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Chance Optimization

maximize Probability(Success Set)
design parameters

» Success: a set defined in terms of design parameters and probabilistic uncertainties.
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Chance Optimization

e r & R™: Design parameters
e w & R™ : Uncertain parameters with given probability distributions pr<w)
® pi<$aw),i =1, ooy Tlp * Polynomials

° gz-(:l:),i =1, ...y g * Polynomials

Chance Optimization

SuccessASet

c - | .
maximize Probability,, . ( pi(z,w) 20, i=1,...,n; )

subject to ¢gi(x) >0, i =1,...,n,
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Example: Portfolio Selection Problem

x; invested money in asset i

Success = Achive a return higher than "r*"
Return = {w;1x; + WXz + W3X3 + weXxy 277}

Total investment: x; + x, + x3 + x4 < x°

Assets with uncertain rate of return w;~pr;(w),i = 1, ...

Invested Money

t 8 8 8 8

fivy i | Py

wl wz wg w4

v
v
Return o

w1X1 —+ W)X~ + w3X3 —+ WyXy

Chance Optimization

L1,L2,Tr3,L4

subject to x1 + 2o+ 23+ x4 < X*

maximize Probability(wix1 + woxs + w3xs + waxy > 1)
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Chance Constrained Optimization:

Chance Optimization Success Set
A

| |
maxiﬂgnize Probability,, . ( pi(z,w) 20, i=1,...,n, )
T CIR™

subject to ¢;(x) >0, i =1,...,n,
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Chance Constrained Optimization:

Chance Optimization Success Set

A
[ \

m%vgﬂg%ize Probability,, . ( pi(z,w) 20, i=1,...,n, )

subject to ¢;(x) >0, i =1,...,n,

Chance Constrained Optimization

minimize €T
rER" p( ) SUCCESAS Set Acceptable risk level

!
subject to  Probability ., ( éi(x,w) >0, 1 =1, ...,n; ) >1-A
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Chance (Constrained) Optimization

» These problems are, in general, nonconvex and computationally hard.

° e.g.,, Probability,.)( g(z,w) >0 )= fg(x )30 pr(w)dw

» Multivariate integral
» In general, It does not have any analytical solution

» Existing Methods For Chance (Constrained) Optimization:

 Sampling based Approaches

e Particular Classes of Constraints and Uncertainties

e.g., Linear Chance Constraints with Gaussian Uncertainties
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Chance (Constrained) Optimization

» In this presentation, we develop an approach to address a general class of Chance
(Constrained) Optimizations.

» We look for convex relaxations in the form of Semidefinite Programs.

» To obtain convex relaxations, we leverage on:

 Theory of Measure and Moments
* Theory of Sum-Of-Squares Polynomials
e Duality of Conic Programs

* Ashkan Jasour, "Convex Approximation of Chance Constrained Problems: Application in Systems and Control", School of Electrical Engineering and
Computer Science, The Pennsylvania State University, 2016.

* Ashkan Jasour, Necdet S. Aybat, and Constantino Lagoa, "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM
Journal on Optimization, 25(3), 1411-1440, 2015.

* Ashkan Jasour, "Risk Aware and Robust Nonlinear Planning", Course Notes for MIT 16.5498, rarnop.mit.edu, 2019.
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Chance (Constrained) Optimization

Chance Optimization:

ma:;;%{&%ize Probability .y ( pi(z,w) >0, i =1,...,n; )

subject to g¢;(x) >0, i=1,...,n,

Chance Constrained Optimization:
minimize  p(z)
reR™
subject to  Probability,,( gi(z,w) >0, i=1,..,n, ) > 1-A

Assumptions:

e All function and constraints are polynomial functions.

* Sets are Compact (Archimedean?).

To satisfy Archimedean, we can add the (redundant) polynomial M — ||x||?> where M > 0 such that the set

{x: M — ||x]|?* = 0} contains the set.

1: For more information: rarnop.mit.edu, 2019 Lecture 3, pages 58-59
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Measure and Moment based Chance Optimization - Overview

m%éiﬂgr}bize Probability . ( pi(z,w) >0, i=1,...,n; )

subject to g;(x) >0, i=1,...,n,

(=

Step 1: Infinite-dimensional LP Infinite LP
* We treat deign variables x as random variables. in measure space
* Instead of looking for “x”, we look for its probability distribution (probability measure).

-

Infinite SDP
Step 2: Infinite-dimensional SDP T molmlent space

* Instead of looking for measures, we look for the moment sequence (i.e. E[x*],a = 0, ...., )
of the measures.

