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Abstract—We consider equivalent baseband representation of
transmission circuits, in the form of a nonlinear dynamical system
S in discrete time (DT) defined by a series interconnection of
a phase-amplitude modulator, a nonlinear dynamical system F
in continuous time (CT), and an ideal demodulator. We show
that when F is a CT Volterra series model, the resulting S
is a series interconnection of a DT Volterra series model of
same degree and equivalent memory depth, and an LTI system
with special properties. The result suggests a new, non-obvious,
analytically motivated structure of digital pre-compensation of
analog nonlinear distortions such as those caused by power
amplifiers in digital communication systems. The baseband model
and the corresponding digital compensation structure readily
extend to OFDM modulation. MATLAB simulation is used to
verify proposed equivalent baseband model and demonstrate
effectiveness of the new compensation scheme, as compared to
the standard Volterra series approach.

Index Terms—Power amplifiers, predistortion, baseband, RF
signals, phase modulation, amplitude modulation.

I. INTRODUCTION

IN modern communications systems, demand for high-
throughput data transmission has resulted in the use

of complex modulation/demodulation schemes for enhanced
spectral efficiency (e.g., Orthogonal Frequency Division Mul-
tiplexing - OFDM). The highly varying envelope signals,
generated by these schemes, force RF transmitter power
amplifiers (PA) to operate over a large portion of their
transfer curves, generating in/out of band spectral content
which degrades system linearity. A common way to make
the PA (and correspondingly the whole signal chain) behave
linearly is to back-off PA’s input level, which in turn results
in reduced power efficiency [1]. This motivates the search for
a method which would help increase both linearity and power
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efficiency. Digital compensation offers an attractive approach
to designing electronic devices with superior characteristics,
and it is not a surprise that it has been used for PA lineariza-
tion as well. Nonlinear distortion in an analog system can
be compensated with a pre-distorter or a post-compensator
system. In particular, a pre-distorter inverts nonlinear behavior
of the analog part, and is usually implemented as a digital
system. Techniques which employ such systems are called
digital predistortion (DPD) techniques, and they can produce
highly linear transmitter circuits [1]-[3].

Structure of a digital predistorter usually depends on the
choice of a behavioral model used to describe the PA [4], and
consequently on the corresponding equivalent baseband model.
First attempts to mitigate PA’s nonlinear effects by employing
DPD used simple memoryless models in order to describe
PA’s behavior [5]. With the increase of signal bandwidth over
time, it has been recognized that short and long memory
effects play significant role in PA’s behavior [6], and should
be incorporated into the model. Since then several memory
baseband models and corresponding predistorters have been
proposed to compensate memory effects: memory polynomials
[7], [8], Hammerstein and Wiener DPD models [9], [10],
pruned Volterra series [11], generalized memory polynomials
[12], dynamic deviation reduction-based Volterra models [13],
[14], as well as the most recent neural networks based behav-
ioral models [15]. In behavioral modeling based on memory
polynomials, it is commonly assumed that all branches in the
model (i.e., monomials of equal degree) are generated with
the same memory requirements. Since memoryless nonlin-
ear effects dominate in terms of degree, the above choice
leads to unnecessary complexity of the PA model. Several
models were proposed in which strong memoryless nonlinear
effects and weak memory dynamic effects are decoupled
in order to reduce model complexity while keeping good
modeling/linearization performance, such as twin nonlinear
two-box (TNTB) [16] and three-box (PLUME) models [17].

In the above papers, an emphasis is put on capturing the
whole range of the PA output signal’s spectrum, which is
proportional to the order of nonlinearity of the RF PA, and
is in practice taken to be about five times the input bandwidth
[4]. In wideband communication systems this would make
the linearization bandwidth very large, and hence would put
a significant burden on the system design (e.g., would re-
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quire very high-speed data converters). Since these restrictions
limit applicability of conventional models in the forthcoming
wideband systems, it is beneficial to investigate model dy-
namics when the PA’s output is also limited in bandwidth,
and in that case DPD would ideally mitigate distortion in
that frequency band (also called the observation band). Such
band-limited baseband model and its corresponding DPD
were investigated in [18], and promising experimental results
were shown. Theoretical analysis shown in [18] follows the
same modeling approach as the conventional baseband models
(dynamic deviation reduction-based Volterra series modeling).
Due to the bandpass filtering operation applied on the PA
output, long (possibly infinite) memory dynamic behavior is
now present, which implies that standard modeling methods,
such as memory polynomials or dynamic deviation reduction-
based Volterra series modeling, might be too general to ef-
ficiently describe this new structure, and therefore not well
suited for practical implementations (long memory condition
in nonlinear models would require exponentially large number
of coefficients to be implemented, which is too expensive for
hardware realization). Modeling and linearization of PAs using
band-limited observation path was used in [19]-[21] but the
corresponding baseband equivalent models and DPDs were
derived for the full-band PA output, and are therefore funda-
mentally different from the band-limited models investigated
in this work.

In this paper, we develop an explicit expression of the
equivalent baseband model, for the case when the passband
nonlinearity can be described by a Volterra series model with
fixed degree and memory depth. We show that the equivalent
baseband model can be written as a series interconnection
of a fixed degree/short memory discrete-time Volterra model,
and a long memory discrete-time LTI system which can be
viewed as a bank of reconstruction filters. Moreover, this
equivalent baseband model reveals that order of nonlinearity
and, more importantly, memory of the underlying nonlin-
ear system are preserved when passing from passband to
baseband. Frequency responses of the above reconstruction
filters exhibit discontinuities at frequency values ±π, making
their unit sample responses infinitely long. This discontinuity
is mainly due to the lack of symmetry of the frequency
response of the reconstruction filter with respect to the carrier
frequency. Nevertheless, the frequency responses are shown to
be smooth inside the interval (−π, π), and thus approximable
by low order FIR filters on compact subsets of (−π, π).
Length (i.e, number of taps) of these approximate FIR filters
depends on the ratio of the signal to observation bandwidth
(i.e., the amount of observation bandwidth which is occu-
pied by the useful signal). Relatively low memory/degree
requirements of the nonlinear (Volterra) subsystem, as well as
good approximability by FIR filters of the linear subsystem,
allow for potentially efficient hardware implementation of the
corresponding baseband model. Based on the derived model,
we propose a non-obvious, analytically motivated structure of
digital precompensation of RF PA nonlinearities. The two-
box decomposition of the equivalent baseband model that we
propose in this paper is not motivated nor does it rely on de-
coupling strong from weak nonlinear effects. It rather relies on

decoupling short memory nonlinear effects from long memory
linear effects, and is therefore fundamentally different from
those in [16]-[17] or [20]-[21]. Equivalent model structures
for discrete-time Volterra systems similar to the one presented
in this paper were derived in [22]-[23]. The work presented
here mostly differs from the above in that model dynamics are
investigated over a limited bandwidth of the PA output, which,
as described earlier, leads to significantly different dynamic
behavior of the underlying system, and therefore to a distinct
baseband equivalent model.

This paper is organized as follows. In Section III we present
motivation for considering the problem of equivalent baseband
modeling and digital predistortion, and give mathematical
description of the system under consideration. Main result is
stated and proven in Section IV, in which an explicit expression
of the equivalent baseband model is given. In Section V
we provide some additional discussion on advantages of the
proposed method, and its extension to OFDM modulation.
System model validation, as well as DPD design and its
performance are demonstrated by MATLAB simulation results
presented in Section VI. Finally, we conclude the paper in
Section VII.

II. NOTATION AND TERMINOLOGY

j is a fixed square root of −1. C, R, Z, Z+ and N are the
standard sets of complex, real, integer, non-negative integer
and positive integer numbers. [1 : n], for n ∈ N, is the
set {1, . . . , n}. Xd, for a set X , is the set of all d-tuples
(x1, . . . , xd) with xi ∈ X . For a finite set S, |S| denotes the
number of elements in S. Scalar real-valued and complex-
valued continuous-time (CT) signals are uniformly bounded
square integrable functions R→ R and R→ C, respectively.
The set of all real-valued CT signals is denoted by L, while
the set of all complex-valued CT signals is denoted by LC.
n-element-vector-valued discrete-time (DT) signals are the
elements of `n (or simply ` for n = 1), the set of all square
summable functions Z → Cn. For w ∈ `, w[n] denotes the
value of w at n ∈ Z. In contrast, x(t) refers to the value
of x ∈ L (or x ∈ LC) at t ∈ R. The Fourier transform F
applies to both CT and DT signals. For x ∈ L (or x ∈ LC),
its Fourier transform X = Fx is a square integrable function
X : R → C. For x ∈ `n, the Fourier transform X = Fx
is a 2π-periodic function X : R → Cn, square integrable
on its period. Systems are viewed as functions L → L,
L → LC, LC → L, LC → `, ` → LC, or `k → `m. Gf
denotes the response of system G to signal f (even when
G is not linear), and the series composition K = QG of
systems Q and G is the system mapping f to Q(Gf). A
system G : L → L (or G : ` → `) is said to be linear
and time invariant (LTI) with frequency response H : R→ C
when FGx = H · Fx for all x ∈ L (respectively x ∈ `).
When G : ` → `, its frequency response H is 2π-periodic
and signal h ∈ ` such that H = Fh is called the unit sample
response of G. We use shorthand notation X = X(ω) (or
X = X(Ω)) to denote the Fourier transform of signal x ∈ L
or x ∈ LC (respectively x ∈ `n), instead of a standard notation
X = X(jω) (respectively X = X(ejΩ)).
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III. MOTIVATION AND PROBLEM SETUP

In this paper, a digital compensator is viewed as a system
C : ` → `. More specifically, a pre-compensator C : ` → `
designed for a device modeled by a system S : ` → L (or
S : ` → `) aims to make the composition SC, as shown on
the block diagram below,

C S- - -
u w v

conform to a set of desired specifications. (In the simplest
scenario, the objective is to make SC as close to the identity
map as possible, in order to cancel the distortions introduced
by S.)

