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ABSTRACT. This document serves as an elementary introduction to the field of stable ho-
motopy theory. We start with a review of the concepts we will use from a standard under-
graduate course in topology, followed by a brief detour into algebraic topology and category
theory on a need-to-know basis, which will contextualize the object of interest in homo-
topy theory. Then, we introduce stable homotopy theory, seeing how constructions we have
unstably become well-behaved in the stable setting.

1. INTRODUCTION

Broadly, homotopy theory concerns looking at topological spaces up to a natural equiva-
lence relation called homotopy equivalence. Homotopy theorists make frequent use of tools
from algebra, such as groups and rings to simplify their study of spaces. It becomes clear
quite quickly that spaces by themselves can be poorly behaved, so many homotopy theorists
prefer to work with topological spectra, which can be thought of as a stable version of the
concept of spaces. This field of investigation is called stable homotopy theory.

At face value, homotopy theory is just about topology. However, as is frequent all through-
out mathematics, there is cross-pollination with other areas. Algebra is the most obvious
example. The most elementary proof that all subgroups of a free group are also free is a
topological argument using fundamental groups. Algebra has also benefited from the intro-
duction of cohomology - an invariant originally developed to study topological spaces. In
fact, topological spaces themselves appear here through classifying spaces of groups. There
are further applications of topology in algebraic geometry, which is a growing area of re-
search called motivic homotopy theory. There is also a school of thought concerning “higher
algebra” [Lurl7], which posits that certain constructions inspired by stable homotopy theory
are the correct generalization of algebra.

In general, it is clearer than ever now that homotopy theory is a powerful tool, even when
applied to other settings. This document is not a thorough introduction to stable homotopy
theory. Instead, the focus is on quickly building up from a standard introduction to topology
course. Proofs will often be emitted in favor of explanation and motivation of definitions.
The few proofs that are present have a more pedagogical purpose, as a kind of exercise
in using all the definitions and notations introduced. There are great sources to learn the
material more rigorously, such as [May98|.

1.1. Elementary Topology. We start with an informal review of topology. All of this
material can be found in any standard topology textbook, such as [Mun00]. The point of
this review is to help establish topological notations used throughout the rest of this paper,
along with introducing perspectives on certain constructions that may be overlooked or not
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given proper care in an introductory topology course.

A topological space, or just a space, is a set X with a collection of subsets which we
declare to be the open subsets of X, called its topology. The topology must be closed un-
der arbitrary union and under finite intersection, and further, it must contain the empty
set () and the entirety of the set X. We will refer X itself as being a topological space,
even though we formally should also include the data of its topology. For two topological
spaces X and Y, we define a function f : X — Y on the underlying sets to be continuous
if the preimage of any open set U in Y is an open set f~*(U) in X. We really only care
about continuous functions, so from here on out, a function or map f : X — Y will be a
continuous function from X to Y. Some examples of topological spaces include the real num-
bers R, n-dimensional Euclidean spaces R", the interval I = [0, 1], n-dimensional (hollow)
unit spheres S” C R""! n-dimensional (filled in) unit disks D" C R", and a singular point *.

Topological spaces also interact with each other in useful ways. For two spaces X and Y,
we may define a product space X X Y. As a set, it has all pairs of elements (z,y) with x € X
and y € Y. There are continuous projection maps 7x : X XY - X and 7y : X XY = Y
that just return one of the coordinates. The topology on the product space is given by taking
any subset U C X XY to be open if both images mx (U) and my (U) are open in the respective
spaces X and Y. For a subset A C X, we may also take the subspace A. Open sets in A are
precisely those sets contained inside of open sets in X. The inclusion function 7 : A <— X is
then a continuous map. For an equivalence relation ~x between elements of a space X, we
may form the quotient space X/ ~, which has a continuous projection map 7 : X — X/ ~x
by sending a point x to its equivalence class [z]. under the relation. Open sets in X/ ~x
are precisely those that are images under 7 of open sets in X. We may also write X/A for
the quotient space given by the equivalence relation = ~ y if and only if z,y € A - in other
words, we collapse all of A into a point. Two spaces can also be disjointly added together
- this may either be called the disjoint union or the coproduct of spaces X and Y and is
denoted either X UY or X [[Y. As a set, it just has disjoint copies of X and Y. An open
set in the coproduct is just a disjoint union of an open set in X and an open set in Y. We
may also take arbitrary products and coproducts, although there is some care we need to
take in giving an infinite product space a suitable topology.

Continuous functions give rise to our first notion of an equivalence of topological spaces.
Namely, we say that spaces X and Y are homeomorphic, written as X 2V if there exist
(continuous) functions f : X — Y and ¢ : Y — X which are bijections on sets and are
each other’s inverses. The notion of homeomorphism by construction captures all the data
about spaces. While this is nice, it is not very flexible. We will often study spaces via maps
in and out of them, since they are frequently more accessible to work with than the spaces
themselves. Such maps have a natural notion of equivalence, which is what we will care
about. We say that two functions f,g : X — Y are homotopic, written as f ~ g, if there
exists a function h, called a homotopy, h : X x I — Y agreeing with f, g on X x 9. That
is, we may choose f to correspond to the point 0 € I and g to the point 1 € I. Then, h is an
extrapolation between the two - they can be deformed into each other through moving along
I. Therefore, we will often think of a homotopy as a deformation through time of functions,
where the “time” variable moves in the interval. We call a function f that is homotopic to
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a constant map nullhomotopic or contractible. Homotopy is an equivalence relation on the
set of functions between any two topological spaces, so any map lives in a homotopy class of
maps. We then get a set [ X, Y] of homotopy classes of maps from X to Y.

