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Fig. 3. Example 2: optimal trajectories for o = [cos6sin 03], 0 < 6 < 27.

control law by a series of algebraic processes. While we carried out the
above procedure for the Heisenberg system, we expect this approach
will be generalizable to other underactuated controllable systems and
we hope to pursue this as future research. Also with the above unique
technical features, this approach can be favorably compared with the
dynamic programming method or linear quadratic formulation.

REFERENCES

[1]1 H. Goldstein, Classical Mechanics. Reading, MA: Addison-Wesley,
1965.
[2] D. T. Greenwood, Classical Dynamics, Inc..
Prentice-Hall, 1977.
[3] B. Fraeijs de Veubeke, “Canonical transformations and the
thrust-coast-thrust optimal transfer problem,” Astronautica Acta,
vol. 11, no. 4, pp. 271-282, 1965.
[4] W.F.Powers and B. D. Tapley, “Canonical transformation applications
to optimal trajectory analysis,” AIAA J,, vol. 7, no. 3, pp. 394-399,
1969.
P. Hagedorn, “Canonical transformations in the optimal control of me-
chanical systems,” Int. J. Nonlinear Mech., vol. 13, no. 2, pp. 103-116,
1978.
V. Guibout and D. J. Scheeres, “Solving relative two point boundary
value problems: Spacecraft formation flight transfers application,” J.
Guid., Control, Dyn., vol. 27, no. 4, pp. 693-704, 2004.
[71 V. Guibout, “The Hamilton-Jacobi Theory for Solving Two-Point-
Boundary Value-Problems: Theory and Numerics With Application to
Spacecraft Formation Flight, Optimal Control, and the Study of Phase
Space Structure,” Ph.D. dissertation, Univ. of Michigan, Ann Arbor,
2004.
[8] I Duleba and J. Z. Zasiadek, “Nonholonomic motion planning based
on newton algorithm with energy optimization,” IEEE Trans. Control
Syst. Technol., vol. 11, no. 3, pp. 355-363, May 2003.
[9] P. Tsiotras and J. H. Luo, “Control of underactuated spacecraft with
bounded inputs,” Automatica, vol. 36, no. 8, pp. 1153-1169, 2000.
[10] J. A. Acosta, R. Ortega, A. Astolfi, and A. D. Mahindraker, “Intercon-
nection and Damping Assignment Passivity-Based Control of Mechan-
ical Systems With Underactuation Degree One,” IEEE Trans. Automat.
Control, vol. 50, no. 12, pp. 1936-1955, Dec. 2005.

[11] A. M. Bloch, Nonholonomic Mechanics and Control.
Springer, 2003.

[12] R.W.Brockett, “Control theory and singular Riemannian geometry,” in
New Directions in Applied Mathematics, P. J. Hilton and G. S. Young,
Eds. New York: Springer-Verlag, 1981.

[13] A. A. Agrachev, “Exponential mappings for contact sub-riemannian
structures,” J. Dyn. Control Syst., vol. 2, no. 3, pp. 321-358, 1996.

[14] E. C. El-Alaoui, J. P. Gauthier, and I. Kupka, “Small sub-riemannian
balls on R2.” J. Dyn. Control Syst., vol. 2, no. 3, pp. 359-421, 1996.

[15] C. Prieur and E. Trelat, “Robust optimal stabilization of the brokett
integrator via a hybrid feedback,” Math. Control, Signals, Syst., vol.
17, no. 3, pp. 201-216, 2005.

Englewood Cliffs, NJ:

[5

[t}

[6

—

New York:

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 53, NO. 11, DECEMBER 2008

[16] S. V. Drakunov, T. Floquet, and W. Perruquetti, “Stabilization and
Tracking Control for an Extended Heisenberg System With a Drift,”
Syst. Control Lett., vol. 54, pp. 435-445, 2005.

