit rule that certifies an upper bound on its value
can be used in its place.
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Theorem 7.1 (Regret of E2D): E2D with exploration parameter v > 0 and an online
estimation oracle with estimates in M guarantees that for every realization,

T
Reg < Zdecy(/\/l,]\/ft) +v-Esty < Eug\decv(/\/l,]\?) T+~ - Esty. (7.21)
t=1 MeM

Furthermore, if Proposition 7.1 applies, then for any M we have SUP ;7. M\decv(M,]\/Z ) <
decc (M) for an absolute constant ¢ > 1/4, so that with probability at least 1 — 4,

Reg < decey(M) - T+ v - Esty(M, T, 0). (7.22)

For proper oracles, and for oracles with M = co(M), the first statement already gives dec, (M)
with ¢ = 1. Optimizing over the parameter « in (7.22) yields

Reg < iI;f('){decv(M) T+~ - Esty(M,T, 5)} <2 ig%max{decy(./\/l) -T,~ - Esty(M,T, 5)},
v gl

up to the constant c inside dec.,, which we suppress. Section 7.4.1 shows that for any finite class
M, the averaged exponential weights algorithm with the logarithmic loss is an online estimation
oracle with Esty(M,T,0) < log(|M]/0) and M = co(M). Putting these facts together, we see
that for any finite class, it is possible to achieve

Reg < dec, (M) - T + 7 - log(|M|/3) (7.23)
with probability at least 1 — §.

Proof of Theorem 7.1. We write

T
Reg =Y Entop [f* (1) — f2 ()]

t=1

T
=S Bt [ () = £ ()] = - Bty [Da (M*(w), Mﬁ(ﬁ))} + - Esty.

t=1

For each t, since M* € M, we have

P

< sup oyt £ (mr) = ()] = 7 Bt | DR (M ('), ' (") |
MeM

Bt [ (maes) = " ()] = 1 Byt [ DR (M* (1), 3 (")) |

= intswp Ee, (£ (o) = £ () = - D (M (), M ()|

= dec, (M, M) (7.24)
Summing over all rounds ¢ gives the first inequality in (7.21), and using that Mt e M for all t gives

the second. The final statement follows from supg;_ 17 decy (M, M ) < decy (M), on the event that
the oracle guarantee Esty < Esty(M, T, 6) holds. O]
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Examples for the upper bound. We now revisit the examples from Section 7.3 and use E2D
and Theorem 7.1 to derive regret bounds for them.

Example 7.4 (Multi-armed bandit with Gaussian rewards, cont’d). For the Gaussian bandit prob-
lem from Example 7.4, plugging the bound decy(Mmap.¢) S A/~ into Theorem 7.1 yields

AT
Reg S 7 +v- EStH(MaTa 5)

with probability at least 1 — §. Choosing v = \/ AT /Esty(M,T,0) balances the terms above and
gives

Reg < /AT - Esty(M,T,0).
N

Example 7.5 (Bandits with structured noise, cont’d). For the bandit-type problem with structured
noise from Example 7.5, the bound dec,(Mwmag-sn) S I{y < A/4} yields

Reg SI{y < A/4}-T +~ - Esty(M,T0)
with probability at least 1 — §. We can choose v = A, which gives
Reg < A - Esty(M,T.,9).

<

Example 7.7 (Tabular reinforcement learning, cont’d). For tabular reinforcement learning, the
estimator of Proposition 6.3 is proper (M*' € M), so Example 7.7 bounds each round’s term in
(7.24) by dec, (M, M*) < H3SA/~, and the proof of Theorem 7.1 gives

H3SA-T
Reg < —— + v - Esty.
Y

This is just a restatement of the first part of Theorem 6.2. PC-IGW is an explicit strategy that
certifies an upper bound on the value of (7.19) rather than solving it exactly, which suffices by the
discussion of certified bounds in Section 5. N

Further examples. The examples above are deliberately simple. Richer instances of the DEC
appear throughout the monograph, and we collect pointers here. For reinforcement learning with
function approximation, Section 9.5 bounds the DEC for the class of MDPs with low Bellman rank
(Proposition 9.3), which subsumes tabular MDPs, low-rank MDPs, and several other models; this
is the most substantial application of Theorem 7.1 in the monograph. For bandit problems, the
calculations in Section 5.4—the cheating code (Proposition 5.3), linear bandits (Proposition 5.5),
Lipschitz bandits (Proposition 5.6), and the eluder dimension, concave, and ReLU examples—carry
over to the general DEC by the argument in Example 7.4 (under Gaussian or bounded noise).

7.4.1 Online Estimation with Hellinger Distance

Let us now give some more detail as to how to perform the online model estimation required
by Theorem 7.1. Model estimation is a more challenging problem than regression, since we are
estimating the underlying conditional distribution rather than just the conditional mean. In spite
of this difficulty, estimating the model M* with respect to Hellinger distance is a classical problem
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that we can solve using the online learning tools introduced in Section 2.2; in particular, online
conditional density estimation with the log loss, which we already saw in a special case for tabular
reinforcement learning in Proposition 6.3.

Instead of directly performing estimation with respect to Hellinger distance, the simplest way to
develop conditional density estimation algorithms is to work with the logarithmic loss. Given a
tuple (7', rt, 0'), define the logarithmic loss for a model M as

log (M) = 10g<mM(1), (7.25)

rt ot | mt)

where we define m™(-,- | m) as the conditional density for (r,0) under M. As in Section 2.2, we
write Rego for the online predictor’s regret under log loss: this compares the cumulative log loss
of its model estimates with that of the best fixed model in M. Thus,

RegléoLg = Zﬁlog - mf Z Olog (M (7.26)

The following result converts Regl(‘jol_g into a bound on Hellinger estimation error Esty, which is
what Theorem 7.1 requires.

Lemma 7.3 (Log-loss regret controls Hellinger estimation error): For any online es-
timation algorithm, whenever Assumption 7.2 holds, we have

ZDKL( I M >)], (7.27)

E[Reg“g] >E

so that
E[Esty] < E[Reg“ﬂ (7.28)

Furthermore, for any 6 € (0, 1), with probability at least 1 — 4,

Esty < Rego + 2log(671). (7.29)

This result is desirable because regret minimization with the logarithmic loss is a well-studied
problem in online learning. Efficient algorithms are known for model classes of interest [59, 207,
122, 103, 158, 173, 81, 148], and this is complemented by theory which provides minimax rates
for generic model classes [187, 156, 45, 33]. One example we have already seen (Section 2) is the
averaged exponential weights method, which guarantees

Rego W& < log|M|

for finite classes M; by (7.29), it is therefore an online estimation oracle in the sense of Defi-
nition 7.1 with Esty(M,T,§) = log|]M| + 2log(6~!) < log(|M|/§). More generally, any algo-
rithm whose log-loss regret is bounded by a deterministic quantity R(7") is an online estimation
oracle with Esty(M,T,8) = R(T) + 2log(6~1). Another example is that for linear models (i.e.,
mM(r,0| ) = ($(r,0,7),0) for a fixed feature map ¢ € R?), algorithms with Regl(')cl’_g = O(dlog(T))
are known [176, 187]. All of these algorithms output mixtures of models in M, so M= co(M). The
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estimator for tabular MDPs in Proposition 6.3 is another instance: its proof bounds the log-loss
regret of Laplace’s estimator by HS?Alog(e(T + S)) and then applies (7.29). We refer the reader
to Chapter 9 of Cesa-Bianchi and Lugosi [47] for further examples and discussion.

While (7.28) is straightforward, (7.29) is rather remarkable, as the remainder term does not scale
with T'. Indeed, a naive attempt at applying concentration inequalities to control the deviations of
the random quantities Esty and Reg'c‘;i_g would require boundedness of the loss function, which is
problematic because the logarithmic loss can be unbounded. The proof exploits unique properties
of the moment generating function for the log loss.

7.5 The Constrained Decision-Estimation Coefficient

As we have defined it so far, the DEC of (7.10) subtracts the information gain from the regret.
To close the section, we introduce a second form of the DEC that places a hard constraint on the
information gain instead. This constrained DEC yields a sharper regret bound than Theorem 7.1,
and is a form that we revisit for lower bounds in Section 8. In what follows, we define the constrained
DEC, state the regret bound it gives, and then compare the two forms.

7.5.1 Definition and Regret Upper Bound

For a model class M, reference model M , and radius € > 0, the constrained Decision-Estimation
Coefficient is defined as'®

—

dect(M,AT) = inf - oup {Ery [ () = £/ (0)] | By [ DR (M (), M () )| < 2}, (730)

with

decS(M) := sup decS(M U{M},M). (7.31)
Meco(M)

We henceforth refer to the coefficient in (7.10) as the offset DEC to contrast it with this version.
The interpretation is the same: the min player chooses a distribution over decisions, and the max
player chooses a model that is hard to distinguish from the reference model yet incurs large regret;

the difference is that “hard to distinguish” is now the constraint E ., [Da (M (m), M (W))} < g2

rather than a penalty. The natural radius is e &~ T~1/2: after T rounds, models at Hellinger distance
¢ from the truth cannot be told apart, so decZ(M) at this radius is the regret the learner cannot
avoid in a single round. The union with {]/\4\ } is a technical convenience which makes the reference
model itself an admissible alternative for the max player, so that the constrained supremum is over
a nonempty set (and the value is nonnegative) even when M € co(M) \ M.

The constrained DEC leads to upper bounds on regret through a refinement of E2D. We state the
result for finite classes and omit the proof.

18We adopt the convention that the value of decS(M, M ) is zero if there exists p such that the set of M € M with
Ermp [Dﬁ (M(r), M\(w))} < €% is empty.
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Proposition 7.2 (Regret upper bound via constrained DEC): Let M be finite with
M* € M. Suppose that for some Creg > 1, the constrained DEC satisfies the growth condition

dect(M) < Cf, - dect /(M) for all e € (0,2), (7.32)

which holds in particular whenever dect(M) o e for some p < 2. Then there is an algorithm
that, for any ¢ € (0, 1), ensures that with probability at least 1 — 4,

Reg < C- (decg(M) -TlogT + \/Tlog(\/\/l|/5)>, g:=C"/ bg(";\:l'/(s), (7.33)

where C,C" > 0 are constants depending only on Cheg.

This result and the algorithm are due to Foster et al. [89]; Glasgow and Rakhlin [97] give a simpler
single-pass algorithm with sharper constants. The idea behind the algorithm is to run E2D with
the constrained min-max problem in place of the offset one: at round ¢ it plays the minimizer p*
in the definition of decg(M U {]\/4\ 1, M *), where M is produced by a specialized estimation oracle
restricted to a confidence set of models consistent with the past estimates.

The regularity condition (7.32) rules out coefficients that collapse too quickly as ¢ decreases, and
can be replaced by the same condition on any upper bound r(g) > dec(M), in which case (&)
replaces decg(M) in (7.33). The factor log T arises from summing the coefficient over geometrically
decreasing radii and can be removed whenever decg(M) o & for some p < 2 [89, 97]; it is needed
only in the boundary case p = 2.

7.5.2 Comparison to the Offset DEC

The offset DEC can be viewed as a Lagrangian relaxation of the constrained DEC, and always
upper bounds it:

—

dect (M, 1) =l o Bl () = 17 () | Brog [ DR (M), () | <2}

— inf inf EWN M ) = M _
pelg(H)J\/SllelR/t;go{ plf " (mar) = FH(m)] =y

< i f ] f ET{‘N M - ™ -
_%’IEIOPEIE(H)JSLGIIXA{ plf () = FHm) =

inf {decv(/\/l, M) + 752} V0. (7.34)
>
In the opposite direction, it is straightforward to show that

dec, (M) S decfy_l/2 (M).

This inequality is lossy, and there are indeed classes for which the constrained DEC is much smaller
than the offset DEC, so that Proposition 7.2 gives a strictly better regret bound than (7.23). The
following example, adapted from Foster et al. [89], exhibits the gap.
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Proposition 7.3 (Improvement from constrained DEC): Fix A > 4 and g € (0,1).
Let IT = [A]U {7} and O = [A]U {1}, and let Mg = {Mo, My,..., M} be the following
class. Under M; for i € [A], each arm 7 € [A] gives deterministic reward § + I{m =i}
and observation L, while the revealing decision 7, gives reward 0 and observation o = i with
probability S and o = L otherwise. Under My, each arm gives reward % and observation L,
while 7, gives reward 0 and observation o ~ unif([A]) with probability 5 and o = L otherwise.
Then for all v > 0 and all €2 < 3/8,

1 2
dec,(Mp) > ———— 7 and  deci(Mpg) <

Pl 8e*
“4+1678 A B

(7.35)

Consequently, with 3 =T7-1/2 and A = T2, the offset bound (7.23) is Q(T3/*) for every choice
of 7y, whereas Proposition 7.2 gives Reg < O(V/T).

The proof is deferred to the end of the section, but the mechanism is easy to describe. The
revealing decision is expensive, costing regret % per play, but its information is cheap in aggregate:
an information budget of €2 buys probability €2/ of learning the identity of the good arm outright.
The constrained DEC is therefore quadratic in €. The offset DEC misses this detail: for any ~, the
offset DEC is of order 1/(vf3), and inf{1/(v8) +~e?} = 2¢/+/B is only linear in ¢. In the language
of (7.34), strong duality fails, and no single multiplier v certifies the quadratic rate.

Despite this example, we view the constrained DEC as a conceptual tool rather than a replacement
for the offset DEC. For most of the classes in this monograph, the two coeflicients behave the same
way, and the main use of the constrained form is for lower bounds, where it is the natural quantity;
this is how Section 8 uses it. For algorithm design and upper bounds we work with the offset DEC
throughout, for two reasons. It is simpler to derive algorithms from it, since E2D needs only the
offset min-max problem and an estimation oracle. It is also usually simpler to find distributions p
that certify bounds on it, as the examples in Section 7.3 and the calculations in Section 5 illustrate.

7.6 Bibliographic Remarks and Further Reading

Takeaways. This section replaced the separate settings studied so far by a single framework,
decision making with structured observations, in which a model M € M maps each decision to
a distribution over rewards and observations. Two ingredients carry over from structured bandits
with minimal change: the DEC, now defined with squared Hellinger distance between models in
place of squared error between mean rewards, and the E2D meta-algorithm, which pairs a minimizer
for the DEC with an online estimation oracle. Theorem 7.1 bounds regret in terms of the Decision-
Estimation Coeflicient and Hellinger estimation error, and Lemma 7.3 shows that any online density
estimator with low log-loss regret is an estimation oracle in the required sense.

Bibliographic remarks. The DMSO framework of Section 7.1 is from Foster et al. [84]. The gen-
eral DEC in (7.10), the online estimation oracle definition from Definition 7.1, E2D (Algorithm 7.1),
and Theorem 7.1 are from Foster et al. [84], as are Example 7.4, Example 7.5, and Example 7.6;
The in-expectation part of Lemma 7.3 is folklore; the high-probability part is from Foster et al. [84],
and the argument through the moment generating function of the log-likelihood ratio goes back to
Wong and Shen [212], van de Geer [202], Zhang [225]. Proposition 7.1 is Proposition 4.11 of Foster
et al. [89]. The constrained DEC and the upper bound in Proposition 7.2 (Theorem 3.2 there)
are from Foster et al. [89]; Glasgow and Rakhlin [97] give a single-pass algorithm with sharper
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constants for bandit problems and extend the theory to y-regret. Proposition 7.3 is adapted from
Example 5.1 and Proposition 4.4 of Foster et al. [89)].

Further reading. The f-divergences in the refresher were introduced by Csiszar [60] and Ali
and Silvey [15]; Polyanskiy and Wu [166] provide a comprehensive treatment of the properties of
f-divergences. The information ratio of Russo and Van Roy [182] is a Bayesian relative of the DEC
that trades regret against information about the optimal decision; Lattimore and Gyorgy [136]
develop frequentist variants and connections to partial monitoring, and Foster et al. [84] connect
the two quantities formally to the DEC. Adversarial rewards and observations, and bounds that
scale with log|II| rather than log| M| through exploration by optimization, are treated by Lattimore
and Szepesvéari [140] and Foster et al. [87]. Extensions of the framework include model-free variants
whose estimation cost scales with a value function class [90] (see Section 8.6.2), PAC and reward-free
versions [53], and partially observable settings [147, 51].

