
Iterated Difference Modulo N Holden Mui

§ Problem Statement

For every pair of integers a, b ∈ Z+ and function f : Z/aZ → Z/bZ, let ∆f : Z/aZ →
Z/bZ denote the function n 7→ f(n + 1) − f(n). In terms of a and b, determine the
number of functions f : Z/aZ → Z/bZ for which ∆Nf = f for some N ∈ Z+.
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§ Solution

The answer is

ba
k∏

i=1

p
−eip

νpi (a)

i
i

where b = pe11 · · · pekk is the prime factorization of b.

For every prime p, pair of integers a, k ∈ Z+, and function f : Z/aZ → Z/pkZ, let
πf : Z/pνp(a)Z → Z/pkZ denote the function

n 7→
∑

x∈Z/aZ
x≡nmod pνp(a)

f(x).

Lemma 1. Let p be a prime, and let a, k ∈ Z+. Then a function f : Z/aZ → Z/pkZ
satisfies ∆Nf = f for some N ∈ Z+ if and only if πf = 0.

Proof.

=⇒ It suffices to show that ∆Mπf = 0 for some M ∈ Z≥0, since this would imply

πf = π∆Nf = π
(
∆N

)M
f = π

(
∆M

)N
f =

(
∆M

)N
πf = 0.

Indeed, choosing M = kpνp(a) suffices, because Kummer’s theorem on

(∆pνp(a)πf)(x) =

pνp(a)∑
i=0

(−1)i
(
pνp(a)

i

)
(πf)(x+ pνp(a) − i)

=

pνp(a)−1∑
i=1

(−1)i
(
pνp(a)

i

)
(πf)(x− i) +

{
2(πf)(x) p = 2

0 p odd

implies im∆pνp(a)πf ⊆ p(Z/pkZ), so im∆kpνp(a)πf ⊆ pk(Z/pkZ) = {0}.

⇐= It suffices to show that for every function f : Z/aZ → Z/pkZ satisfying πf = 0,
there is a function Σf : Z/aZ → Z/pkZ satisfying πΣf = 0 and ∆Σf = f . This is
because the pigeonhole principle implies ΣAf = ΣBf for some nonnegative integers
A < B, so

f = ∆BΣBf = ∆BΣAf = ∆B−Af.

Indeed, g(x) =

x−1∑
i=0

f(i) is well-defined because

∑
i∈Z/aZ

f(i) =
∑

i∈Z/pνp(a)Z

(πf)(i) = 0,
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and πg is some constant function c because ∆πg = π∆g = πf = 0. Choosing
Σf = g − d−1c, where d−1 is the inverse of d = a

pνp(a)
modulo pk, works because

∆Σf = ∆(g − d−1c) = ∆g − d−1∆c = f − d−10 = f

and
πΣf = π(g − d−1c) = πg − d−1πc = c− d−1dc = 0.

Since a function f : Z/aZ → Z/pkZ satisfying πf = 0 is a unique extension of its first
a − pνp(a) inputs, the number of functions f : Z/aZ → Z/pkZ for which ∆Nf = 0 for

some N ∈ Z+ is exactly (pk)a−pνp(a) . By the Chinese remainder theorem, the number of
functions f : Z/aZ → Z/bZ for which ∆Nf = 0 for some N ∈ Z+ is exactly

k∏
i=1

(peii )
a−pi

νpi (a)

= ba
k∏

i=1

p
−eip

νpi (a)

i
i ,

where b = pe11 · · · pekk is the prime factorization of b.
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§ Variants

Variant A. For every pair of integers a, b ∈ Z+ and function f : Z/aZ → Z/bZ, let
∆f : Z/aZ → Z/bZ denote the function n 7→ f(n) + f(n + 1). In terms of a and b,
determine the number of functions f : Z/aZ → Z/bZ for which ∆Nf = f for some
N ∈ Z+.

Solution sketch. I am not sure what the answer is.
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