A common element in digital compensator design algo-
rithms is selection of compensator structure, which usually
means specifying a finite sequence C̃ = (C1, . . .CN ) of
systems Ck : ` → `, and restricting the actual compensator
C to have the form

C =

N∑
k=1

akCk, ak ∈ C,

i.e., to be a linear combination of the elements of C̃. Once
the basis sequence C̃ is fixed, the design usually reduces to
a straightforward least squares optimization of the coefficients
ak ∈ C. A popular choice is for the systems Ck to be some
Volterra monomials, i.e., to map their input u = u[n] to the
outputs wk = wk[n] according to the polynomial formulae

wk[n] =

dr(k)∏
j=1

Re u[n− nrk,j ]
di(k)∏
j=1

Im u[n− nik,j ],

where the integers dr(k) and di(k) (respectively, nrk,j and
nik,j) will be referred to as degrees (respectively, delays). In
this case, every linear combination C of Ck is a DT Volterra
series [27], i.e., a DT system mapping signal inputs u ∈ ` to
outputs w ∈ ` according to the polynomial expression

w[n] =

N∑
k=1

ak

dr(k)∏
j=1

Re u[n− nrk,j ]
di(k)∏
j=1

Im u[n− nik,j ].

Selecting a proper compensator structure is a major challenge
in compensator design: a basis which is too simple will not
be capable of canceling the distortions well, while a form
that is too complex will consume excessive power and space
in its hardware implementation. Having an insight into the
compensator basis selection can be very valuable.

In this paper we establish that a certain special structure
is good enough to compensate for imperfect modulation. We
consider modulation systems represented by the block diagram

M F- - -
u[n] x(t) y(t)

where M : `→ L is the ideal modulator, and F : L → L is
a CT dynamical system used to represent linear and nonlinear
distortion in the modulator and power amplifier circuits. We

consider the ideal modulator of the form M = XZ, where
Z : `→ LC is the zero order hold (ZOH) map u[·] 7→ x0(·):

x0(t) =
∑
n

p(t−nT )u[n], p(t) =

{
1, t ∈ [0, T ),

0, t 6∈ [0, T )
(1)

with fixed sampling interval length T > 0 and X : LC → L
is the mixer map

x0(·) 7→ x(·) : x(t) = 2Re[exp(jωct)x0(t)] (2)

with modulation-to-sampling frequency ratio M ∈ N, i.e., with
ωc = 2πM/T . It should be noted that in real applications,
there is no constraint on M to be integer valued. We assume
M ∈ N for convenience, since it simplifies, already complex,
derivations as will be seen in section IV. For non-integer
valued M , time-invariance of certain subsystems is lost, but,
in most applications, the introduced time-dependence is not
significant enough to impact the overall system structure.
While it is commonly assumed that the modulation/digital-to-
analog conversion (DAC) is realized in a way which includes
low-pass filtering of the DAC output, there has been significant
body of work recently focusing on the so called ”all-digital
transmitters” (ADT) that employ ZOH modulation and have no
specific low-pass filtering of the DAC output (see e.g., [24]-
[26] and references therein). ADT utilizes power amplifiers
in switched-mode operation (SMPA) for increased power
efficiency. SMPAs, due to their specific mode of operation
(transistors work as switches), require piece-wise constant in-
put signals, or piece-wise constant envelope signals in the case
of burst-mode transmitters. In such setup, ZOH modulation
is a natural method for converting digital RF/baseband into
analog signals suitable for driving SMPAs. In Section V.B.,
we discuss how results similar to the ones stated and proven
under assumption of a ZOH modulator, hold for more general
system models which include low-pass filtering after ZOH.

We are particularly interested in the case when F is de-
scribed by the CT Volterra series model

y(t) = b0 +

Nb∑
k=1

bk

βk∏
i=1

x(t− tk,i), (3)

where Nb ∈ N, bk ∈ R, βk ∈ N, tk,i ≥ 0 are parameters. (In a
similar fashion, it is possible to consider input-output relations
in which the finite sum in (3) is replaced by an integral/infinite
sum). One expects that the memory of F is not long, compared
to T , i.e., that max tk,i/T is not much larger than 1.

As a rule, the spectrum of the DT input u ∈ ` of
the modulator is carefully shaped at a pre-processing stage
to guarantee desired characteristics of the modulated signal
x = Mu. However, when the distortion F is not linear, the
spectrum of the y = Fx could be damaged substantially,
leading to violations of error vector magnitude (EVM) and
adjacent channel leakage ratio (ACLR) specifications [14].

Consider the possibility of repairing the spectrum of y
by pre-distorting the digital input u ∈ ` by a compensator
C : `→ `, as shown on the block diagram below:

C M F- - - -
x(t) y(t)u[n] w[n]
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The desired effect of inserting C is cancellation of the dis-
tortion caused by F. Naturally, since C acts in the baseband
(i.e., in discrete time), there is no chance that C will achieve a
complete correction, i.e., that the series composition FMC of
F, M, and C will be identical to M. However, in principle,
it is sometimes possible to make the frequency contents of
Mu and FMCu to be identical within the CT frequency
band (ωc − ωb, ωc + ωb), where ωb = π/T is the Nyquist
frequency [28], [29]. To this end, let H : L → L denote the
ideal band-pass filter with frequency response H(ω) = 1 for
|ωc − |ω|| < ωb and H(ω) = 0 otherwise. Let D : L → `
be the ideal de-modulator operating on the band selected by
H, i.e., the linear system for which the series composition
DHM is the identity function. Let S = DHFM be the series
composition of D, H, F, and M, i.e., the DT system with
input w = w[n] and output v = v[n] shown on the block
diagram in Fig. 1.

M F H D- - - - -
w[n] x(t) y(t) z(t) v[n]

Fig. 1. Block diagram of S = DHFM.

By construction, the ideal compensator C should be the
inverse C = S−1 of S, as long as the inverse does exist. A
key question answered in this paper is ”what to expect from
system S?”. If one assumes that the continuous-time distortion
subsystem F is simple enough, what does this say about S?

This paper provides an explicit expression for S in the
case when F is given in the CT Volterra series form (3)
with degree d = maxβk and depth tmax = max tk,i. The
result reveals that, even though S tends to have infinitely
long memory (due to the ideal band-pass filter H being
involved in the construction of S), it can be represented as
a series interconnection S = LV, where V : ` → `N maps
complex scalar-valued input w ∈ ` to real vector-valued output
s ∈ `N in such a way that the k-th scalar component sk[n] of
s[n] ∈ RN is given by

sk[n] =

m∏
i=0

(Re w[n− i])αi

m∏
i=0

(Im w[n− i])βi ,

αi, βi ∈ Z+,

m∑
i=0

αi +

m∑
i=0

βi ≤ d,

m is the minimal integer not smaller than tmax/T , and
L : `N → ` is an LTI system. Moreover, L can be shown to
have a good approximation of the form L ≈ L0X , where X
is a static gain matrix, and L0 is an LTI model which does
not depend on bk and tk,i (see Fig. 2). In other words, S can
be well approximated by combining a Volterra series model
with short memory, and a fixed (long memory) LTI system,
as long as the memory depth tmax of F is short, relative to
the sampling time T .