Step 3: Finite SDP
* Truncate matrices of SDP of Step 2 (truncated moments)

-

Finite moment SDP

-

Step 4: We extract the solution of the original chance optimization by looking at the moments.
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Measure and Moment based Chance Constrained Optimization - Overview

minimize  p(x)

rER™
subject to  Probability,, . ( gi(z,w) 20, i =1,...,n, ) > 1 - A

 We look at the dual optimization of moment SDP of the chance optimization.

* We obtain Sum-Of-Squares optimization whose solution, (e.g., p..(x) ) approximates the feasible
set of chance constrained optimization.

Xee = {2 : Probability,, i,y ( gi(z,w) 20, i =1,..,n, ) > 1 - A= {:IZ :pcc(aj) > 1 — A}

* We obtain inner and outer approximation of the chance constrained set.

minimize p(x)

subject to T € Yo "4
11

* Deterministic Optimization:
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Measure and Moment
based
Chance Optimization
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxi%{nize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TClR™

subject to g;(z) >0, i=1,...,n,

 We treat deign variables x as random variables.
* |nstead of looking for “x”, we look for its probability measure.
* Two sets of probability measures:

* Unknown Probability measure of Design parameters: x~u,,
* Given Probability measure of uncertain parameters: w~u,,

» We obtain the equivalent optimization in terms of u, and p,,.
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxiﬁnize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TClR™

subject to g;(z) >0, i=1,...,n,

Given Success Set in (x, w) Space: Given Feasible Set:

- K={(z,w) eR" xR™: pi(z,w) >0, i=1,...,n, } x =4z €R":¢g;(x) >0, i=1,...,n,4}
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

rER™

subject to g;(z) >0, i=1,...,n,

P* =maximize Probability,( pi(z,w) >0, i=1,...,n; )

. K={(z,w) ER"xR™: pi(zr,w)>0,i=1,..,n,} X=1r€R":g;(x) >0, i=1,....,n4}

N\ Infinite dimensional Linear Program in Measures

* . O .
Pu T maXImlzeMm,u/d:u) — (volume of measure u )

s.t. W= gz X Hhw — (Upper bound measure)
L4 18 a probability measure

supp(pa) C X, supp(p) C K

w: Slack Measure

I, Probability Measure Assigned to x
U Known Probability Measure of w
Uy X U,: joint measure of x and w
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Interpretation of Measure LP:

P* :m%gﬂrgize Probability,, . ( pi(z,w) 20, i=1,...,n, )

subject to ¢g;(x) >0, i =1,...,n,

K={(z,w) eR" xR™: pij(z,w) >0, i=1,..,n, } x={reR":gi(x)>0,i=1,....,n4}

(x, w) sapce

W ‘:;-:-;;’__'_:_';f"_*f}. * Measure y, with pdf pr(x)
e Measure u,, with pdf pr(w)
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* Suppose that measure u, assigned to the x is given:

* We want to calculate the probability of success in terms of the
probability measures i, and p,,.

Probability( p;(z,w) >0, i =1,...,n, )
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* Suppose that measure u, assigned to the x is given:

* We want to calculate the probability of success in terms of the
probability measures i, and p,,.

Probability( p;(z,w) >0, i =1,...,n, )

* From the definition of the probability:

Probability,, . ( pi(z,w) >0, i=1,....,n; )

= d X
K={ pi(x,w)>0, i=1,...,np } (i X pr) » Joint probability measure of (x, w)

R

e
e
.

4\ pr(éc)lpr(w)

pr(w)

N | | ! ! | | | ! ! |
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» Probability of success in terms of 1, and p,

P pr(w)
Probability( p;(z,w) >0, i=1,...,n, ) = / d(phz X fig) : ’
K={ pi(z,w)>0, i=1,...,n, } i
* This is a multivariate integral over the (nonconvex )set :
e Such integral, in general, does not have a closed form solution. o X
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» Probability of success in terms of 1, and p,

Probability( p;(z,w) >0, i=1,...,n, ) = d(pie X phe)

/ICI{ pi(x,w)>0, i=1,....np }

* This is a multivariate integral over the (nonconvex )set C

N | | | | | | | [ |

e Such integral, in general, does not have a closed form solution. | X

* To calculate this integral, we introduce a slack measure [ .
* Measure u is supported in the set JC
* Measure u is equal to measure u, X u,, inthe set xC

Probability( pq;(ib',w) >0, 1 =1, ceey Top ) — /dlu
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» Probability of success in terms of 1, and p,

Lo pr(w)
Probability( p;(z,w) >0, i=1,...,n, ) = / d(phz X fig) : ’
K={ pi(z,w)>0, i=1,...,n, } i
* This is a multivariate integral over the (nonconvex )set C ]
* Such integral, in general, does not have a closed form solution. o X

