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Abstract

We give an O(m3/271/762 1og(U + W')) time algorithm for minimum cost flow with capacities
bounded by U and costs bounded by W. For sparse graphs with general capacities, this is
the first algorithm to improve over the O(m3/21og® ™ (U + W)) running time obtained by an
appropriate instantiation of an interior point method [Daitch-Spielman, 2008]|.

Our approach is extending the framework put forth in [Gao-Liu-Peng, 2021] for computing
the maximum flow in graphs with large capacities and, in particular, demonstrates how to reduce
the problem of computing an electrical flow with general demands to the same problem on a
sublinear-sized set of vertices—even if the demand is supported on the entire graph. Along the
way, we develop new machinery to assess the importance of the graph’s edges at each phase
of the interior point method optimization process. This capability relies on establishing a new
connections between the electrical flows arising inside that optimization process and vertex
distances in the corresponding effective resistance metric.
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1 Introduction

In the last decade, continuous optimization has proved to be an invaluable tool for designing graph
algorithms, often leading to significant improvements over the best known combinatorial algo-
rithms. This has been particularly true in the context of flow problems—arguably, some of the
most prominent graph problems [DS08, CKM*11, LRS13, Mad13, Shel3, KLOS14, LS14, Penl6,
Mad16, CMSV17, Shel7b, Shel7a, ST18, 1.S20, KLS20, AMV20, vdBLN'20, vdBLL"21]. Indeed,
these developments have brought a host of remarkable improvements in a variety of regimes, such as
when seeking only approximate solutions, or when the underlying graph is dense. However, most of
these improvements did not fully address the challenge of seeking ezact solutions in sparse graphs.
Fortunately, the improvements for that regime eventually emerged [Mad13, Mad16, CMSV17, LS20,
KLS20, AMV20]. They still suffered though from an important shortcoming: they all had a poly-
nomial running time dependency in the graph’s capacities, and hence—in contrast to the classical
combinatorial algorithms—they did not yield efficient algorithms in the presence of arbitrary capac-
ities. Recently, Gao, Liu and Peng [GLP21| have finally changed this state of affairs by providing

the first ezact maximum flow algorithm to break the 9] (m3/ 2 logo(l) U ) barrier for sparse graphs

with general capacities (bounded by U). Their approach, however, crucially relies on a precondi-
tioning technique that is specific to the maximum flow problem and, in particular, having an s-t
demand—rather than a general one. As a result, the corresponding improvement held only for that
particular problem.

In this paper, we demonstrate how to circumvent these limitations and provide the first al-

gorithm that breaks the 0] (m3/ 2 logO(l)(U + W)) barrier for the minimum cost flow problem in

sparse graphs with general demands, capacities (bounded by U), and costs (bounded by W). This
algorithm runs in time O (m3/2~Y/721og(U + W)).

1.1 Previous work

In 2013, Madry [Mad13] presented the first running time improvement to the maximum flow problem
since the O (my/nlog U) algorithm of [GRI8] in the regime of sparse graphs with small capacities.
To this end, he presented an algorithm that runs in time O (mw/ "poly (U )), where U is a bound

on edge capacities, breaking past the 9] (m3/ 2) running time barrier that has for decades resisted
improvement attempts. The main idea in that work was to use an interior point method with an
improved number of iterations guarantee that was delivered via use of an adaptive re-weighting of
the central path and careful perturbations of the problem instance. Building on this framework, a
series of subsequent works [Mad16, LS20, KL.S20] has brought the runtime of sparse max flow down



to O (m4/ 3poly(U)). (With the most recent of these works crucially relying on nearly-linear time £,
flows [KPSW19].) In parallel [CMSV17, AMV20], the running time of the more general minimum
cost flow problem was reduced to O (m4/ 3poly(U) log W), where W is a bound on edge costs.

However, even though these algorithms offer a significant improvement when U is relatively
small, the question of whether there exists an algorithm faster than 0] <m3/ 2 logo(l) U ) for sparse
graphs with general capacities remained open. In fact, a polynomial dependence on capacities
or costs seems inherent in the central path re-weighting technique used in all the aforementioned
works. Recently, [GLP21] finally made progress on this question by developing an algorithm for the
maximum flow problem that runs in time O (m3/ 2-1/328 logU ) The source of improvement here
was different from previous works, in the sense that it was not based on decreasing the number of
iterations of the interior point method. Instead, it was based on devising a data structure to solve
the dynamically changing Laplacian system required by the interior point method in sublinear time
per iteration.

The new approach put forth by |[GLP21|, despite being quite different to the prior ones, still
leaned on the preconditioning approach of [Madl6], as well as on other properties that are spe-
cific to the maximum flow problem. For this reason, this improvement did not extend to the
minimum cost flow problem with general capacities, for which the fastest known runtime was
still O (mlog(U + W) 4+ n'log?(U + W)) [vdBLL*21] and O(m3/?1og®® (U + W)) [DS08| in the

sparse regime.

1.2 Our result

In this work, we give an algorithm for the minimum cost flow problem with a running time of
0 (m3/ 2-1/762 log(U + W)) This is the first improvement for sparse graphs with general capacities

over [DS08|, which runs in time O (m3/ 210g°M(U + W)> Specifically, we prove that:

Theorem 1.1. Given a graph G(V,E) with edge costs ¢ € Z,, 1, a demand d € R,
m

and capacities u € Z(o up there exists an algorithm that with higfz probability Tuns in time
9) (m3/2=Y76210g(U + W)) and returns a flow f € [0,u] in G such that f routes the demand
d and the cost (¢, f) is minimized.

1.3 High level overview of our approach

As we build on the approach presented in [GLP21|, we first briefly overview some of the key ideas
introduced there that will also be relevant for our discussion. The maximum flow interior point
method by [Mad16| works by, repeatedly over O (y/m) steps, taking an electrical flow step that is a
multiple of

f=R'BL*B'1,,

where L = BT R™' B is a Laplacian matrix and r are resistances that change per step. However, f
has m entries and takes O (m) to compute, which gives the standard O (m3/ 2) bound. To go beyond
this, |[GLP21| show that it suffices to compute } for only a sublinear number of high-congestion
entries of 3‘:, where congestion is defined as p = ﬁf By known linear sketching results, these
edges can be detected by computing the inner product (g, p) for a small number of randomly
chosen vectors ¢ € R™. Crucially, given a vertex subset C' C V of sublinear size that contains s



and t, this inner product can be equivalently written as the following sublinear-sized inner product

(q.p) = <vrc (BT\}’;> ,Sc+d> , (1)

where SC := SC(G,C) is the Schur complement of G onto C, d is equal to B' 14, and 7€ (-)
is a demand projection onto C. Therefore, the problem is reduced to maintaining two quantities:

w¢ (BT%> and (SC(G,C))"d in sublinear time per operation. The latter is computed by using
the dynamic Schur complement data structure of [DGGP19], and the former can be maintained by
a careful use of random walks.

We now describe our approach. Instead of using the interior point method formulation of [Mad16]
which only applies to the maximum flow problem, we use the one by [AMV20] for the, more general,
minimum cost flow problem.

There are now several obstacles to making this approach work by maintaining the quantity
(g,p):

Preconditioning A significant difference between [Mad16] and [AMV20] is that while the former
is able to guarantee that the magnitude of the electrical potentials computed in each step is inversely
proportional to the duality gap, meaning that a large duality gap implies potential embeddings of
low stretch, no such preconditioning method is known for minimum cost flow. In fact, [AMV20]
used demand perturbations to show that a weaker bound on the potentials can be achieved, which
was still sufficient for their purposes. Unfortunately, this bound is not strong enough to be used in
the analysis of [GLP21].

In order to alleviate this issue, we completely remove preconditioning from the picture by only
requiring a bound on the energy of the electrical potentials (instead of their magnitude). In particu-

lar, given an approximate demand projection 7 (BTi), identity (1) is used to detect congested

Jr
edges. In [GLP21|, there is a uniform upper bound on the entries of the potential embedding

¢ = SC*d because of preconditioning, thus the error in (1) can be bounded by

(o)

As we do not have a good bound on ||¢||, we instead use an alternative upper bound on the error:

\/5r <%C <BT\?F> pe (BT\;’;» Er (),

where &.(-) gives the energy to route a demand with resistances r, and E,(-) gives the energy
of a potential embedding with resistances . As the standard interior point method step satisfies
E.(¢) <1, all our efforts focus on ensuring that

I CEARCENE

for some error parameter . One issue is the fact that the energy depends on the current resistances,
therefore even if at some point the error of the demand projection is low, after a few iterations it

1@l -
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might increase because of resistance changes. We deal with this issue by taking the stability of
resistances along the central path into account. This allows us to upper bound how much this error
increases after a number of iterations. The resistance stability lemma is a generalization of the one
used in [GLP21].

Unfortunately, even though (2) seems like the right type of guarantee, it is unclear how to ensure
that it is always true. Specifically, it involves efficiently computing the hitting probabilities from
some vertex v to C' in an appropriate norm, which ends up being non-trivial. Instead, we show that
the following weaker error bound can be ensured with high probability:

(o (075) = (75 o) =

where ¢ is a fized potential vector with E,.(¢) < 1. Interestingly, this guarantee is still sufficient
for our purposes.

Costs and general demand There is a fundamental obstacle to using the approach of [GLP21]
once edge costs are introduced. In particular, for the maximum flow problem, the demand pushed
by the electrical flow in each iteration is an s-t demand, so—up to scaling—it is always constant. In
minimum cost flow on the other hand, the augmenting flow is a multiple of c— R"'BL*B Tec. Here
it is not possible to locate a sublinear number of congested edges just by looking at the electrical

flow term R'BLTB¢, as there might be Slgnlﬁcant cancellations with e¢. We instead use the
1

following equivalent form: # R 'BLTBT i <I_s= which allows us to ignore the first term
because it is small and Concentrate on the electrical ﬂow term. One issue that arises is the fact

that the demand vector BT e T now depends on slacks, and as a result changes throughout the
interior point method. This i 1ssue can be handled relatively easily.

A more significant issue concerns the vertex sparsifier. In fact, the vertex sparsifier framework
around which [GLP21] is based only accepts demands that are supported on the vertex set C' of the
sparsifier. As |C| is sublinear in n, this only captures demands with subhnear support, one such

example being max flow with support 2. However, our demand vector B T% in general will be
supported on n vertices. Even though it might seem impossible to get around this issue, we show
that the special structure of C' allows us to push the demand to a small number of vertices. More
specifically, we show that if one projects all of the demand onto C, the flow induced by this new
demand will not differ much from the one with the original demand. Concretely, given a Laplacian
system L¢p = d, we decompose it into two systems Lo = w€(d) and Lop® = d — n°(d), where
7% (d) is the projection of d onto C. Intuitively, the latter system computes the electrical flow
to push all demands to C, and the former to serve this C-supported demand. We show that, as
long as C' is a congestion reduction subset (as it is also the case in [GLP21]), ¢@ has negligible
contribution in the electrical flow, thus it can be ignored. More specifically, in Section 4.1 we prove
the following lemma:

Lemma 4.3. Consider a graph G(V, E) with resistances T and Laplacian L, a (-congestion reduc-
tion subset C, and a demand d = 5BT q for some 6 > 0 and q € [—1,1|". Then, the potential

embedding defined as
¢=L"(d—7%(d)

has congestion 0 - 9] (1/ﬂ2), i.e. H@ <50 (1/ﬁ2),

Vs




Now, for computing ¢V, we need to get an approximate estimate of 7 (d). Even though
the most natural approach would be to try to maintain 7rC(d) under vertex insertions to C, this
approach has issues related to the fact that our error guarantee is based on a fized potential vector.
In particular, if we used an estimate of 7w (d), then the potential vector in (3) would depend on
the randomness of this estimate, and as a result the high probability guarantee would not work.

Instead, we show that it is not even neccessary to maintain 7 (d) very accurately. In fact, it
suffices to exactly compute it only every few iterations of the algorithm, and use this estimate for
the calculation. What allows us to do this is the following lemma, which bounds the change of
7% (d) measured in energy, after a sequence of vertex insertions and resistance changes.

Lemma 4.12. Consider a graph G(V, E) with resistances r°, q° € [~1,1]™, a B-congestion re-
duction subset C°, and a fired sequence of updates, where the i-th update i € {0,T — 1} is of the
following form:

e ADDTERMINAL(v?): Set C*H = CPU {v'} for some v' € V\C!, ¢¢tt = ¢, ritt =1l

€
e UPDATE(e!, q,1): Set C*H1 = O, ¢t = q. rit! = r., where ¢ € E(C?)

Then, with high probability,

1/2
E o+ wCOr° BTL% — qgCT,rT BTLE <0 max i 6_2 .T.
" vro VrT - i€{0,.,T-1} || T° || o

If we call this demand projection estimate 7,4, the quantity that we would like to maintain (1)

now becomes
<q7p> ~ <7TC <BT\;1F) 7SC+7TOld> .

Therefore all that’s left is to efficiently maintain approximations to demand projections of the form

¢ (BT%)

Bounding demand projections. An important component for showing that demand projections

CU{’U}(BTL)

can be updated efficiently is bounding the magnitude of an entry m, e of the projection,

for some fixed edge e = (u, w). This is apparent in the following identity which shows how a demand
projection changes after inserting a vertex:
7 (d) = 79 (d) + 7§V (d) - (1, - 79(1,)) . (4)

In [GLP21] this projection entry is upper bounded by (pfo{”}(u) +pvcu{v}(w)) : Tlrj, where pEU{“}(u)
is the probability that a random walk starting at « hits v before C. This bound can be very bad as
re can be arbitrarily small, although in the particular case of max flow it is possible to show that
such low-resistance edges cannot get congested and thus are not of interest.

In order to overcome this issue, we provide a different bound, which in contrast works best when
re 18 small.

Lemma 4.6. Consider a graph G(V, E) with resistances r and a subset of vertices C C V. For any
vertex v € V\C we have that

cutvy (BTIE)‘< Cufe} CUfv} (). Ve
Ty = (DPy u) + p, w .
Jr ( (u) (w)) R (0:0)

7



Here R.¢f(v, e) is the effective resistance between v and e. In fact, together with the other upper
bound mentioned above, this implies that

1

Y% Reff(v, e) ’

16 v v
7OV (BT f)‘ < (PO () + pCU) ()

which no longer depends on the value of the resistance r.

As we will see, it suffices to approximate m? Uiv} (BT%) up to additive accuracy roughly
£- (pUCU{”} (u) +p§U{”} (w))/\/Res¢(C,v) for some error parameter € > 0. Thus, Lemma 4.6 imme-
diately implies that for any edge e such that R.y¢(v,e) > Ref¢(C,v), this term is small enough to
begin with, and thus can be ignored.

Important edges. In order to ensure that the demand projection can be updated efficiently, we
focus only on the demand coming from a special set of edges, which we call important. These are
the edges that are close (in effective resistance metric) to C relative to their own resistance re.
In fact, the farther an edge is from C' in this sense, the smaller its worst-case congestion, and so
non-important edges do not influence the set of congested edges that we are looking for. At a high
level, this is because parts of the graph that are very far in the potential embedding have minimal
interactions with each other.

Definition 1.2 (Important edges). An edge e € E is called e-important (or just important) if
Reff(C, e) < Te/€2.

Based on the above discussion, we seek to find congested edges only among important edges.

Lemma 4.9 (Localization lemma). Let ¢* be any solution of

x _ ¢ - C TL
Lo =67 (B \/F>,

where T are any resistances, p € [—1,1]™, and C C V. Then, for any e € E that is not e-important

Bo*
T e§12€.

we have

One issue is that the set of important edges changes whenever C' changes. However, we show
that, because of the stability of resistances along the central path, the set of important edges only
needs to be updated once every few iterations.

2 Preliminaries

2.1 General

For any k € Z>o, we denote [k] = {1,2,...,k}.

For any z € R" and C' C [n], we denote by zc € RICl the restriction of 2 to the entries in
C. Similarly for a matrix A, subset of rows C', and subset of columns F, we denote by Acp the
submatrix that results from keeping the rows in C' and the columns in F'.

When not ambiguous, we use the corresponding uppercase symbol to a symbol denoting a vector,
to denote the diagonal matrix of that vector. In other words R = diag(r).



Given z,y € R and a € R>1, we say that z and y a-approximate each other and write z ~, y
ifa=!<z/y<a.

When a graph G(V, E) is clear from context, we will use n = |V| and m = |E|. We use
B € R™*" to denote the edge-vertex incidence matrix of G and, given some resistances r, we use
L € R™™ to denote the Laplacian L = B' R™!B.

2.2 Minimum cost flow

Given a directed graph G(V, E) with costs ¢ € R™, demands d € R", and capacities u € RZ, the
minimum cost flow problem asks to compute a flow f that

e routes the demand: B'f = d
e respects the capacities: 0 < f < u, and
e minimizes the cost: (e, f).

We will denote such an instance of the minimum cost flow by the tuple (G(V, E), ¢, d, u).

2.3 Electrical flows

Definition 2.1 (Energy of a potential embedding). Consider a graph G(V, E) with resistances r
and a potential embedding ¢p. We denote by

(Bo):
Eq(¢) = Z P
ecel ¢
the total energy of the electrical flow induced by ¢.

Definition 2.2 (Energy to route a demand). Consider a graph G(V, E) with resistances r, and a
vector d € R™. If d is a demand ((1,d) =0), we denote by

&uld)= i Er(9)

the total energy that is required to route the demand d with resistances r. We extend this definition
for a d that is not a demand vector ((1,d) #0), as E-(d) = &, (d — {dd) 1).

n

Fact 2.3 (Energy statements). Consider a graph G(V, E) with resistances r.

e For any x,y € R, we have \/Er(z +y) < /Er(z) + /Er(Yy).

e and a vector d € R™. Then,

ma; d, o) =+/E-(d).
¢:ET(¢>§§1< ®) (d)

e For any resistances ' < ar for some a > 1 and any d € R", we have E(d) < a - Er(d)



Proof. We let L = BTR™'B be the Laplacian of G with resistances . For the first one, we
have /Er(x +y) = ||z +yl g+ <zl + |yl e = VEr(x) + /Er(y), where we used the triangle
inequality.

The second one follows since Er(¢) = H(Z)H% and &-(d) = ||dH%+ and the norms |[|-||; and ||| ;+
are dual.

For the third one, we note that (BTRFIB)—F < a (BTRle)—F, and so & (d) = || d||?BTlelB)+

alldliprg-1p)s = - Ed).

Definition 2.4 (Effective resistances). Consider a graph G(V, E) with resistances v and any pair
of vertices u,v € V. We denote by Res¢(u,v) the energy required to route 1 unit of flow from u to
v, i.e. Repp(u,v) =& (L, —1y). This is called the effective resistance between u and v. We extend
this definition to work with vertex subsets X,Y C V', such that Ress(X,Y') is the effective resistance
between the vertices x,y that result from contracting X andY. When used as an argument of Reyy,
an edge e = (u,v) € E is treated as the vertex subset {u,v}.

Definition 2.5 (Schur complement). Given a graph G(V, E) with Laplacian L € R™ ™ and a vertex
subset C C V' as well as F = V\C, SC(G,C) := Lec — LCFLE}:LFC (or just SC') is called the
Schur complement of G onto C'.

Fact 2.6 (Cholesky factorization). Given a matric L € R™*", a subset C' C [n], and F = [n]\C,

we have
(T ~LopLrc\ (Lpp 0 I 0
0 I 0 SC(L,O)Y)\~LepLyp I)-

2.4 Random walks

Definition 2.7 (Hitting probabilities). Consider a graph G(V,E) with resistances r. For any
u,v € V, C CV, we denote by pg’r(u) the probability that for random walk that starts from u
and uses edges with probability proportional to %, the first vertex of C to be visited is v. When not
ambiguous, we will use the notation p< (u).