A weaker but more useful notion of topological spaces being similar, compared to home-
omorphism, is that when all the homotopy classes of maps into or out of spaces are the
same. That is, we will equate X to Y if for all other spaces Z, [X,Z] ~ [Y,Z] and
[Z,X] ~ [Z,Y]. This happens precisely when there is a function f : X — Y and a ho-
motopy inverse g : Y — X, such that they compose to the identities up to homotopy only.
That is, we have f o g~idy and g o f~idx. Here, we define idx and idy as the identity
maps on X and Y respectively, that leave any point unchanged. In this case, we say that X
and Y are homotopy equivalent, written as X ~Y. We call a space X contractible if it is
homotopy equivalent to a point: that is, X ~x.

We may also look at pointed topological spaces, which are topological spaces with the
extra information of some preferred basepoint x € X. When working over pointed spaces,
we require that all the maps be pointed maps: namely, for basepoints xx and xy, we require
that f(xx) = %y for a function f: X — Y. All the definitions from earlier apply, only with
minor modifications. A pointed homeomorphism is a homeomorphism fixing the basepoint.
Products X x Y have a basepoint (xx,*y). Subspaces A C X that have the basepoint *x
may inherit the basepoint xy € A. Quotient spaces X/ ~ get the basepoint given by the
image of xx into the equivalence class [xx].. A pointed homotopy between functions is a
map f : X x I — Y that fixes sends the basepoint xx to xy for all times t € I. Then,
we get a pointed homotopy equivalence precisely in the same way, requiring that X and Y
have maps between each other that are pointed homotopy inverses. We may then form the
pointed homotopy classes of maps between X and Y, denoted as [X,Y],. Any unpointed
space can always be turned into a pointed space via an operation (—), that adds a disjoint
basepoint to X. Pointed spaces also admit some new constructions, that are pointed ver-
sions of products and coproducts. The wedge sum between two spaces X and Y, denoted
X VY, is the pointed space (X [ Y )ux~sy - In other words, we take X and Y and glue them
together only at the basepoint, giving a preferred basepoint where they meet. There is also
a smash product, denoted X AY, which is a quotient of X x Y by X VY. In other words,
we may embed the wedge sum into the product, and then just identify all the points in the
wedge sum into the same basepoint in the smash product. For example, a pointed homotopy
between pointed spaces X and Y can also be thought of as a pointed map X AI, — Y.
Also, in all these definitions, note that we may synonymously say based instead of pointed,
to refer to the basepoint xy € X.

As mentioned earlier, algebra provides a good lens through which we can analyze topol-
ogy. For any pointed space X, we have the fundamental group m(X), also called the first
homotopy group, given by homotopy classes of maps out of a circle:

m(X) =[St X],

We will sometimes call elements of 7, (X) loops, as they are ways to insert the circle S*
into a space X. Implicitly, we should pick a basepoint of the circle for this to work - we
may just view S! as being a subset of C and just pick the basepoint 1 € C. A priori, the
fundamental group is just a set, but in fact it will be an honest group. To compose two
maps f,g : S' — X, we may think of them as maps [0,1] — X that send 0 and 1 to the
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basepoint xy. Then, we may form a combined map by compressing f into [0,1/2] — X and
g into [1/2,1] — X and gluing them together at 1/2. Of course, we should check that this
composition is associative, admits an inverse, and is homotopy invariant - we will not do that
here. While a useful description, here we will prefer another viewpoint of the group structure.
Specifying two elements of [S*, X], is the same as giving an element of [S' Vv S, X], - f acts
on the first circle, g acts on the other one, and they agree at the common basepoint. Then,
we may use the pinch map S* — SV S!: taking S* C C, we may pinch two points on an
equator together. The picture to have in mind is that of pinching the Earth’s equator into the
center, giving two spherical blobs glued together at a point. However, for now we only work
over the l-sphere, so we will take the points +i that define an equator for S' and identify
them together by pinching. The claim is that the quotient space S'/{£1} is (pointedly)
homeomorphic to the wedge sum S'V S'. The quotient map S' — S/ ~= S'v S! then
lets us get group composition:

Definition 1.1.1. The group operation on the fundamental group 7 (X) is given as follows.
For two classes [f], € m1(X), we may pick representatives f,g : S' — X. This naturally
corresponds to amap fVg: StV St — X. We get a “multiplication” f - g by precomposing
the wedge of loops with the pinch map:

frog: St 2 gty gt SN, x

In fact, the homotopy class of f - ¢g does not depend on the homotopy classes of f or g, so
we get an honest group operation:
[f]-=1f - 4]

This confirms that in fact, m1(X) is a group. Further, 71 (X) is very well-behaved, in the
following way:

Proposition 1.1.2. Maps f : X — Y give induced group homomorphisms on m(f) :
m(X) — m(Y). Further, the induced map does not depend on the homotopy class of f. A
map with a homotopy inverse gives an isomorphism of fundamental groups - that is, when
X and'Y are homotopy equivalent, their fundamental groups are isomorphic.

Proof sketch. We get that functions f : X — Y induce group homomorphisms m(f) :
7 (X) = m(Y), where we take a homotopy class of maps S — X and postcompose with f:

m(f) s m(X) = m(Y)
S5 X] (ST x Ly
We should check that these construction does not depend on the homotopy class of v, and
in fact this turns out to be true. In fact, it does not even depend on the homotopy class
of f. For homotopy equivalent spaces X ~ Y, the homotopy classes of maps [S!, X], and
[S1, Y], are in bijection - in general, these sets are in bijection for any input space, by our
definition of homotopy equivalence. Therefore, as sets, m1(X) and m;(Y") are in bijection.
But in fact, the functions f : X 2 Y : g specifying this homotopy equivalence must induce
bijective group homomorphisms m(f) : m1(X) &= 7 (Y) : m1(g). This tells us that 7 (f) and
m1(g) are in fact group isomorphisms. d

This is the key insight - 7;(—) preserves homotopies, both on the level of spaces and on
the level of functions. This will be our first example of a homotopy invariant.
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1.2. Basics of Algebraic Topology. We are thus inspired to see what other kinds of ho-
motopy invariants we can find in the algebra world. Here, we will discuss three more types
of homotopy invariants to motivate the discussion of stable homotopy theory. All of these
constructions can be found in algebraic topology textbooks, such as [Hat02] or [Mil21].