7.7 Deferred Proofs

Proof of Proposition 7.1. Fix a reference model M. Since II and M are finite, the payoff in (7.10)
is bilinear in p € A(II) and in a prior p € A(M) over models, and Lemma A.8 gives

dec, (M, M) = sup inf EMN#EﬂNp[fM(wM)—fM(Tr)—y-Dﬁ(M(w),M\(w))] (7.36)
pEA(M) PEA(II)

Fix u, and let M, := Ep.,[M] € co(M) be the mixture model. For every ,

Entmys[DF (M (), Mu(m))] < Engoagu[DR(M (), M'(m))] < 4 Enre | Dy (M (), M(m)) .

where the first inequality is convexity of squared Hellinger distance in its second argument and
the second is the triangle inequality for Hellinger distance with M (m) as the intermediate point
(both from Section 7.2). Thus the information gain relative to M at parameter v dominates the
information gain relative to M, at parameter /4, and substituting into (7.36) gives

dec, (M, M) < sup inf EMNMEﬂNp[f” (mr) — fM(w)—l.Da(M(w),Mu(w))}
pEA(M) PEA(ID) 4

< sup dec, (M, M,) < sup dec, (M, M),
HEA(M) Meco(M)

where the second inequality replaces p in the payoff by a free prior and applies Lemma A.8 once
more, with M, as the reference. Since M was arbitrary, this proves (7.12). ]

Proof of Lemma 7.3. We first prove the in-expectation bound. By assumption, we have that

Z Klog Z Clog( (M) < Reg"og

Taking expectations, Assumption 7.2 implies that

T

ZE[DKL(M*(#) I Mt(ﬁ))} < E[Reg“g}

t=1

The bound now follows from Lemma 7.1.
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We now prove the high-probability bound using Lemma A.2. Define Z; = (Efog( f) - éfog( ).
Applying Lemma A.2 with the sequence (—Z;):<7, we are guaranteed that Wlth probability at least
1—9,

T

T
Z_log(Et 1 ZZt —HOg 1 1 Z( log glog(M*)) +10g(571)'

t=1 t=1

Let t be fixed, and define abbreviate z* = (r*,0"). Let v(- | m) be any (conditional) dominating
measure for m™" and m™", and observe that
mA (2 | 7t)
mM* (Zt | 7Tt)

art t
/mM*Z|7T m (Z‘W) (dz|7_‘,z)

mM* (z ‘ 7Tt)

Et—l [e_Zt ’ 7Tt] = Et—l

| t

= \/mM*(z | TYmM (2 | mt)v(dz | 7t) =1 — 1Da M*(Wt>,]/\4\t(7'&'t) .
2

Hence,
1 —
Bea[7] = 1= g B [DR (M), M)

and, since —log(1 — z) > x for = € [0, 1], we conclude that

;iEH D3 (b (), AT (7)) | < ;i( o (M) = £, (M) +10g(67").

t=1 t=1
]

Proof of Proposition 7.5. Write M = Mpg. Under every model in M, the revealing decision 7, has
reward 0 and produces the observation | with probability 1 — .

Lower bound for the offset DEC. Since My € M C co(M), it suffices to lower bound
dec, (M, My). Fix p € A(II), and let ¢ € [A] be an arm with p(i) < 1/A. We consider two choices
for the max player. If M = M;, the optimal decision is arm %, and

Erep [ (1) = fY(m)] = p(mo) + 3(1 = p(mo) — (i) > §.

Since M; and My differ only at arm ¢, where the squared Hellinger distance is 2, and at m,, where
it is at most 23, we also have

By [DA(Mi(), Mo(m))] < = + 28 p(e).

If M = My, the regret of p is %p(ﬂ'o) and the information gain is zero. Writing x = p(7,), we
conclude that

sup By [/ (1) = /¥ (m) = - DR(M(x), Mo(m))] > max{} — 2962~ %, £}
Mem
1 2y

>7— )
“ 44168 A

where the last inequality uses that the two terms in the maximum cross at « = (1 —21) /(1 +2+3).
Since p was arbitrary, this proves the first claim.
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Upper bound for the constrained DEC. Fix a distribution v € A({O,...,Ai), let M =
Ej v;M; € co(M) be the corresponding mixture, and let i € argmaxcp4 vj. Under M, arm j has
mean reward % + %I/j, so my; = 4, and v; < % for j # 4. Set

_ 82

p:(l_)\)ﬂz‘i_)\]lﬂ-o, )\ ?Sl

For j # i, M;(m,) places no mass on observations in [A]\ {j}, while M () places mass 3(v+vo/A)
on each k € [A]. Hence

D (Mj(mo), M(7o)) > B(1—v; = %) > %

using A > 4, and consequently

> A8

Erp [Df(M;(7), M(r))] =27 > €%,

Every M; with j # i is therefore excluded from the constraint set in (7.30), which leaves M;, My,
and M. For each of these, arm i is optimal (for My, every arm is optimal) and m, has reward 0, so
the regret of p is at most A\. This proves that decS(M U {M}, M) < 8¢2/3, and the second claim
follows by taking the supremum over M.

Rates. Take 8 =T"12 and A = T?, so that log|] M| < 3logT. Consider the offset bound (7.23).
If v < T34, the first claim gives

T 2  T3/4
d A .
M) T2 Fmi ~ 72 o

for T large enough, and if v > T3/, then vlog(]M|/§) > T?/*log 2. In either case (7.23) is Q(T3/4).
For the constrained bound, &2 < 3/8 for T large enough, so the second claim gives

decS(M) - Tlog T < 8C" log(|M|/8)VT logT.

Finally, () = 8¢2/8 satisfies the regularity condition (7.32) with Creg = 2, so Proposition 7.2
applies with (&) in place of decS(M) and gives Reg < O(V/T). O
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8. LOWER BOUNDS:
NECESSITY OF THE DECISION-ESTIMATION COEFFICIENT

Up to this point, we have developed algorithms and proved upper bounds on their regret. This
section asks the converse question: for a given class of models M, what is the best regret that any
algorithm can achieve? We show that the Decision-Estimation Coefficient gives an answer to this
question, lower bounding the minimax regret for any class M of models.

Organization. Section 8.1 formalizes algorithms and minimax regret, and Section 8.2 proves the
classical VAT lower bound for the multi-armed bandit by hand as an introduction to basic lower
bound techniques. Section 8.3 proves a first lower bound based on the DEC as a warm-up, and
Section 8.4 strengthens this to the main result. Finally, Section 8.5 instantiates the lower bound
for bandits and reinforcement learning.

8.1 Minimax Regret and Optimality

Section 1.4 introduced the minimax perspective informally, but to state lower bounds, we need to
be a bit more formal about how we define algorithms and minimax regret. For all the problems
considered so far, an algorithm is fully specified'” by the collection p = (p',...,p"), where p* =
p'(- | H') € A(II) is the algorithm’s strategy for step ¢ (a function of the history H'™'). Let
EMP denote the expectation with respect to the observation process (r*,0") ~ M(n") and any
randomization used by the algorithm, when M* = M is the true model. When the algorithm is
fixed and clear from context, which is the case in every proof below, we drop it from the notation
and write E™ and P for the expectation and for the law of the history H” under the model M.

For a model class M, we define the minimax regret via

MM, T)= inf sup EMP[Reg(T)], (8.1)
phhepT MeMm
where, throughout this section only, we write regret as Reg(7) to make the dependence on T

explicit; the number of rounds governs how well any algorithm can distinguish between models,
and thus it is useful to parametrize lower bounds by T'.

8.2 Warm-Up: Lower Bound for the Multi-Armed Bandit

We begin with the multi-armed bandit, the simplest setting in which to see how a lower bound on
regret is proved. Concretely, consider the multi-armed bandit problem with A actions, as studied
in Section 3. To have meaningful lower bounds, we need to make sure the noise model is sufficiently
confusing to the learner. To this end, we consider the Gaussian noise model, as in Example 7.4:

Mmagc = {M : M(m) = N(f(x),1), f : [A] = [0,1]}.

The following result shows that no algorithm can improve on the v AT regret of UCB and E2D by
more than a constant factor.

19This includes contextual bandits if we define 7 as a mapping from context to action, as in the DMSO formulation.
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Proposition 8.1 (Lower bound for Gaussian bandits): For any algorithm, there exists a
model M € Mwyag.g where EY[Reg(T')] 2 VATAT. In particular, M(Mmag.c, T) = VATAT.

Proving a lower bound of this type requires showing that every algorithm, including ones we have
not thought of, incurs this regret on some model in the class. However, not all the models in this
collection are equally difficult for a given decision-maker. For example, the model corresponding
to f = (1,0,...,0) is easy for an algorithm that always starts by trying the first action. The art
of proving lower bounds is to find a pair or sub-family of models that (1) cannot be optimized
simultaneously by any algorithm (i.e., disagree on the optimal action), yet (2) are difficulty for any
algorithm to distinguish. In what follows, we sketch the idea behind Proposition 8.1, which is to
manually build such a family of models by setting the means to be nearly, but not quite the same.

8.2.1 Anatomy of a Lower Bound

Let f = A - e, where A € (0,1/2) and e; is the i-th standard basis vector in R4. Further, define
fi= F+2A- ej for j =2,...,A. Let M= N(]/”\,IA) and M; = N (f;,14) for each j = 2,..., A.
The first arm is the best decision in M , while the jth arm is the best decision in model M;. We
define M’ C Myag.g as the coressponding sub-family of A models:

M = {7} UM =2, A} (8.2)

We want to show that any algorithm must incur large regret on one of the models in M’. Fix T € N
and an algorithm p',...,pT. Each p' is a function of the history H*™!, hence a random variable
whose distribution depends on the true model. Averaging over rounds, and over the history under
a model M, gives the algorithm’s average profile,

1 T
2.7
t=1

the distribution of the decision at a uniformly random round when M is the true model. The idea
behind the proof, which recurs in every lower bound of this section, is that both (1) the regret the
algorithm incurs and (2) the information it collects about the model only depend on the algorithm
through its average profile. That is, for the purpose of proving lower bounds, the profile is a sufficient
statistic. The first fact we need to make precise relates regret to the average profile.

P 1= EM € A(II), (8.3)

Lemma 8.1 (Regret via the average profile): For any model M and algorithm (p',...,p"),
it holds that

= {;Reg(T)} = By [f" (mar) = [ ()], (8-4)

The second fact we need concerns information: how well can the algorithm distinguish two models
after T rounds? For this proof, we will reason about this using the KL divergence between the laws
of the history under the two models. The following lemma, the chain rule for KL divergence, allows
us to decompose the joint law of the history under the two models (a complex object to reason
about) into a sum of divergences between the conditional laws over per-step observations.
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Lemma 8.2 (Chain rule for KL Divergence): Let (X1, %1),...,(X,,.#,) be a sequence
of measurable spaces, and let X' = [[;_; & and .F' = ®; Fi. For each 7, let P(- | -) and
Q(- | -) be probability kernels from (X*~',.%"') to (A, ﬁ ). Let P and Q be the laws of
X1,..., Xy under X; ~ P'(- | X1,5-1) and X Q'(- | X1:i—1) respectively. Then it holds that

Dk (P Q) = Ep ZDKL ([ X)) 1Q°C | X1:im1)) |- (8.5)

Applied to the joint law P over the history of an algorithm, this allows us to relate the joint KL
divergence to the average profile.

Corollary 8.1 (Chain rule for interactive algorithms): Let M and M be models, and
fix an algorithm with average profile pg; under M. Then the laws P and PM of the history
‘H™ under the two models satisfy

ZEW D (M () | M (7))

DKL(W I IPM) EM =T Erep_ [DKL(M(W) I M(W))].

Proof of Corollary 8.1. We apply Lemma 8.2 to the sequence 7', z', ..., «7, 27 with z* = (r',0").
Let us use the bold notation z' to refer to a random variable under consideration, and let z* refer
to its realization. Then we have

DiL <W I JPM)

T
_ EAA{ ZDKL (Pﬁ(zt‘Htfl,ﬂ_t) H IPM(Zt‘thfl’ﬂ_z)) + Dkl (Pﬁ(ﬂ-t"Ht*I H PZ\/{(ﬂ_t’Htl))]

ZDKL( )l M >)]

since conditionally on H'™', the law of ©* does not depend on the model. O

E]V[

8.2.2 Proof of Proposition 8.1

Equipped with Lemma 8.1 and Corollary 8.1, we are now ready to prove Proposition 8.1.

Proof of Proposition 8.1. We choose A = C'\/A/T for an absolute constant C' < 1/8, and show
that any algorithm must have large regret on either M or M; for some j € {2,...,A}. Fix an
algorithm (p',...,p"). First, observe that if p;(1) < 1/2, then the algorithm incurs regret at least
TA/2 2 /AT on M by Lemma 8.1, and we are done. Hence, we may assume that prr(l) > 1/2.
In this case, to choose a second model, we take any smallest coordinate j of py;, i.e.,

j = argmin pg(k),
ke[A]

and set M = M;. Equivalently,

M; = argmax Er,_[fY (my) — ()] (8.6)
MeM’
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We now show that the algorithm incurs large regret on M. To this end, we first note that since
prr(1) > 1/2, we have p3;(j) < 1/(2(A —1)). If we can show that p,,(j) is also not too large, then
we are done by Lemma 8.1. This step, which we may colloquially refer to as change-of-measure, is
present in all the lower bounds we prove in this section.

The simplest way to do change-of-measure is to appeal to the definition of the total variation dis-
tance. Define the set & = [A]\ {j}. We have, from (7.9), the data processing inequality (7.8) , and

pi(E) < pu(E) + Drv(par pz) < par(E) + 1/ D (P || PM), (8.7)

where we recall that P¥ and PM are the joint laws of the histories H™ under the models M and
M, respectively. Now, by Corollary 8.1, we have

Dyt (P || ) =B

iDKL (]/\Z(ﬂ't) I MUTt))]
t=1
= T Eemy [Dua (F() 300

=T pa(j) - DxL (]\/Z(j) | MU))

2
=T pal) 2
T (2A)?

= 204-1) 2 (88)

Here, the third equality uses that M and M differ only on coordinate j, so only rounds in which
arm j is played contribute. The fourth equality uses that the KL divergence between two Gaussian
distributions with variance 1 is half the squared difference of their means, which is (2A)%/2. The
final inequality is where the choice of j enters: the algorithm plays arm j with probability at most
1/(2(A —1)) under M, on average over rounds, so the two models are rarely distinguished.

We now choose A = C\/A/T for a constant C' < 1/8. Then the right-hand side of (8.8) is
C?A/(A —1) < 20?, which implies that the two models are statistically indistinguishable by the
algorithm. Indeed, by (8.7),

— 1 1
pM(g)Zpﬂ(g)_ DKL(PMHPM)Zl_m—\@CZZ,

where we used py(€) =1 — pg(j) and A > 2.

Finally, every action in £ is suboptimal under M = M}, by 2A for arms other than 1 and by A for
arm 1. Hence Lemma 8.1 gives

TA
EY[Reg(T)] > TA - pu(€) > 7 "1 AT,
which is the claimed bound. O

The proof is specific to the Gaussian bandit only through the choice of the sub-family M’. To isolate
the general principle underlying it, and to prepare for the theorems of the next two subsections, let
us summarize the main steps of the proof:
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1. Pick a reference model M.
Fix any algorithm (p*,...,p").

Compute the corresponding average profile ps;.

Ll

Pick a second model M based on the average profile py; by solving (8.6) over a “difficult
enough” (with respect to M) subset M’ of the original model class Myag.c-

What does “difficult enough” mean in the last step? The models in M’ must be hard to distinguish
from M by the algorithm, that is, with respect to the profile p;7. In the proof, this was certified

by the KL bound (8.8), which is small precisely when Ex~,_[DkL (]\7(77) I M(w))] < 1/T: the

second model may differ from M only where the algorithm rarely looks. This suggests replacing
the hand-picked sub-family by the set of all models within a fixed information budget of M, which
depends on the profile p under consideration,

M (p) = {M € M: By [ D (M () | M(m))] < 2]
for some € o< \/1/T. With this definition, the four steps become the optimization problem

sup inf sup Errwp[fM(ﬂ'M) — M) (8.9)

v PEAUD) pre ! (p)
This is precisely the maximal value of decg(/\/l,]/W\ ), the constrained DEC of (7.30), except that
the DEC measures information with Hellinger distance rather than KL divergence; we switch to
the former for technical reasons explained in Section 8.3. That we can define this optimization
over profiles p, rather than over algorithms, is the payoff of the sufficient-statistic idea: regret and
information both depend on the algorithm only through ps7, so it is enough to consider every profile
an algorithm could produce.

Remark 8.1 (Connection to the modulus of continuity): The constrained DEC can be
thought of as an interactive counterpart to the modulus of continuity in statistical estimation
[67, 68]. In the classical setting, one observes T i.i.d. samples from an unknown distribution P
belonging to a class P, and wishes to estimate a functional 8(P) of the distribution, such as its
mean, a quantile, or the value of its density at a point. The modulus of continuity of 8 over P
is

w(e) = sup{|0(P) = 0(Q)| : P,Q € P, Du(P,Q) <&},

the largest change in the functional across a Hellinger ball of radius €. It characterizes the
minimax rate of estimation: the two-point method [141] shows that no estimator can achieve
error better than w(c/v/T), since two distributions at Hellinger distance 1/v/T cannot be distin-
guished from T samples. In general the modulus gives only a lower bound, but for affine func-
tionals over convex classes, under mild regularity conditions, this rate is also achievable [167].

One can immediately see that the constrained DEC places a similar hard constraint on Hellinger
distance, and the lower bounds of the next two subsections use the same radius € o 1/ VT.
The constrained DEC differs from the modulus of continuity only through reasons related to
interaction. The functional of interest is the regret of a decision distribution p, rather than a
fixed functional of the distribution, and Hellinger distance is measured under p itself, since the
learner’s decisions determine what data it observes. Moreover, whereas the classical two-point
method selects the pair of distributions obliviously, the pair (M, M) in (8.9), as in the proof
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of Proposition 8.1, is chosen adversarially based on the algorithm. The latter is necessary for
the number of decisions to appear in the lower bound, even for multi-armed bandits.