Definition 2.8 (Demand projection). Consider a graph G(V, E) and a demand vector d. For any

veV,CCV, we define 75" (d) = > dupS" () and call the resulting vector wC(d) € R™ the
ueV
demand projection of d onto C. When not ambiguous, we will use the notation w¢(d).

For convenience, when we write w¢(d) we might also refer to the restriction of this vector to C.

This will be clear from the context, and, as 7$'(d) = 0 for any v ¢ C, no ambiguity is introduced.

Fact 2.9 (|GLP21|). Given a graph G(V, E) with Laplacian L, a vertex subset C C'V, and d € R",
we have
ﬂ'C(d) =d¢c — LCFL;};dF .

Additionally,
[Ltd], = 5CTx(d),

where SC' is the Schur complement of G onto C.

An important property of the demand projection is that the energy required to route it is upper
bounded by the energy required to route the original demand. The proof can be found in Section B.

10
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Lemma 2.10. Let d be a demand vector, let r be resistances, and let C C V be a subset of vertices.
Then
& (m9(d)) <& (d) .

The following lemma relates the effective resistance between a vertex and a vertex set, to the
energy to route a particular demand, based on a demand projection.

Lemma 2.11 (Effective resistance and hitting probabilities). Given a graph G(V, E) with resis-
tances T, any vertex set A C 'V and vertex u € V\A, we have Refp(u, A) = E(1y — 74(1,,)).

Proof. Let L be the Laplacian of G with resistances r and F' = V\ A. We first prove that
Er(ly — (1) = 1) Lpp 1y, -
This is because

gr(lu - WA(]-U))
= (L, — *(1,), LT (1, — m(1,)))

0 0 0 0

=(1,— _ 1,, LT (1, — N 1,

(v Gy 1) (v (o 1)2)
(oo 1) (0 (i)

~LapLpp I)\7" " \LarLpply))’

—1

5 somn) Coamey 1) (0 (i)

0 SC(L,A) ~LapLpp I LirLyi1,
_ Lyp 0
_<1“’<0 SC(L,A)+>1“>

= (Ly, Lpply) -

On the other hand, note that R.fs(u, A) = Eeff(u,?i), where R are the effective resistances in a

graph G that results after contracting A to a new vertex a. It is easy to see that the Laplacian of
this new graph is

i_ Lrpp Lpal
1" Lap 1TLpal)

We look at the system L (2) =1, — 15, where a is a scalar. The solution is given by

z=Lyp (1, —a-Lpal) .

~

However, as 1 € ker(L) by the fact that it is a Laplacian, we can assume that a = 0 by shifting.
Therefore x = L;},lu, and so we can conclude that

Repp(u, A) = (1, — 15, L (1, — 13))
= (1, L;;1u> .

So we have proved that Ress(u, A) = &(1, — ©4(1,)) and we are done. O

11



Finally, the following lemma relates the effective resistance between a vertex and a vertex set,
to the effective resistance between vertices.

Lemma 2.12. Given a graph G(V, E) with resistances r, any vertex set A CV and vertexu € V\A,

we have
1

A 'Il)réigReff(u,v) < Regp(u, A) < %éiRReff(u,v).
2
Proof. Let L be the Laplacian of G with resistances r, and note that Re¢s(u,v) = HL+/2(1U -1,) ’

2
2
and, by Lemma 2.11, Reyp(u, A) = “L+/2(1u — WA(lu))HQ. Expanding the latter, we have

2
eff u, A Zﬂ' L+/2( —11))
vEA 2
=y (rA(1,))? HL+/2(1u -1,) ‘4 SN wl)m (L) (L — Ly, L (1y — 1)) .
vEA 2 vEAV' EA

v’ #v

Now, note that 7' (1,), 7% (1,) > 0. Additionally, let ¢ = L (1, — 1,) be the potential embedding
that induces a 1-unit electrical flow from v to u. As the potential embedding stretches between ¢,
and ¢y, we have that ¢, < ¢y, so (1, — 1, LT (1, — 1,)) = ¢y, — ¢y > 0. Therefore,

Repslu,A) 2 3 (v (1)) HL+/2<1u -~

UEA

—’ ‘ZW ’ eff(u,’U)

vEA

2

mln Resp(u,v),
’A| If

where we used the Cauchy-Schwarz inequality and the fact that S 7(1,) = 1. O
vEA

3 Interior Point Method with Dynamic Data Structures

The goal of this section is to show that, given a data structure for approximating electrical flows
in sublinear time, we can execute the min cost flow interior point method with total runtime faster
than O (m3/2).

3.1 LP formulation and background

We present the interior point method setup that we will use, which is from [AMV20]. Our goal is
to solve the following minimum cost flow linear program:

min (¢, Cz)

0§f0+Ca:§u,

12



where f° is a flow with BT f® = d and C is an m x (m — n + 1) matrix whose image is the set of
circulations in G.
In order to use an interior point method, the following log barrier objective is defined:

min F,(x) = <c7 C:c> - Z (log (f* + Cx), +log (u— (f* + Cz)),) . (5)

H ecE

For any parameter p > 0, the optimality condition of (5) is called the centrality condition and is
given by

c 1 1
cT(Z+ =——_—_—_)=0 6
<u T S‘) ’ ®)
where f = fO+ Cx, and st = u — f, s= = f are called the positive and negative slacks of f

respectively.
This leads us to the following definitions.

Definition 3.1 (u-central flow). Given a minimum cost flow instance with costs ¢, demands d and
capacities w, as well as a parameter p > 0, we will say that a flow f (and its corresponding slacks s
and resistances ) is p-central if B'f =d, s >0, and it satisfies the centrality condition (6), i.e.

1 1
c’ (c+—> =0.
woost s”
Additionally, we will denote such flow by f(u) (and its corresponding slacks and resistances by s(u)
and 7 (p), respectively).

Definition 3.2 ((u, «)-central flow). Given parameters p > 0 and o > 1, we will say that a flow
I with resistances > 0 is (u, a)-central if © ~q (). We will also call its corresponding slacks s
and resistances T (u, a)-central.

Given a p-central flow f and some step size 6 > 0, the standard (Newton) step to obtain an
approximately p/(1 + §)-central flow f' = f + f is given by

a1
where r = ﬁ + ﬁ and we have denoted g(s) = ==——.

Fact 3.3. Using known scaling arguments, can assume that costs and capacities are bounded by
poly(m), while only incurring an extra logarithmic dependence in the largest network parame-
ter [Gab83].

We also use the fact that the resistances in the interior point method are never too large, which
is proved in Appendix B.

Fact 3.4. For any p € (1/poly(m), poly(m)), we have ||r(p)|,, < mOogm).

13



3.2 Making progress with approximate electrical flows

The following lemma shows that we can make k steps of the interior point method by computing
O(k*) (1 + O(k™5))-approzimate electrical flows. The proof is essentially the same as in [GLP21],
but we provide it for completeness in Appendix C.2.

Lemma 3.5. Let f',...,fT7! be flows with slacks s and resistances v for t € [T + 1], where
T = k= for some k < /m/10 and eyep = 10°k™2, such that

o flis (1,14 egorve/8)-central for egopve = 1079k3

fe(l) + Estep ilﬁ if Jiet]: fei £ 0

fi otherwise

e Forallt€[T) ande € E, fit! = , where

~xt

— 5g(s") — (RN B (BT(Rt)_lB)+ BT g(s")
for 6 = ﬁ and

[vre (77 -1)] =
for e =106k,

Then, setting estep = Esolve = 107%k=3 and e = 1075k we get that sTT1 ~1 1 s (,u/(l + 5step5)k5;tép).

From now and for the rest of Section 3 we fix the values of egtep, Esolve, € based on this lemma.
Using this lemma together with the following recentering procedure also used in [GLP21], we can

exactly compute a (,u/ (14 estep/ \/ﬁ)kss_tip)—central flow.

Lemma 3.6. Given a flow f with slacks s such that s ~11 s(u) for some p > 0, we can compute

F(w) in O (m).

3.3 The LOCATOR data structure

From the previous lemma it becomes obvious that the only thing left is to maintain in sublinear
time an approximation to

dg(s") — 6(R")'B(B"(R")"'B)"BTg(s").

for § = 1/4/m. This is the job of the (a, 3,¢)-LOCATOR data structure, which computes all the
entries of this vector that have magnitude > . We note that the guarantees of this data structure
are similar to the ones in [GLP21|, but our locator requires an extra parameter o which is a measure
of how much resistances can deviate before a full recomputation has to be made.

Definition 3.7 ((«, 3,£)-LOCATOR). An (o, 3,€)-LOCATOR is a data structure that maintains valid
slacks s and resistances r, and can support the following operations against oblivious adversaries
with high probability:

o INITIALIZE(f): Set st =u—f, s =f, r= 4 + 2

14



e UPDATE(e, f): Set sf =ue — fo, 5 = fe, Te = —+5 + —=. Works under the condition that

max min
re® o <re < a-rg™™,

where r3'®* and v are the maximum and minimum resistance values that edge e has had

since the last call to BATCHUPDATE.

e BATCHUPDATE(Z, f): Set st =ue — fe,s. = fe,re = (31)2 + (31)2 foralle € Z.

e SOLVE(): Let

~k

f =0d9(s) —6R'B(BTR'B)"B'g(s), (7)

where § = ﬁ Returns an edge set Z of size 0] (8_2) that with high probability contains all e

such that \/re J?:

> €.

The data structure works as long as the total number of calls to UPDATE, plus the sum of |Z| for
all calls to BATCHUPDATE is O(fm).

In Section 4 we will prove the following lemma, which constructs an (a, 3,¢)-LOCATOR and
outlines its runtime guarantees:

Lemma 3.8 (Efficient (a, 8,¢)-LOCATOR). For any graph G(V,E) and parameters o > 1, €
(0,1), ¢ > O (ﬂ_Qm_l/Q), and € € ((NZ (ﬂ_Qm_l/Q) ,5), there exists an («a, 3,€)-LOCATOR for G

with the following runtimes per operation:
o INITIALIZE(f): O (m - (E74878 + £ 272a2874)).

e UPDATE(e, f): O (m 5";—13/2 +E 42378 ¢ ?25_4a25_6) amortized.

e BaTCcHUPDATE(Z, f): O (m EH+ 2] = )

252

o SowE(): O (Bm-L).

Note that even though a LOCATOR computes a set that contains all e-congested edges, it does not
return the actual flow values. The reason for that is that it only works against oblivious adversaries,
and allowing (randomized) flow values to affect future updates constitutes an adaptive adversary.
As in [GLP21], we resolve this by sanitizing the outputs through a different data structure called
CHECKER, which computes the flow values and works against semi-adaptive adversaries. As the
definition and implementation of CHECKER is orthogonal to our contribution and also does not
affect the final runtime, we defer the discussion to Appendix F. To simplify the presentation in this
section, we instead define the following idealized version of it, called PERFECTCHECKER.

Definition 3.9 (e-PERFECTCHECKER). For any error e > 0, an e-PERFECTCHECKER is an oracle
that given a graph G(V, E), slacks s, resistances r, supports the following operations:

e UPDATE(e, f): Set st =wue — fo, 50 = fe, 7e = (s*l')2 + (81)2.

15



e CHECK(e): Compute a flow value f; such that \/re fe — f;‘ < e, where

f =6g(s)— SR 'B(BTR'B)"Bg(s),

with 6 =1/y/m. If \/re ]?e < /2 return 0, otherwise return j?e

3.4 The minimum cost flow algorithm

Now, we will show how the data structure defined in Section 3.3 can be used to make progress
along the central path. The main lemma that analyzes the performance of the minimum cost flow
algorithm given access to an (o, 3,¢)-LOCATOR is Lemma 3.10. Also, the skeleton of the algorithm
is described in Algorithm 1.

Algorithm 1 Minimum Cost Flow

1: procedure MINCOSTFLOW(G, ¢, d, u)

2 f,pu = INITIALIZE(G, ¢, d, u) > Lemma 3.12. f is p-central at all times.
3 1=0

4: while 1 > m ™10 do

5: if 4 is a multiple of |esover/Bm/k| then > Re-initialize when |C| exceeds O(Sm).
6 L = LOCATOR.INITIALIZE(f) with error /2

7 if 4 is a multiple of |esolvev/Bcurcxkerm/k| then

8 C' = CHECKER.INITIALIZE(f, €, BCupoker) for i € [kestep}

9: if i is a multiple of [0.5a'/*/k — 1] then > Update important edges when £.70 expires
10: L.BATCHUPDATE ()

11: f, it = MULTISTEP(f, ;1)

12: if 4 is a multiple of T then

13: Z=10

14: for e € F do

15: .§+:ue—fe, 5 = fe

16: if 55 %c. /16 £.54 or 5, ¢Esolve/16 L.s. then

17: C'.UPDATE(e, f) for i € [keg]

18: Z =ZU{e}

19: L.BATCHUPDATE(Z, f)
20: else
21: for e € E do
22: sh=ue—fe,5. = fe
23: if 5 Feoorve/8 L s§or s, . lve/g L.s; then
24: C!.UPDATE(e, f) for i € [k:sstep]
25: L.UPDATE(e, f)
26: 1=1+1
27: return ROUND(G, ¢, d, u, f) > Lemma 3.13

16



Lemma 3.10 (MINCosTFLOW). Let £ be an (a,,e) — LOCATOR, f be a p-central flow where
= poly(m), and k € [m1/316], B>0 (k3/m1/4), Te [5 (ml/Z/k)} be some parameters. There is
an algorithm that with high probability computes a ' -central flow f', where ' < m™19. Additionally,
the algorithm runs in time O (m3/2/k), plus

o O (K*87'/2) calls to L.INITIALIZE,

@)
@)

(m1/2k3) calls to L.SOLVE,
(

o O (mY2a=Y4) calls to £L.BATCHUPDATE(Y), and

(m1/2 (k:ﬁf—}— k15>) calls to L.UPDATE,
(

9] m1/2k‘_1f_1) calls to L.BATCHUPDATE(Z, f) for some Z # ), f. Additionally, the sum
0

f1Z| over all such calls is O (mk361/2),

The proof appears in Appendix C.4. Its main ingredient is the following lemma, which easily
follows from Lemma 3.5 and essentially shows how £ steps of the interior point method can be
performed in O (m) instead of O (mk). Its proof appears in Appendix C.3.

Lemma 3.11 (MULTISTEP). Letk € {1,...,/m/10}. We are given f(u), an («, B,e/2)-LOCATOR
L, and an e-PERFECTCHECKER C, such that

o L.r=C.r are (i, 1 + €solve/8)-central resistances, and

o L% are (10,1 + ego1ve/8)-central resistances, where p° < p - (1 + €Step/\/ﬁ)f and T =
(0.5a1/% — k)ss_tép. Additionally, for any resistances T that L had at any point since the last
call to L.BATCHUPDATE, 7 are (fi, 1.1)-central for some fi € [, u°].

Then, there is an algorithm that with high probability computes f(p'), where ' = p/(1 +

Estep/\/ﬁ)ks;ép. The algorithm runs in time O (m), plus O(k'®) calls to £.UPDATE, O(k*) calls
to L.SOWVE, and O(k'®) calls to C.UPDATE and C.CHECK. Additionally, L.v and C are unmodified.

3.5 Proof of Theorem 1.1

Correctness. First of all, we apply capacity and cost scaling [Gab83| to make sure that || ¢ , |u|l, =
poly(m). These incur an extra factor of log(U + W) in the runtime.
We first get an initial solution to the interior point method by using the following lemma:

Lemma 3.12 (Interior point method initialization, Appendix A in [AMV20]). Given a min cost
flow instance T = (G(V, E), ¢, d, ), there exists an algorithm that runs in time O(m) and produces
a new min cost flow instance T' = (G'(V',E'), ¢, d', '), where [V'| = O(|V|) and |E'| = O(|E)),
as well as a flow f such that

o f is p-central for I' for some p = © (||c|)
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Algorithm 2 MultiStep

1: procedure MULTISTEP(f, 1) > Makes equivalent progress to k interior point method steps
2 r=Lr > Save resistances to restore later
3 forizl,...,kesft;pdo

4 Z = L.SOLVE()

5: for e € Z do > Z: Set of edges with sufficiently changed flow
6 fe = C".CHECK(e)

7 if fo#0then

8 fe:fe‘i‘gstepfe

9: L.UPDATE(e, f)

10: C/. TEMPORARYUPDATE(e, f) for j € [z + 1,k5;ép]

11 p=p/(1+ 5Ste1c>/\/%)lﬁs“lap

12: f = RECENTER(f, 1) > Lemma 3.6
13: for e € F do

14: if L.r, # 7, then

15: L.UPDATE(e, T°) > Return LOCATOR resistances to their original state
16:  Call C".ROLLBACK() to undo all TEMPORARYUPDATEs for all C’

17: return f, u

e Given an optimal solution for I', an optimal minimum cost flow solution for I can be computed

in O(m)

Therefore we now have a poly(m)-central solution for an instance Z. We can now apply
Lemma 3.10 to get a ju/-central solution with ' < m™9. Then we can apply the following lemma
to round the solution, which follows from Lemma 5.4 in [AMV20].

Lemma 3.13 (Interior point method rounding). Given a min cost flow instance T and a p-central
flow f for u < m=10, there is an algorithm that runs in time O(m) and returns an optimal integral

flow.

By Lemma 3.12, this solution can be turned into an exact solution for the original instance. As
Lemma 3.10 succeeds with high probability, the whole algorithm does too.

Runtime. To determine the final runtime, we analyze each operation in Algorithm 1 separately.

The INITIALIZE (Lemma 3.12) and ROUND (Lemma 3.13) operations take time O (m). Now,
the runtime of Lemma 3.10 is O (m3/2/k:) plus the runtime incurred because of calls to the locator
L. We will use the runtimes per operation from Lemma 3.8.

L.SOLVE: This operation is run 9] (m1/2k3) times, and each of these costs 9] (i—?’) =0 (mkmﬁ).

Therefore in total O (m3/ 2k15ﬁ).

We pick 8 by m3/2k'°8 < m3/2/k as B = k=1, so the runtime is O (m3/2/k:). Note that this
satisfies the constraint 5 > Q (k3/m1/4) as long as k < Q (m1/76).

L£.BATCHUPDATE: This is run O (m1/2/oz1/4) times with empty arguments, each of which
takes time O (m/62) =0 (mk‘m). The total runtime because of these is O (m3/2kl2a_1/4). As we
need this to be below O (m3/2//<:), we set a = k%2,
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This operation is also run 0] (ml/ 217 *1> times with some non-empty argument Z, each of

which takes time O (m/e* +1Z|/(e*B?)) = 9] (mk'? + k*|Z]). As by Lemma 3.10 the total sum of
|Z| over all calls is O (mk:361/2) =0 (mk=°), we get a runtime of

O (KT ik 4 K k) = O (m¥2KAF 4 )

In order to set the first term to be at most O (m3/2/k‘), we set T = k12,
Therefore the total runtime of this operation is O (m3/2/kz + mk3).
L£.UPDATE: This is run O (m1/2 (k6f+ k:15>> =0 (ml/Qk:lS) times and the amortized cost

per operation is

=~ 1/2
~ € ~4 92— ~2 _
O(m~ 023 +e 28 e 208 6)
=0 (m- kMe+ kM08t 4 221572)

so in total
m3/2K028 4 /2515854 | 1/25.2420-2

As we need the first term to be O (m3/2/k:), we set £ = k=63, Therefore the total runtime is
0 <m3/2/k: 4+ om/25A410 4 m1/2k368> -0 (m3/2/k 4 m1/2k410> '
L£.INITIALIZE: This is run O (k35*1/2) = k! times in total, and the runtime for each run is
0] (m . (?46_8 + 3_28_20425_4)) =0 (m : (k380 + kgOG)) =0 (m : k380) ,

so in total O (mk380).
Therefore, for the whole algorithm, we get O (m3/ 2/k + mb/ 240 4 mk380) which after balancing

gives k = m!/762,

4 An Efficient («, ,¢)-LOCATOR

In this section we will show how to implement an (o, 3, ¢)-LOCATOR, as defined in Definition 3.7.
In order to maintain the approximate electrical flow f required by Lemma 3.8 we will keep a vertex
sparsifier in the form of a sparsified Schur complement onto some vertex set C. As in [GLP21], we
choose C' to be a congestion reduction subset.

