Similar Quadrilaterals Holden Mui

§ Problem Statement

Quadrilaterals ABCD ~ A1B1C1Dy ~ A3 BsCs D5 lie in the plane such that

A1By C E, B1Cy C 370, Ci1Dy C CD, and D1 Ay C DA.

Prove that AC N BD, A;C1 N B1 Dy, and AyCy N By D5 are collinear.

§ Diagram
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§ Solution

Let P and @) be the centers of the spiral similarities from ABCD to A;B1C1D; and
Ao Bs(Cs Do, respectively, so that

/PAB = /PBC = /ZPCD = ZPDA =90

and
/QBA=/QCB=/QDC = /QAD =¥';

note that P and @ lie inside quadrilateral ABCD. By the Law of Sines,

sin(£ZA —0) sin(£B —#0) sin(£C —6) sin(£D —0)

sin 6 sin 6 sin 6 sin 6
_ sin(ZA — 0") sin(£B—0") sin(£C —0") sin(£D —¢)
a sin 0’ sin 0’ sin 0’ sin 0’
sin(t—x)

so monotonicity on the function f(z) = gives 0/ = 0, as 0 and @’ are both less

than min(ZA, /B, ZC, ZD).

sin

Claim 1. ABCD is harmonic.

Proof. A directed angle chase gives
P.Q,APNBQ,BPNCQ,CPNDQ,DP N AQ

concyclic, so the perpendicular bisectors of AB, BC, CD, and DA pass through an arc
midpoint of PQ), proving that ABCD is cyclic. Additionally,

ADAP ~ ABAQ, AABP ~ ACBQ, ABCP ~ ADCQ, ACDP ~ AADQ

imply
AB CD BC BC
CP=AP- 57521 =4P 25 ep

so AB-CD = BC -DA. O



Similar Quadrilaterals Holden Mui

Now, let O be the circumcenter of (ABC D) and let OX be a diameter of (OPQ). Note
that the line connecting X and @ﬂBiQ is parallel to AB since both are perpendicular
to the perpendicular bisector of AB, and analogous statements hold for the other three
sides.

Claim 2. X = ACNBD.
Proof. Note that
AB:BC : 0D : DA =dist(APN BQ, AB) : dist(BP N CQ, BC) :
dist(CP N DQ,CD) : dist(DP N AQ, DA)
= dist(X, AB) : dist(X, BC) :
dist(X,CD) : dist(X, DA).

Since the intersection X’ of the diagonals of a harmonic quadrilateral also satisfies
AB:BC :CD: DA = dist(X', AB) : dist(X’, BC) : dist(X’,CD) : dist(X’, DA)

the barycentric coordinates of X and X’ with respect to ABCD are the same. Since
distinct points have distinct barycentric coordinates, X = X’. O
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Finally, note that ZPXQ = 180° — 20 by an angle chase. Since
ANAAIP ~ AXX 1P and AAA2Q ~ AX XoQ
by spiral similarity,
LXX1 Xy =24X1XP+ /ZPXQ+ ZQX X5 =60+ (180° — 20) + 6 = 180°,

implying the collinearity.
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§ Variants

Variant A. Points P and @ lie inside convex quadrilateral ABC D such that

and

/PAB = /PBC = /PCD = ZPDA

/QBA = /QCB = /QDC = /QAD.

Prove that ABCD is cyclic.

Solution sketch. This is equivalent to the first page of the proof given above.
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