8.3 A First Lower Bound via the Constrained Decision-Estimation Coefficient

This subsection turns the recipe of Section 8.2 into a general lower bound based on the constrained
DEC. Throughout this subsection, we take L : M x II — [0,1] to be an arbitrary function, and
define decg(/\/l,]/w\) as the constrained DEC of (7.30) with L(M,7) in place of fM(m,) — fM (7).
Our motivating case of interest is

L(M,m) = f*(mar) = fH (), (8.10)

for which Zle L(M, ") is the regret and decg(/\/l,]\//T ) is the constrained DEC as defined in Sec-
tion 7.5. The result we prove is a warm-up for the main theorem of Section 8.4 in one respect:
an additional side condition ties the radius to the value of the DEC, which weakens the rate; we
remove this limitation in Section 8.4

Before getting to the proof, we state a Hellinger analogue of Corollary 8.1. In Section 8.2 we
measured the closeness of two models with KL divergence, which was sufficient there and has an
exact, elementary chain rule. From here on we use Hellinger distance instead. Even though KL
divergence is well-behaved for some classes, in general it can be much larger than Hellinger distance,
and is infinite when the supports differ, so a lower bound through a KL ball would be weaker and
potentially fall short of the DEC-based upper bound in Proposition 7.2. The price is that squared
Hellinger distance does not satisfy an exact chain rule. It is, however, sub-additive over rounds up
to a constant factor, which suffices for our purposes [92, Lemma D.2] (see also Jayram [109] and
Duchi [71, Lemma 11.5.3]).

Lemma 8.3 (Sub-additivity for squared Hellinger distance): With the notation of
Lemma 8.2,

n

Di(P,Q) <7 Ep| Y DR(P(- | X11), Q- | X14-1)) |- (8.11)
1=1

Applying this to the history as in the proof of Corollary 8.1 gives the following bound, in which
the information collected by the algorithm again depends on it only through its profile.

Corollary 8.2 (Hellinger distance for T-round algorithms): Let M and M be models,
and fix an algorithm with average profile p;7 under M. Then

D, (PM, W) < D} (IP’M, Pﬁ) <TT By [Da (M(w), ]\//.7(77))} .
We can now state the first lower bound. It is expressed through the supremum of the constrained
DEC dec{ (M, M) over arbitrary reference models M : II — A(R x O), rather than M € co(M) as

in (7.31). The alternatives M in the definition still range over M, since the true model must lie
in the class; this is why the reference model is not added to the class as in (7.31). Recall that we
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state the result for an arbitrary bounded function L(M, ) of the model and the decision, not only
for the regret.?"

Proposition 8.2 (First lower bound via the constrained DEC): Let L : M xII — [0, 1]
be arbitrary, and define Reg = ZZ;I L(M,n"). Let any € > 0 satisfy

T2§i

3 rg SUP decg (M, ]/\4\), (8.12)

M
where the supremum ranges over all models M1 A(R x O). Then every algorithm satisfies

1 1 —
sup EM [Reg} > — supdecg(M, M).
Mem T 6 M B

Let us interpret the condition (8.12), which is the main feature of Proposition 8.2 that leaves room
for improvement. For the Gaussian bandit, where decg (M, M ) &~ eV/A (see Section 8.5), the side
condition Te? < £v/A/56 forces ¢ < V/A/T, and the proposition yields only E[Reg(T)] > T-evV A ~
A. While this correctly shows that the lower bound must scale with the number of actions, it does
not grow with 7', whereas the true minimax regret is of order v/AT. The main theorem of the next
subsection removes the side condition and recovers the v/ AT rate. To do so, it specializes L to the
regret (8.10) and assumes that the reward realizations lie in [0, 1]; as we explain there, this is what
permits a stronger change-of-measure argument.

The proof is a change-of-measure argument in the style of Section 8.2. Note that the reference model
M need not belong to M: it serves only as the measure under which the algorithm’s behavior is
analyzed, and nature ultimately plays a model M € M. Lower bounds of this form, with arbitrary
reference models, appear in Foster et al. [88].

Proof of Proposition 8.2. We follow the template of Section 8.2. Write D = supy; decg (M, ]\7), and
choose M : TT — A(R x O) with decg(M, M ) = D; if the supremum is not attained, an approximate
maximizer suffices, at the cost of an arbitrarily small loss in the constants below. Fix an arbitrary
algorithm and let py; be its average profile under M. Choose M € M as a best response to this
profile in the constrained DEC, so that

Ermp (LM, 7)] 2 D, Epep [DE, (M(w)ﬂ(w))} <&,

The second condition says that M is hard to distinguish from M: by Corollary 8.2 and the side
condition (8.12) on &,

= — D
D2 (PM,IPM) <TT - Ermp, [Da (M(w),M(w))] <<
The first condition says that the profile p;; has large regret under M it remains to transfer this
to the profile p,,;, which is what the algorithm actually plays under M. Since p,, and p;; are the
laws of the decision at a random round under the two models, the data processing inequality gives

20The proof uses nothing about the form of L beyond L € [0, 1]; in particular, it places no assumption on the reward
realizations, which may be unbounded (as an aside, it applies even in settings where rewards are not observed at all).
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D3 (pu,psz) < D3 (IP’M PV ) < D/8, and the change-of-measure inequality for bounded functions
(Lemma A.7 in Appendix A.2.2) yields

EWNPJW[L(My )] < 3Erpy [L(M, m)] + 4Dﬁ (Par, Pir) < 3Eanpy, [L(M, )] + —

Hence, by Lemma 8.1,

which proves the claim. O

8.4 Main Lower Bound for the Constrained Decision-Estimation Coefficient

We now state the main result of this section: a lower bound in terms of dect(M) at radius g oc T~/

which qualitatively matches the upper bounds in preceding sections.

Theorem 8.1 (Lower bound via the constrained DEC): Let T'> 1, and let M C (H —
A([0,1] x O)) be a model class with rewards in [0,1]. Define L(M, ) = f™(my) — f(n).
Then, for any T-round algorithm,

Reg(T)} 1( 1) 1
EM|—/—=2] > — | dec¢(M) — 6 — — |, E= ——.
Mem [ T |7 g\leeM e ST uVT

It is instructive to compare Theorem 8.1 to the upper bounds of Section 7. The lower bound gives
E[Reg(T)] = dect(M)-T with £ oc T~1/2, while the constrained-DEC variant of E2D in Proposition
7.2 achieves Reg(T) < deci(M) - T'logT + /T log(|]M|/d) with &  /log(|M]/d)/T. The two
radii differ by a factor of \/log| M|, so up to this factor and the estimation term, the upper and
lower bounds coincide. In other words, the exploration strategy prescribed by the DEC is the best
possible; whatever is lost relative to the minimax regret is lost in estimation, not in exploration.

Compared with Proposition 8.2, the theorem is specialized to the regret, L(M, 7) = f"(my)—fM(7),
and assumes that the reward realizations lie in [0, 1]. This specialization, together with boundedness
(more generally, the condition in Remark 8.2), facilitates a stronger change-of-measure argument.
The proof otherwise follows the template of Section 8.2, with one new device: the average profile
is computed only up to a stopping time, the first round at which the algorithm has accumulated a
prescribed amount of regret under M so that the regret under M and under the second model M
can be compared on the same event.

Proof of Theorem 8.1. Fix any reference model Me co(M) and an algorithm. Set

Reg(T 1
R = sup EM[eg()], £= ——.
MeM T 24T

We prove

1
deci(M) <8R + 6e + T (8.13)

Since all losses are at most one, the claim is immediate when 8 R4 6+ 1/7 > 1. We may therefore
assume the reverse inequality.
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Let 75 maximize f. For a sufficiently small n > 0, put

a=4R+2e+n <1

Run the algorithm under M , and write

t
90 = 17 (75) ~ Egppppesy [ 17 ()], Gr =30
s=1

Let 7 be the first ¢ < T for which G; > Ta, with 7 = T if the threshold is never reached. Define
the stopped-and-padded average profile

]_ _
P 7]EJ\/I
P =

S P HT) (T - T)aﬂﬁ] . (8.14)

t=1

Because 0 < g; < 1, this profile has reference loss

By [ 17 () — ()] = ZE¥(GH] <t . (815)

For this particular profile, let

B= sup Ernp [fN(ﬂ'N) - fN(TF)] (8.16)
NeMU{M}
Ernp o [DR (N (m),M (7)) <e?

Since pj; is one admissible choice in the DEC infimum,

decS(M U {M}, M) < B. (8.17)
We claim that
1
B§2a+\/§e+f. (8.18)

Suppose otherwise. Choose a model M attaining the supremum in (8.16); if it is not attained,
choose a sufficiently accurate approximate maximizer. Denote its objective value by b, so that

1
b>2a+\/§€+f. (8.19)

The choice M = M has objective value less than a + 1 /T by (8.15); hence the selected model
belongs to M. It also satisfies

Ennpe [Dﬁ (M(w), M\(w)ﬂ < e (8.20)
Since the reward is observed and belongs to [0, 1],
() — 7 (m)? < 2DF (M(m), M (m)).
Thus, (8.20) and Cauchy—Schwarz imply

Ermpg [LF¥(1) = F7(0)]| < V2e.
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Together with (8.15) and (8.19), this gives
P (as) = () = b+ B | () = £7 ()|
—Erp [ 7 () = ()] > a. (8.21)

Now run the original algorithm under M, defining G; and 7 from its realized history by the same
formulas. Let

X = 3 By | () = 7 ()]
t=1

For a realized history, write the conditional pseudo-regret through time s as

s

RiegM@) = Z [fM(WM> - Ew~pt(~|Ht*1)[fM<7T)H-

t=1
For every stopped history, (8.21) implies
Reg,/ (1) >1a+G; — X >Ta - X. (8.22)
Indeed, if 7 =T, the first term is at least Ta; if 7 < T, the threshold term G is at least Ta.

Under M. , feasibility and the definition of pg; give

EV[X?] < TEM

Z Ewwpt(.mt—l) ‘fM(Tr) - fﬁ(W)F}]
t=1
< 2722, (8.23)

Consequently, X < 2Te with probability at least 1/2 under M. Padding each stopped transcript
with a common cemetery symbol and applying the Hellinger chain rule (Corollary 8.2) gives
TOST

_ _ |
D? (IPM ]P’M> < 7Te?, Drv <]P’f,IP’f> < VTS < .

Thus, X < 2T with probability at least 1/4 under M. Since conditional instantaneous regret is
nonnegative,

. [Regm] o {Reg%m]

RegM(T) 1 n
> EM 2 2 > —92 — + -
- [ T - 4(a e =R 4’

contradicting the definition of R. This proves (8.18).

Combining (8.17) and (8.18), and then letting n | 0, gives
decS (M U{M}, M) <8R+ (4+v2)e + T S8R+ 6e+ .
Taking the supremum over Me co(M) proves (8.13). Rearranging completes the proof. O

The theorem is stated for rewards in [0, 1]; the following remark extends general reward distributions
with bounded means, which covers the Gaussian examples below.
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Remark 8.2 (Unbounded rewards): The conclusion of Theorem 8.1 extends, up to absolute
constants, to unbounded rewards provided that the mean rewards lie in [0, 1] and, for some
absolute constant ¢, all M € M, M € co(M), and 7 € II satisfy

[f¥ () = fH(m)]? < ¢ D (M (), M()).

Indeed, these are the only consequences of bounded rewards used in the proof. The numerical
coefficient of € may depend on ¢. This includes unit-variance Gaussian rewards with means
in [0,1], including their mixtures as reference models. Indeed, a standard Cauchy—Schwarz
argument gives

Ep[r] — Eqlr]* < 2(Eplr?] + Eqlr?]) - Di(P.Q),

and the second moments are at most two, so ¢ = 8 suffices.

8.5 Examples

We now instantiate the lower bound in Theorem 8.1 for concrete model classes. We begin by revis-
iting examples from Section 7.3. Each example lower bounds dect (M, M) for a single, conveniently
chosen reference model M € co(M), which suffices since decS(M, M) < dect(M) by (7.31).

Example 7.4 (Multi-armed bandit with Gaussian rewards, cont’d). Let us lower bound the con-
strained DEC for the Gaussian bandit problem from Example 7.4. Set M (7) = N (1/2,1), and let
{Mi,...,Ma} C M be a sub-family of models with M;(r) = N(f*(n),1), where fi(7) := 1 +

Al{m = i} for a parameter A to be chosen below. Observe that for all 7, Ex~, [DE' (M,-(W), ]\//.7(77))] <
$A2p(i) by (7.14), and Eqp [ f (myr,) — fMi(m)] = (1 = p(i))A, so we can lower bound

decS(M, M) = peingn) 525’4 {Ew,[ F () — )] | Brmp [DE. (M(ﬂ), M(W)ﬂ < 52}

A2
> inf 1—p@))A N < g2
> it e (1A [00) <22

For any p, there exists i such that p(i) < 1/A. If we choose A = ¢-+/2A, this choice for i satisfies
the constraint p(z’)AT2 < €2, and we are left with

dect(M, M) > (1 - p(i))A > e/A/2,

since 1 — p(i) > 1/2.

Plugging this lower bound on the constrained Decision-Estimation Coefficient into Theorem 8.1,
with the extension in Remark 8.2, yields

E[Reg] > Q(VAT).

This recovers Proposition 8.1, with the DEC automatically selecting the hard alternative model. <«

Generalizing the argument above, the following proposition gives a useful recipe for lower bounding
the Decision-Estimation Coefficient for any model class that “embeds” a family of models with
properties similar to the multi-armed bandit problem.
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Proposition 8.3 (DEC lower bound for hard families): Let a reference model M be
given, and suppose that a class M contains a sub-class { My, ..., My} and collection of decisions
1, ...,mn with the property that for all i:

1. D} (Mi(w),]\/i\(w)) < 8% 1{r=m).

2. fMi(my,) — fMi(m) > a-T{r # m}.

Then .
decS(M, M) > a - I {5 > 5/\/N} .

The examples that follow can be obtained by applying this result with an appropriate sub-family;
see Foster et al. [84, 89] for detailed proofs.

Example 7.5 (Bandits with structured noise, cont’d). Recall the bandit-type problem with struc-
tured noise from Example 7.5, where we have Mmag.sn = {Mi,..., Ma} U { My}, with M;(7) =
N(1/2,1)I{m # i} + Ber(3/4)I{m =i} and My(7) = N (1/2,1) for every m. With M as the refer-
ence model, the sub-family {Mj,..., M4} satisfies the conditions of Proposition 8.3 with o = 1/4
and 32 = 2. As a result, we have decS(Mmap-sn) > I {5 > \/2/14}7 which yields

E[Reg] 2 ©(A)
if we apply Theorem 8.1, with the extension in Remark 8.2.

<

Example 7.6 (Bandits with full information, cont’d). Consider the full-information variant of the
bandit setting in Example 7.6. By adapting the argument in Example 7.4, one can show that

deci(M) 2 e,
which leads to a lower bound of the form
E[Reg] > VT.

<

Next, we revisit some of the structured bandit classes considered in Section 5. For these, it is
convenient to have a version of the lower bound stated directly in terms of the reward function
class F, in the language of Section 5. For f : II — R, define the square-loss constrained DEC

~

dect*(F, ) = inf suplBamylf(my) — F(0)] | Bany[(£(m) — F(m))?] < €2,

peA(ID) feF

the analogue of (7.30) with squared error in place of Hellinger distance.
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Corollary 8.3 (Lower bound for structured bandits): Let 7 C (II — [0,1]), and let
Mg ={M;: f e F} with Mg(r) = N(f(r),1) be the induced structured bandit class with
unit-variance Gaussian rewards. Then for all € > 0,

dect (M) = sup dec’ (7, f),
fer

and consequently every algorithm has E[Reg(T)] 2 T - SUp 7z decZ’/s\q/,f(f ) f) — /T for an

absolute constant ¢ > 0.

We omit a formal proof, but briefly, the first claim holds because, by (7.14), D3 (Mf(ﬂ’), M]’;(ﬂ')) <

%( f(m)— f(w))Q, so the square-loss ball of radius v/2¢ around fis contained in the Hellinger ball of
radius € around M Fe M r, and enlarging the max player’s feasible set can only increase the value.

The examples that follow are instances of this corollary.

Example 8.1 (Linear bandits). Consider the linear bandit setting in Section 5.4.2, with F =
{m— (0,6(r)) | 6 € O}, where © C B%(1) is a parameter set and ¢ : IT — R? is a fixed feature
map that is known to the learner. Let M be the set of all reward distributions with f* € F and
1-sub-Gaussian noise. Then

decS(M) > eV,

which gives
E[Reg| 2 vdT.

N

Example 8.2 (Nonparametric bandits). Consider the Lipschitz bandit setting in Section 5.4.3,
where II is a metric space with metric p, and

F={f:11—10,1] | f is 1-Lipschitz w.r.t p}.