We will first generalize the fundamental group as an example, as there is no reason we
should just stick to maps out of a one dimensional circle. We may actually form higher
homotopy groups:

Definition 1.2.1. For a point space X and n > 1, we define the n'® homotopy group 7,,(X)
to be
mn(X) = [5", X

As before, we get a group structure via pinch maps for n > 1. We take some embedding
of a lower dimensional sphere S"~! C 8™, and then collapse it to a point. This gives a map:

qn pinch Sn/sn—l o~ gnys QP
and a group structure via, for two homotopy classes of maps [f], € m,(X),
R L AVEI's

In fact, something remarkable happens here, in that all the higher homotopy groups 7, (X)
for n > 2 are all abelian, although we won’t show this.

mo(X) also exists - it consists of pointed homotopy classes of maps {1} — X. The base-
point 1 € S° must get sent to the basepoint xx € X. Therefore, we just look at unpointed
homotopy classes of maps —1 =+ — X. But a homotopy of maps between a point and X
is just a path [0,1] — X. Therefore, mo(X) is just a set and consists of the path-connected

components of X. There is no lower dimensional sphere for which we can use the pinch trick
to get a group structure, and in fact there is no natural group structure on 7y(X) in general.

While the homotopy groups have clear geometric descriptions, as based loops in a space,
they are terribly difficult to compute. Another natural invariant that is easier to study is
called homology. We will not explicitly define homology here, but instead we will just say it
comes from maps A" — X, where A" is the (topological) n-simplex - the subspace of R"*!
given by points:

A" = {(t1,te, .y tyyr) ER™ 4 >0t + .+t <1} C R

These spaces are the geometric generalizations of triangles or tetrahedra into higher dimen-
sions. As topological spaces, they are all contractible. Therefore, all maps o : A™ — X are
nullhomotopic, so at first it seems we gain nothing useful out of them. However, there are
n + 1 ways to geometrically embed the (n — 1)-simplex into the n-simplex. For example,
the 2-simplex, a triangle, has 3 edges that are each lines, which are 1-simplices. Going up a
dimension, tetrahedra are 3-simplices which have 4 triangular faces, which are 2-simplices.
Homology at degree n, denoted by H,(X) for a space X, measures, in some informal
sense, which maps o : A™ — X do not come from restrictions of higher maps A"t — X.
At each n, homology has an abelian group structure - it is sometimes thought of as the
abelian version of homotopy. In fact, we may take homology with coefficients H,,(X;G) in
some abelian group G, and then there will be an action of G' on the group H,(X;G). When
not specified, H,(X) is homology with a coefficient group Z. We may even take homology
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with coefficients in a ring R, or in an an R-module M for some ring R. Then, H,(X; R)
and H,(X;M) are both R-modules. Homology will also enjoy induced homomorphisms
H,(f): H,(X;G) — H,(Y;G) coming from continuous maps f : X — Y. Informally, these
come from the composition:

A" x Ly
Homology will also be a homotopy invariant:

Proposition 1.2.2. The homology groups H,(X;G) for any coefficient group (or ring, or
module) G are a homotopy invariant. Namely, the induced maps H,(f) : H,(X;G) — H,(Y)
do not depend on the homotopy class of f. As such, H,(X; Q) itself does not depend on the
homotopy equivalence class of X .

For a vector space V over a field F, we may form its dual space:
V= HomVect(F) (‘/7 F)

where by Homvect(r) (4, B) for two F-vector spaces A, B, we mean the vector space of linear
functions f : A — B. Something interesting happens for dual constructions: maps of F-
vector spaces f : V — W induce maps going backwards on the dual spaces. Namely, we have
a (co)induced map f*: W* — V* given by precomposition now:

f* W = HomVect(]F)(VVa F) — HomVect(IF)(‘/a F) =V
W osTF s (VLW ARy

Again, without going into the weeds of the rigorous definition involving simplices, there
is a dual notion to homology, called cohomology, denoted in degree n as H"(X;G) for a
space X and coefficient group GG. Cohomology also has homotopy-invariant induced group
homomorphisms, although as with dual vector spaces, these maps go the other way. Namely,
we get, for a map f: X — Y, a homomorphism H"(f): H"(Y;G) — H"(X; G).

Proposition 1.2.3. The cohomology groups H"(X;G) for any coefficient group (or ring,
or module) G are a homotopy invariant. Namely, the induced maps H*(f) : H*(Y;G) —
H"(X;G) do not depend on the homotopy class of f. As such, H"(X; Q) itself does not

depend on the homotopy equivalence class of X.

Homology and cohomology groups are not arbitrary. In fact, they are uniquely determined,
by certain axioms, up to isomorphism. In general, we may actually define relative homology
H,(X,A;G) and cohomology X™(X, A;G) for topological spaces A C X, where there is
additional data considered based on maps A" — A. We will again not give a rigorous
definition, but instead, all we will say is that we may construct standard homology from
relative homology by picking a basepoint x € X:

H,(X;G) ~ H"(X;G) ~
Ho(X, % G) & Hy (% G) H (X, % G) & H"(x; G)
Then, the following axioms uniquely characterize homology:

Axioms 1.2.4 ([ES15] and [Mil62], as formulated in [Mil21] and informally stated here).
The Eilenberg-Steenrod axioms give that a homology theory is an assignment H,(X;G) of
abelian groups to spaces X for each coefficient group and n € Z (we take them to be the
trivial groups for negative degree), along with maps 6, : H,(X, A) — H,_1(A), satisfying:

ES1 (Homotopy invariance) There are induced maps on homology from maps f: X — Y
as we saw that we do not depend on the homotopy class of f. Further, there are
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induced maps on relative homology too.

