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Characterizing Flow Complexity in
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Abstract— Series-parallel networks generally exhibit
simplified dynamics, and lend themselves to computation-
ally tractable optimization problems. We are interested in
a systematic analysis of the flow complexity that emerges
as a network deviates from a series-parallel topology. This
paper introduces the notion of a robust p-path on a directed
acyclic graph to localize and quantify this complexity. We
develop a graph homology with robust p-paths as the bases
of its p-chain spaces. We expect that this association be-
tween the collection of robust p-paths within a graph and an
algebraic structure will provide a framework for the analysis
of flow networks. To this end, we show that the simplicity
of the series-parallel class corresponds to triviality of high-
order chain spaces (p > 2). Consequently, the susceptibility
of a flow network to the Braess Paradox is associated with
the space of 3-chains. Moreover, the computational com-
plexity of decision problems on a network can be related to
the order of chains within the proposed homology.

Index Terms— Network analysis, transportation net-
works, large-scale systems.

[. INTRODUCTION

IRECTED graphs are widely used to model flows in

many real-world transportation and logistic networks. A
directed acyclic graph (DAG) is said to be a series-parallel
graph if it can be constructed via sequential series and parallel
combination of edges or smaller series-parallel graphs. The
possession of a series-parallel topology is a global property
of a DAG; it is not thoroughly characterized by localized
subgraphs within the graph. Series-parallel networks exhibit
simple behavior across many different contexts. For instance,
combinatorics— a broad class of combinatorial problems can
be solved in linear-time on series-parallel graphs [1]; electri-
cal network analysis [2]; behavior in routing games [3]-[5].
Therefore, the deviation of a graph from a series-parallel topol-
ogy can be considered an increase in its flow complexity. This
complexity can lead to inefficiencies in traffic behavior [6], [7].

The Braess paradox is a well-known example of such
behavior, when the addition of a link to a traffic network
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Fig. 1: Braess Paradox: Addition of the link a-b slows down
the 0 — d flow.

slows the flow down. Fig. 1 shows the canonical example of
the Braess paradox: Here, the addition of link a-b breaks the
series-parallel topology of the network. As a result, the traffic
that is initially split between the routes 0 — a — d and 0 —
b — d concentrates along the faster route 0 - a — b — d,
leading to increased congestion and longer travel times than
with the originally split flow [3]. The Braess paradox has been
known to appear in transportation [8], power grids [9], [10]
and ecological networks [11].

A popular approach to a systematic study of global features
in complex networks is graph homology. Simplicial homology
has been deployed as a generalized clustering mechanism
that identifies interconnections within and among clustered
communities on undirected graphs [12], [13]. Higher-order
dynamics on networks have been studied using simplices [14].
Further, path homology [15] on directed graphs has been
shown to identify topological characteristics that classify
complex networks [16], [17]. While the intuition behind this
classification remains largely intractable, a prior interpretation
that path homology measures the consistency and robustness
of directional flow in a graph [16], [17]. In this article, we
develop a graph homology of robust paths in line with this
interpretation.

We introduce a notion of robust path of length k (or a
robust k-path) on a DAG, where larger k is a reflection of
larger flow complexity. For instance, we find that the presence
of a robust 3-path is a necessary and sufficient condition
for a network to deviate from a series-parallel topology, and
that each robust 3-path is associated with a site susceptible
to the Braess Paradox. Further, a robust k-path identifies
the presence of (kj[l) distinct susceptible sites within the
network. This motivates us to develop a systematic approach
for the characterization of flow complexity in DAGs using
robust paths as basic objects. For this purpose, we utilize
the algebraic structure of graph homology. In particular, we
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associate the linear spans of robust k-paths with k-chains in a
graph homological framework and prove that the association
sets up a consistent chain complex. We demonstrate that
the induced chain complex provides a representation of the
underlying DAG where higher-order chains identify sites of
high flow complexity within the graph. We illustrate the utility
of this framework by showing that series-parallel topology of a
DAG translates to triviality of 3-chains in the chain complex.
This algebraic restatement of a known combinatorial result
is validation of how the proposed homology can be used to
systematically investigate flow complexity. We believe that our
approach can be used for the systematic localization of flow
complexity in networks, and to understand its implications.

The organization of this article proceeds as follows. In the
brief subsection that follows the notation subsection below,
we introduce the concepts of series-parallel graphs and robust
paths, and the role of the latter in reflecting the deviation of a
flow from the series-parallel nature. In Section II, we develop
a consistent algebraic structure for the formal study of these
concepts. Subsequently in Section III, we formalise the notion
of a series-parallel topology and use the developed structure
to produce an algebraic characterization of the same, as well
as to characterize deviations from this topology. We conclude
with a brief discussion in Section IV.