[17] R. Beals, B. Gaveau, and P. Greiner, “Hamilton-jacobi theory and the
heat kernel on heisenberg groups,” J. Math. Pures Appl., vol. 79, no. 7,
pp- 633-689, 2000.

[18] C. Park and D. J. Scheeres, “Determination of optimal feedback
terminal controllers for general boundary conditions using generating
functions,” Automatica, vol. 42, no. 5, pp. 869-875, 2006.

[19] C. Park, V. Guibout, and D. J. Scheeres, “Solving optimal continuous
thrust rendezvous problems with generating functions,” J. Guid., Con-
trol, Dyn., vol. 29, no. 2, pp. 321-331, 2006.

[20] A. E. Bryson and Y. Ho, Applied Optimal Control.
Hemisphere, 1975.

[21] M. Athans and P. L. Falb, Optimal Control: An Introduction to the
Theory and Its Applications. New York: McGraw-Hill, 1966.

[22] C. Park, “The Hamilton-Jacobi Theory for Solving Optimal Feedback
Control Problems With General Boundary Conditions,” Ph.D. disseer-
tation, Univ. Michigan, Ann Arbor, 2006.

London, U.K.:

On the Nonexistence of Quadratic Lyapunov
Functions for Consensus Algorithms
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Abstract—We provide an example proving that there exists no quadratic
Lyapunov function for a certain class of linear agreement/consensus algo-
rithms, a fact that had been numerically verified in [6]. We also briefly dis-
cuss sufficient conditions for the existence of such a Lyapunov function.

Index Terms—Consensus algorithms, Lyapunov theory, multi-agent
systems.

1. INTRODUCTION

We examine a class of algorithms that can be used by a group of
agents (e.g., UAVs, nodes of a communication network, etc.) in order
to reach consensus on a common opinion (represented by a scalar or
vector), starting from different initial opinions, and possibly in the pres-
ence of severe restrictions on inter-agent communications.

We focus on a particular algorithm, whereby, at each time step, every
agent averages its own opinion with received messages containing the
current opinions of some other agents. While this algorithm is known to
converge under mild conditions, convergence proofs usually rely on the
“span norm” of the vector of opinions. In this note, we address the ques-
tion of whether convergence can also be established using a quadratic
Lyapunov function. Among other reasons, this question is of interest
because of its potential implications on convergence time analysis. A
negative answer to this question was provided in [6], where the nonex-
istence of a quadratic Lyapunov function was verified numerically. In
this paper, we provide an explicit example and proof of this fact.
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In Section II we give some definitions and formally state the
problem. Section III contains the main result and its proof. Section IV
provides some additional perspective, together with some conditions
under which a quadratic Lyapunov function is guaranteed to exist [1].

II. AGREEMENT ALGORITHM

We consider aset N = {1,2,...,n} of agents embedded, at each
nonnegative integer time ¢, in a directed graph G(t) = (N, E(t)). We
assume that (¢,¢) € £(t), for all i and ¢. We define N;(¢) = {j|(j,7) €
E(t)}, and let d; (t) be the cardinality of N, (t).

Each agent 7 starts with a scalar value z;(0). At each time ¢, agent ¢
receives from every agent j € N;(¢) a message with the value of x;(t),
and uses the received values to perform the update

n

xi(t+1) = Z‘l‘ij(t)l’j(ﬂ?

j=1

where the a;;(t) are nonnegative coefficients that satisfy a;;(¢) = 0 if
(J,i) ¢ €(t),and 37 x4y @i; (1) = 1, so that z;(+ 1) is a weighted
average of the values z;(¢) held by the agents at time ¢. We define the
vector x:(t) = (21(t),...,x, (%)), and note that the algorithm can be
written in the form =(t + 1) = A(t)z(t).

We next state some conditions under which the agreement algorithm
is guaranteed to converge.

Assumption 1: There exists some o > 0 such that if (j,7) € £(¢t),
then a;;(¢) > a.

Assumption 2: (Bounded Intercommunication Intervals): There
is some B such that for every nonnegative integer k, the graph
(N, E(kBY)UE(KB+1)U---UE((k+ 1)B)) is strongly connected.