Definition 4.1 (Congestion reduction subset |[GLP21|). Given a graph G(V, E) with resistances r
and any parameter B € (0,1), a vertex subset C C V is called a [-congestion reduction subset (or
just congestion reduction subset ) if:

* |C]<O(Bm)

o For any u € V, a random walk starting from u that visits Q (B‘l log n) distinct vertices hits
C with high probability
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e If we generate deg(u) random walks from each u € V\C, the expected number of these that hit
some fized v € V\C' before C' is O (1/62). Concretely:

> deg(u) - p§Hu) < 0 (1/8?) (8)

ueV

The following lemma shows that such a vertex subset can be constructed efficiently:

Lemma 4.2 (Construction of congestion reduction subset [GLP21]). Given a graph G(V, E) with
resistances T and a parameter (3 € (0, 1), there is an algorithm that generates a [3-congestion reduc-
tion subset in time O (m/S3?).

Intuitively, (8) says that “not too many” random walks go through a given vertex before reaching
C. This property is crucial for ensuring that when inserting a new vertex into C', the data structure
will not have to change too much. As we will see in Section 4.1, this property plays an even more
central role when general demands are introduced, as it allows us to show that the demands outside
C can be pushed to C. Additionally, in Section 4.2 we will use it to show that edges that are too
far from C in effective resistance metric are not important, in the sense that neither can they get
congested, nor can their demand congest anything else.

4.1 Moving demands to the sparsifier

The goal of this section is to show that if C' is a congestion reduction subset, then any demand
of the form d = BT% for some q € [~1,1]™ can be approximated by 7% (d), i.e. its demand

projection onto C' (Definition 2.8). This allows us to move all demands to the sublinear-sized C' and
thus enables us to work with the Schur complement of G onto C.

Lemma 4.3. Consider a graph G(V, E) with resistances v and Laplacian L, a [-congestion reduc-
tion subset C, and a demand d = 5BT q for some 6 > 0 and q € [—1,1|"™. Then, the potential

embedding defined as
¢=L"(d—n(d))
has congestion § - 9] (1/ﬁ2 , i.e. H H <6§-0 (1/52)

We first prove a restricted version of the lemma where d is an s — ¢t demand. Then, Lemma 4.3
follows trivially by applying (8).

Lemma 4.4. Consider a graph G(V, E) with resistances v and Laplacian L, a [3-congestion reduc-
tion subset C, and a demand d = (5BT1—\/S% for some § > 0 and (s,t) € E\E(C). Then, for the

potential embedding defined as
¢=L"(d—7°(d))
it follows that for any e = (u,v) € E we have

'(B@e

Ve

< 20+ (pGU1(s) + pE M) + pEU (1) + pCUH 1))

The proof of Lemma 4.4 appears in Appendix D.1.
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4.2 e-Important edges

In this section we will show that the effect of edges that are “far” from the congestion reduction
subset C' is negligible, as both their congestion and the congestion incurred because of their demands
are small. More specifically, given a demand d supported on C' with energy < 1, i.e. & (d) <1,
the congestion p = R Y2BL"d¢ that it induces satisfies:

ol = | (1., RV BL* a))|

<
_ <BT d L+d>'
() e
oo (o)
el (o )

For the last equality we used Fact 2.9, for the first inequality we applied Cauchy-Schwarz, and for
the second one we used the upper bound on the energy required to route d. Therefore, if we bound

the energy of the projection of BT 1‘; onto C, we can also bound the congestion of e. This is done

IN

in the following lemma, whose proof appears in Appendix D.2.

Lemma 4.5. Consider a graph G(V, E) with resistances v and C C V. Then, for all e € E\E(C)

we have
1 T
¢, <ﬂc <BT6>) <6 [—Te
\/ VTe R.s¢(Ce)

This is the consequence of the following lemma, which bounds the magnitude of the projection
on a specific vertex, based on its effective resistance distance from e, as well as hitting probabilities
from e to C. The proof appears in Appendix E.1.

Lemma 4.6. Consider a graph G(V, E) with resistances r and a subset of vertices C C V. For any
vertex v € V\C we have that

1 Te
CU{v} BTie < (pCU{v} CU{v} _
R0 (BT )] < () 460 ) -

This lemma is complementary to the more immediate property

1
Ve’

and they are both used in Section 5 in order to estimate demand projections. In fact, the just by
multiplying these two, we get the following lemma, which is nice because it doesn’t depend on r.:

7OUl} ( gT L

)| < 080 4560 (w)
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Lemma 4.7. Consider a graph G(V, E) with resistances r and a subset of vertices C C V. For any
vertex v € V\C we have that

1

% Reff(vv e) ‘

18 v v
70U (B2 )| < 660 ) 4560 )

By the previous discussion, Lemma 4.6 implies that if |pe| > €, then Re¢(C,e) < 7 - g—g. This
motivates the following definition of e-important edges.

Definition 4.8 (Important edges). An edge e € E is called e-important (or just important) if
Reff(C, e) < Te/sz.

Now it is time for the main lemma of this section, which uses Lemma 4.5 to show that if our goal
is to detect edges with congestion > ¢, it is sufficient to restrict to computing demand projections
of Q(e)-important edges. Its proof appears in Appendix D.3.

Lemma 4.9 (Localization lemma). Let ¢* be any solution of

Lo =6-=¢ (BTE) |

i G

where T are any resistances, p € [—1,1]™, and C C V. Then, for any e € E that is not e-important
B | < 6e.

e

we have NG

4.3 Proving Lemma 3.8

Before moving to the description of how LOCATOR works and its proof, we will provide a lemma
which bounds how fast a demand projection changes.

We will use the following observation, which states that if our congestion reduction subset C
contains an Sm-sized uniformly random edge subset, then with high probability, effective resistance
neighborhoods that are disjoint from C' only have 9) (,6’_1) edges. Note that this is will be true
throughout the algorithm as long as the resistances do not depend on the randomness of C. This
is true, as resistance updates are only ever given as inputs to LOCATOR.

Lemma 4.10 (Few edges in a small neighborhood). Let 5 € (0, 1) be a parameter and C' be a vertex
set which contains a subset of fm edges sampled at random. Then with high probability, for any
v € V\C we have that [Ng(v, Resp(C,v)/2)| < 1087 Inm, where

Ng(v,R) :={e€ E | Reys(e,v) < R}.

Proof. Suppose that for some vertex v € V\C, |Ng(u, Res¢(C,v)/2)| > 1087 Inm. Since by con-
struction C' contains a random edge subset of size Sm, with high probability Ng(u, Ref¢(C,u)/2)N
C # 0, so there exists u € C such that Ress(u,v) < Reps(C,v)/2. This is a contradiction since
u € C implies Rerf(C,v) < Refg(u,v). Union bounding over all v yields the claim. dJ

Using this fact, we can now show that the change of the demand projection (measured in energy)
is quite mild. The proof of the following lemma can be found in Appendix D.4.
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Lemma 4.11 (Projection change). Consider a graph G(V, E) with resistances v, ¢ € [—1,1]™, and
a B-congestion reduction subset C. Then, with high probability,

o (0 (578) e (575)) 01079

The above lemma can be applied over multiple vertex insertions and resistance changes, to bound
the overall energy change. This is shown in the following lemma, which is proved in Appendix D.5:

Lemma 4.12. Consider a graph G(V, E) with resistances 9, q" € [-1,1]™, a 3-congestion reduc-
tion subset C°, and a fized sequence of updates, where the i-th update i € {0,...,T — 1} is of the
following form.:

e ADDTERMINAL(v!): Set C*H1 = CTU {v'} for some v' € V\C?, ¢ = ¢, ritl =1t

e UPDATE(e!, g, ) Set Ot = C%, ¢it! = g, rit! = 1., where ¢! € E(CY)

Then, with high probability,

1/2
Er | wCHr? BTq—% —xCTr" (BT qg <0 max ﬂ 2)-T.
r /70 vorT - i€{0,... T—1} || T* || o

We are now ready to describe the LOCATOR data structure. We will give an outline here, and
defer the full proof to Appendix D.6. The goal of an («a, 8, £)-LOCATOR is, given some flow f with
slacks s and resistances 7, to compute all e € E such that \/re fv;k > €, where

~%

f =0dg(s)—6R*BL"B'g(s)

(L=B"R'B), where § = 1//m.
If we set p; = \/ref;, we can equivalently write

p* =dVrg(s) —SR™V*BLTB g(s),

and require to find all the entries of p* with magnitude at least €. As § Hﬁg(s)Hoo < 4§ < ¢/100,
we can concentrate on the second term, and denote

p*=6R"V?BL*By(s)

for convenience.
First, we use Lemma 4.3 to show that

6| RT2BLY (g9(s) - w7 (g(s))) | <0-0(872) < /100,

[e.9]

Now, let’s set mwyq = " (g(so)), where CY was the vertex set of the sparsifier and s° the slacks
after the last call to BATCHUPDATE. As we will be calling BATCHUPDATE at least every T calls to
UPDATE for some T > 1, Lemma 4.12 implies that

8 |R2BLY (n°(g(5) — moa)|| <50 (aB™) T < 2/100,
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as long as T < ey/m/O (aB72).
Importantly, we will never be removing vertices from C, so C° C C. This implies that it suffices
to find the large entries of
SR'V?BLtmyy.

Now, note that for any edge e that was not £/(100a)-important for C° and corresponding
resistances ¥, we have

5 ‘R—l/zBLﬂrold

e

< 5\/&(#00 (BTxl/eF)) Er(Tola)

<é6- \/aL -V2am
100«
=¢/50,

where we used Lemma 4.5 and the fact that £.(7%°(g(s°))) < 2&,(g(s")) < 2am. Therefore it
suffices to approximate
6IsR71/2BL+7Told y

where S was the set of 55--important edges last computed during the last call to BATCHUPDATE.
Now, we will use the sketching lemma from (Lemma 5.1, [GLP21] v2), which shows that in order
to find all Q(e) large entries of this vector, it suffices to compute the inner products

) <7TC (BT\q/SF'> 7SC+7Told>

for i € [O (e7%)] up to O(e) accuracy. Here SC' is the Schur complement onto C.
Based on this, there are two types of quantities that we will maintain:

e O (1 / 82) approximate demand projections x¢ (BTQT%), and

e an approximate Schur complement SC of G onto C.

For the latter, we will directly use the dynamic Schur complement data structure DyNAMICSC
that was also used by |[GLP21| and is based on [DGGP19|. For completeness, we present this data
structure in Appendix A. N

For the former, we will need O (1 / 62) data structures for maintaining demand projections onto
C, under vertex insertions to C'. The guarantees of each such a data structure, that we call an
(a, B,e)-DEMANDPROJECTOR, are as follows.

Definition 4.13 ((«, 8,e)-DEMANDPROJECTOR). Let € € (0,¢) be a tradeoff parameter. Given
a graph G(V, E), resistances r, and a vector q € [—1,1]", an (o, 3,£)-DEMANDPROJECTOR is a

data structure that maintains a vertex subset C' C 'V and an approximation to the demand projec-
tion ¢ (BT%), with high probability under oblivious adversaries. The following operations are

supported:
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o INITIALIZE(C, 7, q, S, P): Initialize the data structure in order to maintain an approximation
of ¢ (BT%>, where C' C V is a [-congestion reduction subset, r are resistances, q €

[~1,1]™, and S C E is a subset of y-important edges. P = {P“%' |u € V,e € E,u € e,i € [h]}
for some h € Z>1, is a set of independent random walks from u to C' for any u.

e ADDTERMINAL(v, Eeff(C, v)): Insert v into C. Also, Eeff(C,v) is an estimate of Res¢(C,v)
such that Repp(C,v) =g Resr(C,v). Returns an estimate

) ( BT ‘1>

NG

for the demand projection of q onto C'U {v} at coordinate v such that

~CU{v} (qu> __cuf) (qu) ‘ < £
7T'U Trv —
f

r VP T VR 0.0)

e UPDATE(e, 1/, q'): Set re =1, and q. = ¢, where e € E(C), and ¢, € [—1,1]. Furthermore,
! satisfies the inequality 1™ /a < vl < a - r™0 where 1™ and r™® represent the mini-
mum, respectively the mazimum values that the resistance of e has had since the last call to

INITIALIZE.

<3

e OUTPUT(): Output 7° <BTq—S> such that such that after T < n®®) calls to ADDTERMINAL,
for any fized vector ¢, Er(¢) < 1, with high probability

(o (0r35) o (073 ) 50

We will implement such a data structure in Section 5, where we will prove the following lemma:

Lemma 4.14 (Demand projection data structure). For any graph G(V,E) and parameters & €
(0,¢), B € (0,1), there exists an («, 3,€)-DEMANDPROJECTOR for G which, given access to h =
O(E 1875 4+272872y72) precomputed independent random walks from u to C for each e € E, u € e,
has the following runtimes per operation:

o INITIALIZE: O (m).

o ADDTERMINAL: O (274878 42723704 72),

e UPDATE: O(1).

e OutTpPUT: O(Bm +T), where T is the number of calls made to ADDTERMINAL after the last

call to INITIALIZE.

Now we describe the way we will use the DEMANDPROJECTORs and DYNAMICSC to get an
(a, B,€)-LOCATOR L.

L.INITIALIZE: Every time L.INITIALIZE is called, we first generate a (-congestion reduction
subset C' based on Lemma 4.2 (takes time O (m/B?%)), then a sketching matrix @ and its rows
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Algorithm 3 LOCATOR L.INITIALIZE

1: procedure L.INITIALIZE(f)

2 S+=u—f78_=fa7’=ﬁ+ﬁ

3: Q@ = Sketching matrix produced by (Lemma 5.1, [GLP21]| v2)
4: DyNaAMICSC = DYNAMICSC.INITIALIZE( G, (), 7, £, 5)
5
6
7

C = DyNAMICSC.C > [-congestion reduction subset
Estimate R.rf(C,e) =4 Reps(C,e) using Lemma B.2
§={ceB | Rys(Ce) <re- (1202}

8  h=0(F1p 0+ %2232

9: Sample walks P%%? from u to C for e € E\ E(C), u € e, i € [h] (Lemma 5.15, [GLP21] v2)

10: DP? = DEMANDPROJECTOR.INITIALIZE(C, 7, ¢*, S, P) for all rows ¢* of Q
11: L.BATCHUPDATE()

q' for i € [5 (1/52)} as in (Lemma 5.1, [GLP21] v2) (takes time O (m/£?)), and finally random
walks P“%* from u to C for each u € V, e € E\E(C) with u € e, and i € [h], where h =
9] (874876 +22%72a2B7?) as in (Lemma 5.15, [GLP21] v2) (takes time 0] (h/B?) for each (u,e)).

We also compute ]Sbeff(C, u) ~g Repp(C,u) for all u € V as described in Lemma B.2 so
that we can let S be a subset of £/(100«)-important edges that contains all £/(200«)-important
edges. This takes time O (m). Then, we call DYNAMICSC.INITIALIZE(G, C, v, 0(¢), 8) (from Ap-
pendix A) to initialize the dynamic Schur complement onto C', with error tolerance O(e), which

takes time O <m - ﬁ), as well as DEMANDPROJECTOR.INITIALIZE(C, 1, ¢, S, P) for the O (1/¢?)

DEMANDPROJECTORS, i.e. one for each ¢ € {¢' | i € [O (1/€2)]}. Also, we compute
old — C <BT9(8)) ’

which takes O (m) as in DEMANDPROJECTOR.INITIALIZE. All of this takes 9] (m . (ﬁ + %) )

L.UPDATE: Now, whenever £L.UPDATE is called on an edge e, either e € E(C) or e ¢ E(C). In
the first case we simply call UPDATE on DYNAMICSC and all DEMANDPROJECTORs.

In the second case, we first call DYNAMICSC.ADDTERMINAL on one endpoint v of e. After
doing this we can also get an estimate Reff(C,v) ~y Resr(C,v) by looking at the edges between
C and v in the sparsified Schur complement. By the guarantees of the expander decomposition
used inside DYNAMICSC [GLP21], the number of expanders containing v, amortized over all calls
to DYNAMICSC.ADDTERMINAL, is O(polylog(n)). As the sparsified Schur complement contains
9] (1 / 52) neighbors of v from each expander, the amortized number of neighbors of v in the sparsified
Schur complement is 9] (1 / 52), and the amortized runtime to generate them (by random sampling)
is O (1/€2).

! -1

Given the resistances r1,...,r; of these edges, setting ﬁeff(C, v) = (Z ri_l) we guaran-

i=1

tee that Eeff(C,v) ~14+0(e) Rerr(C,v), by the fact that DyNaAMICSC maintains an (1 + O(g))-

approximate sparsifier of the Schur complement. Then, we call ADDTERMINAL(v, ﬁef #(C,v)) on
all DEMANDPROJECTORS.
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Algorithm 4 LocATOR L.UPDATE and £L.BATCHUPDATE

1: procedure UPDATE(e = (u,w), f)

2:

11:

12

14:
15:

16:
17:
18:
19:
20:

21:
22:

23:

+ - _ _ 1 1
Se = Ue _f€7 Se - f67 Te = (S;r)g + (Sg)Q

Refp(C,u) = DYNAMICSC.ADDTERMINAL (1)
Eeff(C U{u}, w) = DYNAMICSC.ADDTERMINAL(w)
C=CuU{u,w}
fori=1,...,0 (1/52) do

DP’. ADDTERMINAL(u, Re s (C, u))

DP?. ADDTERMINAL(w, R, 77 (C U {u}, w))

DyNAMICSC.UPDATE(e, 7e)
fori=1...0 (1/€%) do
DP?!.UPDATE(e, T, ¢*)

: procedure BATCHUPDATE(Z, f)
13:

st=u—f,s"=f r= (S}-)2+(sl)2

Estimate ]A%eff(C, e) =4 Resp(C,e) using Lemma B.2
s={ec Bl Rs(Cre) <ro- (1202)°}
for e = (u,w) € Z do
DyNAMICSC.ADDTERMINAL(u)
DyNAMICSC.ADDTERMINAL(w)
C =CU{u,w}
DyNAMICSC.UPDATE (e, 7¢)
for i = [6 (1/52)} do
DPYINITIALIZE(C, 7, ¢, S, P)

11

Told =

Bl

e .,
> oo5-important edges

¢ (B TQ > Compute exactly using Laplacian solve
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After repeating the same process for the other endpoint of e, we finally call UPDATE on
DyNAMICSC and all DEMANDPROJECTORs. This takes time O (ﬁ) because of the Schur com-

gal/?
€

plement and amortized 9] (m + ﬁ + %) for each of the demand projectors, so the

total amortized runtime is O (m . go;gﬂ + 3451258 + gzgjﬁﬁ).

L.BATCHUPDATE: When £.BATCHUPDATE is called on a set of edges Z, we add them one by
one in the DYNAMICSC data structure following the same process as in L.UPDATE. For the demand
projectors, we first manually insert the endpoints of these edges into C' and then re-initialize all
DEMANDPROJECTORS, by calling INITIALIZE with a new subset S of s=—-important edges that

200
contains all {g5--important edges. Such a set can be computed by estimating Rcys(C,u) for all

u € V\C up to a constant factor and, by Lemma B.2, takes time 9] (m). Also, we compute
7_‘,old _ TFC <BT9(3)) 7

which takes O (m) as in DEMANDPROJECTOR.INITIALIZE. The total runtime of this is O (m/e? +1Z|/(B%?)).