Let M be the set of all reward distributions with f* € F and 1-sub-Gaussian noise. Let d > 0 be
such that the covering number for II satisfies

N, (T, ) > e

Then ,
deci(M) 2 ed+z,

which leads to E[Reg] > T, q

Each of these lower bounds is matched, up to logarithmic factors, by an upper bound proved earlier
(Proposition 5.5 for linear bandits and Proposition 5.6 for Lipschitz bandits), both via E2D with
the corresponding offset DEC. In both cases the offset and constrained coefficients have the same
order, which is why the lower bounds are proven through the latter and the upper bounds are
proven through the former without loss.
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Tabular reinforcement learning. Our final example is the class of tabular MDPs from Sec-
tion 6, for which Section 6.7 gave the upper bound Reg < \/poly(H, S,A)-T via PC-IGW. We
state, but do not prove, a complementary lower bound on the constrained DEC [84, 89].

Proposition 8.4 (DEC lower bound for tabular RL): Let M be the class of tabular
MDPs with § > 2 states, A > 2 actions, and ZhH:1 rp, € R:=10,1]. If H > 2log,(S5/2), then

deci(M) 2 eVHSA.

Using Theorem 8.1, this gives E[Reg] 2 vV HSAT, matching the upper bound of Section 6.7 up to
polynomial factors in H.

8.6 Tighter Regret Bounds for the Decision-Estimation Coefficient*

The main gap between the most general upper and lower bounds based on the Decision-Estimation
Coefficient concerns estimation. All of the upper bounds we have given pay an estimation cost,
represented by log| M| for a finite model class, that is absent from the DEC lower bound. Each of the
bounds we have presented can be tight, depending on the model class, but sharper guarantees are
possible many special cases of interest. In this optional epilogue, we present some general techniques
for obtaining such refinements by tailoring estimation to the decision-making task. Obtaining a
complete understanding of when and how the estimation gap can be closed remains an active area
of research; see, for example, Chen et al. [52].

8.6.1 General Divergences and Randomized Estimators

In this section we give a generalization of the E2D algorithm that incorporates two extra features:
general divergences and randomized estimators.

General divergences. The Decision-Estimation Coefficient measures estimation error via the
Hellinger distance D (M (), M (), which is fundamental in the sense that it leads to lower bounds
on the optimal regret (Theorem 8.1). Nonetheless, for specific applications and model classes, it can
be useful to work with alternative distance measures and divergences. For a non-negative function
(“divergence”) D™ (- || -), we define

D AN M M DT (T
dec?(M, M) = inf = sup Eﬂwp{f (ma) — M (1) =~ D (M [ M)} (8.24)

This variant of the DEC naturally leads to regret bounds in terms of estimation error under
D™(- || -). Note that we use notation D™ (M I M) instead of say, D (M (), M (m)), to reflect that

—

fact that the divergence may depend on M (resp. M) and 7 through properties other than M ()
(resp. M(m)).

Randomized estimators. The basic version of E2D assumes that at each round, the online
estimation oracle provides a point estimate M*. In some settings, it is useful to consider randomized
estimators that, at each round, produce a distribution v* € A(M) over models. For this setting,
we further generalize the DEC by defining

T-D o M _ M VR T (a7
dec, (M’V)_pelgfn)]\%%&w () = fM () — ]EM~1/[D (M I M)H (8.25)

154



for distributions v € A(M). We additionally define @?(M) = SUPeA (M) E?(M, v).

Algorithm 8.1 E2D for General Divergences and Randomized Estimators

input: Exploration parameter v > 0; divergence D(- || -); randomized online estimation ora-
cle.
fort=1,2,--- ,T do
Obtain randomized estimate v* € A(M) from estimation oracle with {(7*,r,0')},_,.

Compute //Eq. (8.25).

p' =argmin sup Eqvp | fY(ma) — fY (1) =7 - Egz . [D” <]\/4\ I M)H .
pEA(IT) MeM

Sample decision 7' ~ p' and update estimation algorithm with (7, ", o").

Algorithm. A generalization of E2D that incorporates general divergences and randomized es-
timators is given at the start of this subsection. The algorithm is identical to E2D (Section 7.4),
with the only differences being that i) we play the distribution that solves the minimax problem
(8.25) with the user-specified divergence D™ (- || -) rather than squared Hellinger distance, and ii)
we use the randomized estimate v* rather than a point estimate. Our performance guarantee
for this algorithm depends on the estimation performance of the oracle’s randomized estimates
v, ..., vT € A(M) with respect to the given divergence D™ (- || -), which we define as

T
Estp = Y ErepEp . [D”t (z\?t I M*)}. (8.26)
t=1
We have the following guarantee.

Proposition 8.5 (Regret of E2D with general divergences): The algorithm E2D for
General Divergences and Randomized Estimators with exploration parameter v > 0 guarantees
that

Reg < dec)(M) - T+~ - Estp (8.27)

for every realization.

Sufficient statistics and benefits of general divergences. Many divergences of interest have
the useful property that they depend on the estimated model M only through a “sufficient statistic”
for the model class under consideration. Formally, there exists a sufficient statistic space ¥ and
sufficient statistic ¢ : M — ¥ with the property that we can write (overloading notation)

D™(M || M) = D™(p(M) || M), f¥(r) = f¥OD(x), and = myan)

for all models M, M’. In this case, it suffices for the online estimation oracle to directly estimate
the sufficient statistic by producing a randomized estimator v* € A(¥), and we can write the
estimation error as

Estp = ZT:Eﬂtht Ege [D”t (zZt [ M*)]. (8.28)
t=1
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The benefit of this perspective is that for many examples of interest, since the divergence depends
on the estimate only through v, we can derive bounds on Est that scale with log|¥| instead of

log|M|.

For example, in structured bandit problems, one can work with the divergence
Dsq (M(m), M(m)) = (F(7) = 7 (m))*

which uses the mean reward function as a sufficient statistic, i.e. (M) = f*. Here, it is clear
that one can achieve Estp < log|F|, which improves upon the rate Esty < log| M| for Hellinger
distance, and recovers the specialized version of the E2D algorithm we considered in Section 5.
Analogously, for reinforcement learning, one can consider value functions as a sufficient statistic,
and use an appropriate divergence based on Bellman residuals to derive estimation guarantees that
scale with the complexity log|Q| of a given value function class Q; see Section 9 for details.

Does randomized estimation help? Note that whenever D is convex in the first argument,
we have dec? (M) < SUD e co(M) dec?(./\/l, M) = dec,?(./\/l) (that is, the randomized DEC is never
larger than the vanilla DEC), but it is not immediately apparent whether the opposite direction
of this inequality holds, and one might hope that working with the randomized DEC in (8.25)
would lead to improvements over the non-randomized counterpart. The next result shows that this
is not the case: Under mild assumptions on the divergence D, randomization offers no improve-
ment.

Proposition 8.6 (Randomized estimators do not improve the DEC): Let D be any
bounded divergence with the property that for all models M, M’, M and 7 € II,

D™ (M | M) < C(D” <1\7 [ M) + D" (1\7 I M’)). (8.29)
Then for all v > 0,
sup dec? (M, M) < dec) o (M), (8.30)
M

Squared Hellinger distance is symmetric and satisfies Condition (8.29) with C' = 2. Hence, writing
decy (M) as shorthand for dec? (M) with D = D}(, ), we obtain the following corollary.

Proposition 8.7 (Randomized DEC for Hellinger distance): Suppose that R C [0, 1].
Then for all v > 0,

ﬁ:’(/\/l) < sup decg(/\/l,]\?) < sgpdecs(/\/l,]\/i) < @:'/4(./\/1).
Méeco(M) M

This shows that for Hellinger distance—at least from a statistical perspective—there is no benefit
to using the randomized DEC compared to the original version. In some cases, however, strategies
p that minimize decg (M, v) can be simpler to compute than strategies that minimize dec? (M, M)

for M € co(M).
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8.6.2 Optimistic Estimation

To derive stronger regret bounds that allow for estimation with general divergences, we can combine
Estimation-to-Decisions with a specialized estimation approach introduced by Zhang [226] (see
also Dann et al. [62], Agarwal and Zhang [3]|, Zhong et al. [229]), which we refer to as optimistic
estimation. The results we present here are based on Foster et al. [90].

Let a divergence D™ (- || -) be fixed. An optimistic estimation oracle Algg,, is an algorithm which,
at each step t, given H'"' = (n',r',0"),..., (7", r'""',0"""), produces a randomized estimator
vt € A(M). Compared to the previous section, the only change is that for a parameter v > 0, we
will measure the performance of the oracle via optimistic estimation error, defined as

it

T
OptEst? := S Ery Eg [D”t (Mf I M*) A M () — T ()] (8.31)
t=1

This quantity is similar to (8.26), but incorporates a bonus term
M () = S (),

which encourages the estimation algorithm to over-estimate the optimal value f™ () for the
underlying model, leading to a form of optimism. The online estimation algorithm must control
this combined criterion to obtain the regret bounds below.

t

Example 8.3 (Structured bandits). Consider any structured bandit problem with decision space
I, function class F C (I — [0,1]), and O = {@}. Let M be the class

Mz ={M| fM™e F,M(r) is 1-sub-Gaussian Vr}.

To derive bounds on the optimistic estimation error, we can appeal to an augmented version of the
(randomized) exponential weights algorithm which, for a learning rate parameter n > 0, sets

V(fM) o exp (—77 (Z (Y7 = ') =y M ()] ) ) :

For an appropriate choice of 7, this method achieves E[OptEst? ] < loglF| + /T log|F|/v for
D = Dsq(-,) [226]. 4
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Optimistic Estimation-to-Decisions. We consider an optimistic variant of E2D, which we refer
to as E2D.Opt. At each timestep t, the algorithm calls the estimation oracle to obtain a randomized
estimator v using the data (7', 7', 0"),..., (7"~ ', r"=' 0'") collected so far. The algorithm then uses
the estimator to compute a distribution p* € A(II) and samples 7* from this distribution.

Algorithm 8.2 Optimistic E2D (E2D.Opt)

input: Exploration parameter v > 0; divergence D(- || -); optimistic estimation oracle.
fort=1,2,--- T do
Obtain randomized estimate v* € A(M) from optimistic estimation oracle with

{(m, 7,0}y
Compute //Eq. (8.32).

p' =argmin sup ErpEr fM(ng) — fM(x) —~- DT (]/\4\ I M>]
pEA(IT) MeM

Sample decision 7* ~ p' and update estimation algorithm with (7, ", o").

The main change relative to the version of E2D for general divergences in Section 8.6.1 is that
the minimax problem in E2D.Opt is derived from an “optimistic” variant of the DEC tailored
to the optimistic estimation error in (8.31). This quantity, which we refer to as the Optimistic
Decision-Estimation Coefficient, is defined for v € A(M) as

D . == a5
odecy(M,v) = inf ' sup EnpEpp, [fM(m) — fM(r)—v-D (M [ M)] (8.32)
and
o—decf?(/\/l) = sup o—dec?(M, v). (8.33)
vEA(M)

The Optimistic DEC the same as the generalized DEC in (8.25), except that the optimal value
fM(my) in (8.25) is replaced by the optimal value f¥(rg) for the (randomized) reference model
M ~ v. This seemingly small change is the main advantage of incorporating optimistic estimation,
and makes it possible to bound the Optimistic DEC for certain divergences D for which the value
of the generalized DEC in (8.25) would otherwise be unbounded.

Remark 8.3 (Sufficient statistics): When the divergence D admits a sufficient statistic
¥ : M — U, for any distribution v € A(M), if we define v € A(¥) via v(¢p) = v({M € M :
(M) = }), we have

~dec” = inf Ermp Epn | [V (p) — M () — - D™ (¢ || M)|.
o-decl(M,v) = b sup By By [ £4(my) = f(m) =7 D"(9 || )]

In this case, by overloading notation slightly, we may simplify the definition in (8.33) to

o—decf(M) = sup o—dec,?(/\/l, v).
veA(T)
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Regret bound for optimistic E2D. The following result shows that the regret of Optimistic
Estimation-to-Decisions is controlled by the Optimistic DEC and the optimistic estimation error
for the oracle.

Proposition 8.8 (Regret of optimistic E2D): E2D.Opt ensures that
Reg < o—decg(/\/l) Ty - OptEst$ (8.34)

for every realization.

This regret bound has the same structure as that of Proposition 8.5, but the DEC and estimation
error are replaced by their optimistic counterparts.

When does optimistic estimation help?. When does the regret bound in Proposition 8.8
improve upon its non-optimistic counterpart in Proposition 8.57 It turns out that for asymmetric
divergences such as those found in the context of reinforcement learning, the regret bound in (8.34)
can be much smaller than the corresponding bound in (8.27); see Section 9.5 for an example.
However, for symmetric divergences such as Hellinger distance, we now show that the result never
improves upon Proposition 8.5.

Given a divergence D, we define the flipped divergence, which swaps the first and second arguments,
by

PG

D (]/\4\ I M) = D" (M I M)

Proposition 8.9 (Equivalence of optimistic DEC and randomized DEC): Assume
that For all pairs of models M, M € co(M), we have (f¥(r) — f(n))? < Lﬁp - D7 (]\/4\ I M)
for a constant Ly, > 0. Then for all v > 0,

5 L2 P L2
deci/z(/\/l) = % < o—dec?(/\/l) < decf/z(/\/l) + QL’IYP‘ (8.35)

This result shows that the optimistic DEC with divergence D is equivalent to the generalized DEC
in (8.25), but with the arguments to the divergence flipped. Thus, for symmetric divergences, the
quantities are equivalent. In particular, we can combine Proposition 8.9 with Proposition 8.6 to
derive the following corollary for Hellinger distance.

Proposition 8.10 (Optimistic DEC for Hellinger distance): Suppose that rewards are
bounded in [0,1]. Then for all v > 0,
3

1 _
o—dechﬁ{(M) —5 < sup decg (M, M) < o—decs/G(M) + 5
M

For asymmetric divergences, in settings where there exists an estimation oracle for which the flipped
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estimation error .
Est’ =Y E. ,Eq. [D“t (M* I ]\//.7)]
t=1

is controlled, Proposition 8.9 shows that to match the guarantee in Proposition 8.8, optimism is not
required, and it suffices to run the non-optimistic algorithm of Section 8.6.1. However, as discussed
in Section 9.5, for certain divergences found in the context of reinforcement learning, estimation
with respect to the flipped divergence is not feasible, yet working with the optimistic DEC and
E2D.Opt leads to meaningful guarantees.

8.7 Bibliographic Remarks and Further Reading

Takeaways. This section closes the loop on the DEC: Theorem 8.1 shows that the constrained
DEC is not only sufficient for low regret, as E2D established in Proposition 7.2, but necessary, so that
whatever separates E2D from the minimax regret is a cost of estimation. Every lower bound in the
section rests on one mechanism: a change of measure between two models that are statistically close
(with closeness aggregated over the interaction by the chain rule for KL or Hellinger divergence)
yet whose near-optimal decisions are far apart. Here, the potentially surprising takeaway is that
the DEC—dual to its role in the Estimation-to-Decisions upper bound—can encompass this lower
bound mechanism into a single optimization problem.

Bibliographic remarks. The two-point method is classical [141]; see Tsybakov [200, Chapter 2]
or Donoho and Liu [67]. The Q(v/AT) bandit lower bound in Proposition 8.1 is due to Auer et al.
[23]; the presentation through Lemma 8.1 and Corollary 8.1 follows Lattimore and Szepesvari [139,
Chapter 15], and Lemma 8.3 is from Jayram [109], Foster et al. [92].

Lower bounds in terms of the DEC were introduced by Foster et al. [84]; the constrained form and
Theorem 8.1 are due to Foster et al. [89], simplified for this text. The general-loss lower bound
of Proposition 8.2, with arbitrary reference models, is from Foster et al. [88], where it arises from
decision making with hidden rewards. The hard family of Proposition 8.3 and the examples in
Section 8.5 follow Foster et al. [84, 89], recovering classical rates: Dani et al. [61] for Example 8.1,
Kleinberg et al. [127] for Example 8.2, and Jaksch et al. [108], Osband and Van Roy [159], Domingues
et al. [66] for Proposition 8.4. In the starred material, Proposition 8.5, Proposition 8.6, Proposition
8.7, Proposition 8.9, and Proposition 8.8 are from Foster et al. [90]; optimistic estimation itself is
due to Zhang [226].

Further reading. The estimation term separating the upper and lower bounds cannot be re-
moved in general [89]; Chen et al. [52], building on Foster et al. [87], close this gap up to polynomial
factors for the special case of convex classes, and highlight barriers to further improvement. For
more background on the modulus of continuity in statistical estimation, which can be viewed as
a non-interactive predecessor to the Decision-Estimation Coefficient, see Donoho and Liu [67, 68].
Chen and Rakhlin [50] extend the upper and lower bounds of this section to environments that
change over time, within a hybrid stochastic/adversarial framework that covers local differential
privacy, statistical-query learning, and robust decision making.
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9. REINFORCEMENT LEARNING:
FUNCTION APPROXIMATION AND LARGE STATE SPACES

This section returns to reinforcement learning, now without the assumption that the state space
is small. The protocol is the same as Section 6, but the goal is regret that does not depend on
the number of states. The main tool we use is function approximation: a class of models for the
transition dynamics, or a class of value functions, that lets the learner generalize across states as it
explores. Compared with the contextual and structured bandit problems, where function approxi-
mation already appeared, reinforcement learning adds credit assignment on top of generalization,
and the combination is what makes this problem challenging. There are two questions this section
is organized around: what structure, beyond realizability, makes sample-efficient learning possible,
and which algorithms exploit it. In the language of Figure 2, this section covers the far corner of
the figure, covering the frontier of theoretical understanding.