A. Notation

(i) For a DAG G = (V, ), we denote a directed edge from
t€VtojeV by ey
(i) es,...;, is used to denote the tuple (i, ..., i) € VP,
(iii) 7 € G and e;; € G respectively mean ¢ € V or e;; € £.
(iv) [N] denotes the set {1,2,..., N} for each N € N.
(v) Union and intersection on graphs are as usual, for G; =
Vi, &), UiGi = (UVy, Ui&;) and MGy = (N3 Vs, Ui&).
(vi) For DAGs G; and Go, we say G; =2 Gy if G = G, up to
relabelling of their vertices and edges.
(vii) K;j denotes the edge graph K;; := ({4,}, {ei;}. 4, 7).
(viii) K denotes a field, the reader may specialise to K = R.

B. Series-parallel graphs and the Braess embedding

We are interested in a class of DAGs called two-terminal
graphs where directional flows emanate from an origin vertex
(source) and are absorbed by a destination vertex (sink).
Series-parallel graphs are two-terminal graphs obtained by
serially or parallely combining edges and/or smaller series-
parallel graphs. See Fig. 2(a) for a depiction of series and
parallel combination operations. The departure of a two-
terminal graph from the series-parallel topology is known
to follow from the appearance of the structure called the
Braess embedding or a Braess site, shown in Fig. 2(b) as a
graphical embedding within the network [3], [4]. The tuple of
the vertices involved in the embedding (e.g., (g, 41, i2,%3) in
Fig. 2(b)) localizes the site within a network.

We wish to investigate the deviation of a graph from a
series-parallel topology in a comprehensive manner. To this
end, we introduce the notion of a robust k-path in a DAG.
The basic object in our discussion is the robust 2-path, which
we also call a triangle. We call e;,;, i, a robust 2-path in G if

10,11, i are three vertices in G, and there exists a triangulating
pair of non-intersecting routes from %y to 75, exactly one of
which passes through through ¢;. If robust 2-paths occur as
adjacent structures within the graph, they give rise to longer
robust paths. Therefore, ;.. ;, is a robust p-path if e;, 4, , 14,
is a robust 2-path for each k € [p — 2|, and the triangulating
route that evades ix4; does not intersect the triangulating
routes of the robust 2-path e;, _, 4,4, - We will precisely define
robust k-paths later. For illustration, see Fig. 2(c) where three
adjacent robust 2-paths (€;5i,iys €ijiniss Cinisis) are shown to

We will show that the presence of a robust 3-path ensures
the presence of a Braess-susceptible site or a Braess embed-
ding within the network. More generally, long robust paths
within a network contribute to the rising flow complexity as
the network topology deviates from a series-parallel one.

[I. GRAPH HOMOLOGY OF ROBUST PATHS

In Subsection II-A below, we define routes, two-terminal
graphs, and colored route simplices of two-terminal graphs.
In Subsection II-B that follows, we formalise the notion of a
robust path and embed the linear spaces spanned by the robust
paths into the homological algebra.

A. Two-terminal DAGs and colored route simplices

A two-terminal DAG is induced by a union of linear graphs
or routes, which we define as follows. We also introduce
formal notation for segments of a route, which are shorter
routes with different origin-destination pairs.

Definition 2.1: (i) A route R is a tuple R = (V,&,0,d, 1)
where V is a finite set of nodes or vertices, r : V — N is
a strict order on V, origin 0 = argmin,cy, r(4), destination
d = argmax;cy, 7(j), and, £ C V x V contains all edges
ei; = (4, ) if and only if ¢ and j are consecutive in the order
7, that is, 7(i) < r(j) and Bk € V1 r(i) < r(k) < r(j).

(i) Let R = (V,&,0,d,r) be a route and i,j € V be two of
its vertices. Define and denote another route from 7 to j as
follows: Ri™7 := (V=9 £ i, j,r) where Vi = {k €
Vir@i) <rk) <r()}, €77 = {ewl|a,b € VITI}NE. We
regard R = ({i}, ¢, 4,4,7) as the vertex 1.

Note: Let R1 and Rs be two arbitrary routes. If the intersec-
tion graph R; N Rs is non-empty, then we take note of the
fact that it is expressible in the following form:

no no
RiNRy = |J Ry74 = | RE 7 (1)
n=1 n=1

where ng € N, p,, ¢, € V1 Ny for each n.

A union of routes that share the same origin-destination
pair induces a two-terminal DAG as follows. Acyclicity of the
induced DAG is ensured by requiring the routes to respect
each other’s order.