ES2 (Excision) For a subset A whose closure U lies in the interior of A, the inclusion of
the pair (X — U, A—U) into (X, A) induces an isomorphism H, (X — A, A —u; G) ~
H, (X, A;G).

ES3 (Long exact sequence) For the inclusion map ¢ : A < X and inclusion of the pair
7 (X,0) = (X, A), the sequence

s Hoy (X, A) S 1) 9 x H, (X, A) — -

is long exact - meaning the kernel of one map is the same as the image of the previous
map.

) Hn(j)

ES4 (Dimension) All non-zero degrees have zero homology groups: H,(X;G) = 0. Fur-
ther, Hy(X;G) ~ G.

ES5 (Milnor) Homology turns coproducts into direct sums. That is,

H, (]_[XQ;G> ~ P H,(X.: G)

We won’t concern ourselves with excision or long exact sequences. At best, we will use a
version of the Milnor axiom later on. We will also generally care more about cohomology
theories, as they are better behaves in some ways. Cohomology theories have their own
axiomatization, which is remarkably similar to the Eilenberg-Steenrod axioms. We will care
most about the dimension axiom here, since we get a beautiful theory of cohomology when
we get rid of it and allow for cohomology to not be concrentrated in degree 0.

One reason cohomology is nicer is that it is representable. This means there is a space, in
fact, a CW complex, K(G,n) such that:

Hn<X7G> = [X7 K(Gan)]

These spaces K (G, n) are called Eilenberg-Maclane spaces. As CW complexes, they are de-
termined uniquely up to homotopy by the requirement that they have the following homotopy
groups:

m(K(G,n)) ~ {(C]} : ig

In other words, their homotopy is concentrated in degree n. We will look at these spaces in
more detail later, but for now, we will be satisfied with just saying that somehow, they have
enough structure to make H"(X; G) a group, even though a priori it is just a set.

Before we move on, we should establish another notation common in algebraic topology.
We frequently work with various gradings, such as the degrees n on homology, cohomology,
and homotopy groups. Instead of explicitly writing n, we will often instaed use o. We may
also use the notation f, or f*® for induced maps. For example, we will use this notation
to discuss induced maps on cohomology in terms of the Eilenberg-Maclane spaces. A map
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f: X — Y induces a map
feHNY)— H*(X)
N Y =5 K(Gn) = [X LY D K(Gn)

We should also say something about homotopy equivalence. While it is a useful invariant,
there is a weaker one that is actually much more useful.

Definition 1.2.5. For two pointed spaces X, Y, we say they are weakly equivalent if there
is amap f: X — Y that induces isomorphisms on all homotopy groups:

To(f) 1 mo(X) = 7 (Y)

This definition is remarkable, since it is in general not an equivalence relation. In fact, one
of the strongest statements we can say is that, for CW complexes, weak equivalences admit
homotopy inverses. That is, the notions of weak equivalence and homotopy equivalence line
up for CW spaces. However, this is not true in general. From here on out, when we say two
spaces are equivalent, we mean weakly equivalent.

1.3. Categorical Language. So far, we have been using very loose language to discuss the
kinds of objects we work with, and how they transform into other objects. We will introduce
some terminology from category theory that homotopy theorists use freely, in order to have a
better language to talk about these notions. Sets will be too restrictive of an environment to
work in, however. For example, it is a famous result that there is no “set of sets.” However,
we want to be able to talk about all topological spaces simultaneously, for example. This
causes a problem, as we can give any set a topology by declaring all sets to be open - this
is called the discrete topology. Therefore, we will instead work with classes, which may be
much larger than sets. We will not give an axiomatic treatment of classes, besides saying
we form classes for most reasonable things. More information about category theory can be
found in a textbook such as [Leil4].

Definition 1.3.1. A category C is the data of a class of objects ob(C), along with a class
of morphisms mor(C). Morphisms can be thought of as maps, or arrows, between objects.
Namely, there are functions:

source : mor(C') — ob(C)

target : mor(C') — ob(C)
that give us the source and target of any morphism. We also can compose morphisms. If
a morphism f € mor(C) has source x and target y, and another morphism ¢g € mor(C) has
source y and target z, we may form the composite morphism go f. We also require there to
be an identity morphism for each object that just trivially points back at it. In other words,
there is a function

id : ob(C) = mor(C)

such that the output of id(z) has source = and target x.

At this point, we should take a step back. For the purposes of this paper, we do not need
to fully process this information, but can instead get an intuition from some examples.

Example 1.3.2. There is a category of topological spaces, called Top. The objects in Top
are topological spaces. The morphisms in Top are continuous maps between the spaces. Sim-
ilarly, pointed topological spaces form a category Top,, with the morphisms being basepoint-
preserving continuous functions.
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Example 1.3.3. We may similarly form the naive homotopy category h Top. The objects
in h Top are topological spaces, and the morphisms are homotopy classes of maps between
spaces.

Example 1.3.4. Using weak equivalences, we may form the (genuine) homotopy category
Ho(Top). We get from h Top to Ho(Top) by adding morphisms f~!: Y — X for any weak
equivalence f : X — Y, therefore making weak equivalences invertible.

Example 1.3.5. Grp is the category of groups. The objects are groups, and morphisms
are homomorphisms between the groups. There is a full subcategory Ab C Grp of abelian
groups.

Example 1.3.6. Set is the category of sets. The objects are sets, and the morphisms are
just functions between sets. Notably, Set is not a set, but it is a category.