In most applications, with an appropriate scaling and time
delay, the system S to be inverted can be viewed as a small
perturbation of identity, i.e., S = I + ∆. When ∆ is ”small”

V X L0
-

-
-

-
-

- -

-
w[n] v̂[n]

Fig. 2. System S can be well approximated by the model shown in this block
diagram.

in an appropriate sense (e.g., has small incremental L2 gain1

‖∆‖ � 1), the inverse of S can be well approximated
by S−1 ≈ I − ∆ = 2I − S. Hence the result of this
paper suggests a specific structure of the compensator (pre-
distorter) C ≈ I − ∆ = 2I − S. In other words, a plain
Volterra monomials structure is, in general, not good enough
for C, as it lacks the capacity to implement the long-memory
LTI post-filter L. Instead, C should be sought in the form
C = I−L0XV, where V is the system generating all Volterra
series monomials of a limited depth and limited degree, L0 is
a fixed LTI system with a very long time constant, and X is a
matrix of coefficients to be optimized to fit the data available.

IV. MAIN RESULT

A. Ideal Demodulator

By definition, demodulator D should ”invert” the operation
of M, i.e., DM = I should hold. In communications liter-
ature, demodulation is usually described as downconversion
of the passband signal, followed by low-pass (anti-aliasing)
filtering (LPF) and sampling [30]. When modulator system
M produces output signal with significant side-lobes (as is
the case with ZOH) the above described demodulation process
leads to DM 6= I. If the ratio M = fc/fs is very large,
the in-band spectral distortion that results from the folding
of ZOH side-lobes would be negligible compared to signal in-
band energy, which implies DM ≈ I. As M decreases, this
distortion becomes more notable and might match that caused
by the PA nonlinearity. This implies that distortions introduced
by non-ideal demodulation could mask good performance of
digital predistortion. For that reason, in this paper, we apply
demodulation which recovers the input signal, without intro-
ducing distortion. We call this operation ideal demodulation,
and in the following derive its mathematical model.

The most commonly known expression for the ideal de-
modulator inverts not M = XZ but M0 = XH0Z, i.e.,
the modulator which inserts H0, the ideal low-pass filter
for the baseband, between zero-order hold Z and mixer X,
where H0 is the CT LTI system with frequency response
H0(ω) = 1 for |ω| < ωb and H0(ω) = 0 otherwise.

1Incremental L2 gain (as well as other similarly defined system ”gains”)
can be viewed as a measure of ”size” of a system, or more precisely as a
measure of sensitivity of a system response to its input. With Euclidean norm
(i.e., L2-norm) ‖ξ‖ of an element ξ =

[
ξ1 . . . ξk

]
∈ Ck defined by

‖ξ‖2 =
∑k
i=1 |ξi|2, the incremental L2 gain ‖G‖ of a DT system G :

`n → `m can be defined as the maximal upper bound on γ ≥ 0 such that∑
n∈Z
‖y1[n]− y2[n]‖2 ≤ γ2

∑
n∈Z
‖w1[n]− w2[n]‖2,

for all w1, w2 ∈ `n, where y1 = Gw1 and y2 = Gw2.
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Specifically, let Xc : L → LC be the dual mixer mapping
x(·) to e(t) = exp(−jωct)x(t). Let E : LC → ` be the
sampler map g(·) 7→ w[·] such that w[n] = g(nT ). Finally,
let A0 be the DT LTI system with frequency response A0

defined by A0(Ω) = P (Ω/T )−1 for |Ω| < π, where P is
the Fourier transform of p = p(t) (1). Then the composition
A0EH0XcHM0 is an identity map. Equivalently, A0EH0Xc

is the ideal demodulator for M0.
For the modulation map M = XZ considered in this paper,

the ideal demodulator has the form AEH0Xc, where A : `→
` is the linear system mapping w ∈ ` to s ∈ ` according to

Re(s) = ArrRe(w) + AriIm(w),

Im(s) = AirRe(w) + AiiIm(w),
(4)

and Arr, Ari, Air, Aii are LTI systems with frequency
responses Arr = (P0 − Pi)Q, Air = Ari = −PqQ,
Aii = (P0 + Pi)Q, where Q = (P 2

0 − P 2
i − P 2

q )−1,
Pi = (P+ + P−)/2, Pq = (P+ − P−)/2j, and 2π-periodic
functions P0, P

+, P− : R→ C are defined for |Ω| < π by

P0(Ω) = P (Ω/T ), P+(Ω) = P0(Ω+θ), P−(Ω) = P0(Ω−θ)

with θ = 4πM .

B. Equivalent Baseband Model
Before stating the main result of this paper, let us introduce

some additional notation. For d ∈ N and τ = (τ1, . . . , τd) ∈
[0,∞)d let Fτ : L → L be the CT system mapping input
x ∈ L to the output y ∈ L according to

y(t) = x(t− τ1)x(t− τ2) . . . x(t− τd). (5)

In the rest of this section, many expressions will contain
products of the above type, where the complex-valued signal
x can be written as x = I+jQ, with I and Q representing its
real and imaginary part, respectively. Therefore, such terms,
as in (5), would correspond to products of delayed real and
imaginary parts of x. As will be shown later (e.g., in (12)),
the factors in these products can be classified into four groups:
real and imaginary parts of two differently delayed versions
of x. This explains appearance of the index set [1 : 4] which
will be used to encode these four groups of signals.

For every tuple m = (m1, . . . ,md) ∈ [1 : 4]d and integer
l ∈ [1 : 4] let Slm be the set of all indices i for which mi = l,
i.e., Slm = {i ∈ [1 : d] : mi = l}. Furthermore, define

N1
m = |S1

m ∪ S2
m|, N2

m = |S3
m ∪ S4

m|.

Clearly N1
m + N2

m = d for every m ∈ [1 : 4]d. Let Rcm =
{−1, 1}N1

m and Rsm = {−1, 1}N2
m . Let (·, ·) : Rd × Rd → R

denote the standard scalar product in Rd. Define the maps
σ̃, σ : Rd → R by σ̃(x) =

∑d
i=1 xi and σ(x) = σ̃(x) − 1.

For a given m ∈ [1 : 4]d let Π : RN2
m → R be defined as

Π(x) =
∏N2

m
i=1 xi. For i ∈ {1, 2}, define projection operators

Pim : Rd → RNi
m by Pimx =

[
xn1

. . . xnNi
m

]T
where

{n1, . . . , nNi
m
} = S2i−1

m ∪ S2i
m, n1 < · · · < nNi

m
. The

following example should elucidate the above, somewhat in-
volved, notation. Let d = 7, m = (3, 1, 4, 2, 1, 3, 1) ∈ [1 : 4]7.
Then

S1
m = {2, 5, 7}, S2

m = {4}, S3
m = {1, 6}, S4

m = {3},

N1
m = |S1

m ∪ S2
m| = 4, N2

m = |S3
m ∪ S4

m| = 3,

Rcm = {−1, 1}4, R2
m = {−1, 1}3,

P1
mx =

[
x2 x4 x5 x7

]T
, P2

mx =
[
x1 x3 x6

]T
.

Given a vector τ ∈ [0,∞)d let k be the unique vector in
(N ∪ {0})d such that τ = kT + τ ′ and τ ′ ∈ [0, T )d.

Let θ : R → {0, 1} denote the Heaviside step function
θ(t) = 0 for t < 0, θ(t) = 1 for t ≥ 0. For T ∈ (0,∞) let
p(t) = θ(t) − θ(t − T ) denote the basic pulse shape of the
zero-order hold (ZOH) system with sampling time T . Given
m ∈ [1 : 4]d and τ ′ ∈ [0, T )d define

τmmin =

{
maxi∈S2

m∪S4
m
τ ′i , |S2

m ∪ S4
m| > 0,

0, otherwise,
(6)

and

τmmax =

{
mini∈S1

m∪S3
m
τ ′i , |S1

m ∪ S3
m| > 0,

T, otherwise.
(7)

Let pm,τ : R→ R be the continuous time signal defined by

pm,τ (t) =

{
θ(t− τmmin)− θ(t− τmmax), τmmin < τmmax
0, otherwise,

.

(8)
We denote its Fourier transform by Pm,τ (ω).

As can be seen from (3), the general CT Volterra model is a
linear combination of subsystems Fτ , with different values of
τ . Therefore, in order to establish the desired decomposition
S = LV it is sufficient to consider the case Sτ = DHFτM
with an arbitrary, but fixed, τ . The following theorem provides
description of the underlying subsystems V and L of the
aforementioned decomposition.