Organization. Section 9.1 recalls the setting and shows that realizability alone, of the model,
the value function, or the policy, is not enough for sample-efficient learning. Section 9.2 studies
the first structural assumption, low-rank transitions, and the LSVI-UCB algorithm. Section 9.3
introduces the more general notion of Bellman rank and the BiLinUCB algorithm, and Section 9.4
works through MDP families that have low Bellman rank. Finally, Section 9.5 instantiates the
Estimation-to-Decisions principle by bounding the Decision-Estimation Coefficient for classes with
low Bellman rank, and Section 9.6 closes with a survey of the landscape of tractability and open
directions.

9.1 Setting and Realizability

Recall (Section 6) that for reinforcement learning, an MDP M takes the form
M = {8’ A’ {P}iw}hH:h {Rif hH:17 d1}7

where S is the state space, A is the action space, P : § x A — A(S) is the probability transition
kernel at step h, R} : S x A — A(R) is the reward distribution, and d; € A(S) is the initial
state distribution. All of the results in this section take II = Il,,s, and we assume that rewards
are nonnegative with Zthl rp, € [0,1] almost surely, unless otherwise specified. As in Section 6,

B = Q}]:[*’* and V) 1= VhM*’* denote the optimal value functions of the true MDP M™*. Note that
the online reinforcement learning framework is a special case of the general decision making setting
in Section 7, but the algorithms we develop in this section are tailored to the MDP structure.

For the frameworks we have considered so far (contextual and structured bandits, general decision
making), all of the algorithms we analyzed leveraged the assumption of realizability, which asserts
that we have a function class that is capable of modeling the underlying environment well. For
reinforcement learning, there are various realizability assumptions one can consider:

> Model realizability: We have a model class M of MDPs that contains the true MDP M™.

> Value function realizability: We have a class Q of state-action value functions (Q-functions)
that contains the optimal function Q* for the underlying MDP.

> Policy realizability: We have a class II of policies that contains an optimal policy 7*.
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To relate these assumptions, define the induced classes
Qu={Q@"" : MeM}, lg:={ny:Q¢€Q}, (9-1)

where 7 is the greedy policy for (), with a fixed rule for breaking ties. We see that model
realizability for M implies value function realizability for Q4. Likewise, value function realizability
for Q implies policy realizability for Ilg, since a greedy policy for Q* is optimal by Proposition 6.1.
In general however, the converse implications do not hold.

Ideally, we would hope that whenever one of (model, value function, policy) realizability holds, we
can obtain regret bounds that scale with the complexity of the corresponding function class (e.g.,
log| M| for model realizability, or log|Q| for value function realizability), but do not depend on the
number of states |S| or other properties of the underlying MDP, analogous to the situation for
statistical learning. Unfortunately, the following result, due to Krishnamurthy et al. [130], shows
that this is too much to ask for.

Proposition 9.1 (Realizability is insufficient): For any S € N and H € N, there exists a
class of horizon-H MDPs M with |S| = S, |A| = 2, and log|M| = log(S), yet any algorithm

must have
E[Reg] 2 /min{S,27} - T AT.

The interpretation of this result is that even if model realizability holds, any algorithm needs regret
that scales with min{|S|, |M|,2}. This means additional structural assumptions on the under-
lying MDP M*—beyond realizability—are required if we want to obtain sample-efficient learning
guarantees. The same construction also rules out such guarantees under value function or policy
realizability: the induced classes in (9.1) satisfy

Mo | < [Qml| <M,

so passing to these classes does not increase the class-size complexity.

Remark 9.1 (Comparison to structured bandits): Proposition 9.1 is analogous to the
impossibility result we proved for structured bandits (Example 5.1), which is subsumed by the
RL framework. That result required a large number of actions, while Proposition 9.1 holds
even when |A| = 2.

Remark 9.2 (Further notions of realizability): There are many notions of realizability
beyond those we consider above. For example, for value function approximation, one can
assume that QY™ € Q for all m [222, 116], or assume that the class Q obeys certain notions
of consistency with respect to the Bellman operator for M* (Bellman completeness; see Munos
and Szepesvari [155], Chen and Jiang [55]).

The remainder of this section explores different structural assumptions that facilitate low regret for
reinforcement learning with function approximation. Briefly, the idea is to make assumptions that
either i) allow for extrapolation across the state space, or ii) control the number of “effective” state
distributions the algorithm can encounter. We begin with reinforcement learning with linear models
(Section 9.2), then explore a general structural property known as Bellman rank (Section 9.3).
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9.2 Low-Rank MDPs and LSVI-UCB

Toward understanding the complexity of RL with function approximation, let us consider perhaps
the simplest possible modeling approach: Linear function approximation. A natural idea here is
to assume linearity of the underlying Q-function corresponding to the true model M*, generalizing
the linear bandit setting in Section 5:

Qh(s,a) = (6(s,a), 04" ), Vh e [H] (9-2)

where ¢(s,a) € B4(1) is a feature map that is known to the learner and 62" € B4(1) is an unknown
parameter vector. Equivalently, we can define

Q= {Q=(Qu,....Qu) with Qu(s,) = (#(s,),6h) | 6, € BY(1) Vh}, (93)

and assume that @Q* € Q. This is called the Linear-Q* model.

Linearity is a strong assumption, and it is reasonable to imagine that this would be sufficient for
low regret. Indeed, one might hope that using linearity, we can extrapolate the value of Q* once we
estimate it for a small number of states. Unfortunately, even for this very simple class of functions,
it turns out that realizability is still insufficient; the following result is due to Weisz et al. [210] (see
also Wang et al. [209]).

Proposition 9.2 (Linear Q* is insufficient): For any d € N and H € N sufficiently large,
any algorithm for the Linear-Q* model must have

E[Reg] 2, min{QQ(d), 2Q(H)} AT.

This contrasts the situation for contextual bandits and linear bandits, where linear rewards were
sufficient for low regret. The intuition is that, even though Q* is linear, it might take a very long
time to estimate the value for even a small number of states. That is, linearity of the optimal value
function is not a useful assumption unless there is some kind of additional structure that can guide
us toward the optimal value function to begin with.

We mention in passing that Proposition 9.2 can be proven by lower bounding the Decision-
Estimation Coefficient [84].

The Low-Rank MDP model. We therefore make a stronger assumption, which asserts that the
transition probabilities themselves have linear structure: For all s € S, a € A, and h € [H], we have

Py(s" | s,a) = (¢(s,a), uy'(s')), and  E[ryls,a] = (¢(s,a), wy). (9-4)

Here, ¢(s,a) € BE(1) is a feature map that is known to the learner, u}’(s’) € R? is another fea-
ture map which is unknown to the learner, and wj' € B2(v/d) is an unknown parameter vector.
Additionally, for simplicity, we assume that

PNIACH]

s'eS

<Vd (9.5)
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which in particular holds in the tabular example below. As before, assume that both cumulative
and individual-step rewards are in [0, 1]. For the remainder of the subsection, we let M denote the
set of MDPs with these properties.

The linear structure in (9.4) implies that the transition matrix has rank at most d, thus facilitating
information sharing and generalization across states, even when the cardinality of S and A is large or
infinite. For this reason, we refer to MDPs with this structure as low-rank MDPs [175, 220, 115, 8].

Just as linear bandits generalize unstructured multi-armed bandits, the low-rank MDP model (9.4)
generalizes tabular RL, which corresponds to the special case in which d = |S| - |A|, ¢(s,a) = €54,
and (n(s))sa = P (5' | 5,0).

Properties of low-rank MDPs. The linear structure of the transition probabilities and mean

rewards is a significantly more stringent assumption than linearity of Q7 (s,a) in (9.2). Notably, it
implies that Bellman backups of arbitrary functions are linear.

Lemma 9.1 (Bellman backups for low-rank MDPs): For any low-rank MDP M € M
and any @ : S X A — R and any h € [H], the Bellman operator is linear in ¢:

[T Q](s,a) <¢> s,a Gg>

for some 6 € R¢. Furthermore, for Q : S x A — [0,1], under the scaling assumption (9.5), it
holds that H%IH < 2V/d. Finally, for any policy m = (my,...,my), functions QhM’“ are linear in
¢ for every h.

Proof of Lemma 9.1. We have

[T Q](s,a) = (&( —l—ZP (s'|s,a rnaXQ(s a’) (9.6)
= (¢(s,a),wp +Z (s,a), up' 3)>H?XQ(3',G') (9.7)

:< s,a), wp' +ZM maXQ(s a)> (9.8)

and, under the aforementioned assumptions,

|62 < [Jwit|| + Z“ ) max Q(s', o) < 2V4d. (9.9)

9.2.1 The LSVI-UCB Algorithm

To provide regret bounds for the low-rank MDP model, we analyze an algorithm called LSVI-UCB
(“Least Squares Value Iteration UCB”), which was introduced and analyzed in an influential paper
of Jin et al. [115]. Similar to the UCB-VI algorithm we analyzed for tabular RL, the main idea
behind the algorithm is to compute a state-action value Q' with the optimistic property that

Qh(s,a) > Qj(s,a)
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for all s,a,h. This is achieved by combining the principle of dynamic programming with an ap-
propriate choice of bonus to ensure optimism. However, unlike UCB-VI, the algorithm does not
directly estimate transition probabilities (which is not feasible when p" is unknown), and instead
implements approximate value iteration by solving a certain least squares objective.

Algorithm 9.1 LSVI-UCB

input: Radius R > 0.
fort=1,...,7 do
Let (2}{ 1 =0
for h=H,...,1do
Compute least-squares estimator

0;1 = argmin Z <<¢(S;w aﬁz)v 6> - T;L — max Q;H—l(‘s;z—}—l’ a)) )
0€BE(2Vd) i<t ¢

and let Q\’}l(s,a) = <¢(s,a),§ﬁl>.
Define B
b= d(sh ai)b(si,ap) " + 1,
i<t

Compute bonus:

bi.s(s,a) = VRII¢(s, ) 5 )-1-

Compute optimistic value function:

Q; (s,a) = maX{O,min{17 @2(37 a) + bj, 4(s, a)}}.

Set V! (s) = maxaea Q' (s,a) and 7! (s) = arg max,c 4 Q' (s, a).

Collect trajectory (st,al,rt),...,(s%,al,rl) according to 7'

Two features of the algorithm deserve comment. First, the regression target at layer h is rj, +
maxg Qﬁl +1(8n41,a), the empirical Bellman backup of the optimistic value function computed one
layer later; Lemma 9.1 shows that this can always be approximated by a linear function. Second,
the bonus b; ; is the elliptic bonus from LinUCB (Section 4.3), but now applied layer by layer.

The LSVI-UCB algorithm enjoys the following regret bound.

Theorem 9.1 (Regret of LSVI-UCB): Under the scaling assumption (9.5), let § € (0, 1) and
set R = c-d?log(2dHT/§) for a sufficiently large numerical constant c¢. Then, with probability
at least 1 — §, LSVI-UCB satisfies

Reg < HVd3T log(2dHT/S). (9.10)

The bound is polynomial in H, d, and log(1/d), and independent of the number of states. The
reason the horizon enters only polynomially, in contrast with Proposition 9.2, is that low-rank
structure controls how regression errors propagate: the error at layer h is a linear function of ¢, so
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it is confined to the d directions the data have not yet covered. The dependence on d and H in
(9.10) is not optimal, but can be sharpened with similar techniques [11].

9.2.2 Proof of Theorem 9.1

The starting point of our analysis for UCB-VI was Lemma 6.5, which states that it is sufficient
to construct optimistic estimates {Q1,...,Qg} (i-e. Q; < Q) such that the Bellman residuals
EM*T [(@h — TM Q1) (S, ah)] are small under the greedy (with respect to Q’s) policy 7. In order
to control these residuals, we constructed an estimated model M and defined empirical Bellman
operators 7;? in terms of estimated transition kernels. We then set @y, to be the empirical Bellman
backup 7;? Qh+1, plus an optimistic bonus term. In contrast, LSVI-UCB does not directly estimate
the model. Instead, it performs regression with a target that is an empirical Bellman backup.
Subtleties arise in the analysis of this regression step due to lack of independence.

Technical lemmas for regression. Recall from the definition of the Bellman operator (Sec-
tion 6.2) that for any fixed @ : S x A — R,

BV [r) -+ max Qsi1,0) | 5ho0h] = [T Q) (sh ). (0.11)

However, for layer h, the regression problem within LSVI-UCB concerns a data-dependent function
Q = Q;LH (with ¢ < t), which is chosen as a function of all the trajectories 7',...,7""'. This
dependence implies that the regression problem solved by LSVI-UCB is not of the type studied,
say, in Proposition 2.1. Instead, in the language of Section 2.1, the mean of the outcome variable
is itself a function that depends on all the data. The saving grace here is that this dependence
does not result in arbitrarily complex functions, which allows us to appeal to uniform convergence
arguments. In particular, for every h and ¢, QZ belongs to the class

g (s,a) — max{(),min{l, 0,9(s,a)) + \/Equ(s,a)H(i)_l}} e (0.12)

10]] < 2Vd, omin(Z) >1

To make use of this fact, we first state a result on least squares with adaptively collected covariates
and data-dependent targets. It comes in two parts: a finite-class version, which we prove in full, and
the version for the classes at hand, whose proof is a covering argument that we only sketch.
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Lemma 9.2 (Least squares with data-dependent targets): Let (.%;);>0 be a filtration,
and let z1,...,z7 € X be such that z; is .%;,_1-measurable. Let G be an index set, and for
each g € G 1et y1(9),.-.,yr(g) € R be outcomes such that y;(g) is .%;-measurable and, for a
function fg € F C {f : X = R} and a constant R > 1,

Elyi(g) | Zi—1] = fg(zi) and |yi(g) — fg(xi)] < R almost surely. (9.13)

The random variables {y;(g)}4c¢ may be correlated. For each g € G, define the least-squares
solution

je ar%mmz (9) — Fz)
]:

1. If 7 and G are finite, then with probability at least 1 — §, simultaneously for all g € G,

T

S (Foli) — fo(@i)? < 8R*log(|F|G|/9). (9.14)

=1

2. Suppose instead that X = Bg(1), that F = {x + (0, ) : |0 < 2V/d}, and that G = Q is
the class in (9.12), with the maps g — y;(g) and g — f; both 1-Lipschitz with respect to
the sup-norm on Q. Then with probability at least 1 — §, simultaneously for all g € G,

T

S (Folwi) = fy(:))? < R2d*log(dT/9). (9.15)

=1

Proof of Lemma 9.2. We prove Part 1 in full. Fix g € G and f € F, and write € := y;(g9) — fq(i)
for the noise and v; := f(x;) — fy(x;) for the difference of the two functions at ;. By (9.13), ¢; is
conditionally mean zero and bounded by R given .%; 1, while v; is .%;_1-measurable. Hoeffding’s
lemma ((2.27)) therefore gives, for every A > 0,

1 A2R%?
logEi,l [€A6’U’:| < 5 L,

Applying Lemma A.2 to the sequence \e;v;, we conclude that with probability at least 1 — ¢,

T

Ze,vl < —Z 2., log( 1/5,) (9.16)

Taking 6’ = 6/(|.F|G|) and a union bound, (9.16) holds simultaneously for all f € F and g € G with
probability at least 1 —d. On this event, fix g and apply (9.16) with f = f;, which is admissible

because the bound holds for every f € F at once. Optimality of f; gives

T T

> wilg) — Fo(xi)* <D (wilg) — fo())*,
=1 =1

and expanding the squares with y;(g) = fy(2;) + €; yields the basic inequality

T

> " (folwi) = fol@i) <2Zez Fo(wi) = fo(x)).

=1
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Combining the two displays with A = 1/(2R?),

T T

S (Fgl@i) = folw)? < 5D (Folwi) — fol@)? + 4R og(|F||G1/9),

=1 i=1

DN | =

and rearranging proves (9.14).

For Part 2 we give only a sketch. Let 7’ be a cover of F at scale 1/7T in the sup-norm on B%(1) and G’
a cover of Q at scale 1/7 in the sup-norm; standard volumetric arguments give log|F'| < dlog(dT),
since F is parameterized by 6§ € R and log|G’| < d?log(dT), since Q is parameterized by 6 € R?
and a matrix ¥ € R4 with omin(¥) > 1. Clipping to [0, 1] does not increase the sup-norm distance
between functions, so the same covering bound applies to the clipped class. Part 1 applied to the
covers gives (9.14) with log(|F’||G’|/§) < d?log(dT/§). Passing from the covers back to F and Q
costs an additive constant: by the Lipschitz assumptions, replacing g by its nearest cover point
changes every outcome y;(g) and every value fy(z;) by at most 1/7", and replacing f; by its nearest
cover point changes each value by at most 1/T, so that all sums of squares over T' terms change by

O(1). We omit the details. O

We may now apply Lemma 9.2 to analyze the regression step of LSVI-UCB.