* To calculate this integral, we introduce a slack measure [ .
* Measure u is supported in the set JC
* Measure u is equal to measure u, X u,, inthe set xC

Probability( p;(z,w) >0, i=1,...,n, ) _ / 1

d s '_
Yo : zero-order moment of A
J
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» Probability of success in terms of 1, and p,

A pr(x)pr(w)
Probability( p;(z,w) >0, i=1,...,n, ) = / d(phz X fig) : ’
K={ pi(z,w)>0, i=1,...,n, } i
* This is a multivariate integral over the (nonconvex )set C ]
* Such integral, in general, does not have a closed form solution. o X

* To calculate this integral, we introduce a slack measure [ .
* Measure u is supported in the set JC
* Measure u is equal to measure u, X u,, inthe set xC

Probability( pq;(ib',w) >0, 1 =1, ceey Top ) — /dlu

» To construct such measure u, we solve the following optimization

max / du
7

1= e X py  supp(p) €K
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» Probability of success in terms of 1, and p,

Probability( p;(z,w) >0, i=1,...,n, ) = d(pie X phe)

/IC:{ pi(x,w)>0, i=1,....np }

* This is a multivariate integral over the (nonconvex )set C

N | | | | | | | [ |

* Such integral, in general, does not have a closed form solution. | X

* To calculate this integral, we introduce a slack measure [ .
* Measure u is supported in the set JC
* Measure u is equal to measure u, X u,, inthe set xC

Probability( pq;(ib',w) >0, 1 =1, ceey Top ) — /dlu

» To construct such measure u, we solve the following optimization

max / d,u Optimal Solution

"

1= e X py  supp(p) €K
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> To maximize the probability of success ,at the same time, we look for pr(,x)]pr(aj)
measure p and measure [,. =

maximize Probability( p;(x,w) >0, i=1,...,n, ) =

max / dp X
Mtz

e —

i e X o supp(p) € K

N | | | | | | | [ |

Lt 1S a probability measure

supp(pz) C X

vsOPT-MIT-2020 24




S

tep 1: Infinite-dimensional LP

Reformulate Chance Optimization problem in terms of measures

N

P* :maxi%{nize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TClR™

subject to g;(z) >0, i=1,...,n,

« K={(z,w) eR" xR™: pi(z,w) >0, i1=1,...,n, } x={xeR":g;(x) >0, 1

Infinite dimensional Linear Program in Measures

* . . .
P = max1mlzeum,u/d,u,

st g pa X
4 18 a probability measure

supp(pz) C X, supp(p) C K
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Theorem: The original chance optimization and measure-LP are equivalent in the following sense :

» The optimal values are the same, i.e. P* = PZ

Theorem 3.1 : A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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http://epubs.siam.org/doi/abs/10.1137/140958736

Theorem: The original chance optimization and measure-LP are equivalent in the following sense :

» The optimal values are the same, i.e. P* = PZ

» If u* is an optimal solution of measure-LP , then any x* € supp(u*) is an optimal solution of the original chance optimization.

Theorem 3.1 : A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Theorem: The original chance optimization and measure-LP are equivalent in the following sense :

» The optimal values are the same, i.e. P* = PZ

» If u* is an optimal solution of measure-LP , then any x* € supp(u*) is an optimal solution of the original chance optimization.

> If x* € yisunique global optimal solution of the original problem,

Sl I G

Then Iu* — 5x*is unique optimal solution of measure -LP.

Theorem 3.1 : A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Theorem: The original chance optimization and measure-LP are equivalent in the following sense :

» The optimal values are the same, i.e. P* = PZ

» If u* is an optimal solution of measure-LP , then any x* € supp(u*) is an optimal solution of the original chance optimization.

> If x* € yisunique global optimal solution of the original problem,

Sl I G

Then ,u* — 5x*is unique optimal solution of measure -LP.

> If x* € X, ¢=1,....,7 are“r” global optimal solution of the original problem,

Then p* =%, 30 ., Bi >0,>._, Bi = lis unique optimal solution of optimization in measures.
T /A
:u* — Zi:l B'L(Sm*zv Bz > 07 Zi:l 5@ =1

P10z ! 625:0*2
.’E*li *2

Theorem 3.1 : A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
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Chance Optimization
@ P P* = maxiler{nize Probability,, ( pi(z,w) 20, i=1,...,n; )
relR™

subject to gi(x) >0, 1=1,...,n,

@ Equivalent Problem in the measure space: PZ := maximize, , / djt,

st p =< e X Ho
L 18 a probability measure

supp(pz) C x, supp(p) C K

Infinite dimensional LP

@ Equivalent Problem in the moment space:

 Instead of looking for measures, we look for the moment sequence (i.e. E[x%],a = 0, ...., )
of the measures.