Theorem 4.1. For τ ∈ [0,∞)d, the system DHFτM maps
w ∈ ` to

v = Au ∈ `, with u =
∑

m∈[1:4]d

sm,k ∗ gm,

where

sm,k[n] =
∏
i∈S1

m

I[n− ki − 1] ·
∏
i∈S2

m

I[n− ki]·

·
∏
i∈S3

m

Q[n− ki − 1] ·
∏
i∈S4

m

Q[n− ki],

I[n] = Re(w[n]), Q[n] = Im(w[n]),

and the sequences (unit sample responses) gm = gm[n] are
defined by their Fourier transforms

Gm(Ω) =
(j)N

2
m

2d

∑
rc∈Rc

m

∑
rs∈Rs

m

Π(rc)Pm,τ

(
Ω̃
)
e−jωcτ̃ , (9)

τ̃ = (rc,P1
mτ
′) + (rs,P2

mτ
′),

Ω̃ =
Ω

T
− ωc

N1
m∑

i=1

rc(i)− ωc
N2

m∑
l=1

rs(l) + ωc.
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Proof. We first state and prove the following Lemma, that is
a special case of Theorem 4.1, in which τ ranges over [0, T )d

(instead of τ ∈ [0,∞)d), and hence k = 0. The proof of
Theorem 4.1 then readily follows from this Lemma.

Lemma 4.2. The DT system DHFτM with τ ∈ [0, T )d maps
w ∈ ` to

v = Au ∈ `, with u =
∑

m∈[1:4]d

sm ∗ gm,

where

sm[n] = (I[n− 1])|S
1
m|(I[n])|S

2
m|(Q[n− 1])|S

3
m|(Q[n])|S

4
m|,

I[n] = Re(w[n]), Q[n] = Im(w[n]),

and the sequences gm are as defined in Theorem 4.1.

Proof. A block diagram of system DHFτM is shown in
Fig. 3, where M and D are decomposed into elementary
subsystems as defined in the previous section. The proof of
Lemma 4.2 consists of two steps. First, we express signal
y (see Fig. 3) as a function of I , Q, ωc, T and τ , which
would imply description of sm as given in the statement
of Lemma 4.2. Then, by finding relationship between the
Fourier transforms of signals y and u, we determine frequency
responses Gm, which concludes the proof of Lemma 4.2.

Consider first the case d = 1 (i.e., Fτ is just a delay by
τ ∈ [0, T )). By definition, the outputs wc, x and y of Z,X
and F, respectively, are given by

wc(t) =
1

T

∑
n

w[n]p(t− nT ) =

1

T

∑
n

I[n]p(t− nT )︸ ︷︷ ︸
Ic(t)

+
j

T

∑
n

Q[n]p(t− nT )︸ ︷︷ ︸
jQc(t)

.

x(t) = (Xwc)(t) = Re{exp(jωct)wc(t)},
y(t) = Ic(t− τ) cos(ωct− ωcτ)−Qc(t− τ) sin(ωct− ωcτ).

(10)
Consider the representation p(t) = p1,τ (t) + p2,τ (t), where

p1,τ (t) = θ(t)− θ(t− τ), p2,τ (t) = θ(t− τ)− θ(t− T ).

Let Z1 : ` → LC and Z2 : ` → LC be the pulse amplitude
modulators with pulse shapes p1,τ and p2,τ , respectively. Let
B denote the backshift function mapping x ∈ ` to y = Bx ∈ `,
defined by y[n] = x[n− 1]. Then

Ic(t− τ) = e1,τ (t) + e2,τ (t), Qc(t− τ) = e3,τ (t) + e4,τ (t),
(11)

where

e1,τ = Z1BI, i.e., e1,τ (t) =
1

T

∑
n

I[n− 1]p1,τ (t− nT ),

e2,τ = Z2I, i.e., e2,τ (t) =
1

T

∑
n

I[n]p2,τ (t− nT ),

e3,τ = Z1BQ, i.e., e3,τ (t) =
1

T

∑
n

Q[n− 1]p1,τ (t− nT ),

e4,τ = Z2Q, i.e., e4,τ (t) =
1

T

∑
n

Q[n]p2,τ (t− nT ).

(12)

According to (10)-(12), the output y(t) of Fτ can be expressed
as:

y(t) = f1(t) + f2(t) + f3(t) + f4(t),

where

fi(t) =

{
ei,τ (t) cos(ωct− ωcτ), i = 1, 2

−ei,τ (t) sin(ωct− ωcτ), i = 3, 4
. (13)

Therefore, subsystem FτM, mapping w[n] to y(t), can be rep-
resented as a parallel interconnection of amplitude modulated
delayed and undelayed in-phase and quadrature components
of w[n]. This is shown in Fig. 4, where D̃ = EH0XcH.

Suppose now that order d of Fτ is an arbitrary positive
integer larger than 1, i.e., that Fτ : x 7→ y defined by y(t) =
x(t − τ1) · · · · · x(t − τd). Then the output y of Fτ can be
written as a product

y(t) = y1(t) · y2(t) · . . . · yd(t), (14)

where, for all i ∈ [1 : d],

yi(t) = Ic(t−τi) cos(ωct−ωcτi)−Qc(t−τi) sin(ωct−ωcτi).

This implies that, for each i, signal yi(t) can be represented
as the output of subsystem FτiM, where Fτi is just a simple
delay, as discussed in the case d = 1. Therefore, system FτM,
mapping w to y, can be described as shown in Fig. 5. Hence,
by using the same notation as in Figs. 4 and 5, signal y(t) can
be expressed as

y(t) =

d∏
i=1

[f i1(t) + f i2(t) + f i3(t) + f i4(t)] =
∑

m∈[1:4]d

fm(t),

(15)
where

fm(t) = f1
m1

(t) · . . . · fdmd
(t), ∀m ∈ [1 : 4]d.

Here components mi of m = (m1, m2, . . . , md) ∈ [1 : 4]d,
determine which signal f ij , j ∈ [1 : 4] from (13) participates
as a product factor in fm(t). With signals emi,τi(t) as defined
in (12), it follows that summands in (15) can be written as

fm(t) = (−1)N
2
m

d∏
i=1

emi,τi(t)·∏
k∈S1

m∪S2
m

cos(ωct− ωcτk) ·
∏

l∈S3
m∪S4

m

sin(ωct− ωcτl). (16)

Products of cosines and sines in (16), denoted Πc and Πs, can
be expressed as sums of complex exponents:

Πc =
1

2N
1
m

∑
r∈Rc

m

ejωcσ̄(r)t · e−jωc(r,P1
mτ), (17)

Πs =
1

(2j)N
2
m

∑
r∈Rs

m

Π(r) · ejωcσ̄(r)t · e−jωc(r,P2
mτ). (18)

Recall that signals emi,τi(t) are obtained by applying pulse
amplitude modulation with pulse signals p1,τi(t) or p2,τi(t) on
in-phase or quadrature components I and Q of the input signal
(or their delayed counterparts BI and BQ). Let em,τ (t) be the
product of signals emi,τi(t) (as given in (16)). We now derive
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X Fτ H Xc H0 E A -- - - - - - - -Z

DM

v[n]w[n] wc(t) x(t) y(t) u[n]

Fig. 3. Block diagram of system Sτ = DHFτM, with all corresponding subsystems.
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w[n]

- B Z1

-
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B

-
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e4,τ (t)
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e3,τ (t)

e2,τ (t)

e1,τ (t)
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6

6

?

?

cos(ωct− ωcτ)

cos(ωct− ωcτ)
− sin(ωct− ωcτ)

− sin(ωct− ωcτ)

f1(t)

f2(t)

f3(t)

f4(t)

C
C
C
C
C
C
C
CCW

����
�
�
��

A
A
AU

�
�
�
�
�
�
�
���

?

D̃

?

A

?

y(t)

u[n]

v[n]

FτM

I[n]

Q[n]

Fig. 4. Equivalent representation of system DHFτM.

- Fτ1M

Fτ2M ���

�
�
�
�
�
�
��

B
B
B
BBN

-

FτdM

D̃ - A -

w[n]

y(t) u[n] v[n]

��@@
-

y1(t)

y2(t)

yd(t)
-

-

FτM

Fig. 5. System FτM as an interconnection of subsystems FτiM.

-

-

-

-

-

6

τl1

τl2

τlM

-

τk1

τk2

τkN

emk1
,τk1

(t)

emk2
,τk2

(t)

emkN
,τkN

(t)

eml1
,τl1

(t)

eml2
,τl2

(t)

emlM
,τlM

(t)

em,τ (t)

-

τmmin τmmaxnT (n+ 1)T

t

I[n]

I[n]

I[n]

I[n− 1]

I[n− 1]

I[n− 1]

nT (n+ 1)T

Fig. 6. Signal em,τ for S1
m ∪ S3

m = {k1, k2, . . . , kN} and S2
m ∪ S4

m =
{l1, l2, . . . , lM}, where N +M = d.

an expression for em,τ (t) as a function of signals I , Q,BI and
BQ. We first investigate em,τ (t) for t ∈ [nT, (n+ 1)T ), with
n > 1 an integer. For a fixed m ∈ [1 : 4]d and τ ∈ (0, T )d

let S1
m ∪ S3

m, S2
m ∪ S4

m, τmmin and τmmax be as defined at the
beginning of this section. It follows that em,τ (t) = 0 for all
t ∈ [nT, (n + 1)T ) if τmmin > τmmax. Otherwise it is nonzero
for t ∈ [nT +τmmin, nT +τmmax). This is depicted in Fig. 6 (for
the sake of simplicity, only in-phase components I and BI are
considered, but in general signals Q and BQ would appear as
well). It follows from the above discussion that signal em,τ (t)
can be expressed as

em,τ (t) =

∞∑
n=−∞

sm[n]pm,τ (t− nT ), (19)

where pm,τ (t) was defined in (8), and DT signal sm = sm[n]
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is defined as

sm[n] = I[n]|S
1
m| · I[n− 1]|S

2
m| ·Q[n]|S

3
m| ·Q[n− 1]|S

4
m|.