Lemma 9.3 (Confidence bound for LSVI-UCB regression): With probability at least
1 — 6, we have that for all ¢t and h,

~ . = 02
> (Qhlshrah) = (T2 Qhia] (shai)) S d? log(24HT /). (9-17)

1<t

Proof of Lemma 9.3. Fix t € [T| and h € [H]. We apply Part 2 of Lemma 9.2 with T replaced by

t — 1, then take a union bound over ¢ and h.
Let .%; be the sigma-field generated by the first i trajectories together with (s;™,a}*'), and for
Q € Q set

Ty = ¢(S;17 CL;_L), yZ(Q) = T;’L + m(?‘XQ(S;L+17 CL).
Then z; is .#;_1-measurable and y;(Q) is .#;-measurable, and by the Markov property,
E[yl(Q) ’ gi*l] = [EM*Q] (S;maﬁl) = <1:i79g*>7
where ||| < 2v/d by Lemma 9.1, since @ takes values in [0,1]. Thus fq := (-,0%") lies in the
linear class F of Part 2.

We now verify the remaining hypotheses of Lemma 9.2. Rewards and value functions lie in [0, 1], so
yi(Q) and fg(z;) lie in [0,2] and the noise is bounded by R = 2. Both Q — 3;(Q) and Q — T, Q
are 1-Lipschitz in the sup-norm.

Conclusion. The least-squares solution in LSVI-UCB is @;l = fQ for Q = Q;LH € Q. This choice
of @ depends on the data, but Part 2 holds simultaneously for all Q € Q, so it applies. Taking a
union bound over ¢ and h gives (9.17). O
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Establishing optimism. The next lemma shows that closeness of the regression estimate to the
Bellman backup on the data {(sj,,a;)},, translates into closeness at an arbitrary (s, a) pair as long
as ¢(s, a) is sufficiently covered by the data collected so far. This, in turn, implies that Qi,..., QY%
are optimistic.

Lemma 9.4 (Optimism for LSVI-UCB): With R chosen as in Theorem 9.1, whenever the
event in Lemma 9.3 occurs, we have that for all (s,a,h) and ¢ € [T7,

Qs ) = [T @] (5,0)| < VR 605, @)l + = Bhos.0). (0.18)

and

Qn(s,a) = Qy(s, a). (9.19)

Proof of Lemma 9.4. Writing the Bellman backup, via Lemma 9.1, as
[EM*@Z-FJ (37 CL) = <¢(S7 CL), 9;)
for some 0} € R? with 167,12 < 2v/d, we have that
@h(s,0) = [T @] 5,0)| = | (005, ). 85, — 63

= [(®) 7205, 0), (53) 2@ — 63))|

< [lots: sy - 15 — Ghllss -

Lemma 9.3 then implies (9.18), since

16, — 6415, = @ — 61" (Z Oy ah)B(shr af) T + I) (6, — 1) (9-20)
1<t
~ ) . x = ) S \2 —~
=3 (Qhshran) = [T @haa) (i i) )+ 195 — 0 (9.21)
1<t

and |16}, — 6;]|* < d by (9.9).

To show (9.19), we proceed by induction on V' > V}*, as in the proof of Lemma 6.6. We start with
the base case h = H + 1, Which7ha5 Vi = Viy = 0. Assuming Vi > V¥ |, we first observe
that 7;LM* is monotone and T,;M" Vil 2 M Vi1 = Q. Hence,

Qh=Qh = T Vi1 + T Vi (9.22)
>Qh — T Vi +Qp (9.23)
> b, + Q) (924)

and thus @ﬁl + b}, 5 > Q5. Since @ € [0, 1], clipping to [0, 1] preserves this inequality, so Q> Q5.
In particular, the lower clipping is inactive on this event. This, in turn, implies V7 > V. O
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Finishing the proof. With the technical results above established, the proof of Theorem 9.1
follows fairly quickly.

Proof of Theorem 9.1. Apply Lemma 9.3 with failure probability §/2; the choice of R in Theo-
rem 9.1 accommodates this change by increasing ¢. On this event, since @) is optimistic by Lemma
9.4, we have that for each timestep ¢,

(@) = (7)< Es1~d1 Vi(s1)] = (@)
= ZEM* w (Q5(snsan) = [T Qhyr] (5hyan)]

by Lemma 6.2. Using the definition of b}, 5 and Lemma 9.4, we have

. H
ZEM*W [Q;L(Smah) _ [EM*@ZH](Sh?ah)] < \/EZEM*ﬁt |:H¢(8h7ah)H(§2)—1:|.

h=1 h=1

Summing over all timesteps ¢ gives

Reg S VEY S B [[o(enanll gy

t=1 h=1

Each feature norm is at most one, so their sum over an episode lies in [0, H]. Azuma’s inequality
(the martingale form of Lemma 2.7) implies that, with probability at least 1 — §/2, the preceding
bound is at most a constant times

T H
VRY D llé(shai)llsy)- + H/RT 1og(2/5).
t=1 h=1

The elliptic potential lemma (Lemma 4.2) now allows us to bound

T
S 65} ai) g )1 S VT log(1+ T7d)
t=1

for each h. Substituting R = ¢ - d?log(2dHT/J) and bounding both log(1 + T'/d) and log(2/6) by
log(2dHT/§) gives (9.10). A union bound over the two events gives the claimed probability.

O]

9.3 Bellman Rank and BiLinUCB

In this section, we continue our study of value-based methods, which assume access to a class Q
of state-action value functions such that Q* € Q. In Section 9.2, we saw that the Low-Rank MDP
assumption facilitates sample-efficient reinforcement learning when Q is a class of linear functions,
but what if we want to learn with nonlinear functions such as neural networks? To this end,
we introduce a structural property, Bellman rank [111, 70, 116], which allows for sample-efficient
learning with general classes O, and subsumes a number of well-studied MDP families, including:
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> Low-Rank MDPs [218, 115, §] > MDPs with low occupancy complexity [70].
> Block MDPs and reactive POMDPs [69]. > Linear mixture MDPs [154, 26].
> MDPs with Linear Q* and V* [70]. > Linear dynamical systems (LQR) [63].

Section 9.4 defines and works through several of these examples.

Building intuition. Bellman rank is a property of the underlying MDP M* which gives a way of
controlling distribution shift—that is, how many times a deliberate algorithm can be surprised by a
substantially new state distribution d™ ™ when it updates its policy. To motivate the property, let us
revisit the low-rank MDP model. Let M be a low-rank MDP with feature map ¢(s,a) € R%, and let
Qn(s,a) = <¢>(s, a), 9§> be an arbitrary linear value function. Observe that since M is a Low-Rank
MDP, we have [TMQ](s,a) = <¢(s,a),§ﬁI’Q>, where égI’Q = wp + [ (s") maxy Quia (s, a')ds’.
As a result, for any policy m, we can write the Bellman residual for @) as

EM.™ [Qh(sha ah) — 7y — mc?x Qh+1(5h+17 a)} = <EM’7r[¢(3ha ah)], 9]? — égqu> (925)
= (X' (m), W' (Q)), (9-26)

where XM (m) := EM™[¢(sp,an)] € R? is an “embedding” that depends on 7 but not @, and
WM (Q) = 6;? —éZI’Q € R%is an embedding that depends on @ but not 7 (both embeddings depend
on M). Notably, if we view the Bellman residual as a huge II x Q matrix &,(-, ) € RT*< (we write
&) when the dependence on the MDP M needs to be explicit) with

En(m, Q) :=E"™ [Qh(sh, ap) — (rh + max Qni1(Sha1, a))} ) (9.27)

then the property (9.26) implies that rank(&,(-,-)) < d. Bellman rank is an abstraction of this
property.21

Definition 9.1 (Bellman rank): For an MDP M with value function class Q and policy
class I, the Bellman rank is defined as

dg(M) = igrel% rank({&x (7, Q) }rem,ge0)- (9.28)

Equivalently, Bellman rank is the smallest dimension d such that for all h, there exist embed-
dings XM (), WM (Q) € R such that

En(m, Q) = (X3! (m), W' (Q)) (9.29)

for all m € Il and QQ € Q.

The factorization in (9.29) is what controls distribution shift. Informaly, it says that there are only
d directions in which the state distribution of a new policy can surprise the learner, as far as the
class @ is concerned. This property was used implicitly in the analysis of LSVI-UCB, and holds in
many settings beyond the low-rank MDP model as we will soon see.

21Bellman rank was originally introduced in the pioneering work of Jiang et al. [111]. The definition of Bellman
rank we present, which is slightly different from the original definition, is taken from the later work of Du et al.
[70], Jin et al. [116], and is often referred to as @Q-type Bellman rank.
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9.3.1 The BiLinUCB Algorithm

We now present an algorithm, BiLinUCB [70], which attains low regret for MDPs with low Bellman
rank under the realizability assumption that

Q" e Q.

Like many of the algorithms we have covered, BiLinUCB is based on confidence sets and optimism,
though the way we construct the confidence sets and implement optimism is new.

PAC versus regret. For technical reasons, we do not directly give a regret bound for BiLinUCB.
Instead, we prove a PAC (“probably approximately correct”) guarantee. For PAC, the algorithm
plays for T episodes, then outputs a final policy 7, and its performance is measured via

[ (") = (@) (9-30)

That is, instead of considering cumulative performance as with regret, we are only concerned with
final performance. For PAC, we want to ensure that f*(7*) — f*(7) < e for some ¢ < 1 using
a number of episodes that is polynomial in e~ and other problem parameters. This is an easier
task than achieving low regret: If we have an algorithm that ensures that E[Reg| < VCT for some
problem-dependent constant C', we can turn this into an algorithm that achieves PAC error ¢ using
O(E%) episodes via online-to-batch conversion. In the other direction, if we have an algorithm that
achieves PAC error ¢ using O(%) episodes, one can use this to achieve E[Reg] < CY/372/3 ysing
a simple explore-then-commit approach; this is lossy, but is the best one can hope for in general.

Algorithm overview. BiLinUCB proceeds in K iterations, each of which consists of n episodes.
The algorithm maintains a confidence set Q% C Q of value functions (generalizing the confidence
sets we constructed for structured bandits in Section 5), with the property that Q* € Q with high
probability. Each iteration k consists of two parts:

> Given the current confidence set QF, the algorithm computes a value function Q* and corre-
sponding policy 7* := 7 that is optimistic on average

QF = arg Igngsl~d1 [@Q1(s1,mo(s1))]-
S

The main novelty here is that we are only aiming for optimism with respect to the initial
state distribution.

> Using the new policy 7*, the algorithm gathers n episodes and uses these to compute estima-
tors {Eﬁ(@)}he[m which approximate the Bellman residual &, (7%, @) for all @ € Q. Then, in
(9.31), the algorithm computes the new confidence set Q*** by restricting to value functions
for which the estimated Bellman residual is small for 7', ..., 7*. Eliminating value functions
with large Bellman residual is a natural idea, because we know from the Bellman equation
that @Q* has zero Bellman residual.
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Main guarantee.

Algorithm 9.2 BiLinUCB

input: § > 0; iteration count K € N; batch size n € N.
output: Policy 7.
Q'+ 0.
for iteration k =1,..., K do
Compute optimistic value function:

Q" = argmaxE, q, [Q1(51,7o(51))]-

QeQF
and let 7 1= 7.
for/=1,...,ndo
Execute 7 for an episode and observe trajectory (sy',aj", 7). ..., (sy, asy, 7).
Compute confidence set
QM =1QeQ| Y (Bl <p VhelH],, (9:31)
i<k

where
n

~ 1 ) . . )
@)= - 3 Qe i) = i - max Qua530,) )

n
=1

Let k = arg MaXyc (K] V*, where V* := IS ZhH:1 i

return 7™ = 7~.

The main result for this section is the following PAC guarantee for BiLin-

UCB.

Theorem 9.2 (Sample complexity of BiLinUCB): Suppose rewards are nonnegative with
fo:l rp, < 1 almost surely, and let Q be a finite class with @Q* € Q, Qp(s,a) € [0,1], and
Q41 = 0 for every @ € Q. Suppose M* has Bellman rank dg(M*) < d, with the corresponding
factors bounded as HX;;/I*(W)H2 < Bx and HW;L”*(Q)H2 < By for all h € [H], m € Ilg, and
Q € Q, where Bx, By > 1.

Fix €, € (0,1). For sufficiently large absolute constants ¢y, ca,cg > 0, set

B%B?,ﬂb)1 5 C2Klog(2|Q!HK/5)

)

K= [clHdlog<2+ 7 .

and choose n > c3H?K log(2|Q|HK/§)/e%. Then BiLinUCB returns a policy 7 satisfying
fr(m*) — f*(m) < e with probability at least 1 — §. In particular, choosing n appropriately

5<H4d2 log(2|Q1/5)>

g2

gives this guarantee using

episodes, where O also suppresses logarithmic dependence on Bx By .

That is, low Bellman rank suffices to learn a near-optimal policy, with sample complexity that
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depends polynomially on d, H, and ¢!, and logarithmically on |Q|. This reflects that BiLinUCB is
able to generalize across the state space, with d and log| Q| controlling the degree of generalization.
The basic principles at play are:

> By choosing Q" optimistically, we ensure that the suboptimality of the algorithm is controlled
by the Bellman residual for Q* on-policy, that is, under the state distribution of the policy
the algorithm actually executes, similar to what we saw for UCB-VI and LSVI-UCB; as noted
above, the optimism here is only on average over the initial state distribution.

> The confidence set construction (9.31) explicitly removes value functions that have large
Bellman residual on the policies encountered so far. The key role of the Bellman rank property
is to ensure that there are only 6(d) “effective” state distributions that lead to substantially
different values for the Bellman residual, which means that eventually, only value functions
with low residual will remain. The Bellman rank property is only used for analysis, and the

algorithm does not explicitly compute or estimate the factorization.

For the low-rank MDP example above, take bounded linear Q-functions with HH;?HQ < 2v/d. Then

XM(m) = EMT™[¢(sp, ap)] has norm at most one, while WM (Q) = 67 — 52“9 has norm at most 4v/d
by Lemma 9.1. Thus we can take Bx = 1 and By = 4v/d, which affects only logarithmic factors
in the guarantee.

Regret bounds. The BiLinUCB algorithm can be lifted to provide a regret guarantee via a
explore-then-commit strategy: Run the algorithm for Ty episodes to learn a e-optimal policy, then
commit to this policy for the remaining rounds. It is a simple exercise to show that by choosing Tj
appropriately, this approach gives

Reg < O (H'd*10g(|Q/9))"/* - T%%).

Here too, 0] suppresses logarithmic dependence on Bx By. Under an additional assumption known
as Bellman completeness, which asks that Bellman backups of functions in @ remain in Q, it is
possible to attain v/ with a variant of this algorithm that uses a slightly different confidence set
construction [116]. Low-rank MDPs are Bellman complete by Lemma 9.1, which is why LSVI-UCB
attains /T regret there.

One may ask why optimism is used at all when the goal is only a PAC guarantee. At its core,
optimism is a device for choosing informative policies: the optimistic value function is either nearly
correct, in which case its greedy policy is nearly optimal, or wrong, in which case executing its
policy exposes the error. For general reinforcement learning (compared to say, bandits, where crude
exploration suffices) a PAC learning algorithm needs this property as much as a regret minimization
algorithm does. The only difference is that a PAC learner may enjoy better quantitative guarantees,
as it need not pay for exploration in every round.

9.3.2 Proof of Theorem 9.2
Recall the factorization in Theorem 9.2:

En(m, Q) = (X" (m), W (Q))  Vrellg, Q€ Q.

For simplicity, we give the proof for Bx = By = 1.%2

22For general bounds, the regularization term v + 8 in (9.40) becomes VABw + B, and the potential logarithm
becomes log(1 + B% K/()\d)). Choosing A = 82/Bj, gives the stated dependence on Bx By .
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Technical lemmas. Before proceeding, we state two technical lemmas. The first lemma estab-
lishes validity for the confidence set QF constructed by BiLinUCB.

Lemma 9.5 (Validity of the BiLinUCB confidence sets): For any § > 0, if we set 3% =
c- K w, where ¢ > 0 is sufficiently large absolute constant, then with probability
at least 1 — 0, for all k € [K]:

1. All Q € OF have
> (En(r, Q) < B VhelH]. (9.32)

i<k

2. Q* € Q.

Proof of Lemma 9.5. Using Hoeffding’s inequality and a union bound (Lemma 2.7), we have that
with probability at least 1 — 4, for all k € [K], h € [H], and Q € Q,

£(Q) - gh(ﬂka)‘ <C-: k’g(|Q|fK/5), (9.33)

where C' is an absolute constant.