Algorithm 5 LOCATOR L.SOILVE
1: procedure SOLVE()
2 SC = DYNAMICSC./S\é()
3 bota = SC " Tota
4: v=0

5: forizl,...,é(l/sQ) do

) .

7

8

9

7' = DP".OUTPUT()

Ui = <%Zv ¢old>
Z = RECOVER(v,£/100) > Recovers all £/2-congested edges (Lemma 5.1, [GLP21] v2)
return Z

£.SOVE: When £.SOLVE is called, we set SC = DyNAMICSC.SC(), call OUTPUT on all
DEMANDPROJECTORS to obtain vectors 7 which are estimators for TI'C(BT%) in the sense of

~i a~t . ..
Definition 4.13. Then we compute v; = (7', SC myq) where 7,4 is the demand projection that
was computed exactly the last time BATCHUPDATE was called. These computed terms represent an
approximation to the update in (@Qp); between two consecutive calls of £.SOLVE. As we will show

in the appendix, <7~ri, 3'\5+7'rold> is an e-additive approximation of <7TC(BT%), Lt7¢(BTg(s))) for

all 7 € {5 (1/52)]. The key fact that makes this approximation feasible is that although updates

to the demand projection are hard to approximate with few samples, when hitting them with the
d~eterministic vector 7,4, the resulting inner products strongly concentrate. The runtime of this is
O (Bm/e?).

Using these computed values with the ¢ heavy hitter data structure (Lemma 5.1, [GLP21] v2)
we get all edges with congestion more than €. The total runtime is 9] (ﬁm/ 52).
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5 The Demand Projection Data Structure

The main goal of this section is to construct an («, 8, £)-DEMANDPROJECTOR, as defined in Defini-
tion 4.13, and thus prove Lemma 4.14. The most important operation that needs to be implemented
in order to prove Lemma 4.14 is to maintain the demand projection after inserting a vertex v € V\C
to C. In order to do this, we use the following identity from |GLP21]:

ﬂ_CU{v} (d) — € (d) + ﬂ_gu{v} (d) . (1v _ 7‘-0(11))) , (9)

where d is any demand (in our case, we have d = BT% for some S C E). For this, we need to

compute approximations to m? Uiv} (BT%) and ¢ (1,).

In Section 5.1, we will show that if S is a subset of y-important edges, we can efficiently estimate
ﬂ'g Uiv} BTq—i> up to additive accuracy m by sampling random walks to C' starting only
from edges with relatively high resistance. For the remaining edges, the y-importance property will
imply that we are not losing much by ignoring them.

Then, in Section 5.2 we will show how to approximate 1, — w¢(1,). This is equivalent to
estimating the hitting probabilities from v to C. The guarantee that we would ideally like to get is

on the error to route
&, (%C(L,) - wC(L,)) <R, 4(Cyv). (10)

Note that this is not possible to do efficiently for general C'. For example, suppose that the hitting
distribution is uniform. In this case, Q(|C|) random walks are required to get a bound similar
to (10). However, it might still be possible to guarantee it by using the structure of C, and this
would simplify some parts of our analysis. Instead, we are going to work with the following weaker
approximation bound: For any fixed potential vector ¢ € R™ with E,.(¢) < 1, we have w.h.p.

‘<%C(1U) _ n0(1v),¢>( < &/Ress(Cov). (11)

Now, using these estimation lemmas, we will bound how our demand projection degrades when
inserting a new vertex into C. This is stated in the following lemma and proved in Appendix E.6.

Lemma 5.1 (Inserting a new vertex to C). Consider a graph G(V,E) with resistances r, q €
[—1,1]™, a B-congestion reduction subset C, andv € V\C. We also suppose that we have an estimate
of the C—v effective resistance such that Reyr(C,v) =2 Reys(C,v), as well as to independent random
walks PY%* for each u € V\C, e € E\E(C) with u € e, i € [h], where each random walk starts from
u and ends at C.

If we let S be a subset of y-important edges for v > 0, then for any error parameter € > 0 we

can compute %SU{”} (BT%) € R and 7€V} (BT%) € R € R™ such that with high probability

~Cu{v} BT‘]S) L CU{v} (BTqS>' < #
T < \/F Ty \/F = Reff(c,?}> 5

as long as h = § (74870 +22372y"2). Furthermore, for any fivzed ¢, Er(¢p) < 1, after T
insertions after the last call to INITIALIZE, with high probability

(50 (5792) ot (5782 6] <21,

as long as h = Q (?25*47*2).
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Algorithm 6 DEMANDPROJECTOR DP.ADDTERMINAL

1: procedure DP.ADDTERMINAL (v, ﬁeff(C, v))
2 if v € C then
3: return
4 t=t+1
N (BT%) =0
. : u,e,i D 1
6: for u,e € S,i such that P > v and Resr(C,v) < (min{?/é(,ﬁ_Q),'y/4})2Te do
7 if e = (u,*) then
8: i (BT"—\/SF> S (BT%) + 5 e
o else~CU{v} ~CU{v}
10: o (BT%> = Ty (BTq—\/SF) - %\/q%
11: Shortcut P“¢¢ at v
122 B =0 (25472
13 79(1,)=0
14: fori=1,...h do
15: Run random walk from v to C' with probabilities prop. to #~!, let u be the last vertex

16: 75 (1) =79 (1) + &

i ®OONH BT L) = 7B 4 + 7N (BT ) - (1, - 79(1))
18: C=CU{v}, F=F\{v}

5.1 Estimating 75" (BTf/—%>

There is a straightforward algorithm to estimate For each edge e = (u,w) €

Cu{v} <BT£
)
E\E(C), sample a number of random walks from u and w until they hit C U {v}. Then, add to

the estimate \;7% times the fraction of the random walks starting from « that contain v, minus \(/]:?

times the fraction of the random walks starting from w that contain v. [GLP21| uses this sampling
method together with the following concentration bound, to get a good estimate if the resistances
of all congested edges are sufficiently large.

Lemma 5.2 (Concentration inequality 1 [GLP21|). Let S = X; + --- + X, be the sum of n
independent random wvariables. The range of X; is {0,a;} for a; € [—M,M]. Let t,E be positive
n

numbers such that t < E and ) |E[X;]| < E. Then
i=1

2
Pr[|S — E[S]| > t] < 2exp <_6;M> .

Unfortunately, in our setting there is no reason to expect these resistances to be large, so the
variance of this estimate might be too high. We have already introduced the concept of important
edges in order to alleviate this problem, and proved that we only need to look at important edges.
Even if all edges of which the demand projection is estimated are important (i.e. close to C),
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however, v can still be far from C. This is an issue, since we don’t directly estimate projections
onto C, but instead estimate the projection onto C'U {v} and then from v onto C.

Intuitively, however, if v is far from C, it should also be far from the set of important edges,
so the insertion of v should not affect their demand projection too much. As the distance upper
bound between an important edge and C is relative to the scale of the resistance of that edge,
this statement needs be more fine-grained in order to take the resistances of important edges into
account.

More concretely, in the following lemma, which is proved in Appendix E.2, we show that if
we only compute demand projection estimates for edges e such that r, > ¢*R, 7£(C,v) for some
appropriately chosen ¢ > 0, then we can guarantee a good bound on the number of random walks
we need to sample.

For the remaining edges, we will show that the energy of their contributions to the projection
is negligible, so that we can reach to our desired statement in Lemma 5.4.

Lemma 5.3. Consider a graph G(V, E) with resistances v, q € [—1,1]", a [5-congestion reduction
subset C, as well as v € V\C'. If for some ¢ > 0 we are given a set of edges

S’ C {e € E\E(C) | Ress(C,v) < 0127“6} ,

then for any 87 > 0 we can compute ?r’UCU{“} (BTM) € R such that with high probability

\/F
/
~CU{v} (BTqS’> __CU{v} <BT‘15“>’ < 0
Tr’U 7Tq) -~ .
VT VT Bey/Repp(Cov)

The algorithm requires access to 9] ((5’1_2 logn log %) independent random walks from u to C for
each uw € V\C and e € E\E(C) with u € e.

This leads us to the desired statement for this section, whose proof appears in Appendix E.3.

Lemma 5.4 (Estimating et (BT%>). Consider a graph G(V,E) with resistances r, q €

[—1,1]", a B-congestion reduction subset C, as well as v € V\C. If we are given a set S of
y-important edges for some v € (0,1) and an estimate Rqpr(C,v) =2 Refp(C,v), then for any

91 € (0,1) we can compute %SU{“} <BT%> € R such that with high probability

5
~CUv) (BTqS> U <BT‘15>' c 0 19
7T,U 7['1] ~ .
VT VT V Reyf(Cyv) 12)

The algorithm requires 9] (5f4ﬁ_6 + 5f2ﬁ_2’y—2) independent random walks from u to C' for each
u € V\C and e € E\E(C) with u € e.
Additionally, we have

0 (5700 |= e 0 (&)
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5.2 Estimating 7¢(1,)

In contrast to the quantity 71'5 Ute} (BT%), where there are cancellations between its two com-
ponents pCUtYh > %1, | and pVte} > —j}lw (as BT% sums up to 0), in
e=(u,w)eE ‘ e=(u,w)EE ¢

¢ (1,) there are no cancellations. The goal is to simply estimate the hitting probabilities from v
to the vertices of C, which can be done by sampling a number of random walks from v to C.
As discussed before, even though ideally we would like to have an error bound of the form

\/Er(?rc(lv) —7%(1,)) < 82y/Ress(C,v), our analysis is only able to guarantee that for any fixed

potential vector ¢ with Ey.(¢) < 1, with high probability |(¢, %C(lv) - TI'C(IU»‘ < o/ Rerf(C,0).
However, this is still sufficient for our purposes.

In Appendix E.4 we prove the following general concentration inequality, which basically states
that we can estimate the desired hitting probabilities as long as we have a bound on the ¢5 norm of
the potentials ¢ weighted by the hitting probabilities.

Lemma 5.5 (Concentration inequality 2). Let 7 be a probability distribution over [n] and 7 an
empirical distribution of Z samples from 7. For any ¢ € R"™ with Hngi 5 <V, we have

_ 2
Pr[[(m —m, @) >t] < ﬁJrO(lOg(n'V/t))eXp (-6(5@) :

We will apply it for ¢ = ¢ — ¢, - 1, and it is important to note that &.(¢) = £.(¢). In order to

get a bound on Hé”ic (1,),20 Ve use the following lemma, which is proved in Appendix E.5.

72’

Lemma 5.6 (Bounding the second moment of potentials). For any graph G, resistances r, potentials
¢ with Er(¢) <1, C CV andv € V\C we have ||¢ — ¢ullzo(1,)0 < 8 Repp(Crv).

To give some intuition on this, consider the case when V= C U {v} = {1,...,k} U {v}, and
there are edges ey, ..., e, between C' and v, one for each vertex of C. Then, we have 7TZ-C(1U) =

(Tei)_l/ é(rei)_l, and so

k

62 i ! _
1l ney =2 (i) (Z(reiW) < E(@) - Repf(Cv) < Repp(Cv).

i=1 Tei i=1
We finally arrive at the desired statement about estimating 7w (1,).

Lemma 5.7 (Estimating 7% (1,)). Consider a graph G(V, E) with resistances r, a [-congestion
reduction subset C, as well as v € V\C. Then, for any d2 > 0, we can compute x¢ (1,) € R™ such

that with high probability
(6,7 (1,) = 7€ (1)) < 82+ \/Regs (Cy0), (13)

where ¢ € R™ is a fived vector with Ey(¢p) < 1. The algorithm computes O <—105%"> random walks
2
from v to C.

32



Proof. Because both #9(1,) and 7€(1,) are probability distributions, the quantity (13) doesn’t
change when a multiple of 1 is added to ¢, and so we can replace it by ¢ = ¢ — ¢, 1.

Now, 7¢ (1,) will be defined as the empirical hitting distribution that results from sampling
Z random walks from v to C. Directly applying the concentration bound in Lemma 5.5 and
setting Z = O (logn> together with the fact that Hd;Hi_c(lvm < 8- Reff(C,v) by Lemma 5.6 and

loglog Ref¢(C,v) < O(loglogn), we get

Pr U(%C(m - TrC(lv),cﬁ)‘ > 5y - Reff(c,u)] < %

5.3 Proof of Lemma 4.14

We are now ready for the proof of Lemma 4.14.

Proof of Lemma 4.14. Let DP be a demand projection data structure. We analyze its operations
one by one.

Algorithm 7 DEMANDPROJECTOR DP.INITIALIZE

1: procedure DP.INITIALIZE(C, r, q, S, P)

2: Initialize C, r, q, S, P

3: F=V\C

4: h=0 ( 13=6 L 22374y 2) > #random walks for each pairu € V, e € E with u € e
5 t=20 > #calls to ADDTERMINAL since last call to UPDATEFULL
o ¢=Lie BT,

. =@’ (BT qs) [ 75—} — Lepg

DP.INITIALIZE(C, 7, q,S,P): We initialize the values of C,r,q,S,P. Then we exactly com-

pute the demand projection, i.e. 7¢ (BT%> = 7¢ (BT%>, which takes time O (m) as shown

in [GLP21]. More specifically, we have w¢ (BT%> = (I LcrLyy) BT% which only requires

applying the operators L;}p and Lop.
DP.ADDTERMINAL(v, Eeff(c,v)): We will serve this operation by applying Lemma 5.1. It is
important to note that the error guarantee for the OUTPUT procedure increases with every call to
ADDTERMINAL, so in general we have a bounded budget for the number of calls to thus procedure
before having to call again INITIALIZE.

We apply Lemma 5.1 to obtain 7rcu{v}(BT \q/Q) and update the estimate WCU{”} (BT%) The

former can be achieved with h = O (?‘%*6 + 872872y 2) random walks. Note that these random

walks are already stored in P, so accessing each of them takes time 9] (1). Using the congestion
reduction property of C, we see that the running time of the procedure, which is dominated by
shortcutting the random walks is O (hﬁ_Q), which gives the claimed bound. The latter can be

achieved with ' = O (5“2,6’_47_2) fresh random walks. Due to the congestion reduction property,
simulating each of these requires O (ﬁd) time.
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Algorithm 8 DEMANDPROJECTOR DP.UPDATE and DP.OuTPUT

1: procedure DP.UPDATE(e, ', q’)
2: if e € S then

o A (B) =T (B )+ () B
L ge=(qpTe =T,

5. procedure DP.OuTPUT()

6: return ¢ (BT%>

DP.UPDATE(e, 7/, ¢'): We update the values of r.,g.. We also update the projection, by noting
that since e € E(C),

C’BTL/_ BTq + q B'1,,
()= ) (e s

so we change 7 (B Ti) by the same amount, which takes time O(1) and does not introduce any

v

additional error in our estimate.
DP.OuTtpPUT(): We output our estimate 7 (BTq—S>. Per Lemma 5.1 we see that each of the

Jr
previous T calls to ADDTERMINAL add an error to our estimate of at most £ in the sense that if A’
~1
were the true change in the demand projection at the t** insertion, and A™ were the update made
to our estimate, then

(- a0)| <=

w.h.p. for any fixed ¢ such that F,:(¢) < 1, where r? represents the resistances when ¢ call to
ADDTERMINAL is made. Equivalently, for any nonzero ¢,

a2

By the invariant satisfied by the resistances passed as parameters to the ADDTERMINAL routine,
we have that ! < a - r7T for all t. Therefore 1/E,r(¢) < a/E,+(¢). So we have that

w@L(qﬁ) (4'-atg)|<e va.

Summing up over T insertions, we obtain the desired error bound. Furthermore, note that returning
the estimate takes time proportional to |C|, which is O (fm +T).
O
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A Maintaining the Schur Complement

Following the scheme from [GLP21| we maintain a dynamic Schur complement of the graph onto a
subset of terminals C. The approach follows rather directly from [GLP21] and leverages the recent
work of [BBGT20] to dynamically maintain an edge sparsifier of the Schur complement of the graph
onto C. Compared to [GLP21] we do not require a parameter that depends on the adaptivity of
the adversary. In addition, when adding a vertex to C' we also return a (1 + ¢)-approximation of
the effective resistance Resf(v,C), which gets returned by the function call.

Lemma A.1 (DyNAMICSC (Theorem 4, [GLP21])). There is a DYNAMICSC data structure sup-
porting the following operations with the given runtimes against oblivious adversaries, for constants
0<fB,e<1:

e INITIALIZE(G, cmit) p ¢ B): Initializes a graph G with resistances ™ and a set of safe termi-
nals C(5%¢)  Sets the terminal set C = C(59¢) U C(™t) - Runtime: O (mﬁ*4€*4).

e ADDTERMINAL(v € V(G)): Returns Eeff(C’,v) Ry Repr(C,v) and adds v as a terminal.
Runtime: Amortized O (6*25*2).

e TEMPORARYADDTERMINALS(AC C V(G)): Adds all vertices in the set AC' as (temporary)
terminals. Runtime: Worst case O (K26_45_4), where K is the total number of terminals
added by all of the TEMPORARYADDTERMINALS operations that have not been rolled back
using ROLLBACK. All TEMPORARYADDTERMINALS operations should be rolled back before
the next call to ADDTERMINALS.

e UPDATE(e,7): Under the guarantee that both endpoints of e are terminals, updates re = 7.
Runtime: Worst case O (1).

o g\é() Returns a spectral sparsifier SC ~1 SC(G,C) (with respect to resistances r) with
0] (|ICle™?) edges. Runtime: Worst case 9] ((Bm+ (KB~ %e72)?) e~2) where K is the total
number of terminals added by all of the TEMPORARYADDTERMINALS operations that have
not been rolled back.

e ROLLBACK(): Rolls back the last UPDATE, ADDTERMINALS, or TEMPORARYADDTERMI-
NALS if it exists. The runtime is the same as the original operation.

Finally, all calls return valid outputs with high probability. The size of C should always be O(Bm).

This data structure is analyzed in detail in [GLP21]. Additionally, let us show that an approxi-
mation to Resf(v,C) can be efficiently computed along with the ADDTERMINAL operation. To get
an estimate we simply inspect the neighbors of v in the sparsified Schur complement of C U {v}
and compute the inverse of the sum of their inverses. This is indeed a 1 4+ O(e)-approximation, as
effective resistances are preserved within a 1 + O(¢) factor in the sparsifier.

To show that this operation takes little amortized time, we note that by the proof appearing
in [GLP21, Lemma 6.2|, vertex v appears in amortized O (1) expanders maintained dynamically. As

the dynamic sparsifier keeps O (6*2) neighbors of v from each expander, the number of neighbors

to inspect with each call is 9] (5_2), which also bounds the time necessary to approximate the
resistance.
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B Auxiliary Lemmas

Lemma 2.10. Let d be a demand vector, let v be resistances, and let C C V be a subset of vertices.
Then
Er (m9(d)) <& (d) .

Proof. Letting F =V \ C, and L be the Laplacian of the underlying graph, we can write
ﬂ'C(d) =d¢o — LCFL;};dF .
By factoring L' as

I+ — I 0 sC(L,c)t 0 I —LepLyn
T | ~LppLec 1 0 L. ||o I

we can write

7 (d) ]T{SC(L,C)JF 0 ][ﬂ-c(d)

_ AT rt+tg — _ C 2 2
e =a'zra=| T\ SO || T | = 1@ ey + larly

Furthermore, we can use the same factorization to write

ey = [ T ][ SCEOT O[] ey

which proves the claim. O

Lemma B.1. For any p € (1/poly(m), poly(m)), we have ||r(u)|,, < mPUoem).

Proof. By Appendix A in [AMV20], for some py = ©(||c||,), the solution f = u/2 has

C’T i + i — i
po 8T sT
This implies that mine {sc(u0)", se(po) ™} > mine ue/4 > 1/4, and so ||r(w)ll,, < O(1). Additi-
nally, [|¢l, € [1, poly(m)], so po = © (poly(m)).