Theorem 3: Under Assumptions 1-2, and for every 2:(0), the com-
ponents x;(t),i = 1,...,n, converge to a common limit.

Theorem 3 is presented in [11] and is proved in [10] (under a slightly
different version of Assumption 2), as well as in [6], for a special case
to be considered below; see also [5], [9] for generalizations and exten-
sions}. On the other hand, if the graphs G/(¢) are symmetric, namely,
(i,j) € E(t)ifand only if (§,4) € E(¢), Assumption 2 can be replaced
by the weaker requirement that the graph (V,U,>:E(t)) is strongly
connected for every t > 0; see [4], [5], [7], [9].

We will focus on a special case, motivated from the model of Vicsek
et al. [12], and studied in [6], to be referred to as the symmetric, equal-
neighbor, model. In this model, the graphs G(¢) are symmetric, and
aq;(t) = 1/d;(t), for every (j,i) € E(t). Thus, each node i forms an
unweighted average of the values = () that it has access to (including
its own).

Theorem 3 is usually proved by showing that the “span norm”
max; z;(t) — min; x;(¢) is guaranteed to decrease after a certain
number of iterations. Unfortunately, this proof method usually gives
an overly conservative bound on the convergence time of the algo-
rithm. Tighter bounds on the convergence time would have to rely on
alternative Lyapunov functions, such as quadratic ones, of the form
2T M, if they exist.

Although quadratic Lyapunov functions can always be found for
linear systems, they may fail to exist when the system is allowed to
switch between a fixed number of linear modes. On the other hand,
there are classes of such switched linear systems that do admit quadratic
Lyapunov functions. See [8] for a broad overview of the literature on
this subject. For the symmetric, equal-neighbor model this issue was
investigated in [6]. The authors write:

...no such common Lyapunov matrix M exists. While we
have not been able to construct a simple analytical example which
demonstrates this, we have been able to determine, for example,
that no common quadratic Lyapunov function exists for the class
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of all [graphs which have] 10 vertices and are connected. One
can verify that this is so by using semidefinite programming. . .

The main contribution of this note is to provide an analytical example
that proves this fact.

III. THE EXAMPLE

Let us fix a positive integer n. We start by defining a class Q of
functions with some minimal desired properties of quadratic Lyapunov
functions. Let e be the vector in &"™ with all components equal to 1. A
square matrix is said to be sfochastic if it is nonnegative and the sum of
the entries in each row is equal to one. Let A C R™*™ be the set of sto-
chastic matrices A such that: (i) a;; > 0, for all ; (ii) all positive entries
on any given row of A are equal; (iii) a;; > 0 if and only if a;; > 0O;
(iv) the graph associated with the set of edges {(, j)|a:; > 0} is con-
nected. These are precisely the matrices that correspond to a single iter-
ation of the equal-neighbor algorithm on symmetric, connected graphs.

Definition 4: A function @@ : R" — R belongs to the class Q if it
is of the form Q(x) = «” M, where:

a) The matrix M € R"*"™ is nonzero, symmetric, and nonnegative

definite.

b) Forevery A € A, andz € R", we have Q(Ax) < Q(z).

¢) We have Q(e) = 0.

Note that condition (b) may be rewritten in matrix form as

2T ATMAr <2TMa2, forallAe A, and x€eR". (1)
The rationale behind condition (c) is as follows. Let .S be the subspace
spanned by the vector e. Since we are interested in convergence to the
set S, and every element of S is a fixed point of the algorithm, it is
natural to require that Q(e) = 0, or, equivalently,

Me = 0.

Of course, for a Lyapunov function to be useful, additional properties
would be desirable. For example we should require some additional
condition that guarantees that Q(z(t)) eventually decreases. However,
according to Theorem 5, even the minimal requirements in Defini-
tion 4 are sufficient to preclude the existence of a quadratic Lyapunov
function.