To prove Part 1, we observe that for all k, using the AM-GM inequality, we have that for all Q € Q,

S En(r Q) < 2D (ELQ)F+2) (En(r, Q) — E1(Q)*.

i<k i<k i<k
For Q € Q%, the definition of Q* implies that Zz<k(§ﬁ(Q))2 < 82, while (9.33) gives

log(|Q|HK/0)

2
< B

> (En(r.Q) - £(Q)* < C°K

i<k

provided the constant ¢ in the definition of 32 is at least C2. Combining these bounds proves Part
1.

For Part 2, Bellman optimality gives &, (m, @*) = 0 for every w. Thus, for all k& and h,

D ERQ)F =D (EQY) — Enl(r',QY)?

i<k i<k
n

where we used (9.33) and the same choice of ¢. Consequently, Q* € QF for all k, as required. [

The next result shows that whenever the event in the previous lemma holds, the value functions
constructed by BiLinUCB are optimistic.
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Lemma 9.6 (Consequences of the confidence event): Whenever the event in Lemma 9.5
occurs, the following properties hold:

1. Define
Sh= ) Xy (@)X (2T (9.34)
i<k

For all k € [K], all Q € Q" satisfy

Wi (@l < 8~ (9.35)

2. For all k, Q* is optimistic in the sense that

IES1Nd1 [Ql{(sh 7‘—@(81)” > E81~d1 [QT(SM ﬂ*(sl))] = f*<7T*>. (9'36)

Proof of Lemma 9.6. For Part 1, recall that by the Bilinear class property, we can write &, (7%, Q) =
<XM* (7%, WM*(Q)>’ so that (9.32) implies that

HWM*(Q)H;Z _ Z<XM* WM* > . Z Q))2 g 52.
i<k i<k

For Part 2, we observe that for all k, since Q* € QF, we have

ES1Nd1 [Qlf(slﬁﬂQ(sl))] = sup IES1~d1 [Ql(slvﬂ—Q(sl))]
Qegk

> Eopa, [Q1 (51,7 (51)]
= ().

Proving the main result. Equipped with the lemmas above, we prove Theorem 9.2.

Proof of Theorem 9.2. We first prove a generic bound on the suboptimality of each policy 7* for
k € [K]. Let us condition on the event in Lemma 9.5, applied with failure probability /2. Whenever
this event occurs, Lemma 9.6 implies that Q" is optimistic, so we can bound

fr(@) = fr(@") < Eswdl Q1 (51, e (51))] — (") (9-37)

*x gk
= ZEM ; [ (Sh,ap) —rp — max Qh11(Sht1,0) (9.38)

h=1
H
Z QM) (9.39)

where the first equality uses the Bellman residual decomposition (Lemma 6.2), and the second
equality uses the Bellman rank assumption. For any A > 0, using Cauchy-Schwarz, we can bound

H

H
Z<XM* %), Wi]zw(Qk» < ZHXh H (AI+38)- H M*(Qk)H,\Hzg
h=1

h=1
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For each h € [H], applying the bound in (9.35) gives

(@) g < VAW @3+ 42 < A2 4 5,

where we have used that HW;L”* (Q’“)H2 < 1 by assumption. This allows us to bound

H H
DG @) WRT@QY) £ A4 8) - DX @) sy (9.40)
h=1 h=1

If we can find a policy 7" for which the right-hand side of (9.40) is small, this policy will be
guaranteed to have low regret. The following lemma shows that such a policy is guaranteed to
exist,.

Lemma 9.7 (Existence of a well-covered iteration): For any A > 0, as long as K >
Hdlog(1+ A"'K/d), there exists k € [K] such that

(Wk)Hz Hdlog(1+ A"'K/d)
(AI+5k)-1 ~ K

| X Vh € [H]. (9.41)

We choose A\ = 32, which implies that it suffices to take K > Hdlog(1+n/d) to satisfy the condition
in Lemma 9.7. By choosing k to satisfy (9.41) and plugging this bound into (9.40), we conclude
that the policy 7* has

f*(ﬂ'*) _f*(ﬂ'k) SHﬂ\/Hdlog(l ;‘{BZK/d) §5<H3/2 /dlog(LQ’/&)) S,E (942)

as desired.

Finally, we need to argue that the policy 7 returned by the algorithm is at least as good as w*.
This is straightforward and we only sketch the argument: By Hoeffding’s inequality and a union
bound, we have that with probability at least 1 — §/2, for all k,

log(2K/0)

f*(ﬂ—k)_‘//\vk S 3

n

which implies that f*(7) 2 f*(7") — 1/ %. The error term here is of lower order than (9.42).
A union bound gives overall success probability at least 1 — 4.

O

Proof of Lemma 9.7.

Proof of Lemma 9.7. The proof uses the logarithmic form of the elliptic potential lemma, (4.31) in
Lemma 4.2. For any A\ > 0, applying (4.31) for each h € [H] and summing gives

K H
30 tog (1 [0 (6 1) < Hellog(1+ A~ i)
k=1 h=1
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This implies that there exists k£ such that

u N Hdlog(1+ X\ 'K/d
S o (1L X3 (1) Py o) < S8 EATATE)
h=1

, or equivalently:

o -1
which means that for all h € [H], log(1+ || X" (77)6)”?)\1+2k)71) — g(l—}_{/\ K/d)
h

NN Hdlog(1+ A"'K/d)
HX;JQ” (Wk)H(AHz’,g)fl = eXp( K -1

As long as K > Hdlog(l + )FlK/d), using that e* <14 2z for 0 < x < 1, we have

. 2 Hdlog(1+ A"'K/d)
HX;LW (ﬂ—k>H(>\[+22)—1 S ( K .

9.4 Examples and Generalizations of Bellman Rank

This subsection works through some well known examples of classes with low Bellman rank, com-
puting the factorization and rank d for each. Crucially, we see that many of these examples support
low rank even when the value function class under consideration is nonlinear.

9.4.1 Examples

We start with familiar examples, then introduce new models that allow for nonlinear function
approximation.

Example 9.1 (Tabular MDPs). If M is a tabular MDP with |S| < S and |A| < A, we can write
the Bellman residual for any function @) and policy « as

En(m, Q) =EMT {Qh(Sh, an) — (Th + max Qnr1(sni1, a))]

- de’”(s, a) B [Qh(sa a) — <7"h - max Qh+1(5h+1,a/)> | sn=s,an = a]-

It follows that if we define

XM () = {djhw’ﬂ(s,a)}seS e € R4
and
Wy'(Q) = {EM [Qh(S, a) — (Th + max Qpn41(Sh+1, a’)) | sn = s,ap = a] } € R4,
a s€S,ac A
we have
En(m, Q) = (X' (m), W (Q)).
This shows that dg(M) < SA. q
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Example 9.2 (Low-Rank MDPs). The calculation in (9.26) shows that by choosing X}/ (7) :=
EM ™ [p(sp, az)] € R and WM (Q) := 07 — 0;"% € R?, any Low-Rank MDP M has dg(M) < d. For
this class, BiLinUCB gives a weaker guarantee than LSVI-UCB, because it does not exploit Bellman
completeness; see the discussion of regret bounds in Section 9.3.

We now explore Bellman rank for some MDP families that have not already been covered.

Example 9.3 (Low Occupancy Complexity). An MDP M is said to have low occupancy complexity
if there exists a feature map ¢ (s,a) € R? such that for all 7, there exists 9;1”’” € R% such that

dy""(s,a) = (¢M(s,a),6,""). (9.43)

Note that neither ¢* nor 6™ is assumed to be known to the learner. If M has low occupancy
complexity, then for any value function @ and policy w, we have

Ep(m, Q) =EMT [Qh(Sh, anp) — (Th +max Qpt1(sht1, a))}

=S (s, a) - BV [Qh<s, a) - <rh + max QhH(shH,a')) |5 = 5,01 = ]

_ Z<¢M(S’ a),02°7) . EM [Qh(s, a) — <rh + HE}XQhH(ShH, a’)> | sp = s,ap, = a]

= <9;L”’7r, Z oM (s,a) - EM [Qh(s,a) — (rh + max Qn+1(Sh+1, a')) | s = s,ap = a} >

s,a

It follows that if we define
X () = 0"

and

Wi (@) = 6" () B |@usca) = (g Quea(snin.a) ) |1 = s.an =,

then &, (m, Q) = (X' (7), W' (Q)), which shows that dg(M) < d.

This setting includes tabular MDPs?? and allows for nonlinear function approximation: whenever
the occupancies satisfy (9.43), the Bellman rank is at most d for any class Q, including classes of
neural networks or other nonlinear models. N

We close with two more new examples.

Example 9.4 (LQR). A classical problem in continuous control is the Linear Quadratic Regulator,
or LQR. Here, we have S = A = R%, and states evolve via

sh+1 = AYsp + BYap + Cp,
where ¢, ~ N(0,1), and 51 ~ N(0,1). We assume that rewards have the form?*

rh = —sp AMsy, —a) T ay,

23Low-rank MDPs satisfy a related condition on state occupancies. This condition can also be handled within the
bilinear framework, with a modified exploration rule; see Du et al. [70].

24LQR is typically stated in terms of losses; we negate because we consider rewards. Because the noise is Gaussian,
the rewards in the LQR setting are technically unbounded, and fall outside this section’s [0, 1]-bounded reward
assumption; this requires a straightforward extension of the results in Section 9.2.
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for matrices AM,T'™ = 0. A classical result, dating back to Kalman, is that the optimal controller
for this system is a linear mapping of the form

Taun(s) = Kj's,

and that the value function Q**(s,a) = (s,a)’ P} (s, a) is quadratic. Hence, it suffices to take Q to
be the set of all quadratic functions in (s, a). With this choice, it can be shown that dg(M) < d*+1.
The basic idea is to choose X} () = (vec(E™™ [sys) ]),1) and use the quadratic structure of the
value functions. <

Example 9.5 (Linear Q*/V™*). Linearity of Q* alone is not enough (Proposition 9.2), but linearity
of both Q* and V™ is.

Consider an MDP M. Assume that there known feature maps ¢(s,a) € R? and 9 (s’) € R? such
that

Qi (s.0) = (6(s,a),01), and V" (s) = ((s), wi).

Let

Q= {Q | Qn(s,a) = (p(s,a),0) : 0, € RY, Fw gleaﬁi(@(s,a),&m = (Y(s),w) Vs}.
Then dg(M) < 2d. We do not prove this result, but the basic idea is to choose X} (7) =
EM’W[(gb(Shva‘h)7w(8h+l))]' <

See Jiang et al. [111], Du et al. [70] for further examples.

9.4.2 Generalizations: V-Type Bellman Rank

While we gave (9.29) as the definition for Bellman rank, there are many variations on the assumption
that also lead to low regret. One well-known variant is V-type Bellman rank [111], which asserts
that for all # € Il and Q € Q,

EMT E*JS\/}Iz-FllShyahNﬂQ(Sh) Qn(sn,an) —rn — glgi{ Qnt1(sh+1,0) | = <X}]LM (7), W}?(Q» (9.44)

This is the same as the definition (9.29) (which is typically referred to as @-type Bellman rank),
except that we take a;, = mo(sp) instead of a; = w(sy).2> With an appropriate modification,
BiLinUCB can be shown to give sample complexity guarantees that scale with V-type Bellman rank
instead of Q-type. This definition captures meaningful classes of tractable RL models that are not
captured by the Q-type definition (9.29), with a canonical example being Block MDPs.

Example 9.6 (Block MDP). The Block MDP [111, 69, 152] is a model in which the (“observed”)
state space S is large/high-dimensional, but the dynamics are governed by a (small) latent state
space Z. Formally, a Block MDP M = {S, A, {P}'},{R}'},d1} is defined based on an (unobserved)
latent state space Z, with z, denoting the latent state at layer h. We first describe the dynamics
for the latent space. Given initial latent state z;, the latent states evolve via

M ,latent
Zhy1 ~ Py (zn, ap).
The latent state zj is not observed. Instead, we observe

sh ~ qp' (zn),

?»The name “V-type” refers to the fact that (9.44) only depends on @ through the induced V-function s
Qr(s,mo(s)), while (9.29) depends on the full @Q-function, hence “Q-type”.
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where ¢;' : Z — A(S) is an emission distribution with the property that supp(gn(z))Nsupp(qn(2’)) =
@ if z # 2’. This property (decodability) ensures that there exists a unique mapping ¢;" : S — 2
that maps the observed state s to the corresponding latent state z,. We assume that R}'(s,a) =
R} (¢} (s),a), which implies that optimal policy 7, depends only on the endogenous latent state,

ie. myn(s) = 7TM,h(¢}]:I(S))‘

The main challenge of learning in Block MDPs is that the decoder ¢* is not known to the learner
in advance. Indeed, given access to the decoder, one can obtain regret poly(H,|Z|,|A|) - VT by
applying tabular reinforcement learning algorithms to the latent state space. In light of this, the
aim of the Block MDP setting is to obtain sample complexity guarantees that are independent
of the size of the observed state space |S|, and scale as poly(|Z],|A|, H,log|F|), where F is an
appropriate class of function approximators (typically either a value function class Q containing
Q"™ or a class of decoders ® that attempts to model ¢ directly).

We now show that the Block MDP setting admits low V-type Bellman rank. Observe that we can
write

EYTES lansn~mo(sn) | @n(sh: Ta(sn)) = — max Qh1(Sh+1, To(h+1))

= Z d,"" (2) Eogd () Ba s lsnan~ro(sn) | @n(Shy Ta(sh)) = — e Qn+1(Sh+1,Tq(sh41)) |-
z2€EZ

where dff’”(z) denotes the probability that the latent state at layer h is z under . This implies
that we can take

X' (m) = {d}"" ()} 5

and

WH(Q) = {ESngf(z> B onanmg(on) | Q81 Ta(50)) — 7 — 12 Qu (sns1, m(shm)] } .
z

so that the V-type Bellman rank is at most |Z|. This means that as long as Q contains Q"*, we

can obtain sample complexity guarantees that scale with |Z| rather than |S|, as desired. <

There are a number of variants of Bellman rank, including Bilinear rank [70] and Bellman-Eluder
dimension [116], which subsume and slightly generalize both Bellman rank definitions.

9.5 Estimation-to-Decisions for Low Bellman Rank

An alternative to BiLinUCB is to run E2D (Algorithm 7.1) over a realizable model class M with
low Bellman rank. By Theorem 7.1, all that is required is a bound on the DEC for the class at
hand. The following result [84] shows that the Decision-Estimation Coefficient is always bounded
for classes with low Bellman rank.

Proposition 9.3 (DEC for Bellman rank): Let M be a class of MDPs with nonnegative
rewards and Z,Il{:l rr, < 1 almost surely under every model and policy. Suppose every @ € Q
satisfies Qn(s,a) € [0,1] for all h, s,a, and every M € M has Bellman rank at most d relative
to the induced classes Q¢ and Ilg,, from (9.1). Then, for every v > 0, we have
H%d
decy (M) S —. (9.45)
gl
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By (7.22), E2D with v o< H\/dT /Esty(M,T,6) has Reg < H+/dT - Esty(M, T, §) with probabil-
ity at least 1 — & whenever we have access to a realizable model class satisfying the assumptions of
Proposition 9.3. As a special case, for any finite class M, averaged exponential weights has online
log-loss regret Reg'c‘)ol_g < log|M|. The conversion in Lemma 7.3 controls Esty, which in turn gives
the RL regret bound

E[Reg] < H+/dT log| M| (9.46)
in expectation, via the first inequality in (7.21). For tabular MDPs, d = SA, and this recovers
the guarantee of Theorem 6.2 with an improved dependence on the horizon. We do not prove
Proposition 9.3, but interested readers can refer to Foster et al. [84, Theorem 7.1]. The proof uses
a more general version of the PC-IGW algorithm from Section 6.7, incorporating optimal design in
the space of policies; see Foster et al. [84, Theorem 7.2].

Value-based guarantees via optimistic estimation. Estimation-to-Decisions as described
above is a model-based method, and in general, the model estimation complexity log| M| in (9.46)
can be arbitrarily large compared to the complexity log|Q| for a realizable value function class
(consider the low-rank MDP—since p is unknown, it is not possible to construct a small model class
M). To derive value-based guarantees along the lines of what BiLinUCB achieves in Theorem 9.2,
a natural approach is to replace the Hellinger distance appearing in the DEC with a divergence
tailored to value function iteration, following the development in Sections 8.6.1 and 8.6.2. One such
choice is the divergence

H
2
wbr(@Q || M) = Z(EM’W [Qh(é’m an) — (Th + max Qh+1(3h+1,a))]> ;
h=1
which measures the squared bellman residual for an estimated value function under M. With this
choice, we appeal to the optimistic E2D algorithm (E2D.Opt) from Section 8.6.2. One can show
that the optimistic DEC for this divergence is bounded as

H-d
o—dec?sbr (M) < —

This implies that E2D.Opt, with an appropriate choice of estimation algorithm tailored to D7, (- || -),
achieves

E[Reg] < (H%dlog|Q|)"/*T%/*.

Note that due to the asymmetric nature of D] (- | -), it is critical to appeal to optimistic estimation
to derive this result. Indeed, the non-optimistic generalized DEC dec$ - does not enjoy a polynomial
bound. See Foster et al. [90] for details.