Now, for any integer i > 0 we let piy1 = i - (1 — 1/y/m)V™1% By Lemma C.4 we have that
7 (Hit1) Rz 7 (i), and so

<1/10.
(CTRC)*

r 1 _,r,( _ )< lmZ Ollogm) ,,,( )<m0(logm),r,( )<mO(logm)
poly(m) ) Hoogm)) =\ 100 Ho) = Ho) = .

Lemma B.2. Given a graph G(V, E) with resistances r and any parameter € > 0, there exists an

algorithm that runs in time 9] (m/£2) and produces a matriz Q € R6(1/62)X” such that with high
probability for any u,v € V,
Reff(u, v) Nlte H Q1, — Q]-’UHS
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C Deferred Proofs from Section 3

C.1 Central path stability bounds

Lemma C.1 (Central path energy stability). Consider a minimum cost flow instance on a graph
G(V,E). For any u >0 and i/ = p/(1 +1//m)* for some k € (0,1/m/10), we have

S (s g s e U0~ el < 2¢

ccE Se(p)

Proof of Lemma C.1. Welet 6 =1//m, f = f(u), s = s(p), 7 = r(u), f' = f(1'), s’ = s(1'), and
r' = r(i/). We also set f = f' — f. By definition of centrality we have

which, after subtracting, give

CT< 1 1 1 +1)_CT<C_C>
s*—l—]~c s s*—f st) weooop

T 1 1 r i k_ TC
s C <<s(s+})+s+(s+f)>f>_ ((1+5) 1)0 .

As ]Nc = Cz for some x, after taking the inner product of both sides with & we get

<}‘, <s(31 7 + s+(si f)) f> = ((1 L)k = 1) <;}> _ (14)

We will now prove that — <ﬁ,f> < ky/m. First of all, by differentiating the centrality condition

¢ (5 o s<i>> -0

with respect to v we get

¢ < * (<s<u1>+>2 * <s<u1>>2> d{z(uy)> -0

e (0o (i)

If we set g(s) = ===, this can also be equivalently written as

or equivalently

df (v) _ _l (g(s(l/)) B (R(V))_lB(BT(R(V)_I)B)J’_BTQ(S(V))) .

dv v
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We have

_1li< L i(mawwwR@»*BuﬂUKWYU””fﬂ“WD>“

p s()m st

M/u H<\/79 I (BT (Rv))-1/2) Vr(w)g(s( >
:;AZWMMWMMVWVWW“WWQV

L e

1 w
< / mdy
HJy=w
/

=m(l—(146)7%
< dkm

= kv,

where Iy g7 (g -172) = I — (R(v))"'?B(BT(R(v))"'B)*B"(R(r))~'/2? is the orthogonal
projection onto the kernel of B" (R(v))~1/2.
Plugging this into (14) and using the fact that (1 + §)* <1+ 1.16k = 1+ 1.1k/\/m, we get

1 1 /
2 (sewﬁ 5T sl SE(M,)> (Feli) = felm)” < 24

eck
O
We give an auxiliary lemma which converts between different kinds of slack approximations.
Lemma C.2. We consider flows f,f' with slacks s, s’ and resistances r,r'. Then,
max{ s’j;sj ’ s’e_—_se_ } < vl -4 §\f2max{ st :sj , s’e_ise_ }
Se Se Se Se
and if re #1417l for some v € (0,1), then \/rc |f. — fe| > /6.
Proof. For the first one, note that
1 1 1 1 1 1
%:(£F+K&Pe[mm{@QT@%P}JmM{QDT@%PH'
Together with the fact that |f, — fo| = |siF — s | = |si~ — s‘] it implies the first statement.
For the second one, without loss of generality let s < s_, so by the previous statement we have
Vrelft— fe] > ‘Se o | . If this is < /6 then (1 —~/6)sf < siF < (14 7/6)s7, so sit =143 55
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/— — !
srsr| [t
= F

However, we also have that < < /6, so s~ N14+/3 Se - Therefore, rl = Taa +
ﬁ R4y ﬁ + ﬁ = 1, a contradiction. O

The following lemma is a fine-grained explanation of how resistances can change.

Lemma C.3. Consider a minimum cost flow instance on a graph G(V, E) and parameters p > 0 and
W >/ (141//m)¥, where k € (0,1/m/10). For anye € E and~y € (0,1) we let change(e, ) be the
largest integer t(e) > 0 such that there are real numbers p = py(e) > pa(e) > -+ > pye)1(e) = i
with /re(us) folptis1) — folpus)| > 7 for all i € [t(e)].

Then, Y (change(e,7))* < O(k*/~?).
eckE

Proof of Lemma C.3. First, we assume that without loss of generality, re(ui+1(e)) 2 1464)2 Te(1i(€))
for all e € E and ¢ € [t(e)]. If this is not true, then by continuity there exists a v € (uiy1, fti)
such that 7c(uit1(e)) #itey Te(v) and 7e(v) #1416y Te(pi(e)). By Lemma C.2, this implies that
Vel (@) o) = folpiisa(e)] = 7 and /re() |fulpi(e)) — fo(v)] > 7. Therefore we can break
the interval (g1, ;) into (pi+1,v) and (v, p;) and make the statement stronger.

Similarly, we also assume that re(v) & (14643 Te(pti(e)) foralle € E, i € [t(e)], and v € (piy1, i)
If this is not the case, then by using the fact that re(uiv1(e)) ~1467)2 re(pi(e)), we also get that
re(ftiv1) #146y Te(v), and so we can again break the interval as before and obtain a stronger
statement.

Now, we look at the following integral:

em [* S (%Y v

HecE

where dfe(v) is the differential of the flow f.(v) with respect to the centrality parameter. Similarly
to Lemma C.1, we use the following equation that describes how the flow changes:

dfw) 1 (g(s(y)) ~(RW)'B(B" (R()")B)* B g(s()) .

dv v

This implies that

)|

2

2

= 3 [Vr@le(sw) — (Rw)2BBT(RW)™B) BT o)

2
2

IN

= (1= (RO) 2 BBT(RW) ) BY BT (RO) ) Vg(sw)|

1 2
< IVra(s@));
m
S ﬁa
and so
W 1 1 1.10k
€§/ W; |du|:m</—> <m—— = 1L1lkvm/p. (15)
vy V woop 1
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On the other hand, for any e € E and ¢ € [t(e)] we have

pi+1(e) 2 pit1(e 2
[0 (T2) = ) [ () ) i
v=pi(e) dv (1467)° Jumpi(e
)

Hz+1(6 dfe )
7“e Uz (e)
( + 6y Hit1 6) \dy]
v=p;(e)
_ Te(p1i(€)) (o)) — ()2
0T 69 (ule) — e W) (@)

,YQ

= 36(1 + 67)3(pie) — pig1(e))’

where we used the Cauchy-Schwarz inequality. Now, note that

firey41(€) df.(v) > 2 te) ¥
/Vm) Te(’”( o) M2 e = @)

=1
Y (t(e))?
(1+67)3(n— )
L P(te)*vm
— (1+67)3%ku’

where remember that t(e) = change(e,y) and we again used Cauchy-Schwarz. Summing this up for
all e € E and combining with (15), we get that > (change(e,v))? < O(k?/~?). O
eck

Lemma C.4 (Central path ¢ slack stability). Consider a minimum cost flow instance on a graph
G(V,E). For any u >0 and i/ = p/(1 +1//m)¥ for some k € (0,/m/10), we have

(1) ~sp2 s(p) -

Proof of Lemma C.4. By Lemma C.1, for any e € F we have that

! 1 AN 2 2
<se(ﬂ)+ o T se(u’)> (felw) = fe(w)™ < 2k°. (16)

If se(p)™ = (14 ¢) - se(u)™ for some ¢ > 0, then

(fe(W') = fe(p))? = (se(p)*)?

and
se(p) ™+ se(W)T = (1+¢)(se(p))?,

so by (16) we have that ¢ < 3k2.
Similarly, if se(u/)" = (1 +¢)7! - se(u)* for some ¢ > 0, then

(fe(u') = fe(p )) 2<Se(ﬂ/)+)2
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and
se(w)™ - se(w)t = (L4 ) (se(u)h)?,

so by (16) we have that ¢ < 3k2.
We have proved that s.(u')" &342 se()™ and by symmetry we also have s.(u')™ ~gp2 Se(p) -
O

C.2 Proof of Lemma 3.5

Our goal is to keep track of how close f* remains to centrality (in 2 norm) and how close f remains
to f* in f5 norm. From these two we can conclude that at all times f is close in £y, to the
central flow. We first prove the following lemma, which bounds how the distance of f* to centrality
(measured in energy of the residual) degrades when taking a progress step.

Lemma C.5. Let f* be a flow with slacks s* and resistances r*, and f be a flow with slack‘s s and
resistances r, where 8 Mi4c_,,. 8* for some egolve € (0,0.1). We define f™* = f* + astepf for some
Estep € (0,0.1) (and the new slacks s™*), where

f =69(s)— R 'B(BTR'B)*BTg(s), (17)
11
0= \/m, and g(s) := S+ s— . If we let h = ﬁ 1+ — S*_ and h' = w + 8/14. - 8/*_ be the
residuals of f* and f'* for some p > 0, then
1/2 1 111/2
T,*
HCTh/ 7+ = (1—|—€step HCThH +5' 7 5solve'5step+2H_ €§tep7
[e.9] o
where 7 are some arbitrary resistances and H = CTRC.
Proof. Let pt = <€Step]~°*/s’“r and p~ = —6step]~°*/s**. First of all, it is easy to see that
Iol z
Pllo = s p ,

< Estep(l + 5solve)

= Estep ( =+ Esolve \/;g(s) - R_l/gB(BTR_lB)—i_BTg(S)‘L

)
= cuepd(1 + 2one) || (I = BV2B(BTR'B)"BTR™/2) Vrg(s) |
JIVrg(s)ll,

1
P

1
Ve T e,
< 6step(s(1 + 5solve)\/7’>n

= 5step(1 + 5solve) .

< Estep (1 + Esolve

‘1\~

= Estepé(l + Esolve)

[y
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We bound the energy to route the residual of f™* as

T
HC W "'
T T [ EstepdC 1 1 1 1
=lcTh+cC -
C + < I + s/*+ s*+ g/*— 8§*— H+
- T T [ EstepdC pr p
Jorneer (= -],
H
T T (Esepde | pT p” ((P")? (p)?
= Ch+C (Sep *+_ *—>+C ( 1%+ o 1% —
I s s s s

Now, using (17) we get that rf = 6rg(s)—0B(B"R'B)*BTg(s)andso C' (rf*) =5C" (rg(s)),
which follows by the fact that for any 4, 12-T C'B = (BTCll-)T = 0, since C1; is a circula-

tion by definition of C. As rf* =

caepdC T (rg(s)) = CT (&5
T T [ EstepdC pt
HC h+C ( L

step0
= HCTh—F CT <6t:c +Estep5rg<3) - Z

— HCTh + Estepd C <; - rg(s)> +c’ <<1 — (

(p)?

8/*7

(pT)?
S/*Jr

+CT<

)

< (1 + stepd) H CThHﬁ+ o ‘

-1
step

~% _ *—+
(Ghe + i) I = st - ¢
pT— %p‘) and so
PN, o () ()
st + PP |-
H
*+ *— + —
T P
( +)2p + (S—)2p T T g
s\ %\ pt 1 s
st st B
% 11/2 1% (11/2
— Esolve * Estep T 2 ‘ —_ 8g‘cep
o0 o0
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where we have used the triangle inequality, the fact that

C
Estepl H c’ (M + rg(s)) H
_ (e, oL
=cent |07 (5o )
(e 1 /(1 1 1 1
§85t6p5 c <H+8*+_S*>"++€Step5"c <8+_8*+_8+S*

T+(c 1 r||1/2
Sgstepé c (,u+3*+_ >H +5step(5H 7

oo

12| 1 1 1 1

|| (et o) |,

1/2 1 1 1 1

(&) "0, 1),
1/2 <

*+
1/2
25801V€\/E (aS S %1+Esolve S*)

< Cutepd CThHﬁ+ + Extepd

ﬂl‘ﬁ*
V)
+
V)
*
JF
w
|
V)
*
I

< gstep(s C'h 7+ + Estepé

ﬁl‘ﬁ*
V)
JF
V)
*
JF

<
*

S
st

= stepd ||C T i+ Estepd

ﬁl‘

=S
*

< 5step5 CTh Tt + 5step5

%l‘

[e.e]

= EstepEsolve
00

= cstepd ||C T i 2

and similarly, using Hl — (%)QH < Esolve(2 + Esolve ), the fact that

o0

o (- () ) 2 (- () ) ) e (B2 52 e

|12 2
H ol

<3H

/*
(2 + £aoe) 1ol + H

[e.e]
1/2 1/2

2 2
Estep (1 + Esolve)

T
5stepgsolve(2 + 5solve)(1 + gsolve) + H ?

1/2 1/2

3

* ES

2
EstepEsolve +2 ‘

step -

o

We will also use the following lemma, which is standard [AMV20].
Lemma C.6 (Small residual implies /o, closeness). Given a flow f = f° 4+ Cx with slacks s and

resistances r, if H c’ (ﬁ + 8% - —) H (CTRO)* < 1/1000 then f is (u, 1.01)-central.
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Applying Lemma C.5 for T = % iterations, we get the lemma below, which measures the
closeness of f* to the central path in /5 after T iterations.

Lemma C.7 (Centrality of f*). Let f*',....f* T+ be flows with slacks s*',..., s*T*1 and resis-
tances r*¥, ... T and f1, . T be flows with slacks s, ..., sTT and resistances v, ..., Tt
such that s' =14c,,, 8 for allt € [T], where T = Esf’ep for some k < /m/10, egep € (0,0.1) and
Esolve € (0,0.1). Additionally, we have that

o f*l s p-central

o Forallt € [T], F**' = f* + egtep -ft, where

|ver (75 =7)|_ <=

~x*t

+
F=og(s") —3(R) B (BT(R)'B) B'g(s")
and 6 = ﬁ
Then, f*T+1 is (n/(1 + 5Step5)T,1.01)—centml, as long as we set egep < 1079673 and egpve <
10°k3.

Proof. For all t € [T + 1], we denote the residual of f* as h' = C(H&pré)t_l + = — 2. Note
that CTh' = 0 as f*! is p-central. R

We assume that the statement of the lemma is not true, and let T' be the smallest ¢ € [T+ 1]
such that f** is not (u/(1 + estepd)’ ™1, 1.01)-central. Obviously 7' > 1. This means that f* is
(u/(1+ Estepé)tfl, 1.01)-central for all t € [T'— 1], i.e. s* ~10; 8 (u/(l + Estep(S)t’l).

Also, note that by Lemma C.4 about slack stability, and since (1 + 5Step5)|T7t| < (14 0)1*, we
have s (11/(1+ exepd)t™1) Ay i 8 (,,L/(1 + sstepé)T—l) for all ¢ € [T+ 1]. Additionally, note that,
as shown in proof of Lemma C.5, we have

~xT—1 ~xT—1
! < \|f <1,
Tf_l,oo ,r.’f—172
SO
S*T\ 711
— —1 =c =
S*T_ step T—1
o0 00

< 5step(1 + 5solve)

oo
A kD1
< Estep(l + 8solve) (H rTil.f

< 6step(l + Esolve) (1 + 5)
§ 1-358tep .

+5>
o0
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From this we conclude that s*7 R142.6estep s*T=1 and from the previous discussion we get that

s R14+2.6estep s~ s(p/(1+ 5step5)T_1) ~grez S(/(1+ 5step5)t_1) ~1o 8™

so s*T a0 s for all t € [T — 1].
On the other hand, if we apply Lemma C.5 T — 1 times with # = T we get

W ey
H (cTrTC)
= |78
H
TA ,,,*T\fl 1/2 «T 1/2 5
< (1 + 5step5) H C h ™ HﬁJr +5 7 Estep * Esolve T 2 Estep
00 00
T-1 |t 1/2 T-1 oy [Pt 1/2 )
Tt— —t—
Z + 8step = Estep * Esolve T 2 Z (1 + Estepé) = Estep
— rxT 0o P T
¥t 1/2 Pl 1/2
< 67 max = Estep * Esolve + 2.4T" max = 5§tep
te[T—1] || 7T || o te[T-1] 1| T |l
2
< 24Tk? Estep * Esolve + 10Tk Step

= 24k3 Esolve T 10k Estep
< 1/1000,

where we used the fact that (1 + astepé) < efsterdT — 0k < 1.9 and our settlng of egoive < 1072k3

and egtep < 107°k73. By Lemma C.6 this implies that f*T is (p/(1+ 6Step5)T 1.1.01)-central, a
contradiction.

O
We are now ready to prove the following lemma, which is the goal of this section:

Lemma 3.5. Let f',...,f7! be flows with slacks st and resistances ' for t € [T + 1], where
T = ES’:CP —3k=3, such that

o flis (1,14 egorve/8)-central for egpve = 1079k3

b~ ~i
ste f 3i € [t] : 0
e Forallte[T), fi*' = f(M)+€tpi§1f yiell:s # , where
fi otherwise

~x*t

7' =dg(s) 8RN B (BT(RY'B) " BTy(s"

for 6 = ﬁ and
[ver (7= 7). =<

for e =1076kS.
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Then, setting Estep = Esolve = 107°k73 and e = 1075k~ we get that sTT1 ~1 1 s (u/(l + 5step6)k€;tép>.
Proof. We set f*! = f(u) and for each t € [T,

~*t
.f*t+1 = f*t + 5stepf )

and the corresponding slacks s*! and resistances r*'. Let T be the first ¢ € [T 4 1] such that

T T : 1~ — o*l
8" Flie. 87 Obviously t > 1 as s* =, /8 8(p) =s™.

Now, for all ¢ € [T'] we have

o7, <=

Fix some e € E. If ft = 0 for all t € [T — 1], then we have \/r? frtl = \/rt | 1| < e for all such t.

This means that

YRR A S VA F e el R VA e o
= \rT T = T 1 - f

f*t
e

T-1
Sgstep\/rgz =+ \/Tg‘fgl_fel‘
t=1

< TEstep5 + \V 7’6T ‘f:l - fel‘
< ke + \/§Esolve/8
< 5solve/2 )

as long as € < ego1ve/(2k) = O(1/k*). In the second to last inequality we used Lemma C.2.

~ ~ - T-1 _
Otherwise, there exists t € [T — 1] such that f! # 0, and by definition fI = fo(u) + estep . [,
t=1

SO

\/ T

Tt 7t
: 7fe

T T
; 7fe

T-1
ST = fe(w)| + estep D /7T
t=1

T-1
S 3k255tep Z V T:t f:t - fet
t=1

)

-1

< 3k2~€step(1 + 5solve) \/E
t=1

< 3k52<€step(1 + 5solve)T5
< 4k3€,

Tt Tt
: _fe

where we have used Lemma C.4 and the fact that s ~q4. . s* for all t € [f — 1] which also
implies that V7! =4, . V7r*. Setting ¢ = sgoﬁ =0 (k%), this becomes < ego1ve /2

46



Therefore we have proved that H\/ T (f*T ffT) H < Esolve/2, and so 8T ~p,. 8T a
[o.¢]

contradiction. Therefore we conclude that s ~q4._, . s* for all t € [T+ 1].