Morphisms also allow us to extend the notion of isomorphism:

Definition 1.3.7. We say two objects x,y € ob(C) are isomorphic if there exist morphisms

[ g
firx2y:g
such that fog=1id(g) and go f =id(f). We call either one of f and g an isomorphism.
For example, in the categories from earlier, we have:

e [somorphisms in Top are homeomorphisms, and on Top, are pointed homeomor-
phisms.

e [somorphisms in h Top are homotopy equivalences.

e We recover the definition of group isomorphisms in Grp.

We may also transform between categories:

Definition 1.3.8. A covariant functor F' between categories C and D is the data of as-
signments F'(z) € ob(D) for each x € ob(C), and assignments F(m) € mor(D) for each
morphism m € mor(C), that converts objects in C to objects in D in a way that commutes
with morphisms.

We can summarize this definition with a commutative diagram, where going from any
object to another through the arrows does not depend on the path taken:

ob(C) 3 & —£— F(z) € ob(D)
mor(C)Sml lF(m)Emor(D)

ob(C) 3y —— F(y) € ob(D)
We get our first examples of functors from algebraic topology:
Example 1.3.9. 7,(—) : Ho(Top,) — Grp is a covariant functor. It transforms spaces into
groups, and continuous maps into group homomorphisms via induced maps.
Similarly, H,(—) : Ho(Top) — Ab is also a covariant functor, for the same reason.

In fact, we have already seen functors strictly in topology:

Example 1.3.10. (=), : Top — Top, is the covariant functor that adds a basepoint to a
space.
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Cohomology is a different kind of functor - it is contravariant. Instead of defining con-
travariant functors directly, we will do what most authors do, and instead define opposite
categories:

Definition 1.3.11. For a category C, its opposite category C°P is the category with the same
objects, but the morphism source and targets are reversed. That is, the target and source
maps on C°? are swapped from those on C. We may then define a contravariant functor from
C to D as a covariant functor C® — D.

Now we have a way to talk about the coinduced maps on cohomology:
Example 1.3.12. Cohomology is a contravariant functor Ho(Top?) — Ab.

We will frequently study categories by looking at their morphisms. For categories that are
not too small, we can package all morphisms between two objects into not just a class, but
a set:

Definition 1.3.13. We call a category C locally small if, for every two objects x,y € ob(C),
the subclass of morphisms between them is actually a set. In that case, we define the Hom-set
between x and y:

Home(z,y) = {m € mor(C) | source(m) = x, target(m) = y}

In fact, we may think of this as a functor:
Home(—,—) : C°P x C — Set

where the first term is the contravariant term, and the second term is the covariant term.
It is a useful exercise to think about how Home¢(—, —) is a functor and why the first term is
contravariant - it follows from arguments we have used already.

Example 1.3.14. In h Top, Homy, 1o, (X, Y") is the set [X, Y],

Example 1.3.15. For a group G and an automorphism group GL(V') of a vector space V,
we have that Homg,, (G, Aut(V)) is the set of group representations of G over the vector
space V.

Something special happens in Top once we restrict our notion of what a topological space.
There is a broad class of topological spaces such that we can give Homr,,(X,Y) a natural
topology, for any restricted enough X and Y. From here on out, we will actually take Top
to be the category of compactly generated topological spaces, as described in, for example,
[Mil21], Chapter 40. In this special setting, we have internal Homs, where the Hom-sets may
be viewed as elements of Top.

Frequently, when transforming between categories through functors, we may want a way
to go backwards. We may not always have an inverse functor, but in special cases, we get
the weaker notion of adjunction:

Definition 1.3.16. An adjunction is a pair of functors F : C = D : G such that, for all
x € ob(C) and y € ob(D), we get:

Homp (F(z),y) ~ Home(z, G(y))
We call F' the left adjoint, G' the right adjoint, and the pair (F,G) an adjoint pair.
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In other words, we may not define inverses on the level of objects, but we almost can on
the level of morphisms.

Example 1.3.17. In representation theory, Frobenius reciprocity is a special case of the
adjunction:

Ind% : Re(H) = Re(G) : Res
where we take the category of representations Ry (G) of a group G over some field F. Ind$(—)
is the induced representation functor that creates G representations out of H-representations
for a subgroup H C G, and Res%(—) is the restriction representation functor that converts
a G-representation into its underlying H-representation.

Example 1.3.18. We have a forgetful functor f : Grp — Set that just returns the underlying
group structure. It has a left-adjoint given by the free group functor % : Set — Grp, that
sends a set to the group freely generated on that set.

From here on out, we will not be careful about distinguishing between categories C and
the objects of the category C. Namely, we will freely use notations such as X € Top,, and
take it to mean that x € ob(Top,).

2. STABLE HOMOTOPY THEORY

We will see that homotopy theory can be quite badly behaved. In fact, if we know all the
homotopy groups of a space, it is likely since the space can be constructed as a product of
Eilenberg-Maclane spaces. The simplest example is given by the circle:

)0 n#l
7Tn(Sl)_{Z n=1

where by 0 we mean the trivial group. This will turn out to be the only sphere whose ho-
motopy groups we know. Calculating 7, (S™) for all n, m is still an open problem. However,
there is a lot we do know. Informally, the groups 7, (S"*™) stabilize for large m. Theis kind
of phenonemon is not unique to the circle, and stable homotopy theory concerns the study
of such stable behaviors. A good reference for much of the modern formulation of stable
homotopy theory can be found in [May98|.

2.1. Stable Homotopy Groups. We will expore these kinds of stable behaviors. The
reason the spheres stabilize the way they do is because we may form spheres through smashing
other spheres. Namely, S™ A S™ ~ S™t™_In general, the best we can say about how spaces
behave stably is about how X"V X behave:

Definition 2.1.1. For a topological space X, we define its suspension XX as:
X =S'AX
and its loop space 2 X as:
QX = Map, (S, X)
Here, we take the pointed mapping space Map, (A, B) to be the set of pointed (continuous)
functions A — B, which will carry with it an appropriate topology.