9.6 Concluding Remarks and Broader Outlook

This section showed that for reinforcement learning with function approximation, realizability alone,
whether of the model, the optimal value function, or the optimal policy, does not permit sample-
efficient learning, and that additional structure controlling distribution shift is required. We de-
veloped two such structures: low-rank transitions, exploited by LSVI-UCB through least-squares
value iteration with elliptic bonuses (Theorem 9.1), and the more general notion of low Bellman
rank, exploited by BiLinUCB through optimism on average and elimination of value functions with
large Bellman residual (Theorem 9.2), and, through the bound on the DEC in Proposition 9.3, by
E2D. We close with a survey of the broader landscape of tractability, and with open directions for
reinforcement learning and the theory developed in this monograph as a whole.
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The landscape of tractability. Within the Bellman-rank family, other algorithms include
OLIVE [111], which eliminates value functions using a single adversarially chosen policy per round,
and GOLF [116], which attains VT regret under Bellman completeness and is analyzed through
the Bellman-eluder dimension, a combination of Bellman rank with the eluder dimension of Russo
and Van Roy [180]. Bilinear classes [70] and witness rank [193] extend these ideas to model-based
function approximation, and Chen et al. [53] and Zhong et al. [229] unify the resulting guarantees
through the DEC and related measures. Representation learning for low-rank and block MDPs is
treated by Agarwal et al. [8], Uehara et al. [201], Zhang et al. [227], and Mhammedi et al. [150], and
inherent Bellman error offers an alternative to Bellman completeness [222]. For an expanded text-
book treatment of theoretical guarantees in reinforcement learning with function approximation,
see Agarwal et al. [10].

Bellman rank is one of several structural conditions under which sample-efficient reinforcement
learning with function approximation is possible, and it is worth knowing the others. The first is
coverability [215, 18, 151], which asks that a single (unknown) distribution over states cover the
occupancy of every policy, and is satisfied by tabular, low-rank, and block MDPs; this facilitates a
different type of control over distribution shift which subsumes some settings beyond the scope of
Bellman rank.

The second is erogenous structure, in which part of the state evolves independently of the agent’s
actions [65]; for exogenous block MDPs, the endogenous latent state can be recovered with sample
complexity independent of the exogenous part [76, 74, 132].

The third is partial observability: while learning in general POMDPs is intractable, structural
conditions such as undercompleteness [113], observability and short-term memory [98, 75], and
weak revealing or B-stability [147, 51] permit sample-efficient learning, as does the predictive state
representation model [224].

These conditions are incomparable in general. Coverability captures classes outside the scope of
Bellman rank, and the converse also holds; and no single condition is known to capture every class
for which sample-efficient learning is possible. Characterizing such classes is an ongoing research
program.

Topics beyond the scope of the monograph. Two large parts of the reinforcement learning
literature fall outside the scope of this monograph, as discussed in Section 1.3. Offline reinforcement
learning removes exploration altogether: the learner receives a fixed dataset and must find a good
policy without further interaction, so that the central issues become coverage of the data and the
realizability and completeness of the function class [155, 55, 213, 208, 86|, with pessimism playing
the role that optimism plays here [117, 174, 214, 223]; see Levine et al. [143] for a survey.

Policy gradient methods [211, 195, 184, 185], which optimize a parameterized policy directly and
are the workhorse of practical deep reinforcement learning, are analyzed by Agarwal et al. [9]; their
guarantees require the data distribution to already cover the relevant states, and comparatively
little is known about exploration for policy gradient methods beyond the tabular and linear settings
[44, 7], even though they succeed in practice in domains where strong exploration is not required.

Open directions and broader outlook. Stepping back, we close with a broader view of where
the theory developed in this monograph stands and where it is headed.

Closing the statistical complexity gap. The most immediate question is a purely technical one.
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The upper and lower bounds of Sections 7 and 8 match up to the cost of estimation: the upper
bounds pay log| M| for a finite class and the lower bounds do not, and the radii at which the two
are evaluated differ by the same factor. For specific classes the gap can be closed by hand, and
Section 8.6 and Chen et al. [52] describe some more general techniques, but a unified account of the
statistical complexity of interactive decision making, with matching upper and lower bounds for
every class, does not yet exist. The gap is most pronounced in reinforcement learning, where model-
based guarantees scale with the complexity of the model class and value-based guarantees with that
of the value function class; value-based guarantees obtainable through the DEC (Section 9.5) are
not yet sharp.

Computational foundations. This monograph has taken a purely statistical perspective. Our upper
bounds are attained by algorithms that involve primitives like solving a min-max problem at every
round, or maintaining confidence sets over value functions, and we have not asked whether these
steps can be carried out efficiently. For contextual bandits the answer is yes, which is what makes
the reduction to regression oracles practical. For reinforcement learning with function approxi-
mation the picture is different: there are settings in which sample-efficient learning is possible but
computationally efficient learning is not, under standard complexity-theoretic assumptions [99, 178].
A computational theory of reinforcement learning, one that says which structural conditions permit
computationally efficient exploration and which do not, is in its infancy, and we regard it as among
the most interesting technical problems in the area.

Rethinking the foundations. One can read the state of affairs in this section more pessimistically.
Two facts stand out. First, unlike contextual bandits, where exploration algorithms are now de-
ployed at scale (Section 1.2), provably efficient exploration algorithms for reinforcement learning
have not made their way into practice in any robust form. Second, every positive result in this
section rests on some kind of structural assumption. These assumptions are delicate, and designing
algorithms around them has been a slow process, proceeding one assumption and one paper at a
time. Taken together, these may be a sign that the problem as we have posed it, learning to act from
scratch in an unknown environment with only a function class as prior knowledge, is simply too
hard, and that progress requires relaxing the setting rather than lengthening the list of assumptions.

Pre-trained models. Pre-trained models offer one such relaxation, and the most consequential one
to date. In the language model paradigm, reinforcement learning is not used to learn from scratch
but to adapt a model that already encodes a great deal about the task, through post-training with
verifiable or human feedback [56, 192, 163, 28, 170]. This has been enormously successful, and a
science is beginning to emerge around questions like what the pre-trained model must provide for
post-training to succeed [107, 54, 93]. From the viewpoint of this monograph, the pre-trained model
plays the role that the class M played for us, that of prior knowledge about the environment, but
in a far richer and less explicit form, and the statistical and computational complexity of decision
making relative to such a prior is largely uncharted.

Language models are, from the standpoint of this monograph, a simple decision making problem:
a single decision per prompt, or at most a short horizon. The ideas developed here around explo-
ration, credit assignment, and distribution shift matter most for longer-horizon problems, including
robotics, embodied agents, and scientific discovery. We hope to see successful approaches in these
settings to combine the exploration principles of this monograph with pre-training and imitation
learning [168, 179, 91], the latter supplying the coverage that exploration from scratch cannot, and
understanding such combinations is wide open.

Beyond the black box. Finally, throughout this monograph we have treated estimation as a black

184



box: an oracle that returns a model or a value function together with a guarantee, whose internals
we never examine. This was deliberate, and is what allows us to state one principle covering every
function class. But the models now in use are deep neural networks, and a black-box view discards
most of what is known about them: the representations they learn, the inductive biases of their
architectures and of the optimizers that train them, and the way their behavior scales with data
and compute. Each of these bears on decision making. How learning and exploration interact inside
a neural network, rather than across an oracle interface, may be where the next theory (or science)
of decision making begins.

9.7 Bibliographic Remarks

Proposition 9.1 is adapted from Krishnamurthy et al. [130], who introduced the rich-observation
setting that later became the Block MDP. Proposition 9.2 is due to Weisz et al. [210], who proved the
lower bound for planning with a generative model; Wang et al. [209] provided a simpler construction
and showed that the hardness persists in online RL, even under a constant action suboptimality
gap. The low-rank MDP model, in the form used here, is from Yang and Wang [218], Jin et al.
[115], who use the name linear MDP. LSVI-UCB (Algorithm 9.1) and its analysis—Lemma 9.1,
Theorem 9.1, Lemma 9.3, and Lemma 9.4—follow Jin et al. [115].

Bellman rank was introduced by Jiang et al. [111] in the V-type form of (9.44); the Q-type definition
in (9.29) is from Du et al. [70], Jin et al. [116]. BiLinUCB (Algorithm 9.2), Theorem 9.2, and Lemma
9.5, Lemma 9.6, and Lemma 9.7 follow Du et al. [70], specialized from bilinear classes to Bellman
rank and to finite Q; the logarithmic form of the elliptic potential lemma, (4.31), is Lattimore and
Szepesvari [139, Lemma 19.4]. The examples in Section 9.4 are drawn from Jiang et al. [111] and
Du et al. [70]. Proposition 9.3 is Foster et al. [84, Theorem 7.1], and the value-based guarantee via
optimistic estimation is from Foster et al. [90].
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A. TECHNICAL TOOLS

A.1 Probabilistic Inequalities
A.1.1 Proof of Bernstein’s Inequality

Proof of Lemma 2.8. Set X; = Z; — E Z;. If v = 0, then X; = 0 almost surely and the result is
immediate. Otherwise B > 0. For 0 < X\ < 3/B, boundedness permits expansion of the exponential
in expectation. Since E X; =0, E X? = ¢?, and |E XF| < B* 202 for k > 2,

)\kBk—Q )\21}2 )\2,02
<14+ 2Y < v
Mo T aB) exp{za - )\B/S)}

[oe)
EerMi <1402 Z
k=2

Here k! > 2- 382 for k > 2. Independence and Markov’s inequality imply, for any s > 0 and

0<\<3/B,
T
TA\v?
P X;> < — _— .
(; _s)_exp{ )\8+2(1—/\B/3)}

Put u = log(1/6), a = \/2u/(Tv?), and choose A = a/(1 + Ba/3). For s = V2Tv?>u + Bu/3,
substitution makes the exponent exactly —u. Dividing the resulting bound by T' proves the claim.
O

A.1.2 Tail Bounds with Stopping Times
Lemma A.1 (Hoeffding’s inequality with adaptive stopping time): For i.i.d. random

variables Z1, ..., Zp taking values in [a, b] almost surely, with probability at least 1 — 4,
1« log(7/9) :
FZZZ-—H-E[Z]S(b—a) —~  VIST'<T (A1)
i=1

As a consequence, for any random time 7 € [T'], with probability at least 1 — ¢,

ii:Zi—E[Z] < (b—ayy /BT (A.2)
=1

The choice of 7 may depend arbitrarily on the data.

Proof of Lemma A.1. Lemma 2.7 states that for any fixed 7" € [T], with probability at least 1 — 4,

1 log(1/0)
FZZi—E[Z]S(b—(I) 217

(A.1) follows by applying this result with ¢’ = /T and taking a union bound over all T' choices for
T’ € [T]. On this event, the bound holds at every T € [T, so substituting 7" = 7 proves (A.2). O
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A.1.3 Tail Bounds for Martingales

Lemma A.2 (Martingale Chernoff bound): For any sequence of real-valued random vari-
ables (X;);<7 adapted to a filtration (.%;):<r, it holds that with probability at least 1 — ¢, for
all T < T,

T’ T’

ZXt < Zlog(Et_l [ext]) +log(6™ 1), (A.3)

t=1 t=1

where E;_1[-] = E[- | .%#;_1] denotes conditional expectation.

Proof of Lemma A.2. Write ¢ = log(E¢_1[e**]) and define

T

Zo=1,  Z,=exp (Z(Xt - wt)> =¥
t=1

t=1

If ¢y = +o0, interpret the corresponding factor Z; as zero. In this case, the right-hand side of (A.3)
is infinite for all 77 > t, so the desired bound is automatic.

To proceed, we observe that the process (ZT)Z:0 is a nonnegative supermartingale. Indeed, for
each 1 <7 < T, on the event ¥, < 00,

ET—I[ZT] = ZT—le_sz ET—I[eXT] =Zr1,

while on the event ¢, = 400 the conditional expectation is zero. Hence E,;_1[Z;] < Z,_; in either
case. Since Zy = 1, Ville’s inequality (e.g., Howard et al. [105]) gives

IP’< max Z, > 5_1> < 4.
1<7<T

With probability at least 1—4, therefore, Z7» < 6! for all 1 < T’ < T. Taking logarithms whenever
¥1,. .., are finite proves (A.3). O

The next result is a martingale counterpart to Bernstein’s inequality (Lemma 2.8).

Lemma A.3 (Freedman’s inequality (Bernstein for martingales)): Let (X;);<7 be a
real-valued martingale difference sequence adapted to a filtration (.%)i<r. If | X¢| < R almost
surely, then for any n € (0,1/R), with probability at least 1 — ¢, for all T/ < T,

T T

log(6~1
ZXt < nZEt—l[XE] + &‘
=1 =1 N

Proof of Lemma A.3. Without loss of generality, let R = 1, and fix n € (0,1). The result follows
by invoking Lemma A.2 with 7.X; in place of X;, and by the facts that e < 14 a + (e — 2)a? for
a<land1l+b<ebforalbeR. ]

The following result follows by applying Lemma A.3 to both tails.
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Lemma A.4 (Multiplicative Freedman inequality): Let (X;);<7 be a sequence of random
variables adapted to a filtration (% )i<r. If 0 < Xy < R almost surely, then with probability
at least 1 — 0,

T T
3
X; <Y Eiq[Xy] + 2Rlog(2671),
;:1 t_2t§:1 t—1[X¢] g(2677)

and

T T
> Eia[X] <2) X, +4Rlog(207").
t=1 t=1

Proof of Lemma A.4. Suppose R > 0, and write p; = E;—1[X;] and V; = X;— . Then E,1[Y;] = 0,
|Y:| < R, and
Ei1 V7] = B [X7] — i} < Rpu.

Apply Lemma A.3 to (Y;) and (—Y;) with n = 1/(2R) € (0,1/R) and failure probability ¢/2 for
each application. Set S = ZtT:l Xy M = Zthl ut, and L = log(2/d). A union bound gives, with
probability at least 1 — ¢,

1 1
§—M< M+2RL, M—S<_M+2RL.

Rearranging yields
SggM—FQRL, M <25 +4RL.

A.2 Information Theory

A.2.1 Properties of Hellinger Distance

Lemma A.5 (Hellinger distance for conditional distributions): For any distributions
P and Q over a pair of random variables (X,Y),

Ex~py [Df (Pyx,Qyx)] < 4DE(Pxy,Qxy).

Proof of Lemma A.5. Since squared Hellinger distance is an f-divergence, we have

Ex~py [Df (Pyix,Qvix)] = D} (Py|x ® Px,Qyx ®Px).

Next, using that Hellinger distance satisfies the triangle inequality, along with the elementary
inequality (a + b)? < 2(a® + b?), we have,

Ex~py [Di(Pyix; Qvix)] < 2Df (Py(x ® Px, Qyjx ® Qx) +2D3(Qyjx ® Px, Qvix ® Qx)
= 2D} (Pxy, Qxy) + 2Df(Px, Qx)
< 4D (Pxy,Qxy),

where the final line follows from the data processing inequality. O
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A.2.2 Change-of-Measure Inequalities
The first inequality below is a sub-Gaussian variant of Pinsker’s inequality; see Russo and Van Roy

[182].

Lemma A.6 (Pinsker for sub-Gaussian random variables): Suppose that X ~ P and
Y ~ Q are both o2-sub-Gaussian. Then

|[Ep[X] — Eq[Y]| < /202 - D (P[| Q).

The next inequality is from Foster et al. [84].

Lemma A.7 (Multiplicative Pinsker-type inequality for Hellinger distance): Let P
and Q be probability measures on (X,.%). For all h : X — R with 0 < A(X) < R almost surely
under P and Q, we have

[Ep[h(X)] = Eq[h(X)]] < \/QR(]EP[h(X)] + Eg[h(X)]) - D} (P, Q). (A.4)
In particular,

Ep[h(X)] < 3Eg[h(X)] + 4R - D4(P,Q). (A.5)

Proof of Lemma A.7. Let a measurable event A be fixed. Let p = P(A) and ¢ = Q(A). Then we
have

_ 2
;]Ep +q;) < (VP —v2)® < Di((p,1-p),(¢,1 - q)) < Di(P,Q),

where the third inequality is the data-processing inequality. It follows that

p—al < /200 + ) DA(P.Q),

To deduce the final result for R = 1, we observe that Ep[h(X)] = fol P(h(X) > t)dt and likewise
for Eg[h(X)], then apply Jensen’s inequality. The result for general R follows by rescaling.

The inequality in (A.5) follows by applying the AM-GM inequality to (A.4) and rearranging.

A.3 Minimax Theorem

We recall Sion’s minimax theorem [190].

Lemma A.8 (Sion’s Minimax Theorem): Let X and ) be convex sets in linear topological
spaces, and assume X is compact. Let f: X x ) — R be such that (i) f(x,-) is concave and
upper semicontinuous over Y for all z € X and (ii) f(-,y) is convex and lower semicontinuous
over X for all y € . Then

inf sup f(z,y) = sup inf f(z,y). (A.6)
TeEX yey yey reX
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