From (16)-(19), it follows that fm(t) can be written as

fm(t) =
∑

rc∈Rc
m

∑
rs∈Rs

m

Crc,rs · ejσ(rc,rs)ωct·

·
∞∑

n=−∞
sm[n]pm,τ (t− nT ), (20)

where σ(rc, rs) = σ(r) =
∑N1

m
i=1 rc(i) +

∑N2
m

l=1 rs(l), and

Crc,rs =
(j)N

2
m

2d
· e−jωc[(rc,P1

mτ)+(rs,P2
mτ)] ·Π(rs), (21)

depends only on m. Therefore, the output signal y of system
FτM, can be expressed in terms of I , Q, ωc. T and τ by
plugging expression (20), for fm(t), into (15). Thus we have
found an explicit input-output description of system FτM,
which concludes the first part of the proof.

In order to find explicit expressions for the frequency
responses Gm, we first determine frequency domain rela-
tionship between signals u and y (see Fig. 3). Recall that
u = D̃y = EH0XcHy. Let U(Ω) and Y (ω) denote the
Fourier transforms of signals u[n] and y(t) respectively. Also
let H(ω) and H0(ω) be the frequency responses of ideal band-
pass and low-pass filters H and H0, given by

H(ω) =

{
1, |ωc − |ω|| ≤ π/T
0, otherwise

, H0(ω) =

{
1, |ω| ≤ π/T
0, otherwise

.

(22)
The following sequence of equalities hold

F{Hy} = Y (ω)H(ω),

F{XcHy} = Y (ω + ωc)H(ω + ωc),

F{H0XcHy} = Y (ω + ωc)H(ω + ωc)Ho(ω),

U(Ω) = Y

(
Ω

T
+ ωc

)
H

(
Ω

T
+ ωc

)
H0

(
Ω

T

)
.

From the definition of H(ω) and H0(ω), U(Ω) simplifies to

U(Ω) = Y

(
Ω

T
+ ωc

)
, (23)

which gives frequency domain relationship between y and u.
Next we express Y (ω) in terms of Sm(Ω) = F{sm[n]}.

For the sake of simplicity, we assume that y(t) is equal to
fm(t) for some fixed m, i.e., we omit the sum in (15). Since
σ(r) ∈ Z and ωcT = 2πn, n ∈ Z, it follows from (20) that

Y (ω) = Sm(ωT ) ·
∑

rc∈Rc
m

∑
rs∈Rs

m

Crc,rsPm,τ (ω − σ(r)ωc) .

(24)
It now follows from (23) and (24) that

U(Ω) = Sm(Ω)
∑

rc∈Rc
m

∑
rs∈Rs

m

Crc,rsPm,τ

(
Ω̃
)
,

where Ω̃ = Ω
T − σ(r)ωc + ωc and Crc,rs as defined in (21).

Therefore, the frequency response Gm(Ω) of a LTI system
mapping sm to u is given by

Gm(Ω) =
∑

rc∈Rc
m

∑
rs∈Rs

m

Crc,rsPm,τ

(
Ω

T
− σ(r)ωc + ωc

)
.

(25)
This concludes the proof of Lemma 4.2.

In Lemma 4.2, it was assumed that τi ∈ [0, T ), ∀i ∈ [1 : d],
but in general τi can take any positive real value depending
on the depth of (2), i.e., vector k associated with τ is not
necessarily the zero vector. Suppose now that τ = kT + τ ′,
where τ ′ ∈ [0, T )d, and k 6= 0. In the rest of this proof we
adopt the same notation for corresponding signals and systems
as in the proof of Lemma 4.2. It is clear, in this case, that
mapping from y to u is identical to the one derived for τ ∈
[0, T ). Therefore, in order to prove the statement of Theorem
4.1 it suffices to determine a new relationship between signals
w and y.

Let first d = 1, i.e., τ = kT+τ ′, with k ∈ N and τ ′ ∈ [0, T ).
Analogously to the case in the proof of Lemma 4.2, it follows
that signal y can be expressed as

y(t) = [e1,τ (t) + e2,τ (t)] cos(ωct− ωcτ)−
− [e3,τ (t) + e4,τ (t)] sin(ωct− ωcτ),

where

e1,τ = Z1Bk+1I, e2,τ = Z2BkI,

e3,τ = Z1Bk+1Q, e4,τ = Z2BkQ, i.e.,

e1,τ (t) =
1

T

∞∑
n=−∞

I[n− k − 1]p1,τ ′(t− nT ),

e2,τ (t) =
1

T

∞∑
n=−∞

I[n− k]p2,τ ′(t− nT ),

e3,τ (t) =
1

T

∞∑
n=−∞

Q[n− k − 1]p1,τ ′(t− nT ),

e4,τ (t) =
1

T

∞∑
n=−∞

Q[n− k]p2,τ ′(t− nT ).

(26)

Here Bk denotes the composition of B with itself k times,
i.e., Bk : x 7→ y such that y[n] = x[n− k].

For d > 1, reasoning similar to that in the proof of Lemma
4.2 (see (14)-(19)), leads to the following expression for em,τ :

em,τ (t) =

∞∑
n=−∞

sm,k[n]pm,τ ′(t− nT ), (27)

where

sm,k[n] =
∏
i∈S1

m

I[n− ki − 1] ·
∏
i∈S2

m

I[n− ki]·

·
∏
i∈S3

m

Q[n− ki − 1] ·
∏
i∈S4

m

Q[n− ki], (28)

and pm,τ ′(t) as defined in (8). Let Sm,k = Sm,k(Ω) be
the Fourier transform of sm,k. With (27) at hand, it is
straightforward to find the analytic expression for U = Fu, in
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V1
- G1

VN GN
-

?

6
���- A --

-

-

V L

v[n]w[n]

smN ,kN [n]

sm1,k1 [n]

u[n]

Fig. 7. Block diagram depicting the novel equivalent baseband model
structure as defined in Theorem 4.1.

terms of Sm,k. Similarly to (20)-(24), the Fourier transform
Y = Fy, can be written as

Y (ω) = Sm,k(ωT ) ·
∑

rc∈Rc
m

∑
rs∈Rs

m

Crc,rsPm,τ (ω − σ(r)ωc) ,

(29)
where Crc,rs as defined in (21), with τ replaced by τ ′. It
follows from (23) and (29) that

U(Ω) = Sm,k(Ω)Gm(Ω), (30)

with Gm(Ω) as defined in (25). Statement of the theorem now
immediately follows from the above equality. This concludes
the proof.

Block diagram of the proposed equivalent baseband model
of Sτ = DHFτM, as suggested by the statement of The-
orem 4.1, is shown in Fig. 7. Therefore, system Sτ can be
represented as a series interconnection Sτ = LV, of systems
V and L, where components Vi of V map complex scalar-
valued input w ∈ ` to real scalar-valued outputs smi,ki ∈ `
as defined in (28), and L maps real vector-valued input
s = (smi,ki

)Ni=1 ∈ `N to complex scalar-valued output v ∈ `
as defined in (25) and (4).

It is not hard to see, from (25) and (4), that frequency
responses of the reconstruction filters Li = AGi are discon-
tinuous at frequencies Ω = ±π. Indeed, this is to be expected,
since L represents a baseband equivalent of the linear part
of the response of system F over the frequency interval
(ωc−π/T, ωc+π/T ), which is, in general, not symmetric with
respect to ωc. Therefore, the frequency responses Li(Ω) of Li
should, in general, be discontinuous at Ω = ±π. This further
implies infinite memory of Li in time-domain. That is, the
unit sample responses of Li are of infinite length, which is im-
practicable for hardware implementation. Nevertheless, from
(25) and (4), it follows that Li(ω) are smooth functions of Ω
on the interval (−π, π), and hence can be well approximated
by polynomials (or some other appropriate basis) on compact
subintervals of (−π, π). This suggests an approximate model
Ŝ = L0XV of S, as shown in Fig. 8. In this case, frequency
responses of components of L0 are elements of a polynomial
basis (1, jΩ, Ω2, etc). and X is a matrix of coefficients. By
increasing degree of the polynomial approximating L (i.e.,
increasing the number of components in L0), the modeling
error ||S− Ŝ|| can be made arbitrarily small.