Now, as long as Estep, Esolve < 107°k~3, we can apply Lemma C.7, which guarantees that
ST~y o1 s (1) (1+ estepd) ), and so 871 &1 s (p/(1+ estepd)”). Therefore we set egep =
Esolve = 1077k 7% and & = 1070k 70 < Ssolse, O

C.3 Proof of Lemma 3.11

Proof. We will apply Lemma 3.5 with f! being the flow corresponding to the resistances £.7 = C.r,

and T = ks;tép. Note that it is important to maintain the invariant £.r = C.r throughout the

algorithm so that both data structures correspond to the same electrical flow problem. For each

t € [T1], for the t-th iteration, Lemma 3.5 requires an estimate }:t such that H\/ﬁ (f*t - ft> H <eg,
o0

where
~x%t

7' =dg(s") 8RN "B (BT(RY'B) " BTy(s"

and 0 = 1/y/m.

We claim that such an estimate can be computed for all ¢t by using £ and C. We apply the
following process for each t € [T7:

e Let Z be the edge set returned by £.SOLVE().

e Call C.CHECK(e) for each e € Z to obtain flow values f?.

t+1

e Compute f! and its slacks s**! and resistances 7! as in Lemma 3.5, i.e.

t .
oL fe(1) + Estep ;f; el fi#40

fl otherwise

This can be computed in O (|Z|) by adding either sstepfz or fe(u)— fl+ sstepﬁ to f! for each
eE€ 7.

~t
e Call £.UPDATE(e, ') and C.UPDATE(e, f™!) for all e in the support of f . Note that
L.UPDATE works as long as _
raxX fo < Pt < gm0

where 7% Il are the maximum and minimum values of £.7 since the last call to £.BATCHUPDATE.

After this, we have L.r = C.r = rit1,

In the above process, when £.SOLVE() is called we have £.r = r! (for ¢t = 1 this is true because L.
are the resistances corresponding to fl). By the (a, 8,e/2)-LOCATOR guarantees in Definition 3.7,

with high probability Z contains all the edges e such that /7l )f:t > ¢/2. Now, for each e € Z,

C.CHECK(e) returns a flow value f! such that:

. ST
oif\/rz

fl—fit| <e

f*l < ¢/2, then ff =0.
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Therefore, the condition that

\/pH}«t _J~c*t

<e

o0

is satisfied. Additionally ft is independent of the randomness of £, because (the distribution of) ft

would be the same if C.CHECK was run for all edges e.
It remains to show that the LOCATOR requirement

7,,max/oé < ,,,t+1 <a- pin

is satisfied. Consider the minimum value of ¢ for which this is not satisfied. By Lemma 3.5, we have
that

s L1 s (1/(1+ estepd)") (18)

for any 7 € [t].
Now let 7 be the resistances of £ at any point since the last call to £L.BATCHUPDATE. By the
lemma statement and (18), we know that 7 a2 12 7(1) for some fi € [u/(1 + estepd)’, 1°]. However,

5) (0.5a1/4—k)e !

we also know that 0 < p - (1 + &step ster and so

~

Y S
/(1 + €stepd)’

so by Lemma C.4 we have

S (1 + gstep5)0.5a1/4€;ép S (1 + 6)05&1/4 7

s (1/ (1 + €stepd)’) ~g.7501/2 8 (A1) -
As 3t+1 ~11 S (:U’/(l + gstepé)t)v we have that St+1 ~0.8250.1/2 S(A)’ and so

t+1

T X085 (1) 112 T

This means that rt*1 ~, 7 and is a contradiction.
We conclude that the requirements of £ are met for all ¢, and as a result Lemma 3.5 shows
—1 -1
that s71 =~y s (u/(l + 6Step5)kastep). By Lemma 3.6, we can now obtain f (/,L/(l + Estepé)kastep>.

Finally, we return L£.r and C to their original states.

Success probability. We note that all the outputs of C are independent of the randomness of
L, and L is only updated based on these outputs. As each operation of L succeeds with high
probability, the whole process succeeds with high probability as well.

Runtime. The recentering operation in Lemma 3.6 takes O (m). Additionally, we call £L.SOLVE
k:ss_tép = O(k*) times and, as | Z| = O(1/e?), the total number of times £.UPDATE, C.UPDATE, and

C.CHECK are called is O(kegt e72) = O(k'°).

step

O

C.4 Proof of Lemma 3.10

Proof. Let 6 = 1/4/m. Over a number of T = 0] (ml/ 2 /k) iterations, we will repeatedly apply
MULTISTEP (Lemma 3.11). We will also replace the oracle from Definition 3.9 by the CHECKER
data structure in Section F.
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Initialization. We first initialize the LOCATOR with error /2, by calling £.INITIALIZE(f). Let
s be the slacks £.s before the t-th iteration and ! the corresponding resistances, and s% be the
slacks £.7? before the ¢-th iteration and 7% the corresponding resistances, for t € [T]. Also, we let

e =/ (14 estepé)(t Dheaien. We will maintain the invariant that s Nl teave/s S (Ht), which is a
requirement in order to apply Lemma 3.11.

As in [GLP21], we will also need to maintain O(k*) CHECKERs C' for i € [O(k*)], so we call
CLINITIALIZE(f, €, Bcurcxer) for each one of these. Note that in general SBcupcxer 7 3, as the vertex
sparsifiers £ and C* will not be on the same vertex set. As in Lemma 3.11, we will maintain the
invariant that £.r = C'.r for all i.

Resistance updates. Assuming that all the requirements of Lemma 3.11 (MULTISTEP) are sat-
isfied at the ¢-th iteration, that lemma computes a flow f = f (1) with slacks 3. In order to
guarantee that s‘*! N ltewe/8 S (Ht+1), we let Z be the set of edges such that either

+,t ot —t o
Se ¢1‘i’ssolve/g Se or Se n7él+£solve/8 Se

and then call £.UPDATE(e, f) for all e € Z. This guarantees that s¢*'™" = 57 and s;'™ = 57 for

all e € Z and so s'*! Rltee/8 S = 8 (tt+1). We also apply the same updates to the C¥s using
C".UPDATE, in order to ensure that they have the same resistances with L.

Batched resistance updates. The number of times L£.UPDATE is called can be quite large
because of multiple edges on which error slowly accumulates. This is because in general Q(m)
resistances will be updated throughout the algorithm. As LOCATOR.UPDATE is only slightly sub-
linear, this would lead to an Q(m 3/ /?)-time algorithm. For this reason, as in [GLP21], we occasion-
ally (every T iterations for some 7 > 1 to be defined later) perform batched updates by calling
L.BATCHUPDATE(Z, f), where Z is the set of edges such that either

+t s+ op oot o
Se ¢:L""Esolve/16 Se or Se ¢1+€solve/16 86

This again guarantees that sg i+l = 5! and so !ttt = 5, for all e € Z and so s'*! Nlteae/16 8 =

s (pes1). Note that after updating £.s and £.r, this operation also sets £.7 = £.r. We perform
the same resistance updates to the C"’s in the regular (i.e. not batched) way, using C'.UPDATE.

LocCATOR requirements. What is left is to ensure that the requirements of Lemma 3.11 are
satisfied at the t-th iteration, as well as that the requirements of £.UPDATE and £.BATCHUPDATE
from Definition 3.7 are satisfied.

The requirements are as follows:

0.501/4 —k)e L step

1. Lemma 3.11: s% R fecone/8 S (,uo) for some p° < py - (1 + estepé)(
Note that £.s? is updated every time £.BATCHUPDATE is called, and after the call we have
L£sY = L.s R4 eorve/16 s(uY) for some p > 0. To ensure that it is called often enough,
we call £L.BATCHUPDATE() every (0.5a*/k — 1)e Step
NO < (1+ Estep5)(0 Sal/t/k—1)egl b _ = it - (1 4 estepd) Stcp Additionally, for any
resistances 7 that £ had at any point since the last call to £L.BATCHUPDATE, it is immediate
that

iterations. Because of this, we have
(0.5 /4 —k)e;

~

T X1 4eine/8)? T (1)
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for some fi € [us, '], as this is exactly the invariant that our calls to £.UPDATE maintain.

Therefore, 7 =~ 12 r(j1).

2. L.UPDATE: 7 /o < 7l < 70 wwhere 7% 719X are the minimum and maximum values

that L£.r. has had since the last call to £L.BATCHUPDATE.

Let 7 be any value of L.r since the last call to L.BATCHUPDATE. Because of the invariant
maintained by resistance updates (including inside MULTISTEP), we have that 7 are (fi, 1.1)-
central resistances for some [ such that

~ 1/4_p3y,.—1 1/4
piat < < g (1 egiepd) 00 F%e < gy g (14 6)0000

As in the previous item, we have that and s% are (1%, 1 + £4o1ve/8)-central. By Lemma C.4
this implies
S(IU‘tJrl) ~0.7501/2 S(ﬂ)a
and since T ~2; 12 r(f1), we conclude that r(ui4+1) ~q 7.
3. L.BATCHUPDATE: Between any two successive calls to L.INITIALIZE, the number of edges

updated (number of calls to £.UPDATE plus the sum of |Z| for all calls to £.BATCHUPDATE)
is O(Bm).

We make sure that this is satisfied by calling £.INITIALIZE(f) every ego1ver/Bm/k iterations,
where f = f(u), at the beginning of the ¢-th iteration.

Consider any two successive initializations at iterations ¢ and t*"® respectively. Let ¢ be
the number of edges e that have potentially been updated, i.e. such that either

Se(ftgimit) " Pt eorve/16 se(1i) " or se(pyinie)” Pt erotve/16 sepi)”

for some 7 € [timt, tend]. First, note that this implies that

Esolve 16
et | folpagnie) — folpas)| > e/ 167

1 + 5solve/16

Now, by the fact that ¢4 — "% < g 1o/ Bm/k, we have that
-1
Wpinit < [ - (1 + Estep(s)kestepfsolvev,Bm/k < ;- (1 + 5)5501\,6\/[3171.

By applying Lemma C.3 with k& = egvev/Sm and v = eg01ve/17, we get that £ < O(Bm).
Therefore the statement follows.

We will also need to show how to implement the PERFECTCHECKER used in MULTISTEP using
the C'’s, as well as how to satisfy all CHECKER requirements.
CHECKER requirements.

1. Implementing e-PERFECTCHECKER inside MULTISTEP.

We follow almost the same procedure as in [GLP21], other than the fact that we also need to
provide some additional information to C*.SOLVE. Each call to PERFECTCHECKER.UPDATE
translates to calls to C*. TEMPORARYUPDATE for all i. In addition, the i-th batch of calls
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to PERFECTCHECKER.CHECK inside MULTISTEP (i.e. that corresponding to a single set of
edges returned by £.SOLVE) is only run on C’ using C*.CHECK. As each call to C'.CHECK
is independent of previous calls to it, we can get correct outputs with high probability even
when we run it multiple times (one for each edge returned by £.SOLVE).

In order to guarantee that we have a vector ﬂ'f)l 4 as required by C'.CHECK, once every k* calls
to MULTISTEP (i.e. if ¢ is a multiple of k%) we compute

mhy = 7" (B g(s(u)))

for all i € [O(k*)], where C*! is the vertex set of the Schur complement data structure stored
internally by the C’ right before the ¢-th call to MULTISTEP. This can be computed in O (m)
for each i as in DEMANDPROJECTOR.INITIALIZE in Lemma 4.14. Now, the total number
of C*. TEMPORARYUPDATEs that have not been rolled back is O(k'%), and the total number
of C'.UPDATEs over k% calls to MULTISTEP by Lemma C.3 is O(k'%/<2, ) = O(k'6). This
means that the total number of terminal insertions to C*' as well as resistance changes is
O(k'%). By Lemma 4.12, if C? is the current state of the vertex set of the Schur complement
of C* and s are the current slacks,

‘ Ct A —4 32
& (mhia =7 (9(5))) < O (0BG hucnen) - K72
where o is the largest possible multiplicative change of some C’.r, since the computation of
w! ;. Furthermore, note that 4 is supported on C*. This is because C*' C C* and C*" does
not contain any temporary terminals.

Now, as we have already proved in Lemma 3.11, at any point inside the ¢-th call to MULTISTEP,
Ci.r are (ji,1.1)-central resistances for some fi € [py11, ft)-

Fix fi € [per1, pe), i' € [par41, pter], as well as the corresponding resistances of C?, 7, 7', where
t' > t. Now, note that since we are computing w’,, every k* calls to MULTISTEP, we have
that

Aﬁ/ < Mt < (1 _l_estep(s)kes_tip.(t/_t—l-l) < (1 _'_6)0(1&)7
H Htr+1

so Lemma C.4 implies that

() ~ogoy s(i) -
As 7~y g2 7(f1) and 7' &~y 12 (i), we get that T ~p 20y 7. Therefore, o < O(k*°). Setting
BCuecker > Q (O/l/4k8€_1/2m_1/4) = ﬁ (klﬁ/m1/4), we get that

6 (a//BaﬁECKER) k2 < <€27n/47

as required by C*.CHECK.

Finally, at the end of MULTISTEP we bring all C’ to their original state before calling MULTISTEP,
by calling C*.ROLLBACK. We also update all the resistances of £ to their original state by
calling £.UPDATE.

. Between any two successive calls to C*.INITIALIZE, the total number of edges updated at
any point (via C2.UPDATE or C'. TEMPORARYUPDATE that have not been rolled back) is

@) (BCHECKERm) .
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For UPDATE, we can apply a similar analysis as in the LOCATOR case to show that if we
call C*.INITIALIZE every EsolveV BCupcxker™/k iterations, the total number of updates never
exceeds O(Bcupcker™). For TEMPORARYUPDATE, note that at any time there are at most
O(k'6) of these that have not been rolled back (this is inside MULTISTEP). Therefore, as long
as k'% < O(Bouscker™) € Bomsexer > (k1% /m), the requirement is met.

Output Guarantee. After the application of Lemma 3.11 at the last iteration, we will have
-1

F = F(prs), where purin = 1/ (1 + €uepd) (™ *S5e0) = p/poly(m) < m=.

Success probability. Note that all operations of LOCATOR and CHECKER work with high prob-
ability. Regarding the interaction of the randomness of these data structures and the fact that they
work against oblivious adversaries, we defer to [GLP21], where there is a detailed discussion of why
this works.

In short, note that outside of MULTISTEP, all updates are deterministic (as they only depend
on the central path), and in MULTISTEP the updates to LOCATOR and CHECKER only depend
on outputs of a CHECKER. As each time we are getting the output from a different CHECKER,
the inputs to C*.CHECK are independent of the randomness of C?, and thus succeed with high
probability. Finally, note that the output of LOCATOR is only passed onto C*.CHECK, whose output
is then independent of the inputs received by LOCATOR. Therefore, LOCATOR does not “leak” any
randomness.

Our only deviation from [GLP21] in CHECKER has to do with the extra input of CHECKER.CHECK
(ﬂ'f)l 4)- However, note that this is computed outside of MULTISTEP, and as such the only randomness
it depends on is the Scumcxsr-congestion reduction subset C*? generated when calling C*.INITIALIZE.
As such, it only depends on the internal randomness of C*. As we mentioned, the output of C*.CHECK
is never fed back to C?, and thus the operation works with high probability.

Runtime (except CHECKER). Each call to MULTISTEP (Lemma 3.11) takes time O (m) plus
O(k'%) calls to £.UPDATE and O(k*) calls to £.SOLVE. As the total number of iterations is
0 (ml/Q/k:), the total time because of calls to MULTISTEP is O (m3/2//~c), plus O (m1/2k15) calls to

£.UPDATE and O (m1/2k3) calls to £L.SOLVE.

o (_m/k _ A (13p-1/2
Now, the total number of calls to L.INITIALIZE is O (W) =0 (k g1/ )

The total number of calls to £.BATCHUPDATE(() is O (%) =0 (ml/ga_1/4) and the
ml/2

total number of calls to L. BATCHUPDATE(Z, f) is 9] ( T

on the calls to £L.BATCHUPDATE(Z, f) between two successive calls to L.INITIALIZE. We already
showed that the sum of |Z| over all calls during this interval is O(8m). Therefore the total sum of
|Z| over all iterations of the algorithm is O (mk*3/2).

In order to bound the number of calls to £L.UPDATE, we concentrate on those between two
successive calls to £.BATCHUPDATE(Z, f) in iterations ¢ and " > t°4. After the call to
L.BATCHUPDATE(Z, f) in iteration t'¢ we have £.s ~ ., /16 $(iyota). Fix p € [pn(t™), p(t?)]

old

and let £ be the number of e € E such that s.(u) #14c,,../8 séom. As s8" =i4e 16 Se(pigora) by
the guarantees of £L.BATCHUPDATE, this implies that s¢(u) %#14c_,../16 Se(fitora), and so

16
told o _ > M
re(u”") [fe(pora) = fe(p)| > 1+ Esolve/16

). Regarding the size of Z, let us focus

> 5solve/17 .
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As
-1 A -~
Hotd < [ - (1+ 6step‘s)kasmp.T <p-(1+ 5)k.T )

by applying Lemma C.3 with k£ = (1 + 5)k'f and v = egolve/17, we get that ¢ < O(sz%s_ofve). As

there are O (%) calls to L.BATCHUPDATE(Z, f), the total number of calls to L.UPDATE is

0] (ml/QT\E;ﬁVQ) 0] <m1/2k6f) .
We conclude that we have runtime O (m3/ 2/k), plus
o O (K*871/2) calls to L.INITIALIZE,

9] (m1/2k3) calls to L.SOLVE,

O (ml/2 (kﬁf + le)) calls to £.UPDATE,

9] (ml/zofl/‘l) calls to £.BATCHUPDATE((), and

0] (ml/Qk—lf—l) calls to £L.BATCHUPDATE(Z, f).

Runtime of CHECKER. We look at each operation separately. We begin with the runtime of
CHECKER.CHECK. We have

~ 1/2 16 16 5—2 —2\2\) .2
) m / /k? . k : (BCHECKERm + (k BCHECKERE ) ))5
4 calls to MurriSTep 7 calls in each MurriStep runtime per call

To make the first term O (m3/ 2 / k:), we set Bcumoxsr = k25, Note that this satisfies our previous
requirements that Bcupexksr > Q (k‘lﬁ/m) and Bcupcxer > € (k:lﬁ/ml/4) as long as k < m1/176,

Therefore the total runtime because of this operation is O (m3/ 2/k 4+ m!/ 2j195).
For CHECKER.INITIALIZE, we have

O k* . k3ﬁ_1/2 -mBEﬁECKER5_4 =0 (mk157) .

CHECKER,

#C ~" vV
HECKERS  Ltimes initialized  runtime per init

For CHECKER.UPDATE, similarly with the analysis of LOCATOR but noting that there are no
batched updates, we have

4 -2 —2 —2 N 78
0 \k,/ ) MEgolve : 6CHECKERE =0 (mk ) :

#CHECKERS #calls per CHECKER runtime per call

For CHECKER.TEMPORARY UPDATE, we have

~ 4 1/2 16 16 n—2 —2\2 N 1/24,187
0 N k , m / /k ’ \k , ) (k /BCHECKERg ) =0 (m / k ) :
#CHECKERS 4 calls to MurriStep 7 calls per MuLTiSTEP runtime per call
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Finally, note that, by definition, computing the vectors Wéld takes O (m3/ 2/ k), as we do it once per
k* calls to MULTISTEP and it takes O (mk‘4).
As long as k < m!/?16 the total runtime because of CHECKER is O (m3/2/k). O

D Deferred Proofs from Section 4

D.1 Proof of Lemma 4.4

We first provide a helper lemma for upper bounding escape probabilities in terms of the underlying
graph’s resistances.

Lemma D.1 (Bounding escape probabilities). Let a graph with resistances r, and consider a ran-
dom walk which at each step moves from the current vertex u to an adjacent vertexr v sampled with
probability proportional to 1/ry,. Let p;gu’t}(s) represent the probability that a walk starting at s hits

u before t. Then

R (3 t) R (3 t) r

{ut} — effi’ . isit} < eff\9 < st
yZn S) = DPs U) = < .
= Rt P WS Rt S RBopp(wnd)

Proof. Using standard arguments we can prove that if L is the Laplacian associated with the
underlying graph, then

(1s— 1) " LT (1, — 1))
Reff(“’vt) .