 We need to write the objective function and constraints of the measure-LP in terms of the moments.
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Necessary and Sufficient Moment Condition

let K={x €R":g;(x) >0, i =1,...,m} be asemialgebraic (Archimedean).

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

My(y) = 0, Vd Mg_a, (9:y) =0, i=1,..,m, Vd

Moment Matrix Localizing Matrix

* Chapter 3: Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Necessary and Sufficient Moment Condition

let K={x €R":g;(x) >0, i =1,...,m} be asemialgebraic (Archimedean).

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

My(y) = 0, Vd Mg_a, (9:y) =0, i=1,..,m, Vd

Moment Matrix Localizing Matrix

Example: Moment matrix of order d = 2 of a measure in[R

1 1 x; a9 Yo Y1 Y2
Mz(y)E[B2(fC)B§(x)]Eu[{%] 1z wﬂ]EM[lfcl ] le),]] Y1 Y2 Y3

2 2 3 4
x] L1 Tp I Y2 Ys Y4
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Necessary and Sufficient Moment Condition

let K={x €R":g;(x) >0, i =1,...,m} be asemialgebraic (Archimedean).

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

Md(y) 7 07 Vd Md—dgz. (gzy) = 07 1= 17 ey 110, vd

Moment Matrix Localizing Matrix

Example: Moment matrix of order d = 2 of a measure in[R

1 T Yo Y1 Yo
M;(y) = E[Ba(2)B3 (2)] = Eu[ |21 | [1 21 2f]]=Eu[|z1 27 2i|]= |¥1 Y2 U3
SE2 $2 LE3 LE4
1 1 T I (Y2 Y3z Ya
Example: Localizing matrix for moments up to order 4 of a Measure 1 in ]R?and polynomial g(x) = a — x% — x2

Ml(gy) = E[Q(ZE)Bl(SU)BlT(ZE)] = (aY10 — Y30 — Y12 QY20 — Y40 — Y22 aY11 — Y31 — Y13

[ayoo — Y20 — Yo2 AY10 — Y30 — Y12 aYol — Y21 — y03]
aYo1 — Y21 — Yoz aYi1 — Y31 — Y13 AYo2 — Y22 — Yo4

vsOPT-MIT-2020
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Necessary and Sufficient Moment Condition

let K={x €R":g;(x) >0, i =1,...,m} be asemialgebraic (Archimedean).

Sequence Y has a representing measure with support contained in the set K, if and only if, it satisfies:

Md(y) 7 07 Vd Md—dgi (gzy) = 07 1= 17 ey 110, vd
Moment Matrix Localizing Matrix
y N| Y:moments

i C K
(nonnegative)measure f4, supp(i) <\1 l/> My(y) =0, Vd My(g;y) =0, Vd, 1 =1,..,m.
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@ Equivalent Problem in the measure space:
P, = maximizem,u/d,u,
st 1= plp X
iz 1S a probability measure K={(z,w) e R" xR™: pi(z,w) >0, 1 =1,...np }

supp(pia) C X, supp(p) C K x={z €R":gi(x) >0, i=1,...,n4}

@ Moment Representation of Measures:

Measure: Moments:
Ho o supp(pe) €X [due =1 {5 Mu() >0 Ma(gige) =0, [ Ynp =1
Measure: Moments:
) supp(p) € K <:> Moo (y) =0  Moo(piy) =0, ;2
Measure: Moments:
Mz X ey — 2= 0 <:> Moo(yxij—y)\%()
(nonnegatiyve) measure moments of joint measure pu, X u,, moments of u

vsOPT-MIT-2020 35




@ Chance Optimization

* . . R K
P* = maximize Probability,, ( pi(z,w) 20, i=1,...,n; )
subject to gi(x) >0, 1=1,...,n, N
Equivalent =
@ Equivalent Problem in the measure space: PZ .= maximize,_, / dp. v
Infinite dimensional LP
st pu =< e X e
L 1S a probability measure
supp(pz) C x, supp(p) C K ZAN

@ Equivalent Problem in the moment space:

Infinite dimensional SDP P*

mom

S.t.