V1

VN

-

-

X

-

-

L1

LM

-

-

- ?
6
-

V L0

v̂[n]w[n]

Fig. 8. Detailed block diagram of an approximate model Ŝ = L0XV of S.

V. DISCUSSION

A. Effects of oversampling

The analytical result of this paper suggests a special struc-
ture of a digital pre-distortion compensator which appears to
be, in first approximation, both necessary and sufficient to
match the discrete time dynamics resulting from combining
modulation and demodulation with a dynamic non-linearity in
continuous time. The ”necessity” somewhat relies on the input
signal u having ”full” spectrum. Let us describe this in more
detail. As reported in the previous section, frequency responses
Li(Ω) of Li, i = {1, . . . ,M}, are discontinuous at frequencies
Ω = ±π, but are smooth on the interval (−π, π) and therefore
approximable by some appropriate basis (e.g., polynomials in
Ω) on compact subintervals of (−π, π). Moreover, these basis
elements (e.g. frequency responses are monomials in Ω, in
the case of polynomial basis) can be well approximated by
FIR filters. When desired approximation accuracy is fixed,
order of such an FIR filter mainly depends on the ratio of
the baseband signal bandwidth Bw and baseband sampling
rate fdac (i.e., rate of the DAC). Let us denote this ratio
as ξ = Bw/fdac = BwT (e.g., ξ = 1 corresponds to the
case when spectrum of the baseband input signal occupies
the whole Nyquist band). For ξ close to 1, if one wants to
achieve good approximation of Li, the frequency responses
of the approximate FIR filters must have sharp transition
region (see Fig. 9a), which leads to high order (large number
of taps) of the corresponding filters. Therefore, memory of
the approximate reconstruction filter L0, and correspondingly
approximate system Ŝ, will be long. Contrary to that, if ξ is
relatively small compared to 1 (e.g., 1/2 as in Fig. 9b), in
order to transmit symbol information without distortion, the
reconstruction filter L0 has to match the frequency response
of the ideal baseband model LTI filter L only on the effective
band defined by ξ, as shown in Fig. 9b. Therefore, reconstruc-
tion filters L0 can have smooth transitions and are realizable
with low order FIR filters, which suggest that Ŝ will have short
memory as well.

Standard practice in transceiver design is to oversample
baseband signal (symbols), and shape its spectrum (samples),
before it is modulated onto a carrier [30]. In the case of large
oversampling ratios (OSR), from symbol to sample space, the
effective band of the signal containing symbol information is
small compared to the rate of a transceiver DAC, i.e., ratio
ξ is much smaller than 1. This implies that a plain Volterra
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Fig. 9. Simplified spectral diagrams that show how memory of the approxi-
mate reconstruction filter L0 depends on ratio ξ.

structure with relatively short memory can capture dynamics
of such a system well enough. A common implementation of
amplitude-phase modulation will frequently employ a signal
component separation approach (also known as out-phasing),
such as LINC [31], where the low-pass signal u is decomposed
into two components of constant amplitude, u = u1 + u2,
|u1[n]| ≡ |u2[n]| = const, after which the components ui
are fed into two separate modulators, to produce continuous
time outputs y1, y2, to be combined into a single output
y = y1 + y2. Even when u is band-limited, the resulting
components u1, u2 are not, and the full range of modulator’s
nonlinearity is likely to be engaged when producing y1 and
y2. Furthermore, in forthcoming wideband communication
systems, OSR is limited by the speed that digital baseband and
DAC are able to sustain, and low OSR is more likely to be
encountered, therefore emphasizing significance of a baseband
model derived in this paper.

B. Impact of low-pass filtering after zero order hold DAC

In Section III, we assume that digital-to-analog conversion
(DAC) at the modulator M is performed using a zero order
hold system. However, a common assumption in many com-
munication systems is that DAC is modeled as a series inter-
connection of a ZOH and a low-pass filter, in order to suppress
the high frequency harmonics caused by discontinuous nature
of the ZOH pulse shape. Now, let this new modulator M0 be
defined as a series interconnection M0 = XHdacZ, where X
and Z are the mixing and zero order hold systems, as defined
in (1)-(2), and Hdac is an LTI system with memory equal
to m0 > 0. Let the memory and degree of the passband
nonlinearity F be equal to m and d, respectively. Block

Z Hdac X F H D- - - - - - -

M0

v[n]w[n] wc(t) y(t)

Fig. 10. Block diagram of a modified system S0.

diagram of a modified system S0 = DHFM0 is shown in Fig.
10. We argue that system S0 has an equivalent baseband model
decomposition similar to that from Theorem 4.1, where the
nonlinear part V has the same maximal degree but its memory
is equal to d(m+m0)/T e (as opposed to dm/T e in Theorem
4.1). Due to space constraints, we give only a simplified
argument on why this should hold. Let us assume that the
impulse response of Hdac is given by hdac(t) = c · δ(t−m0)
where m0 > 0, c ∈ R and δ = δ(t) is the Dirac delta function.
Since

wc(t−m0)ejωct = ejωcm0wc(t−m0)ejωc(t−m0),

it follows that HdacX = γXHdac where γ = c · ejωcm0 ,
that is, systems Hdac and X commute up to a scaling factor.
Hence, the system in Fig. 10 is equivalent to the following

Z X F0 H D- - - - - -

M

v[n]γ · w[n] γ · wc(t) y(t)

where F0 is a series interconnection of a delay-by-m0 and
system F. As a result, the memory and degree of F0 are
equal to m + m0 and d, respectively. This implies that S0

is equivalent to S = DHFM from Section III, where F is
replaced by F0 (with an additional scaling in baseband), and,
according to Theorem 4.1, can be decomposed as LV where
the maximal memory and degree of Volterra monomials in
the nonlinear DT system V are equal to d(m+m0)/T e and
d, respectively. It should be noted here that in the case of
an arbitrary low-pass filter Hdac the particular formulas from
Theorem 4.1 would not hold anymore (i.e. nonlinear terms
in V and expressions for reconstruction filters in L would
change), but the general system structure is preserved.

C. Extension to OFDM

Orthogonal frequency-division multiplexing (OFDM) is a
multicarrier digital modulation scheme that has been the
dominant technology for broadband multicarrier communica-
tions in the last decade. Compared with single-carrier digital
modulation, by increasing the effective symbol length and
employing many carriers for transmission, OFDM theoreti-
cally eliminates the problem of multi-path channel fading,
which is the main type of disturbance on a terrestrial transmis-
sion path. It also mitigates low spectrum efficiency, impulse
noise, and frequency selective fading [32]. One of the major
drawbacks of OFDM is the relatively large Peak-to-Average
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Fig. 11. Block diagram of a typical implementation of OFDM.

Power Ratio (PAPR) [33]. This makes OFDM very sensitive
to the nonlinear distortion introduced by high PA, which
causes in-band as well as out-of-band (i.e., adjacent channel)
radiation, decreasing spectral efficiency [34]. For that reason,
linearization techniques play very important role in OFDM
and have been studied extensively (see e.g., [35]).

Fig. 11 shows a block diagram of the typical implementation
of an N -carrier OFDM system. Input stream of symbols u[n],
with bandwidth B, is first converted into blocks of length
N by serial-to-parallel conversion, which are then fed to
an N -point inverse FFT block. Output of this block is then
transformed with a parallel-to-serial converter into a stream of
N samples w[n], and further converted to analog domain and
used to modulate a single carrier. As can be seen from Figure
11, sequence w[n] is fed into a system which can be modeled
as S = DHFM, i.e., the model investigated in the previous
section. Since the choice of input symbols’ values (e.g.,
QPSK, QAM, etc.), was not relevant to the derivation of the
baseband model from Section IV, and hence input symbols
can be arbitrary bounded complex numbers. Therefore, w[n]
can be considered as a legitimate input sequence to a system
modeled as DHFM. This implies that our baseband model,
and its corresponding DPD structure, can be possibly used
for distortion reduction in OFDM modulation applications.

VI. SIMULATION RESULTS

In this section, aided by MATLAB simulations, we validate
the proposed (approximate) baseband model and illustrate
performance of a simple DPD structure based on this model.
Simulations were performed for various models of passband
nonlinearity, as explained below.