The name of the topology on 2 X is called the compact-open topology, although we will
not define it. It only exists when the spaces A and B are nice enough - soon we will restrict
our attention to a broad class of spaces that are quite reasonable.
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Remark 2.1.2. Note that in fact, > and 2 are functors:
>:: Top, — Top, Q : Top, — Top,
In fact, they are adjoint functors:

(2.1.1) ¥ : Top, = Top, : Q

To see the adjunction, we will need rthat specifying a map XX — Y is the same as
specifying a map X — QY. This can be thought of as a currying argument. For sets X,Y,
denote by XY to be the set of functions (of sets) X — Y. Then, for sets A, B,C we have
that a map A x B — C is the same as a map A — C?P - we simply remove one parameter
from the left and put it on the right. That is, we send:

{f:AxB—=C}—{gla) ={b f(a,0)}}

and in fact, this map is bijective. This is also rephrased as saying (C*® )A ~ CAXB,

This kind of argument is quite general. In pointed topological spaces, multiplication
is given by the smash product, and exponentiation is given by pointed mapping spaces.
Therefore, we see that indeed, a map XX = X AS' — Y is the same data as a map
X — Map,(S', X). The currying argument also gives us an explicit formula for n-fold
suspensions and loopings:

Proposition 2.1.3. The iterated suspensions and loopings are given by:
YPX2STAX 2" =Map, (5", X)
Proof. This follows inductively by noting that S™ A §™ 22 §n+m.
Q" X = Map, (S*, Q"' X)

$"X = SUA(Z"X) ( 1 »
= Map, (S*, Map, (5" X))
(

=S'ASIAX — Map, (S A1 X
=S"AX - X)
= Map*(Sn, X)
We get from maps S' — Map, (S !, X) to maps S A S""! — X through currying. O

This means that, using the adjunction:
T (QX) =[S",QX], ~ [2S", X], ~ [S"", X], = 7,1 (X)
With this language, we are now able to state what it means for spheres to have stable

homotopy groups. More generally, for some space X, we may first suspend it, and then loop
it. This gives a map i : X — Q(XX). The adjunction means we get an induced map:

(2.1.2) (1) : T (X) = T (QUEX)) >~ 71 (BX)
Theorem 2.1.4 (Freudenthal Suspension Theorem, [Fre38]). Upon successive application,

Equation (2.1.2) is eventually an isomorphism. That is, for large enough k, the groups
Tk (B8 X) converege.

Therefore, we are inclined to ask about the stable values of homotopy groups.
Definition 2.1.5. For a pointed space X, the stable homotopy groups 7 (X) are given by:
(X)) = lim 7, (2 X)

—k

n
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2.2. Generalized Cohomology and Brown Representability. Something interesting
happens on the stable homotopy groups 73 (X) of a space. One can verify that 75 (X)
satisfies all the requirements for a homology theory, from the Eilenberg-Steenrod axioms,
apart from the dimension axiom. Somehow, this gives us a generalized homology theory.
We saw that standard cohomology comes from Eilenberg-Maclane spaces, and now we are
seeing a homology theory come from spheres. In fact, this is part of a broader pattern.

Definition 2.2.1. A generalized cohomology theory F is a contravariant functor £ : Ho(Top, )P —
Ab that satisfies all the parallels of the Eilenberg-Steenrod axioms for cohomology theories,
except for the dimension axiom.

Here, we have chosen to work over pointed spaces - this amounts to providing a relative
cohomology theory E™(X,*), which we can bring back up to the level of unbased spaces via
the usual construction:

E"(X) ~ E™"(X,*)® E"(x)
In general, is a theorem of Brown that certain well-behaved contravariant functors Top°® —
Set are always representable, in the same way that standard cohomology is.

Corollary 2.2.2 (of the Brown Representability Theorem, [Bro62]). Every cohomology the-
ory on Ho(Top) is representable by maps into a pointed CW complez:

E™"(X) ~[X, E(n)],
for some sequence of spaces E(n).

However, the spaces E(n) are not arbitrary. For example, observe what happens when we

suspend X:
EW(EX) = [£X, E(n)]. ~ [X,Q E(n)]
Without the specifics, it is hard to see what happens next. We will brush this to the side, and
just state that one of the Eilenberg-Steenrod axioms for cohomology theories required such
a thing called a Mayer-Vietoris sequence. The Mayer-Vietoris sequence readily calculates
that:
E"(¥X) ~ E"(X)
Then, we get that:
E"(3X) = [X,Q E(n)], = [X, B(n — 1)}, ~ E"}(X)
for all spaces X. In fact, this will imply that:
En)~QEMn+1)

Note that all we need is really that they are weakly equivalent, but we said that E(n) are
CW spaces, so that they must be homotopy equivalent anyways.

2.3. Stable Homotopy Category and Spectra. What we saw in the case of representing
spaces for cohomology theories is that to go down in cohomology, you must loop a represent-
ing space, up to weak equivalence. This captures the adjoint notion of suspending spaces
shifting cohomological degree by —1.

In this sense, the collection {F(n)} is in some sense a “stable” version of a space. We will
actually want to go further. We mentioned earlier that 72 (—) is a homology theory - we will
want to ask where this comes from. The general theory will require looking at these spaces
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E(n) again, but putting some stronger restrictions on how they interact with each other. By
the end, we will be able to take cohomologies, homologies, and homotopy groups of not only
standard spaces, but also of these “stable spaces”.