=Maximize, ., Yo

Mo (yz) = 0, Moo(g:y)
Moo (Yo XYz —y) =0

Mao(y) =0, Ma(piy) 0, j=1,...
>F-

Equivale

AV

nt —

e Lemma 3.2 : A.Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411—

1440, 2015.
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Md(yw X Yg _y) = 0

(3) Equivalent Problem in the moment space: P* __ :=maximize, ;. Yo
Infinite dimensional SDP st Moo(y) 7 0, Meo(piy) 70, j=1,...,mp
Moo (Yz) =0, Moo(giy) =0, i=1,...,ng, Yy, =1
Moo(ywxyx_y)ko A
1 Relaxation
(4) Finite SDP in moments: P om i=maximizey ;. Yo ||
Truncated moment SDP s.t. Ma(y) =0, Mg—a, (pz'y) 70, 7=1...,np
in terms of moment up to order 2d Ma(yz) =0, Mg—a, (giy) =0, i=1,...,ng, Yz, =1

vsOPT-MIT-2020
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(3) Equivalent Problem in the moment space: P :=maximize, ;. Yo

mom

st Moo(y) =0, Mao(piy) =0, j=1,....n,
Mo (yz) =0, M(g:y) =

Infinite dimensional SDP
0, 2=1,...,ng, Yp, =1

Moo(ywxyx_y)ko A
1 Relaxation
(8) Finite SDP in moments: P nom s=maximize, Yo {}
Truncated moment SDP st. Mg(y) =0, Mg dp (pz'y) =0, g=1,...,mn
in terms of moment up to order 2d Mg(y.) = 0, M-, (giy) =0, i=1,....ng, Yg, =1

Mi(yo X Yz —y) =0

Theorem:

» Optimal solution of the finite SDP converges to the optimal solution of the original SDP as d —

> Foralld>1 Pfrcliom > P* Upper bound of optimal objective function of chance optimization
P:}?om > P;krclijnll limdéoopfrﬁiom = P* monotonically converges

* Theorem 3.3 : A. Jasour, N. S. Aybat, and C. Lagoa ”Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411—
1440, 2015.
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(1) Chance Optimization P* = mixeiér?l%ize Probability . ( pi(z,w) >0, i=1,...,n; )
subject to gi(z) >0, i=1,...,n, o
Equivalent -
@ Equivalent Problem in the measure space: P = maximizeuw,M/du, < 5
Infinite dimensional LP
st. p X e X e
Lt 18 a probability measure
supp(pz) C X, supp(p) C K 4\
Equivalent —
(3) Equivalent Problem in the moment space:  P* __ :=maximize,, o {}

Infinite dimensional SDP st Moo(y) 70, Moo(piy) 70, j=1,...,m
-

Moo ( )>f—0 M (gly) 07 7::17“'7“97 ya:():]-

Moo (Yoo X Yz —y) = 0 1
Relaxation
@ Finite SDP in moments: Pom (=maximize, , Yo v
Truncated moment SDP st. Mg(y) =0, Mg dp (pz'y) =0, g=1,...,mn
Ma(yz) =0, Mg—a, (giy) =0, i=1,...,ng, yzo =1

Mi(yo X Yz —y) =0
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Extraction of the Solution from the moments:

 We are going to identify the Dirac measures by looking at the moments of x obtained by solving finite SDP.

A

 We extract the solution by looking at the support of the Dirac measures.

*1 *2
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Extraction of the Solution from the moments:

 We are going to identify the Dirac measures by looking at the moments of x obtained by solving finite SDP.

A

 We extract the solution by looking at the support of the Dirac measures. l l
*1 2

€T €Tr*

Dirac Measure:

Sequence y = [y,,a = 0, ..., 2d] is the moment sequence of a Dirac measure if and only if:

Ma(y) = 0, Rank(Mqa(y)) =1

e
> To extract the support (solution):

v

>,

8

*

8
*x
|

i
>,

8

*

|

<

—

R O
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Extraction of the Solution from the moments:

 We are going to identify the Dirac measures by looking at the moments of x obtained by solving finite SDP.

A

 We extract the solution by looking at the support of the Dirac measures.

33‘*1 ZE*2

r -atomic measure:

Sequence ¥ = Yo, = 0, ..., 2d] is the moment sequence of linear positive combination of r Dirac
measure (r -atomic representation) if and only if

My(y) =0, Rank(My(y)) = Rank(My_1(y)) =7 (M, is a flat extension of M;_;)

» To extract the support (solution):
we need to solve a linear algebra ( relies on moment matrix factorization M4(y) = vvT )1

1: Algorithm 4.2 : Jean Bernard Lasserre, “Moments, Positive Polynomials and Their Applications” Imperial College Press Optimization Series, V. 1, 2009.
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Chance Optimization P* = maximize Probability,,( pi(z,w) >0, i=1,...,n; )

reER™
subject to gi(x) >0, i=1,...,n,
Moment Relaxation (SDP)
pd :=maximize, .. Yo

s.b. Ma(y) =0, My_q,, (piy)

deg(g;(x eg(pilT
dy, = [ 9(92( ))] d,, = [d g(z;( ))]