This immediately yields the claim as we can further write it as

Pyt (s) =

t — 1)L (1, - t t
plet) (5) = Repp(sit) (Lu—14) ' L7(1s —14)  Reyy(s,t) et () < Repf(s,t)

Reff(u7t) Reff(sat) Reff(u7t) B Reff(u7t) ,

where we crucially used the symmetry of L. The final inequality is due to the fact that Res¢(s,t) <
Tst-

Now let us prove the claimed identity for escape probabilities. Let 19 be the vector defined by
v = p;gu’t}(i) for all ¢ € V', which clearly satisfies ¢, = 1 and 1y = 0. Furthermore, for all i ¢ {u,t}

we have .

%‘:2%%7

i k~i Tike

which can be written in short as

(Ly); =0 foralli¢ {s,t}.

Now we solve the corresponding linear system. We interpret 1 as electrical potentials corresponding
to routing 1/Rcs(u,t) units of electrical flow from w to t. Indeed, by Ohm’s law, this corresponds
to a potential difference 1, — ¥y = 1. Furthermore, this shows that

s —Pr = (15— 1) "LT(1, — 1) - W ;

which concludes the proof. O
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Now we are ready to prove the main statement.

Proof of Lemma 4.4. Note that the demand can be decomposed as d — wc(d) = d' — d?, where
d' = \/17% - 770(\/17%) and d? = \/17% - 71'0(\/1;‘:). Now let p! be the probability distribution of
s—C random walks obtained via a random walk from s with transition probabilities proportional to
inverse resistances. Similarly, let p? be the probability distribution of ¢ — C' random walks obtained
by running the same process starting from t.

Now, it is well known that an electrical flow is the sum of these random walks, i.e.

_ 1
R'BLtd' = - Ep.p1 [net(P)]
and similarly for d?
1
R'BLTd*= Ep.,2 [net(P)] ,
T'st

where net(P) € R™ is a flow vector whose e-th entry is the net number of times the edge e = (u, v)
is used by P. Therefore we can write:

qu_d)v
VTuw

= rw |RT'BLYd|,

= \/?‘Elepl [nete(Pl)] —Epo 2 [nete(Pz)H .
st

Let us also subdivide e by inserting an additional vertex w in the middle (i.e. ryw = ruy = Tuw/2).
This has no effect in the random walks, but will be slightly more convenient in terms of notation.
The first expectation term can be expressed as

Epip [nete(P')] = PlPNrp1 [P! visits ¢ before C U{w}] - Epi,1 [nete(P) | P! visits t before C'U {w}]

+ PlPr ) [P! visits w before C'U {t}] “Ep1p [net.(P') | P! visits t before C' U {t}] .
~p
Now, note that
Epiop [nete(P') | P! visits t before C U{w}] = Ep2 2 [net(P?)] .
Additionally,

Pr [Pl visits w before C'U {t}]
Plop!

= Pr [Pl visits w before C] - Pr [Pl visits w before ¢ | P! visits w before C]
Plapt Plap!

U{w}(s). For the second term, we define a new graph G by deleting

C, and denote the hitting probabilities in G by p. Then, the second term is equal to @Ef’“’}(s).

We have concluded that

The first term of the product is pg

Epip [nete(PY)] < Epaye [nete(P)] + pSot (s) - Bl (s) .
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Combining this with the symmetric argument for p? shows that
[Ep1 o [nete(PY)] = Epaye [nete(PY)]| < pSP1H(s) - B (s) + pSUT ) - i (e)

Using Lemma D.1 and the fact that Reff(w t) > ru/4 (R eff are the effective resistances in Q),

we can bound ro

P (s) < min{1, =—%—} < min{1, gt sty
erf(w,t Tuv

and the same upper bound holds for p P w}( t). Therefore,
|Ep1pt [nete(PY)] — Epzye [nete(P?)]]
< minf1, 42} (P50 ) + pf0 (1))

< 2, |28 (U (s) + )

TU’U

<2, 2 (U1 (s) + pEH ) + pCU (1) + TN 1))

Tuv
Putting everything together, we have that
¢u B va

Tuv

< 2 (pE0 (s) + pSUN () + T () + U (1))

D.2 Proof of Lemma 4.5

Proof. Let d = BT% and e = (u,w). Note that & (d) < r. - ( 1749)2 = 1, therefore the case that
remains is

3

Reff(C,e) >36-7,. (19)

For each v € C' by Lemma 4.6 we have that

N
73 ()] < () 7 () s

Now, we would like to bound the energy of routing 7% (d) by the energy to route it via w. For each
v € C we let d¥ be the following demand:

d’ =79(d) (1, — 1,).

56



Note that 7¢(d) = 5. d". We have,

veC

Er(mC(d)) = J & (71'0 (Z d’”))
veC

<3 & (xC (a)

veC
<Y (Regr(v,w) 2 |x (d))|
veC
o w2 - (C (4 Cw_L‘
S;(Reff(v )) (pv( )+pv( )) Reff(vae)

Now, note that, because R.ys is a metric,

Reff(v’u) > Reff(v’w) - |R€ff(vﬁw) - Reff(v?u”
> Reff(v’w) —Te

1
> Reff(v7w) - %Reff(ca e)
35
> 2
= 36Reff(vvw)a

where we used the triangle inequality twice, (19), and also the fact that R.r;(v,w) > Rers(Ce)
because v € C' and w € e. Now, note also that

1 . 1 35
Reff(”? €) > 5 mln{Reff(vvw)v Reff(”?“) = 9 %Reff(ru?w)} )

SO

2 (Reps(v,w)'? - (o (u) + p (w)) - 1%;?)

<6. |—Tc
B Reff(cve)

where we used the fact that 3 (p§'(u)+pS(w)) = 2 and Reyp(v,e) > Reyr(C,e) because v € C. O
veC

D.3 Proof of Lemma 4.9

Proof. By definition of the fact that e is not e-important, we have

Reff(C, 6) > 7’@/62 .
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Using the fact that the demand 7€ (BT%) is supported on C' and Lemma 4.5, we get

) )

(102867 -

D.4 Proof of Lemma 4.11
Proof. We note that

folem e 1)
O} (g ‘ m
>

e=(u,w)EE

IN

Reff(c7 U)

cu{v} gT e
Ty (B \/T:le)

IN

€R€ C?
> 5 () + 55N w)) - min { [ Bt (G) Vrelies (C0)
e=(u,w)EE Te Regg(e,v)

where we used Lemma 4.6. For some sufficiently large ¢ to be defined later, we partition F into X
and Y, where X = {e € E | Ress(C,v) < 1 or TeReff(C,v) < - (Resf(e,v))?} and Y = E\X.
We first note that

Z (pCu{v}( ) + pCU{v}( )) . min Reff(C, U) TEReff(C7 ’U)
v Te " Resple,v)
e=(u,w)eX

e Y 05U (u) + pSUH(w))
e=(u,w)eX

Sc'é(ﬁ_Q)a

IN

where the last inequality follows by the congestion reduction property.

Now, let e = (u,w) € Y. We will prove that both v and w are much closer to v than C. This,
in turn, will imply that their hitting probabilities on v are roughly the same, and so they mostly
cancel out in the projection.
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First of all, we let Resr(C,v) = ¢ - re and 1eReff(C,v) = 3 - (Regs(e,v))?, for some c1,co >
0, where by definition ¢1,c2 > ¢. Now, we assume without loss of generality that Reys(u,v) <
Regs(w,v), and so

2 2 2
Regp(u,v) < 2Repp(e,v) = aw/TeReff(Cyv) = EReff(C,v) < —— (Repf(Cyu) + Regp(u,v)) ,

C1C2

SO
2

Reff(ua U) < %Reff(cv u) =

c1c2

2
C1Cy — 2

3 Reff(C,u). (20)

Rori(Cou) < ——
££(Ciu) v

Futhermore, note that

9 1 9 1
Re ) S Re ) e S - 5 Re Ca S - D) Re C, Re 9 9
7w, v) rf(u,v) +r (CICQ + C%> 7£(Cyv) (CICQ + C%> (Refs(Cow) + Repp(w,v))

and so we have

oy 1 1

Repy(w,v) < o7 Reyp(Cow) <3( =+ 5 | Reps(Cow). (21)
e =2 1

cic
cicz 152

2}
=il

Now, by Lemma D.1 together with (20) we have

3
Co{vdiy) >1 - 2
py ) 2 1=

and with (21) we have
1 1
PO (w) > 1 -3 ( " ) |

cieg 2
therefore
P ) = )] <6 (- 2 )
So,

cufwy T _Ye_ / _ | cotwl,y L Cufe} Repr(C,v)
Ty (B ﬁle)’ Reff(c7 U) ‘pv (u) pv (w)’

Te

Now, we will apply Lemma 4.10 to prove that with high probability |Y| < 9] (871). The reason
we can apply the lemma is that for any e = (u,w) € Y, we have

1 1
Reys(e,v) = @Reff(cyv) < §Reff(07v),
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and so Y C Ng(v, Res¢(C,v)/2). Therefore, we get that

3 Wgu{vaTj%le)‘ VRerp(Coy <0 (87

e=(u,w)€eY

Overall, we conclude that

\/ & (mNBT L) < mC(BT L) ) < (e e )0 (572 =0 (57

by setting ¢ to be a large enough constant.

D.5 Proof of Lemma 4.12

Proof. We write

i pi T q1+1 qz’
7477,1 _ )
foy (B () )

i is an UPDATE

which implies that

We bound each of these terms separately. For the second one, we have that

g'rT (dUpd)

£l ()

i is an UPDATE

D (e )

i is an UPDATE

IN

i+1 A
< Z \/ng <BT q&( 1€i> + \/ng <BT q 416i>
¢ is an UPDATE it rt
rT 1/2 \/ qitt \/ q
<max || — E it1 <BT — 1i>+ 51<BT ‘].i)
‘ T X gis anZUPDATE< ' it ’ ' \/F ’
T11/2
< 2max = T.
i
00




For the first one, we have

ng (dAdd>

< >

1 is an ADDTERMINAL

vt

7TCZ+1,7-1 <BT ;ﬁ)‘ . \/STT (11]7, _ ﬂ_C’i’,,.i (11)2))

'r'T 1/2 Ot pi T qi —
T i pi
< o Z i (B ﬁ)' . \/5,,1' (lvi — e (]_Ui))
©0 4 is an ADDTERMINAL r
_ T 1/2
<0 (max — ,6’_2> -T,
i LA PO

where in the last inequality we used Lemma 4.11. The desired statement now follows immediately.
O

D.6 Proof of Lemma 3.8

Proof. INITIALIZE(f): Weset st =u—f, s  =f, r'=r= ﬁ + (S%)Q

We first initialize a (-congestion reduction subset C based on Lemma 4.2, which takes time
0] (mB_Q), and a data structure DYNAMICSC for maintaining the sparsified Schur Complement
onto C, as described in Appendix A, which takes time O (mB*46*4). We also set CY = C.

Then, we generate an O (e72) x m sketching matrix @ as in (Lemma 5.1, [GLP21] v2), which
takes time O (me_z), and let its rows be ¢° for i € [5 (5_2)].

In order to compute the set of important edges, we use Lemma B.2 after contracting C', which
shows that we can compute all resistances of the form R.;s(C,u) for u € V\C up to a factor of 2

in O (m). From these, we can get 4-approximate estimates of R.¢¢(C,e) for e € E\E(C), using the
fact that
min{Reff(C, u), Reff(C, w)} A Reff(C, e).

Then, in O(m) time, we can easily compute a set of edges S such that

{e]eis ﬁ—important }CSCeleis Eﬁ—important}
o} da

We also need to sample the random walks that will be used inside the demand projection data
structures. We use (Lemma 5.15, [GLP21] v2) to sample h = O (74376 4+ 272872y72) random
walks for each v € V\C and e € E\E(C) with u € e, where we set v = = so that S is a subset of
~v-important edges. Note that, by Definition 3.7, a v-important edge will always remain ~-important
until the LOCATOR is re-initialized, as any edge’s resistive distance to C' can only decrease, and its
own resistance is constant. Therefore S can be assumed to always be a subset of y-important edges.

The runtime to sample the set P of these random walks is
O (mh2) =0 (mE*B 4+ %)) =0 (mE 85+ % 2a87Y)) .

In order to be able to detect congested edges, we will initialize 9] (5*2) demand projection
data structures, with the guarantees from Lemma 4.14. We will maintain an approximation to

TFC(B T %) foralli € O (6*2), where g are the rows of the sketching matrix that we have generated,

1

1
0,70 Tp° 0 0 TO0 5,0
as well as wold .= g7 (B b ) where p! = Vr0g(sV) = s=2 =0
) P’ = Vrlg(s?) =
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Specifically, we call ‘ ‘
DP*.INtTIALIZE(C, 7, ¢*, S, P)

for all ¢ € [5 (5_2)], and also exactly compute %, which can be done by calling
DEMANDPROJECTOR.INITIALIZE(C, 7, p, [m], P) .
The total runtime for this operation is dominated by the random walk generation, and is
O (m(E18 +e2%2a?87™) .

UPDATE(e, f): We set st = uc— fe, s, = fe, and r, = (Si)2 +

1

Sk Then, we also set p. = s s

We distinguish two cases:

e cc E(C):

In this case, we can simply call
DyNAMICSC.UPDATE(e, 7¢)

and ‘
DP*.UPDATE(e, 1, q)

for all ¢ € [6 (72)]. Note that we can do this as DP? was initialized with resistances r° and

r0 ~, 7.

e cc E\E(C):

We let e = (u,w). We want to insert u and w into C, but for doing that DP%s require
constant factor estimates of the resistances Re¢(C,u) and Ref¢(C U {u},w). In order to get
these estimates, we will use DyNamMicSC.

We first call
DYNAMICSC.ADDTERMINAL(u) ,

which takes time O (872¢7?%) and returns ]Aéeff(C, u) g Repp(C,u). Given this estimate, we
can call ' B
DP*. ADDTERMINAL(u, Ry (C,u)),

for all i € [O (e72)], each of which takes time
O(EF45% + £2570y72) = ) (438 + 52202579 |

Now, we can set C' = C' U {u} and repeat the same process for w.

Finally, to update the resistance, note that we now have e € E(C'), so we apply the procedure
from the first case.

Finally, if the total number of calls to DP*. ADDTERMINAL for some fixed i since the last call
to L.BATCHUPDATE()) exceeds =7z (note that the number of calls is actually the same for all i),
we call £L.BATCHUPDATE(() in order to re-initialize the demand projections.
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We conclude that the total runtime is

~ 1/2

~ Ea ed 98— _

O(m s~ tE 7278 L e 27403 6),
€

where the first term comes from amortizing the calls to £.BATCHUPDATE(()), each of which, as we

will see, takes O (m5*2).

BATCHUPDATE(Z, f): First, for each e € Z, we set s = ue — fo, 57 = fo, 10 = 1o = L+ L

i S

+_ —
and p? = p, = =2

Ve
For each e = (u,w) € Z, we call

DYNAMICSC.ADDTERMINAL (u)

and
DyNAMICSC.ADDTERMINAL(w)

(if w and w are not already in C'), and then we call

DYNAMICSC.UPDATE(e, 7).

Then, we set C? = C = C' U (U(yw)ez{u, w}). Additionally, we re-compute w4 based on the new

values of C0, 70, pO. All of this takes time O (m + |Z]ﬂ*26*2).
Now, to pass these updates to the DEMANDPROJECTORS, we first have to re-compute the set of
important edges S (with the newly updated resistances) as any set such that

€ €
{e | eis —important } C S C {e | eis Z—important}.
o «

As we have already argued, this takes O (m).
Now, finally, we re-initialize all the DEMANDPROJECTORS by calling
DP®.INITIALIZE(C, T, q, S, P) .

for all i € [O (¢7%)], where each call takes O (m).
We conclude with a total runtime of

O (me™2 4+12|67%72) .

SoLVE(): This operation performs the main task of the locator, which is to detect congested edges.
We will do that by using the approximate demand projections that we have been maintaining.

We remind that the congestion vector we are trying to approximate to O(e) additive accuracy
is

p*=0vrg(s)—SRV2BLTB g(s).

We will first reduce the problem of finding the entries of p* with magnitude > €(¢), to the problem
of computing an O(e)-additive approximation to

PN 0
vf=6-(nw® <B—r q5> ,SC+7rCO’TO <BTp>>
S =
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for all i € [6 (5_2)], where SC is the approximate Schur complement maintained in DYNAMICSC.
Then, we will see how to approximate v} to additive accuracy O(e) using the demand projection
data structures. )

a1
First of all, note that, by definition of g(s) = +*—=—

r ?

[ovrg(sl,, <5 <<,

so this term can be ignored. Using Lemma 4.3, we get that

5 |[R2BLY (BTg(s) -7 (BTg(s))||_<6-0(57) <=/2.

[e.9]

This means that the entries of the vector
SR™'V2BLT=%(BTy(s))

that have magnitude < ¢ do not correspond to the Q(e)-congested edges that we are looking for.
Now, we set T' = |C\C?|, where C° was the congestion reduction subset during the last call to
BATCHUPDATE, and apply Lemma 4.12. This shows that

VEr (w91 — ¢ (BTg(s))) < O (a¥/2672) - T

Therefore, if we define
p= 75R—1/2BL+7TOld 7

we conclude that
lp =l < O@)+3 | RV2BLY (r — 2 (BTg(s)) )| _ < 0(e)+07-0 (a2572) < 0(e),

where we used the fact that T =
O(e)-additive accuracy.

Now, note that, by definition, no edge e € E\S is £ /a-important with respect to r° and C°. By
using Lemma 4.5, for each such edge we get

gagl/Q < M_QEQI/Q. Therefore it suffices to estimate p up to

5 ‘Rfl/QBL+ﬂ.old

e

cofe (o (3]
. 5a\/gT0 (v (5722)) ettt

where we also used the fact that &.0(w"™ (g(s°))) < O(Em0(g(s))). Therefore it suffices to ap-
proximate
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— _1 —_—— ———
Note that here we can replace L' by ( LF}?LFC> SC’+ where SC =1,. SC and only lose

another additive € error, as

J— _1 —_——
5 ‘<1e’ R_1/23L+7F0ld> -5 <16,R_1/2B ( LF-}[;LFC> SC+7\'Old>‘

—s|({x¢ (BT (sct—5CT) xo
(5775 (oo =) =)
< O(de - v/m)

<0(e),

where we used the fact that
(1-¢)SC <8C < (1+)SC = —0()SC < SC* —8C" < 0(e)SC .

and that

< O(m) + ( 1/2672)'T
< O(m),

VEr (mott) < \Je, (x (BTg(s))) + |/, (meld — 7€ (BT g(s)

where we used the fact that 7' = =5 < 6ﬁ—§a1/2 < ,3‘\2’/?1/2'

Now, we will use the sketching lemma (Lemma 5.1, [GLP21] v2), which shows that in order to
find all entries of

IsR-V2B < LF;‘LFC) SO old

with magnitude Q(e), it suffices to compute the inner products

5 <BT % ’ <—LF}:LFC> §5+W01d>

Jr I

p <7rc (BT\q;> ,§5+wold>
r

for i € [6 (5_2)], up to additive accuracy

—1
2 Q(g)v

—1
c- H(SISR—V?B <_LF§LFC> SC " old
2
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where we used the fact that

-1 2
H(SISR—I/QB <_LF§LFC) /;S’\C/+770ld

2
= 62(SC" % (~LopLyh I)L <LF1§LF C) SC " gold

_ 52 <§‘é+ﬂ_old’ (“LepLzh 1) (igi igg) <—LE};LFO> §é+ﬂ_old>
_ 52 </575+7Told7 chﬁ+ﬂold>

< 262 <7Told7 §5+ﬂ_old>

< O(6%*m)

—0(1).