Theorem 5: Suppose that n > 8. Then, the class Q (cf. Definition
4) is empty.

The idea of the proofis as follows. Using the fact the dynamics of the
system are essentially the same when we rename the components, we
show that if 27 M has the desired properties, so does " Zz for a ma-
trix Z that has certain permutation-invariance properties. This leads us
to the conclusion that there is essentially a single candidate Lyapunov
function, for which a counterexample is easy to develop.

Recall that a permutation of n elements is a bijective mapping o :
{1,...,n} — {1,...,n}. Let ¥ be the set of all permutations of
n elements. For any ¢ € X, we define a corresponding permutation
matrix I, by letting the ¢th component of P> x be equal to x, ;). Note
that P;* = PT forall ¢ € . Let P be the set of all permutation
matrices corresponding to permutations in X.

Lemma 6: Let M € Q. Define Z as

7= Z P'MP.
PcP

Then, Z € Q.

Proof: For every matrix A € A, and any PP € P, it is easily seen
that PAPT € A. This is because the transformation A — PAPT
amounts to permuting the rows and columns of A, which is the same
as permuting (renaming) the nodes of the graph.
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We claim that if M € Q and P € P, then P MP € Q. Indeed,
if M is nonzero, symmetric, and nonnegative definite, so is PTMP.
Furthermore, since Pe = e, if Me = 0, then PT MPe = 0. To
establish condition (b) in Definition 4, let us introduce the notation
Qp(z) = 2T (PTMP)z. Fix a vector = € R", and A € A; define
B = PAPT € A. We have

Qp(Ax) =2 A"P"MPAx
=2 PTPATPTMPAPT Px
=2"PTBT MBPx
< 2 PP M P
=Qp(x),

where the inequality follows by applying (1), which is satisfied by M,
to the vector Px and the matrix B. We conclude that Qp € Q.
Since the sum of matrices in Q remains in @, it follows that Z =
Yorep PT M P belongs to Q. u
We define the “sample variance” V' () of the values 1, ..., ., by

=1

where z = (1/n) >"7_, «,. This is a nonnegative quadratic function of
x, and therefore, V' (z) = 2¥ C'z, for a suitable nonnegative definite,
nonzero symmetric matrix C' € R"*".

Lemma 7: There exists some o > 0 such that

2T Zw = aV(x), forallx € R".

Proof: We observe that the matrix Z satisfies

R"ZR =2, forallR e P. )
To see this, fix R and notice that the mapping PP — PR is a bijection
of P onto itself, and therefore,

R'ZR=Y (PR)'M(PR)= ) P'MP=2Z
PEP PEP

We will now show that condition (2) determines Z, up to a mul-
tiplicative factor. Let z;; be the (¢, j)th entry of Z. Let e be the
ith unit vector, so that e(i)TZe(i) = zyi.Let P € P be a permuta-
tion matrix that satisfies Pel? = el Then, z;; = e(i)l Zel) =
e PTZPel) = " Zel) = z;;. Therefore, all diagonal entries
of Z have a common value, to be denoted by z.

Let us now fix three distinct indices 7, j, k, and let y = e 4 e,
w = e 4e*) Let P € P be a permutation matrix such that Pe(") =
el and Pel) = ™ 50 that Py = w. We have

2z 4 2z;; = yTZy = yTPTZPy =w' Zw =22+ 2z;,.

By repeating this argument for different choices of i, j, k, it follows
that all off-diagonal entries of Z have a common value to be denoted
by r. Using also the property that Ze = 0, we obtain that z + (n —
1)r = 0. This shows that the matrix Z is uniquely determined, up to a
multiplicative factor.