' 2d > max (deg(pi()), deg(gi()))

_________________________________________________________________________________________________________________________________

® Finite SDP of order d: P;‘r‘fom is an upper bound of P* ® Asd > o P;‘r‘fom 1 P*

> If obtained solution y, satisfies rank condition Rank My(y}) = Rank My_,(y%) =r v =max{d,}

x;,t=1,...,r, global solutions can be extracted by linear algebra from vy

» Otherwise, increase d and solve new SDP.

vsOPT-MIT-2020 43




Example 1

- P* = maximize Probability( p(z,w) >0 )

x

subject to —1<x<1

p(z,w) = 0.5w (w? + (z — 0.5)%) — (w* + w?(x — 0.5)? + (z — 0.5)%)
w~ Uniform|—1,1]
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Example 1

P* = maximize Probability( p(x,w) >0 )

x

subject to —1<x<1

p(z,w) = 0.5w (w? + (z — 0.5)%) — (w* + w?(x — 0.5)? + (z — 0.5)%)
w~ Uniform|—1,1]

 Moment SDP of Order 4:

- MaXy, .y, Yoo

i yoo| %10 woil w20 Y11 Yoo 1 Yzl 0 Yz2 0 1/3

i ——| - ——| - = —— Y1 Yz2 0 Yz3 0 1/3y181

i yiol Y20 w11l Y30 Y21 Y12 0 0 1/3 0 1/3y41 0

1 - == - -

L Ma(y) = 0= You| Y11 vo2| wa1 w12 Yos = 0 M>(Yoyq)—Ma(y) == 0= Yo Yus 0 Yd 0 1/3ya2 MQ(y) =0 ‘yCU | S 1
| el imion A I T I

i 200 Y30 Y21l Yo Yz Y22

i yirl Y21 yi2l ys1 vex Y13 1/3 1/3ya 0 1/3a2 0 2/5

i vo2| v12 wosl we2 w13 You

i y:l?o y:cl ng yx() — 1

: 1 1 1 1 1 3 1 1

i My (yfli) ~ 0= Y1 Yz Yas = 0 Mi(py) = 0= —yos + Y03 — Y22 + Y12 — Y02 + SY21 — Sy + g¥or — Yaot2ys0 — SY20 + 5¥10 — 75 =0
Yro  Yxz  Yuzy

L e e e e e e e e e e e e e e e o o B B B B B B B B B B B B o B B B o o o
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Obtained result:

Rank Test:
1.0000 0.5  0.2558
MQ(Z/:E):

0.5000 0.2558 0.1330 ) —» Rank=1 «— M@y, = < 1.0000 0.5 ) |:> Moment of Dirac probability

0.2558 0.1330 0.8521 0.5000  0.2558 measure ji, = 8,

) eigenvalues =0.0046, 1.2512
eigenvalues = 0.0046, 0.7011, 1.4022

» As relaxation order d increase y(1) converges to the true probability
0.66 o y(1)

,,,,,, 0.506.4

(x, ) sa pﬁce

L 0.4F

d

10
Relaxation Ord
> ()
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Example: 2

P* = maximize
€T

Probability( p(z,w) >0 )

subject to —1<x<1

_ 2. 1 4 1_.3 1_.2 9
p(x,w)—{xER .—E$1+Z$1—Z$1—m

w ~ Uniform[—1,1]

9 . 29
r5 + 455 = 0}

d=5 1y, = [1,0,0.44,0,0.19,00,0.08,0,0.06,0,0.91]

Rank Test:
Rank Mg(y,) = Rank My_;(y,) ~ 2

[> X, = —0.66,x = 0.66

0.66

-0.66

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 2 Moment ChanceOpt
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_2_Moment_ChanceOpt

Measure and Moment based Chance Optimization
Dual Optimization
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Chance Optimization

P* = maximize Probability,,( pi(z,w) >0, i=1,...,n; )

rER™
subject to gi(x) >0, i=1,...n,
*d i < s
Finite Moment SDP: Plhom i=maximizey , Yo

s.b. Ma(y) =0, Ma_q,, (piy)
Ma(yz) = 0, My—a, (9:y)
A4d(yw X Yz _'y) >:0

?_-
—

» We find the dual optimization of Moment-SDP. (Duality of Conic Program)

vsOPT-MIT-2020
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Dual Optimization:

Moment SDP
Pre =maximizey , Yo

st Ma(y) =0, Ma—q, (Piy)
Ma(yz) = 0, Ma—a, (9:y)
Md(yw X Yg — y) =0

0, j=1,...,n,

¥

0, i=1,...,n4, Yz = 1

Dual SDP
P, =

il minimize B

BERW (z,w)€ERy[z,w]
W(z,w)—12>0

B [ Wew)dna 20 Vo x
B>0,W(,w) >0

V(z,w) e K

subject to

o [W(z,w)du, = EW(z,w)]