The original definition that people worked with was the following:

Definition 2.3.1. A prespectrum is a sequence of pointed spaces F(n) € Top, with structure
maps ¢ : E(n) — QE(n+ 1)

Prespectra are not quite what we found represent cohomology theories - earlier, we said
that the structure maps needed to be weak equivalences (or alternative, homotopy equiva-
lences between CW spaces). It became clearer that a better definition was due to May, and
it took a while to catch on due to its complexity:

Definition 2.3.2. A spectrum is a sequence of pointed spaces E(n)in Top, with structure
maps o, that are homeomorphisms:

6n:E(n) > QEMm+1)

Of course, these spectra are much more complicated. Every space F(n) is a loop space of
E(n+1), a double loop space of E(n+2), and so on. We call these infinite loop spaces, and
they are horrible to compute with.

However, they are related. We may form a category of prespectra, PreSpectra, with objects
that are prespectra, and morphisms between them are maps from the underlying spaces that
commute with the structure maps:

E(n) —2 QE(m+1)
(2.3.1) fnl lenJrl
F(n) — QF(n+1)

We similarly define the category of spectra, Spectra. These definitions of spectra are related
through an adjunction:

Proposition 2.3.3 ([LMS86], Appendix§1, Theorem 1.1). There is a forgetful functor { :
Spectra — PreSpectra that takes a spectrum and forgets that the structure maps are homeo-
morphisms. € admits a left-adjoint spectrification functor L:

L : PreSpectra = Spectra : ¢

Further, Ll is an isomorphism in Spectra.

Namely, the procedure of taking a spectrum, forgetting that the structure maps are home-
omorphisms, and then forcing the structure maps to be homeomorphisms again, gives us
back the original data. The reason we care about the adjunction is the following. Prespectra
are easy to work with and construct, while genuine spectra are horrible to work with. We
may create spectra by spectrifying some constructions on prespectra. For example, we may
form a spectrum by suspending a space many times:
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Definition 2.3.4. For an unbased space X, we may suspending it into a prespectrum
through the suspension prespectrum functor I1°°:

[1*° X : Top — PreSpectra
X —={En) =X"X,}
The structure maps are given by noting that
YE(n)=YY"X, 2% X, = E(n+1)
We may apply the adjunction from Equation (2.1.1) to get the structure map:
E(n) — QEMn+1)
By spectrifying, we get an honest suspension spectrum functor:
3% : Top — Spectra
X — LII*X

Definition 2.3.5. We also form a “shifted” version for all k, called the shifted desuspension
prespectrum functor II3° which has n-th space given by:

I17° : Top — PreSpectra

Xy dpmy = 12X k=
n g
* otherwise

We have the same structure maps as with the suspension presctrum functor, but shifted to
the left by k. From this, we may define the proper shift desuspension functor ¥°, again by
spectrification:

372« Top — Spectra
X — LII*X

This terminology may seem confusing at first, but it comes from the fact that ¥2° “desus-
pends” the usual X*° functor through shifting backwards by k.

Our next goal is to define homotopies between spectra. Once we are there, we will define
the stable version of the spheres S™, and this will give us a notion of homotopy groups of
spectra. We keep doing the same as we do unstably: we will then create a homotopy category
of spectra by adjoining formal inverses to all weak equivalences.

Unstably, we defined homotopies of functions f,g: X — Y through smashing X with I,
and finding a map on the smash product that agreed with f, g on 0I. We will do the same
thing here, by defining the smash product of a spectrum with a space:

Definition 2.3.6. For a prespectrum E and a pointed space X, we may form the prespec-
trum E'A X:

(EAX)(n)=EMn)AX
with structure maps 2% = o2 Aidx. We do the usual trick for £ a spectrum to form the
spectrum F A X by forgetting the proper spectrum structure, working in prespectra, and
passing back to spectra:

EAX =L(((E)AX)
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In the case that £ = S™ is a sphere, we get a suspension functor X" on Spectra:
3™ . Spectra — Spectra
Ew— ENS"

There will also be a way to take mapping space spectra:

Definition 2.3.7. For a prespectrum FE and a pointed space X, we may also form the
prespectrum Map, (X, E), which is defined space-wise as:

Map, (X, E)(n) = Map, (X, E(n))
The structure maps are given by
Map, (X, E(n)) — Map, (X, Q E(n + 1))

= Map, (XX, E(n + 1))

=~ Map, (S'A X, E(n + 1))

~ Q) Map, (X, E(n+1))
The first map is given by postcomposition:

X — E(n) 2 QE(n)

The second map is given by the adjunction, by taking a map X — Q E(n + 1) and giving a
map XX — FE(n+1). The third map is given by the definition of ¥, and the fourth map is

given by currying.
We use the usual trick to give a definition of the spectrum Map, (X, F):

Map, (X, E) = L Map, (X, ((E))
As before, when E = S™, we get a looping functor 2":
Q" : Spectra — Spectra
E — Map,(S™, E)

Using suspensions of spectra by spaces, we may form sphere spectra:

Definition 2.3.8. For an integer n, we may form the sphere spectrum S" as :
" S n>0
SG - 0
¥SY n<0

||

When we do not specify a superscript, we mean by S to be the spectrum S°.

We are in a good now position to define homotopies of maps between spectra, along with
homotopy groups of spectra:

Definition 2.3.9. We define a homotopy in Spectra between functions f,g : X — Y to
be a map of spectra X Al — Y agreeing with f,g on X A(OI).. We can then form the
homotopy classes of maps [X, Y] as usual, by taking the set of homotpy equivalence classes
of maps X — Y between spectra. The homotopy groups of spectra m,(X), as with of spaces,
are given by homotopy classes of maps out of the sphere spectrum:

m(X) = [S", X]
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One should check that these are in fact groups. That does turn out to be correct - we may
think of it as an extension of the argument by pinching maps.