The general simulation parameters, used to obtain all re-
sults presented in this section, were chosen as follows. The
input symbol sequence was generated as a 64QAM signal at
20MS/sec rate. The choice of 64QAM encoded baseband data
is solely due to the ease of generating and processing such
sequences in Matlab (as opposed to e.g., LTE signals). For the
purpose of producing training and validation data, system S is
simulated for two cases of baseband (or sampling) frequency
of fdac1 = 20MS/sec and fdac2 = 25MS/sec. Therefore, the
input signal bandwidth occupies 100% and 80% of observed
bandwidth, respectively. After digital-to-analog conversion, the
baseband input signal is up-converted to a passband carrier
frequency of fc = 1GHz, by a standard quadrature modulation

(i.e., multiplication of I and Q components with cos(2πfct)
and sin(2πfct), respectively, where t is the time variable).
Digital simulation of the passband part of system S was done
by representing continuous-time signals by their discrete-time
counterparts, obtained by sampling with very high sampling
rate of fct = 100fc, so that spectral aliasing effects do
not significantly affect modeling or linearization performance.
Two cases of passband nonlinearity F were considered, and
are described in detail in the next section. In order to capture
the PA’s output, bandpass filter H, as well as the low-
pass filter used in demodulation system D, were realized
as ideal rectangular filters. This was done in simulation by
zeroing out the frequency response of the input signal outside
the frequency band of interest. The length of input symbol
sequences used for training, validation and DPD performance
evaluation was Nsymb = 16, 384. Both model validation
and DPD performance evaluation were done by Monte Carlo
simulation with 100 simulation runs.

A. Passband Nonlinearity Model

Two models of passband nonlinearity were used to confirm
the proposed baseband model, and evaluate performance of a
compensator based on this model. In the first case, a cubic
term, similar to those from Theorem 4.1, was added to the
identity function in order to model passband nonlinearity F,
which is in this case defined as:

(Fx)(t) = x(t)− δ · x(t− τ1)x(t− τ2)x(t− τ3), (31)

where, without loss of generality, 0 ≤ τ1 ≤ τ2 ≤ τ3 and
δ > 0 is a parameter controlling magnitude of distortion ∆ in
S = I + ∆.

In the second case, subsystem F is modeled by a series
interconnection of a linear combination of the identity and
simple delay, and Cann’s model [36], which is frequently used
for behavioral modeling of power amplifiers:

(Fx)(t) = f ((1− ρ)x(t) + ρx(t− τ)) , (32)

where
f(a) =

ga[
1 +

(
ga
L

)s] 1
s

, (33)

is Cann’s model with fixed parameters L, s, g > 0. In this case,
parameter ρ ∈ (0, 1) controls the proportion of memoryless
dependence in this passband nonlinearity.

B. Model Selection

Results from Section IV suggest that the approximate base-
band model should be searched for within a family of models
Ŝ = L0XV, as shown on the block diagram in Fig 8. Abbrevi-
ation L0XV will be used in all figures and tables to denote our
model. Reconstruction filters L are approximated by the basis
(L01,L02,L03), where LTI subsystems L0i, i ∈ {1, 2, 3},
have frequency responses L0i defined by

L01(Ω) = 1, L02(Ω) = jΩ, L03(Ω) = Ω2, ∀Ω ∈ [−π, π),

and 2π-periodically extended for other values of Ω. In actual
simulation, each basis element L0i is realized (or, more
precisely, approximated) as an FIR filter with 30 taps.
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TABLE I
PARAMETER SELECTION FOR DIFFERENT APPROXIMATION MODELS

Cubic nonlinearity model

Model L0XV Volt. 1 Volt. 2 Volt. 3 Volt. 4

d 3 3 5 5 3
mb 1 1 4 2 4
mf 0 0 0 2 4

Modified Cann’s model

Model L0XV Volt. 1 Volt. 2 Volt. 3 Volt. 4

d 7 7 7 5 5
mb 1 1 2 4 2
mf 0 0 0 0 2

Nonlinear system V is comprised of all Volterra monomials
up to order d, with backward and forward memory mb and
mf , respectively, i.e.,

(Viw)[n] =

mf∏
k=mb

I[n− k]αi(k)

mf∏
k=mb

Q[n− k]βi(k),

for all

αi(k), βi(k) ∈ Z+,

mf∑
k=mb

αi(k) +

mf∑
k=mb

βi(k) ≤ d,

where I[n] = Re w[n] and Q[n] = Im w[n].
The ability of our model to approximate system S is com-

pared to that of a widely used model obtained by employing
general Volterra series structure [3]:

(Ŝvw)[n] =
∑

(αi,βi)

ci

mf∏
k=−mb

I[n−k]αi(k)

mf∏
k=−mb

Q[n−k]βi(k),

αi(k), βi(k) ∈ Z+,

mf∑
k=−mb

αi(k) +

mf∑
k=−mb

βi(k) ≤ d,

and (αi, βi) = (αi(mb), . . . , αi(mf ), βi(mb), . . . , βi(mf )).
We should remark here that the standard practice in literature
on equivalent baseband modeling, and corresponding digital
predistortion (see e.g., [8] or [12]), is to assume much simpler
approximate Volterra model, which is comprised only of
monomials with odd degree

∑mf

k=−mb
αi(k)+

∑mf

k=−mb
βi(k).

This is justified by the assumed low-pass filtering (LPF)
operation both after digital-to-analog conversion (DAC) at
the transmitter side, and before demodulation and analog-to-
digital conversion (ADC) at the receiver side. In this paper, an
LPF after DAC is not assumed and therefore a full Volterra
series model has to be taken into consideration if we hope to
successfully approximate system S.

For each passband nonlinearity, we consider four different
Volterra based models, by varying degree d, and forward and
backward memory depths mf and mb, respectively, as given in
Table I. For each model, the corresponding coefficients (matrix
X for our model, and vector (ci) for Volterra models) are
found by simple least squares optimization to fit the input-
output data available. It should be noted that fitting has to be
done for both real and imaginary part of w[n].

C. Performance Evaluation

As a measure of quality of the approximate model, normal-
ized mean square error (NMSE) metric is used, which, for a
given input w, is defined as

NMSE(Ŝ, w) = 20 log10

(
||Sw − Ŝw||2
||Sw||2

)
,

where S is the true system, and Ŝ is the approximate model.
We also evaluate performance of a simple compensator based
on the proposed model. We assume that parameters δ (case
1) and ρ (case 2) are relatively small, so that the inverse S−1

of S can be well approximated by 2I − S, as discussed in
previous sections. Then our goal is to build a compensator
C = Ŝ−1 = 2I − Ŝ, where Ŝ is again sought in the family
of models as described above (i.e., Ŝ is fit according to the
above procedure and substituted into 2I − Ŝ). Compensator
performance is measured in terms of output Error Vector Mag-
nitude (EVM) and Adjacent-Channel-Leakage-Ratio (ACLR)
[30], which are defined, for a given input w, as

EVM(C, w) = 20 log10

(
||w − SCw||2
||w||2

)
,

ACLR(C, w) = 10 log10

(
1
ξ

∫
I1
|W (Ω)|2Ω

1
1−ξ

∫
I2
|W (Ω)|2Ω

)
,

where W is the Fourier transform of w, intervals I1 =
(−πξ2 ,

πξ
2 ) and I2 = (−π,−πξ2 ) ∪ (πξ2 , π) with ξ = BwTs

where Bw is the input signal bandwidth.
In order to evaluate performance of the proposed model we
have performed various simulations, varying different model
and simulation parameters, as described in corresponding
subsections. We compare approximation capability of the
proposed model, as well as performance of a DPD based on it,
with those obtained by employing pure Volterra series models,
where the corresponding model parameter values are given in
Table I.

1) Effects of changing parameters δ and ρ: For the cubic
passband nonlinearity model (31) we fix delays to τ =[
0.2Ts 0.3Ts 0.4Ts

]
, where fdac = 1/Ts is the DAC rate,

and vary parameter δ to simulate various degrees of distortion.
In the case of Cann’s model defined in (33), we take arbitrary,
but fixed, parameter values τ = 0.5Ts, L = 1, s = 8 and
g = 1. The level of passband distortion introduced by F is
controlled by varying parameter ρ. Simulations are run for
two values of sampling/DAC frequency fdac1 = 20MHz and
fdac1 = 25MHz. This is equivalent to setting parameter ξ to
ξ = 1 and ξ = 0.8, respectively.

In case of fdac1 = 20MHz (i.e. when information bearing
signal occupies the whole observation band), approximation
results for different models are shown in Figs. 12 and 13. It
can be seen that our model significantly outperforms Volterra
models, and results in approximation error of 0.1% or better in
all cases. This result was to be expected, since model shown
in Fig. 8 can approximate arbitrarily close the original system
S. This is not the case with Volterra series models, due to
inherently long (or more precisely infinite) memory introduced
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by the LTI part of S. Even if we use a non-causal Volterra
series model (i.e., mf 6= 0), which is expected to better capture
the true dynamics of S, we are still unable to get good fitting of
S (though NMSE decreases with the increase of mf ). We get
similar performance results for the proposed model in the case
of fdac2 = 25MHz (though we do not report those to avoid
repetition), with slightly better performance of Volterra based
models than in the case ξ = 1. This is in accordance with
presented theoretical results and discussions given in sections
IV and V: as ratio ξ decreases, memory of L0 decreases,
and Volterra models approach performance of the ideal model
proposed in this paper.