:SOS

:SOS
:SOS

Sum-0Of-Squares (SOS) optimization

vsOPT-MIT-2020
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Interpretation of the dual problem

Dual optimization: ﬂgﬁiﬁ}(m%f)eec p * W(z,w) >0 W(z,w)>1 V(r,w) €K
subject to W(z,w)>1 V(z,w)eK

B> /W(x,w)d,uw Vo € x

* Minimizes scaler >0

* O isupper bound of [W(z,w)du,
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Interpretation of the dual problem

Dual optimization: 56%}3\}&15’6(: p * W(z,w)>0 W(z,w)>1 V(r,w) €K
subject to W(r,w)>1 V(r,w) ek
5> /W(%w)dﬂw Vo € x * Bisupper bound of [W(x,w)du,

B> 0,W(z,w) >0 © [ W(z,w)dp, = EV(z,w)]

* Minimizes scaler >0

e W(z* w):

is an upper bound polynomial approximation of the indicator
functionof K = {(z*,w): pi(z*,w) >0, i=1,...,n,}

(
K=A{(E"w): pi(z*,w) >0, i=1,....,n,}

( success set for a given x*)

o EW(z,w)| = [ W(x,w)du, :

is an upper bound of probability of success for given x*
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Interpretation of the dual problem

Dual optimization: 56%}3\}&1556(5 p * W(z,w)>0 W(,w)>1 V(z,w) e
I subject to W(z,w)>1 V(z,w)eK

* Minimizes scaler >0
B> /W(x,w)d,uw Vo € x I

* B isupper bound of [ W(z,w)du,

e W(z* w):

is an upper bound polynomial approximation of the indicator
functionof K = {(z*,w): pi(z*,w) >0, i=1,...,n,}

(
K=A{(E"w): pi(z*,w) >0, i=1,....,n,}

( success set for a given x*)

o EW(z,w)| = [ W(x,w)du, :

is an upper bound of probability of success for given x*

o EW(z,w)] = [ W(z,w)du, : Upper bound probability of success as a function of x

* [:Upper bound of maximum probability of success.
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Example: Dual Optimization <1
oo - (x, w) sapce -

P* = maximize Probability( p(x,w) >0 ) Moment SDP:

xT

subject to —1<z<1 |:> x* = YV, = 0.5

p(z,w) = 0.5w (w? + (z — 0.5)%) — (w* + w?(z — 0.5)% + (x — 0.5)%)
w ~ Uniform[—1,1]

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 Dual ChanceOpt
MIT 16.S498: Risk Aware and Robust Nonlinear Planning Fall 2019



https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_1_Dual_ChanceOpt

Example: Dual Optimization <1
oo - (x, w) sapce -

P* = maximize Probability( p(x,w) >0 ) Moment SDP:

xT

subject to —1<z<1 |:> x* = YV, = 0.5

p(z,w) = 0.5w (w? + (z — 0.5)%) — (w* + w?(z — 0.5)% + (x — 0.5)%)
w ~ Uniform[—1,1]

Dual Optimization (SOS) d = 5:
2

0.7

A
1.5 probability(success)‘

0.6 -

B*= 0.506 B* = [W*(z*, w)dp,,

o5} - ® \ |

04F -

[W* (2, w)dp,

0.3 N

0.2 N

01} .

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 Dual ChanceOpt
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Example: Dual Optimization <1
oo - (x, w) sapce -

P* = maximize Probability( p(x,w) >0 ) Moment SDP:

xT

subject to —1<z<1 |:> x* = YV, = 0.5

p(z,w) = 0.5w (w? + (z — 0.5)%) — (w* + w?(z — 0.5)% + (x — 0.5)%)
w ~ Uniform[—1,1]

Dual Optimization (SOS) d = 5:
2

0.7

A
1.5 probability(success)‘

0.6 N

0.5

04F probabﬂity(succeSS)
A

0.3

Upper bound on probability

0.2

01} 8
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Example: Dual Optimization

P* = maximize Probability( p(x,w) >0 )

xT

subject to —1<x<1
p(z,w) = 0.5w (w? + (z — 0.5)%) — (w* + w?(z — 0.5)% + (x — 0.5)%)

w ~ Uniform[—1,1]