We now observe that permuting the components of a vector @ does
not change the value of V' (x). Therefore, V (z) = V(Px) for every
P € P, which implies that 7 PTC Pz = =" Cx, forall P € P and
x € R". Thus, C satisfies (2). Since all matrices that satisfy (3) are
scalar multiples of each other, the desired result follows. u

Proof of Theorem 5: In view of Lemmas 6 and 7, if Q is
nonempty, then V' € Q. Thus, it suffices to show that V' & Q. Suppose
that » > 8, and consider the vector « with components 1 = 3,
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2 = 3 = x4 = 2,25 = 0,26 = 27 = =3, 23 = =5, and
29 = ++- = x, = 0. We then have V' () = 80. Consider the outcome
of one iteration of the symmetric, equal-neighbor algorithm, if the
graph has the form shown in Fig. 1. After the iteration, we obtain the
vector y with components y1 = 11/5,y2 = ys = ya = 7/2,y5 =0,
yo = yr = —4,ys = —11/4,and yo = --- = y = 0. We have

Valy) = 30w - )’
zz1

> Z(yz -9)°
=1

8 1 8 2
zz<yi—§§jyi> : 3)
i=1 i=1

where we used that 3% (y; — 2)? is minimized when = =
(1/k) Zle yi. A simple calculation shows that the expression (3)
evaluates to 10246/127 & 80.68, which implies that V' (y) > V' (x).
Thus, if n > 8,V & Q, and the set Q is empty. [ |

IV. CONDITIONS FOR THE EXISTENCE OF A QUADRATIC
LYAPUNOV FUNCTION

Are there some additional conditions (e.g., restricting the matrices
A to a set smaller than A), under which a quadratic Lyapunov function
is guaranteed to exist? We start by showing that the answer is positive
for the case of a fixed matrix (that is, if the graph G(¢) is the same for
all t).

Let A be a stochastic matrix, and suppose that there exists a positive
vector  such that 72’ A = =« Without loss of generality, we can
assume that 77 e = 1. It is known that in this case,

+' A" DAx < 2 Dx, Ve R", )
where D is a diagonal matrix, whose ¢th diagonal entry is equal to =;
(cf. Lemma 6.4 in [2]). However, + 7 D cannot be used as a Lyapunov
function because De # 0 (cf. condition (c¢) in Definition 4). To remedy
this, we argue as in [3] and define the matrix H = I — er’, and
consider the choice M = HT DH. Note that M has rank » — 1.

Wehave He = (I—er’)e = e—e(n'e) = e—e = 0, as desired.
Furthermore,

HA=A-erlA=A—er’ = A— Aer! = AH.

Using this property, we obtain, for every z € R",
' A" MAz =2" A"H'DH Az
=("H"YA"DA(Hx)
< +THTDH«

=" Mz,

where the inequality was obtained from (4), applied to H z. This shows
that HT D H has the desired properties (a)—(c) of Definition 4, provided
that A is replaced with {A}.

We have just shown that every stochastic matrix (with a positive left
eigenvector associated to the eigenvalue 1) is guaranteed to admit a
quadratic Lyapunov function, in the sense of Definition 4. Moreover,
our discussion implies that there are some classes of stochastic matrices
B for which the same Lyapunov function can be used for all matrices
in the class.

a) Let B be a set of stochastic matrices. Suppose that there exists a

positive vector  suchthat 77 e = 1,and 77 A =« forall A €
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X,=2 X;=2 X,=2 x.=0
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Xg=—5

B. Then, there exists a nonzero, symmetric, nonnegative definite
matrix M, of rank n — 1, such that Me = 0, and ¥ AT M Ax <
2T Mz, forall z and A € B.

b) The condition in (a) above is automatically true if all the matrices
in BB are doubly stochastic (recall that a matrix A is doubly sto-
chastic if both 4 and AT are stochastic); in that case, we can take
T = e.

¢) The condition in (a) above holds if and only if there exists a
positive vector 7, such that 77 Az = n'x, forall A € B and
all z. In words, there must be a positive linear functional of the
agents’ opinions which is conserved at each iteration. For the
case of doubly stochastic matrices, this linear functional is any
positive multiple of the sum )7, x; of the agents’ values (e.g.,
the average of these values).
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