We will now identify together spectra that are weakly equivalent. There turn out to be
two identical definitions of weak equivalence on spectra:

Definition 2.3.10 (Weak equivalence of spectra, 1). A weak equivalence in Spectra between
X,Y isamap f: X — Y that induces isomorphisms on all the homotopy groups at all H
for all n € Z:

T (f) 1 T (X) = ma(Y)

Alternatively, we may take weak equivalences to be defined space-wise:

Definition 2.3.11 (Weak equivalence of spectra, 1). We may also say that a map of spectra
f: X — Y is a weak equivalence if the maps on spaces are weak equivalences:

(i)« (X () = m (Y (7))

In either case, we actually get the same notion of weak equivalence, although it is still
not an equivalence relation, as with the unstable case. We form a homotopy category in the
same way as before:

Definition 2.3.12. We define the stable homotopy category Sp to be Spectra with inverse
morphisms f~!:Y — X formally adjointed for any weak equivalence f : X — Y.

In some sense, Sp contains more data than Top,. You can make any space into a spec-
trum via the suspension functor %, but not all spectra come from suspensions. In practice,
frequently we take Sp to be our “spectra,” instead of Spectra or PreSpectra, especially as
identifying weak equivalences together tends to make computations easier.

One way to think about the importance of spectra is that they let us invert X and €2 as
each other, whereas beforehand, in spaces, they were only adjoint functors. By ¥ and 2
here, we mean the functors — A S and Map, (S*, —). For example, if we suspend and then
loop, we get the following homotopy groups:

T(QEX) = [§7,Q5X] ~ [55", £X] = [§"*!, £X]

On the level of prespectra, we are looking at maps f,, : S — ¥ X(n) that commute for
each n. This will be no different than maps g, : S — X (n) that commute for all n, so that
we recover:

Tn(QEX) ~ m,(X)
Therefore, taking X — QXX is a weak equivalence, so that we say that ¥ has a left-inverse
of €2 in the homotopy category. Other inverses follow by similar arguments.

2.4. Homology and Cohomology Calculations and Eilenberg-Maclane Spectra.
Now, we can state what the stable homotopy groups 72 (X) mean. We require these to exist
in the limit, which is the same as requiring that we find functions ™ — X that commute
with all suspensions. This is in fact just a map of prespectra S* — »*°X. Precisely in this
sense, we get a homology theory: That is, we get that:

(X)) = 1 (2% X) = [S", 2 X]

n
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where the right happens in spectra. We already saw a generalization for other spectra, where
we computed homotopy groups of a spectrum.

We want a way to think about cohomology in this framework. We know from Brown
representability that we have Eilenberg-Maclane spaces K (G, n) for any abelian group. We
also saw that they fit into a prespectrum, via homotopy equivalence:

K(G,n)~QK(Gn+1)

By spectrification, we may then get the Eilenberg-Maclane spectra HG. In fact, we may
define standard cohomology in terms of spectra, but we will first need a way to “multiply”
two cohomology theories, via a smash product.

Definition 2.4.1. On the level of prespectra, we may form a smash product E A F' on spaces:

[ER)AF()  n=2k
(EAF)(n)_{E(kJrl)/\F(k) n=2k+1

In other words, we alternate which spaces we smash, going up each time. The construction
will not actually depend on how we smash the spaces, as long as we hit E(n)A F(m) for
arbitarily large n, m. We may of course get back to spectra:

Definition 2.4.2. On spectra, we define a smash product E A F' as usual:
ENF =LU(E)NUF))

Then, for any spectrum F, we may take homology and cohomology with respect to other
spectra:
Definition 2.4.3. For spectra £ and X, we define the E-valued homology of X as:

E,(X)=[S"EANX]|=m(ENX)
and the E-valued cohomology of X as:
E"(X)=[ST"AX,E]
Note that F,(X) is equal to X,,(F), and that X is in the covariant part of the Hom, so

that homology is covariant. On the other hand, X is in the contravariant part of the Hom
in E™(X), so that cohomology is contravariant.

We conclude by stating, without proof, that in fact these constructions give back ordinary
homology and cohomology of spaces, in the same way as we formed stable homotopy groups:

Proposition 2.4.4. For a topological space X, taking homology and cohomology, valued at
the Eilenberg-Maclane spectrum HG representing homology, of suspensions gives back the
usual notions of homology and cohomology:

HG,(5%X) ~ Hy(X;G)
HG"(X*X) ~ H'(X;G)

3. CLOSING REMARKS

Now that we have a basic understanding of the modern formulation of stable homotopy
theory, we may ask what is next. Much of the current research deals with how spectra
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interact with each other. There is a spectrum MU called complex cobordism that classifies
complex-oriented cohomology theories, which have a beautiful connection to algebra through
formal group laws - this area of study is called chromatic homotopy theory. There are also
spectra called Morava K (n)-theories which are able to detect certain periodic behaviors.
Recently, the Telescope Conjecture of Ravenel was solved in [BHLS23], which concerns how
the telescope spectra T'(n) interact with the Morava K-theories. As mentioned earlier,
we can think of spectra as being related to generalizations of algebra. In fact, there was
a recent generalization of Hilbert’s Nullstellensatz, involving spectra, called the chromatic
nullstellensatz [BSY22].

We may also build upon homotopy theory and add more constraints. For example, equi-
variant homotopy theory concerns spaces that have group actions. This field of study was
used to prove the famous long-standing Kervaire invariant one problem in [HHR16], which at
face value seems very geometric and has nothing to do with groups. We may also extend the
tools of homotopy theory to other settings - there has been recent work concerning motivic
homotopy theory, which studies objects from algebraic geometry, and connecting it back to
homotopy groups of spheres.

While we did not cover many of the proofs and left out details, hopefully this should
contextualize much of the modern work in stable homotopy theory and give an appreciation
for the subject and its nuances.
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