Dual Optimization (SOS) d = 5:
2

1.5

vsOPT-MIT-2020

A
probability(success)‘

1-A=045

~

0.7

0.6

0.5

T 1 (X, w) sapce -

04

0.3

0.2

0.1

0

-0.6 -04 -0.2 0 0.2 0.4 0.6 1

Outer approximation of {x € R™ : Prob(Success) > 1 — A}

Xee = {:C eR™: [W*(z,w) du, >1 —A}
57




Chance Constrained Set: {z € R" : Prob(Success) > 1 — A}

P4 =  minimize
,BGR,W(IE,UJ)GRd[x,W]
subject to W(r,w)—1>0 V(z,w)eK Outer Approximation :

5—/W(x,w)duw20 Vo € x Xce — {QZ e R™: fW(xaw) dp, > 1 _A}

B=0W(r,w)=>0

___________________________________________________________________________________________________________________________________

Pxd — minimize /W x,w)dp,dr

SOS W (x,w)€ERy[z,w]
subject to W(r,w)—1>0 V(r,w)eK Xce = {:C eR™: [W(z,w) du, >1— A}
W(x,w) >0

Outer Approximation :

J. B. Lasserre, Representation of Chance-Constraints With Strong Asymptotic Guarantees, IEEE Control Systems Letters , Volume: 1, Issue: 1, 2017.
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Example 1: Modified SOS Program for Chance Constrained Set

probability (success)
A f W(a’;, Cd)d,LLw Upper bound on probability B

|- d=5 }

09— -]
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Example: Modified SOS Program for Chance Constrained Set

probability (success)
A f W(a’;, Cd)d,LLw Upper bound on probability B

|- d=5 }

09— -]

Xee = {2 : Prob(Success) > 1 — A}

vsOPT-MIT-2020 510)




Example: Modified SOS Program for Chance Constrained Set

probability (success)
J- f W(SB, w)d,uw Upper bound on probability B
il d=5 -
_ d=10 |
|- rlo B
1 - S a—--=
0.4 T T~
0.1 : : i
| | | K
. 1 . . |

|
1
! Xee = {x : Prob(Success) > 1 — A}
|
1

I
I
Outer approximation : Y. = {:v : fW(x,w) dig, > 1 — A}

vsOPT-MIT-2020 61




Chance Constrained Set: Inner Approximation

» We can apply same methodology to the Complement Set (failure Set)

« Chance Constrained Set: * QOuter approximation:

{x : R™: Prob(failure) < A} ‘ Xee = {z €R": [W(z,w) dp, < A}

* Inner approximation of {x € R" : Prob(Success) > 1 — A}
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Example: Inner approximation

K= {(z,w):p(z,w) = (082 —0.1)* — 0.27w((0.82 — 0.1)? + 0.3w?)+ 0.3w%(0.82 — 0.1)? + 4+0.09w* > 0}
w ~ Uniform|[—1,1] {z : Prob(Success) > 1— A}

aprobability
1.2 | | | | T | | |

[ W(x,w)dp, : Upper bound of probability of failure

1 0.8
05 06} .
Probability curve of fthe Succsss set obtjined by Monte-Carlo
;> 04} }-° T~ |
05 // \\
0.2 B 1 — A I \ -
1
'L<_=L.J‘
0 i J_ - l - Lo
w02 0
~ T, -1 08 06 -04 -02 0 0.2 04 06 0.8 1
W i
Inner approximation of {z : Prob(Success) > 1 — A}: Xee = {z € R™: [W(z,w) dp, < A}
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Chance Constrained Optimization

minimize p(x)

Deterministic Opt

minimize p(x)

subject to  Probability,, ) ( gi(z,w) >0, i=1,..,n5 ) > 1 - A subject to x € Xcc
SOS Programing for Chance Constrained Set
Wi . _ ;
P e [ W Pit= iimise [ W |
E subject to Wr,w)-120 V(z,w) ek subject to W(z,w)—1>0 V(zr,w) ek |
| W(z,w) >0 Wi, w) >0 complement set

® Outer approximation :
Xee = {2 ER™: [W(z,w) dpy > 1 - A}

® As polynomial orderd — oo
Xcc Convergences to the true chance constrained set

Chance Constrained Set {x € R" : Probability(Success) > 1 — A}

® Inner approximation :

___________________________________________________________________________________________________________________________

Xee = {2 €R™ : [W(z,w) du, < A}

® As polynomial orderd — oo

Xcc Convergences to the true chance constrained set

vsOPT-MIT-2020
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» For more details, examples, codes, applications in uncertain dynamical systems and robotics:

rarnop.mit.edu,
Ashkan Jasour, "Risk Aware and Robust Nonlinear Planning(rarnop)"”,
Course Notes for MIT 16.5498, Fall, 2019.

> Related Publications: jasour.mit.edu/publications
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http://rarnop.mit.edu/
https://jasour.mit.edu/publications
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