Comparison of different DPD structures in terms of output
EVM, for the case of fdac1 = 20MHz, is shown in Figs.
14 and 15. As a baseline, we also plot output EVM for
the case when no compensation is used. As can be seen
from Figs. 14 and 15, the proposed DPD model outperforms
other compensators for a wide range of parameter values.
In the case of a cubic passband nonlinearity, as parameter
δ increases, the DPD performance decreases and approaches
that of Volterra series based models. This is caused by the
relatively simple structure of the compensator: as δ increases,
the inverse (I + ∆)−1 is not approximated close enough by
the linear term I−∆. Hence, simple compensator C = 2I−Ŝ
is not capable of approximating well the inverse S−1 (even
though Ŝ still approximates S very well). When ξ = 1, the
observed (i.e., linearized) bandwidth of the PA output signal is
equal to the baseband signal bandwidth, and therefore ACLR
is not a meaningful metric of performance since there is no
adjacent channel. Results in terms of NMSE and EVM for the
case of ξ = 0.8, are similar to those for ξ = 1, and are omitted.
Again, a slight increase in modeling/linearization capability
of Volterra models is noticeable when going from ξ = 1 to
ξ = 0.8. ACLR results for both cases of passband nonlinearity
are shown in Figs. 16 and 17. Comparison of output signal
power spectral density for various DPD models is shown in
Fig. 18. As can be seen, about 10dB in ACLR improvement is
achieved with the proposed DPD, while Volterra based DPDs
were unable to clear much distortion. Again, this is expected
since simulated Volterra models do not have enough memory
capability to approximate well frequency response of L close
to the points Ω = ±π of discontinuity.

In the next two subsections, due to space constraints and
without loss of generality, we report only results for cubic
nonlinearity. Results for the other type of nonlinearity follow
the same trends and do not bring any new information and
can therefore be omitted.

2) Effects of changing parameter ξ: Now we fix model
parameters to δ = 0.1 and τ =

[
0.2Ts 0.3Ts 0.4Ts

]
, and

vary ratio ξ from 0.5 to 1. The results in terms of EVM and
ACLR are shown in Figs. 19 and 20. As is expected, for small
values of ξ, all models perform similarly, since the memory
of L0 is not large. As ξ increases, our model achieves the best
performance since it is the only one capable of approximating
long memory effects.

3) Effects of increasing memory of F: In this case, we
fix parameters δ = 0.1 and ξ = 1, and vary memory of
the passband nonlinearity F (and accordingly memory of our

Fig. 12. NMSE of approximation for different models in the case of cubic
passband nonlinearity.

Fig. 13. NMSE of approximation for different models in the case of modified
Cann’s nonlinearity model.

Fig. 14. Output EVM, for different DPD structures, as a function of parameter
δ (in the case of cubic passband nonlinearity).
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Fig. 15. Output EVM, for different DPD structures, as a function of parameter
ρ (in the case of modified Cann’s nonlinearity model).

Fig. 16. Output ACLR, for different DPD structures, as a function of
parameter δ (in the case of cubic passband nonlinearity).

Fig. 17. Output ACLR, for different DPD structures, as a function of
parameter ρ (in the case of modified Cann’s nonlinearity model).

Fig. 18. PSD of the PA output, for different DPD structures (in the case of
cubic passband nonlinearity).

Fig. 19. Output EVM, for different DPD structures, as a function of the ratio
ξ = Bw/fdac (in the case of cubic passband nonlinearity).

Fig. 20. Output ACLR, for different DPD structures, as a function of the
ratio ξ = Bw/fdac (in the case of cubic passband nonlinearity).
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Fig. 21. Output NMSE, for different DPD structures, as a function of the
maximal delay τmax (in the case of cubic passband nonlinearity).

Fig. 22. Output EVM, for different DPD structures, as a function of the
maximal delay τmax (in the case of cubic passband nonlinearity).

model). Maximal delay τmax = maxi∈{1,2,3} τi is varied
from 1 sample to 7 samples, i.e. from τmax ∈ (0, Ts] to
τmax ∈ (6Ts, 7Ts]. The results in terms of NMSE and EVM
are shown in Figs. 21 and 22 (there is no reported ACLR
since ξ = 1). Results are again as expected, i.e., for large
values of τmax Volterra models struggle with approximating
well the nonlinearity F due to their limited memory capability.
Our model is again capable of successfully modeling and
linearizing the PA output for all values of parameter τmax.

4) Model Complexity: Advantage of the proposed compen-
sator structure is not only in better compensation performance,
but also in that it achieves this performance in a more efficient
way. That is, significantly lower number of Volterra monomials
(basis elements) is needed in order to represent the nonlin-
ear part of the compensator. Table II shows a comparison
in the number of basis elements for different compensator
structures (parameter values for the corresponding passband
nonlinearities were fixed to δ = 0.04 and ρ = 0.06). For
each passband nonlinearity case, numbers in the first row

TABLE II
COMPLEXITY OF DIFFERENT COMPENSATOR MODELS IN TERMS OF THE

NUMBER OF COEFFICIENTS THAT ARE NEEDED FOR HARDWARE
IMPLEMENTATION OF THE NONLINEAR PART.

Cubic nonlinearity model

Model L0XV Volt. 1 Volt. 2 Volt. 3 Volt. 4

# of basis elements 70 70 6006 6006 2660
# of significant
basis elements 42 14 2058 1190 48

Modified Cann’s model

Model L0XV Volt. 1 Volt. 2 Volt. 3 Volt. 4

# of basis elements 660 660 3432 6006 6006
# of significant
basis elements 253 528 2914 1881 449

in Table II represent the total number of basis elements of
the corresponding model. The second row shows the actual
number of basis elements used to build the compensator, that
is, least squares optimization yields many nonzero coefficients,
but only a subset of those are considered significant and thus
used in an actual compensator implementation. In this case
coefficient is considered significant if its value falls above a
certain threshold t0, where t0 is chosen such that increase in
EVM after zeroing non-significant coefficients is not larger
than 1% of the best achievable EVM (i.e., when all basis
elements are used). From Table II we can see that, even for
the best (in terms of EVM) Volterra structure, more basis
elements are needed in order to implement the compensator
(and its performance is still below the one achieved by our
model). It should be noted though that the low complexity
advantage of the proposed model gets lost as memory of
passband nonlinearity increases. This is due to an increase
in the number of nonlinear basis elements in V, which then
approaches that of a plain Volterra model.

We should mention here that in [37] decomposition to a
short memory nonlinear system and a long memory linear
system, for a system architecture similar to the one proposed in
our paper, but with a different modulator model, has been ver-
ified by simulations which combine Cadence Spectre Circuit
Simulator and Matlab (PA is simulated in Spectre, a phase
modulator is realized with verilog-A model in Spectre, and
other processing blocks/subsystems are realized in Matlab).
Similarly, in [38], a DPD based on the model proposed in our
paper has been implemented on an FPGA and successfully
tested for an outphasing transmitter at Q-band (45GHz) and
for an RF PA with 1.97GHz carrier.

VII. CONCLUSION

A new explicit expression of the equivalent baseband model
has been presented, under assumption that the passband non-
linearity can be described by a Volterra series model with fixed
degree and memory depth. It has been shown that order of
nonlinearity and, more importantly, memory of the underlying
nonlinear system are preserved when passing from passband
to baseband. This results in a novel equivalent baseband model
which is a series interconnection of a fixed degree/short mem-
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ory Volterra model, and a long memory LTI system. The result
suggests a new, non-obvious, analytically motivated structure
of digital precompensation of passband nonlinear distortions
caused by power amplifiers. It also follows that the memory,
and therefore complexity, of an approximate baseband model,
and its corresponding digital predistorter, increases as the
ratio of baseband signal bandwidth to the observed bandwidth
increases. This suggests that proposed model should be best
utilized under assumption of a full input signal bandwidth
(that is, no oversampling of the baseband signal). Unlike
conventional DPD implementations which have long memory
specifications in the corresponding nonlinear subsystem, a
DPD model proposed in this paper exploits the underlying
system structure to model long memory requirements in terms
of high order FIR filters, which are relatively simple for digital
implementation. Presented theoretical analysis is supported
by simulation results. Future work would include verifying
proposed method for different modulator models (e.g., when
zero-order hold DAC is cascaded with a low-pass filter).
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