Now, for the second part of the proof, we would like to compute v such that ||[v — v*|| < O(e),
where we remind that A
1
v — <7rc (BT\‘1/5%> ot old>

Note that we already have estimates (BT 3/57) given by DP? for all i € [O ( _2)]. We obtain

these estimates by calling '
DP*.OutpruT()

each of which takes time O(fm). By the guarantees of Definition 4.13, with high probability we

have
5’<%C (BT\‘I/SF> — =€ (BT\'J/%> ,§5+wold>‘ <&J/ar,
where we used the fact that .
En(6-5C ) < 0O(1).

Now, since by definition BATCHUPDATE is called every = 1/2 calls to UPDATE, We have T' < 3

and so
i i —
5’<7~rc (BTqS —a¢ (BT s SC wold )| < ¢
\/F ﬁ b —_—

This means that, running the algorithm from (Lemma 5.1, [GLP21| v2), we can obtain an edge set
of size O ( - ) that contains all edges such that |p}| > ¢ - e for some constant ¢ > 0. By rescaling
€ to get the right constant, we obtain all edges such that |pi| > /2 with high probability. The
runtime is dominated by the time to get SC and apply its inverse, and is 9] (Bmz—: )

1/2

Success probability We will argue that £ uses DyNAMICSC and the DP? as an oblivious ad-
versary. First of all, note that no randomness is injected into the inputs of DYNAMICSC, as they
are all coming form the inputs of L.
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Regarding DP?, note that its only output is given by the call to DP?.OuTpuT. However, note
that its output is only used to estimate the inner product

(o () ')

from which we obtain the set of congested edges and we directly return it from £. Thus, it does
not influence the state of £, DYNAMICSC or any future inputs.
O

E Deferred Proofs from Section 5

E.1 Proof of Lemma 4.6
Proof. Let P,(u) be a random walk that starts from u and stops when it hits v.
pSU Y (w) = Pr[Py(u) N C = 0 and w ¢ Py (u)]
=Pr[P,(u)NC =0]-Prw ¢ Py(u) | Py(u)NC =0
= p{tH w) - Prw ¢ Py(u) | Po(u)n C = 0]

P
P

Consider new resistances 7, where 7. = 7, for all e € F not incident to C and 7, = oo for all
e € F incident to C. Also, let p be the hitting probability function for these new resistances. It is
easy to see that
Pr[w ¢ Po(u) | Po(u) N C = 0] = B} (u).

Therefore, we have
pS e w) = pCU ) - pi v (w) .

Now we will bound ﬁi“’“’}(u). Let v be electrical potentials for pushing 1 unit of flow from v to

w with resistances 7 and let f be the associated electrical flow. We have that
’¢u*ww| = |fe|?e < Te =Te (22)

(because |fe| <1 and e is not incident to C') and

~

[y — hw| = Repp(v,w) > Repp(v,w) (23)

Additionally, by well known facts that connect electrical potential embeddings with random
walks, we have that

Yy = Py + /ﬁ{gv’w}(u) (Vo — Yuw),

or equivalently
P () = St
'QZ}U - u)w
Using (22) and (23), this immediately implies that
Te

>{v,w} < _ ¢
Pav I (u :
( ) Reff (Uv w)
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So we have proved that

Te

CU{v,w} < CU{v}
Dby U) = Py U
) ( Regy(v,w)

and symmetrically

CU{v,u} < CU{v} Te
Dy W) = Py w .
(w) ( )Reff(v,u)
Now, let’s look at 7TCU{U}(BT 1.) = pEU{“}( ) — pSU{”}( ). Note that
U ) = pFP () 4 pg U (w)p Y (w)

which we re-write as

P ) = pFEH w) = pFP T (w) — (1= pGH T (w))pl P (w) < pfH o ().

Symmetrically,
PSP (w) — pF () < pSPtv (w) .

From these we conclude that

CU{U} (BT1, }_‘pw{u} w) — pgu{v}(w)

< maoc {1 ), p70 () |

< CO{v}(y). —Te  Cu{v} __Te
= max {p’u (u> Reff (U, w) 7pv ( ) Reff (U, u)

< (OO0} CU{} (1) - Le e
< (U ) + pOUHw) maX{Reff@,w)’Reff(v,u) |

which, after dividing by /rc gives

m OB L] S G+ ) maX{Ref:‘/(Zeaw)’Ref\f/E U)}'

E.2 Proof of Lemma 5.3

Proof. For each u € V\C and e € S’ with u € e, we generate Z random walks P'(u), ..., P%(u)
from u to C' U {v}. We set

e

#OU(v} (BTQSI) - (Lveps(u) = Lwers(w))

\/F

MN
N =
E

N
I
—

M)

(Xe,u,z - Xe,w,z) )

=

[y

)ES! 2=



where we have set X, , . = %\Z%l{vEPZ(u)} and X . = —%%1{vepz(w)}
Note that B [X..] = Lo ;00 () and DB Kews] = — L% pi T (w). This implies
2(y e Z(w

that our estimate is unbiased, as
E |709{v} (BTqS’ﬂ = de_ (pGVtH u) — pSUEH(w)) = 7§V (BTqS’> .
[ B - T R -0 w) Lo

We now need to show that our estimate is concentrated around the mean. To apply the concentration
bound in Lemma 5.2, we need the following bounds:

Z
> Y (Bl + EXew )= > Jael (0003 (4) 4y w)) o= B

e=(u,w)es’ z=1 e=(u,w)€esS’ \/776
e o max{ [ Xea,zls Xew,el} < max Z\/ﬁ =M
z€[Z]
So now for any ¢ € [0, E] we have
Pr ||7Cuiv ( T8 ) _ Cufvy gT sy < 4
|| ) - npe (BT L
2
<2 —
= eXp( 6EM>
) Zt?
= 46Xp | — e CU{v Cu{v
6 % i )+l W) maxees
e=(u,w)€S
<2e 2t
- P |~ CuU{v CU{v
6 > (0w +pr Y (w) maxees -
e=(u,w)esS’
ZtQCQReff(C,U)
<2exp | — CU{0} CUlo}
6 > (o W Hps T (w)
e=(u,w)es’
< 2exp (—Zt202Reff(C7U)/6 (6_2))
1
S W )
where the last inequality follows by setting Z = 9] (bgz};gﬁ> and t = ﬁc\/% Note that

we have used the fact that Res(C,v) < re/c? for all e € §', as well as the congestion reduction
property (Definition 4.1)

S S ) + pFUEHw)) < O (1/8) .

e=(u,w)eE\E(C)
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E.3 Proof of Lemma 5.4

Proof. In order to compute %UC Uivd (BT%) we use Lemma 5.3 with demand BTq—\/SF/ and error

parameter 07 > 0, where
[ €5 | Reyp(Cr0) 7o/} € 8' C {e €S | Rups(Cov) < e/}

and ¢ > 0 will be defined later. Note that such a set S’ can be trivially computed given our effective
resistance estimate R, 71(C,v) =2 Repy(C,v). However, algorithmically we do not directly compute
S’, but instead find its intersection with the edges from which a sampled random walk ends up at
v. (Using the congestion reduction property of C, this can be done in O (5;‘26*2 logn log %) time
just by going through all random walks that contain v.)

Now, Lemma 5.3 guarantees that

#OU{v) <BTqS/> _ xCUlv) <BTQS’>’ < S
VT Be

r \/F V Reff(07 U)

given access to O(6'~2logn log %) random walks for each u € V\C, e € S’ with u € e.
~CU{v ~CU{v /
u{ }(BT%) — u{ }(BTqi

Then, we set 7, ), and we have that

NG
~CU{v} BT& __Cu{v} BTﬁ
v ( ﬁ) " ( NG
< |zovw <BTil/s;'> _ xCUlv) <BT21/SF’) + |7 Cul} (BT‘IS\—E‘IS')‘ (24)
Ji Cu{}< TqS—%”)'
< +|m (B = |
50 Reff(c’v) ﬁ

Now, to bound the second term, we use Lemma 4.6, which gives

ﬂ_gu{v} (BT ds — (Is') < pvcu{v} (u) +vaU{”}(w) VTe .
VT e(u,wz):ES\S’ ( ) Resr(v,e)

Now, note that for each e € S\S’, e is close to C, but v is far from C, so Rcsf(v,e) should be
large. Specifically, by Lemma 2.12 we have Rerp(v,e) > 2 min {Ress(v,u), Reff(v,w)}, and by the
triangle inequality

min{Reff(U,u),Reff(v,w)} > Reff(C,v)—max{Reff(C, u),Reff(C, w)} > Reff(C, U)—QReff(C, e).
By the fact that e is y-important and that
e ¢ 5 2 {eeS| Reps(Co) < 1o/ (27))
we have Rerf(C,e) < 1e/v? < 2¢2Rers(C,v) /7%, so
Jre 1 Ve
<
Regp(v,e) = 1/2—=2¢2/92 Reyp(C,0)

c 1
< .
= 1722/ \/Roy(Crv)
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By using the congestion reduction property (Definition 4.1), we obtain

7Tvcu{v} (BT ds — 4y

NG )‘ ST W(S (5) |

Setting ¢ = min{d;/O (872),~/4} and &} = Bc- 61/2, (24) becomes

#CUtv) <BT‘15> ~ xCUlv) (BTQS>' < 5

VT \/F V Reff(C, v) ‘

Also, the number of random walks needed for each valid pair (u,e) is

~ 1 ~ 1 ~ 1
%) (5;2 log n log B) =0 (5125‘%‘2 log n log B) =0 ((51 1870+ 67787y 7%) lognlog 5)

For the last part of the lemma, we let S” = {e € S | Ry (C,v) < e/ (7/4)*} and write

CUn} < BT ‘15>

NG

< |n Gt} (BTqSH> ‘ + |rGUte} <BTqS — qS”)' .
T r
For the first term,
cute} (gTas” | < cufv} cu{v} 1
R0 (BT < S (60 460 w) —

e=(u,w)es"

=0/ f;emc, 50 (%)

and for the second term we have already proved in (25) (after replacing ¢ by 7/4) that

7CUL) (BT‘IS—‘M”>’ < 5 (12> .
VT Reff(07 v) B

Putting these together, we conclude that

(575 < e 0 ()

E.4 Proof of Lemma 5.5

Proof. For any I C R, we define F; = {i € [n] | |#;| € I}. For some 0 < a < b to be defined later,
we partition [n] as
[n] :FIOUFh U"'UFIK UF]KH’

where Iy = [0,a), 11 = [b,00), and Iy, ..., [k is a partition of [a,b) into K = O(log%) intervals
such that for all k € [K] we have @}, := m%x|¢i| <2 mlivn | i .
1EL) 1EF,
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A union bound gives

K+1
Pr(|(F —m @) >t <Y Pr||> (7 —m)di| >t/(K+2)
k=0 i€},

We first examine Iy and Ix 11 separately. Note that

> Fi—m)gi| < |7 —w[ha < 2a

iEF[O
and
L o 1 1 _ el
Z (i — )i S{Z 7ri|¢i\+'z Wi‘¢i|§5'z \m—m‘\@'ﬁg‘z il dil + ==
’LGF’]KJrl ZEF[K+1 ZGFIK+1 ZGFIK+1 ZEFIK+1

But note that by picking b > max {M{M, VVarg (o) - nwl}, we have WTT"(@ <t/(K+2)

and also for any i € Fi 11 we have m; < ‘”#g("b) < n1101- This means that Pr[w; # 0] < ﬁ, and so
by union bound

~ 7T 1

iGF[K+1

Now, we proceed to Fi,..., Fx. We draw Z samples x1,...,zz from 7. Then, we also define
the following random variables for z € [Z] and i € [n]:

X, = 1 ifz,=1
’ 0 otherwise
for i € [n] and

1 _
Yz,k = E Z Xz,i¢i

i€ Fy
_ z
This allows us to write ) T, = > Y, 1.
1€ F}y, z=1
z
Fix k € [K]. We will apply Lemma 5.2 on the random variable ) Y, ;. We first compute
z=1
Z — —
STEN =) mdi| <> milgi| = By
z=1 i€Fy i€Fy
and
Dy,
ax |Y, k| < —= = M, .
gé[%! 2kl < — K
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Therefore we immediately have Eyp M) < % > mqgf < % -Vary(¢). By Lemma 5.2,
1€ FY

Z Z
Y Y —E|Y Y
z=1 z=1
t2
<9 _
= 4exp < 6B My (K + 2)2>

< 2ex ( A5 >
=P\ T Var (0)(K +2)2)

Pr >t/(K +2)

Summarizing, and using the fact that K = O (log(n - Varz(¢)/t?)), we get

i N B ) 2
Pr[[(m —m @) >t] <O <n1100> +20 (log (n- Varg()/t?)) exp (‘ 2.0 (Vaft(qg) log? n)) :

O

E.5 Proof of Lemma 5.6
Proof. Let Sp = () and and for each k € N let
Sk = {i € [n]\Sk_1 : gb? < 2k+1Reff(C, v)}.

QkReff(C,U)

Fix some k > 2. Note that ¢7 > 2kReff(C,v) for all ¢ € S, implying Tt (Se)

S0 Reff(Sk,v) > QkReff(C,’U) > 4Reff(0,’l)). As

< Ep(¢) <1, and

1 . . 1
Repp(Cyv) > Zmln{Reff(Sk7U)aReff(c\skav)} > min{ Ry (C,v), ZReff(C\Sk,v)},

. . C Ry (C\Sk,v) 1
we have Ref¢(C\Sk,v) < 4Rcff(C,v). This implies that H?‘l'sk(]_v) S TR ) =t
So we conclude that Varg(¢) = 3 mi¢? < 555 - 28T Ref(C,v) = 8Repp(Cv). O

1€SE

E.6 Proof of Lemma 5.1

Proof. The first part of the statement is given by applying Lemma 5.4, and we see that it requires
9] (674870 + 6;2872y72) random walks for each u € V\C and e € E\E(C) with u € e.

For the second part we use the fact that the change in the demand projection after inserting v
into C' is given by

oot <BT35;) . (Br\q/s%> _ o) (BT\‘J/SF> (1, - 7C(1),

and therefore we can estimate this update via

FOulv} <BTqi> (1, — 7°(1)).
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where %f,j v} <B T%) is the estimate we computed using Lemma 5.4 and %C(lv) is obtained by

applying Lemma 5.7.
Let us show that this estimation indeed introduces only a small amount of error. For any ¢,
such that F,(¢) < 1, we can write

(e (BT ), = w00, - nf0 (8792 1, - €1, 0)

T T

<|(ree (B7 98 (me1,) - 7). 0)

T

(e (575 (5)) )
e () o (o 5)) ).

At this point we can bound these quantities using Lemmas 5.4 and 5.7. It is important to notice that
they require that S is a set of y-important edges, for some parameter . Our congestion reduction
subset C' keeps increasing due to vertex insertions. This, however, means that effective resistances
between any vertex in V' \ C' and C can only decrease, and therefore the set of important edges can
only increase. Thus we are still in a valid position to apply these lemmas.

Using Er(¢) < 1, which allows us to write:

(1, — 79(1,)), @) < & (1, — ©(14)) = Reyy(v,0),

we can continue to upper bound the error by:

O (v1872) 01 01
<004/ Rer#(C0) + ———— -/ Re 1 (C,0) + ——— 021/ Res+(C,
R (Coo) 24/ Resf(C,v) T (C0) \/ Reps(C,v) T (C) 24/ Resr(C,v)
=35-0 (v'B72) 4 61 + 6102 .

Setting 61 = /2 and &2 = 6\627/6 (1), we conclude that w.h.p. each operation introduces at most
€ additive error in the maintained estimate for <7~1’C(BTq—\/SF), ¢>.
Per Lemma 5.4, estimating one coordinate of the demand projection requires

5 (51—4676 + 51—2572772) _ 5 (g4B76 + gQ[BfZ,ny)
random walks, and estimating %C(BT%), per Lemma 5.7, requires
0 (5% =0 (F2677)

random walks. This concludes the proof.

F The CHECKER Data Structure
Theorem F.1 (Theorem 3, [GLP21]). There is a CHECKER data structure supporting the following

operations with the giwen runtimes against oblivious adversaries, for parameters 0 < Bcupcker, € < 1
such that Bcuscker > §) (671/2/m1/4).
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INITIALIZE(f, €, Boupcker ) Initializes the data structure with slacks st=u—f, s  =f, and
resistances T = ﬁ + ﬁ Runtime: O (mﬁaﬁECKERe_‘l).

UPDATE(e, f'): Set sT = ue — f, s = f., and re = (si)Q + (51)2' Runtime: Amortized
= (a2 2

O(/BCHECKERg )

TEMPORARYUPDATE(e, f'): Set st = u. — f, s = f., and r, = ﬁ + (55)2' Runtime:

Worst case O (KBGE sorene DY), where K is the number of TEMPORARYUPDATES that have
not been rolled back using ROLLBACK. All TEMPORARYUPDATES should be rolled back before
the next call to UPDATE.

ROLLBACK(): Rolls back the last TEMPORARY UPDATE if it exists. The runtime is the same
as the original operation.

CHECK(e, o1q): Returns ]78 such that \/re f; — JA‘E

< e, where

~%

+
F =0dg(s) - SR'B (BTR—lB) BTg(s),
for 6 =1/y/m. Additionally, a vector myq that is supported on C' such that
Er <7rold — ¢ (BTg(s)>) < £2m/4

is provided, where C is the vertex set of the dynamic sparsifier in the DYNAMICSC that is
maintained internally. Runtime: Worst case O ((BCHECKERm + (KﬁaiECKER£_2)2) 5_2), where
K is the number of TEMPORARYUPDATES that have not been rolled back. Additionally, the
output of CHECK(e) is independent of any previous calls to CHECK.

Finally, all calls to CHECK return valid outputs with high probability. The total number of UPDATES
and TEMPORARYUPDATES that have not been rolled back should always be O(Bcupcker)-

This theorem is from [GLP21|. The only difference is in the guarantee of CHECK. We will now

show how it can be implemented. Let

~k

f =0g(s) —6R*BL*By(s).

Let DYNAMICSC be the underlying Schur complement data structure. We first add the endpoints
u,w of e as terminals by calling

DyYNAMICSC. TEMPORARYADDTERMINALS ({u, w})

so that the new Schur complement is on the vertex set C/ = C' U {u, w}. Then, we set

¢ = —§5+ﬂ'01d

and fo = (du — du)/\/Fe, where SC is the output of DYNAMICSC.SC(). Equivalently, note that

fo=6-1R'BL m,.
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We will show that /7, |f. — f*

We write
Vre|fe— f2
< |l6v/rg(s)||.. + H6R—1/23L+ (BTg(s) e (BTg(s)>> HOO
i (5 (37) - (7)) | 0 (700) - )]

For the first term,

<e.

1
H(S\/Fg(s)Hoo = |6 —=—= <0 <¢e/10.

Now, by the fact that C’ is a Bcurcker-congestion reduction sEbset by definition in DYNAMICSC,
Lemma 4.3 immediately implies that the second term is < § - O (ﬁaiscmm) < e/10.
For the third term, we apply Lemma 4.12, which shows that

e (v (8710) - (70|

<56 (v (BTg(s) — 7€ (BT o(5)))

<e/10,

as the resistances don’t change and we only have two terminal insertions from C to C’.
Finally, the fourth term is

H5R‘1/QBL+ (Trc (BT9(5)> - 7Told> Hoo <5 \/5,, (7C (BT g(s)) — moa) < 0-e/m/2=e/2.

We conclude that /r. fe — fe*
terminal insertions. -
The runtime of this operation is dominated by the call to DYNAMICSC.SC(), which takes time

6 ((/BCHECKERm + (KﬂaiECKER&‘*Q)Q)&“*Q) .

< e. Finally, we call DYNAMICSC.ROLLBACK to undo the
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