Definition 2.2: i) Let {Ra}taca =
{(Va,Eas0asda,Ta) }aca be a finite collection of routes with
the same origin o and destination d (i.e. o, = 0,d, = d) that
obey the partial order induced by {rq }aca:

Authorized licensed use limited to: MIT Libraries. Downloaded on June 14,2024 at 20:04:03 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Control Systems Letters. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/LCSYS.2024.3413597

i iy i
) ] *ég =" ¥ ) i
Al I ls 713 I )
12 12
g g

1 2 g, - g,
i . . 3}
. l I3 . .
ZOQ [ -~ e = 10%13
ol i
)
g, g, Z.11%, iy
(a) (b)

@
i

(©)

Fig. 2: (a) Series and Parallel Combination (b) The Braess Embedding (c) Robust 2-paths combine into a robust 4-path

V6,8 A {i,j} €VsNVs =
7‘5(1') < T(s(j) — Tﬁ(i) < Tg(j) (2)

Then, the tuple G := (V = UseaVa,& =
Uaca€as0,d, (Ta)aca) is called a two-terminal graph from
origin o to destination d induced by the collection of routes
(Ra)aca. We then write G = (J,c 4 Ro and say that i < j
if i,j € V and 3o € A such that 74(7) < r(J).

Note: We call the collection {R;};cn] a complete enumer-
ation of routes in G = Uie[N] R, if it contains all o to d
routes in G. All collections in this article are assumed to be
complete enumerations. We also drop the underlying partial
order (r;);c;n] in our notation and use G = (V,&,0,d) to
represent the two-terminal graph.

As we will see below, a route induces a two-terminal DAG,
that we call a route-simplex. The route-simplex shares the
vertex set of the underlying route R and contains an edge e;;
if 7 is reachable from 7. A union of route simplices induced
by the constituent routes of a two-terminal DAG is declared
as the route simplex of the DAG. We attach a multi-coloring
to each edge e;; in a route-simplex to record the set of routes
that reach j from ¢; this produces what we call a colored
route simplex of a DAG. These notions are formalised by the
definition below.

Definition 2.3: (i) The route-simplex of R; =
(Vi, &i,0,d,1;) denoted by Sim(R;) is the two terminal graph
(Vi,R(&;), 0,d) where R(E) = {e;; 14,5 € V,r(i) <r(j)}.
(ii) The route-simplex of G = Uie[ N R; is defined to be the
union Sim(G) := UiE[N] Sim(R;).

(iii) The colored route simplex of G 1is the tuple
R(G) := (V,R(£),0,d,C) where the (multi)coloring
C:R(&) — 21 obeys C(epy) = {i € [N]lepg € Sim(R;)}.
Consider four routes {Ra}aciy) = {(Va,€ar0,d,7a)}
with V; = {0, 172,d}751 = {eol,elg,egd},VQ =
{071,274,d}782 = {601,6127624764@},]}3 =
{O, 3, 4, d}, 83 = {603, €34, (24d}7 V4 = {07 3, 5, d}, 54 =
{€o3, €35, €54} which constitute the two-terminal graph
G = UsR, shown in Fig. 3 below. R(G) is depicted
alongside where Red, Blue, Gray and Yellow respectively
depict the colors 1, 2,3 and 4.

B. Development of the robust path homology

We now develop our graph homology of robust paths. Let
G=W.&0,d) =L, Ri = U, (Vi, &, 0.d,7;) be a two-

Fig. 3: G = U, Ra: R(G) : dimQa(R(G)) # 0

terminal DAG and R(G) = (V,R(€),C) be the colored route
simplex of G. The space of vertex tuples VP*! is refined to
record graph topology in the refined subset of allowed paths.

Definition 2.4: (i) e;,...;, is an elementary allowed p-path
in R(G) if e;,_,;.. € R(E) for all m € [p]. (Recall Section
I-A.(ii).)

(i) We define the K-linear span of all elementary allowed
p-paths as the space of allowed p-paths:

Ap(R(g)) = K-Span{eiomip D €ijijaa € R(g) V] € [p — 1]}
Next, we define a linear operator on the allowed path spaces.

Definition 2.5: The linear boundary operator 0,
A,(R(G)) = A,—1(R(G)) is a linear operator defined via its
action on elementary paths: Jpe;,..i, = Zk(—l)k’eio”ﬂmi
and extended over A,(R(G)) by linearity. Note that 9, = 0.
Elementary allowed paths are further refined to exclude non-
robust paths. The robust k-paths then become the basis set for
the space of k-chains.

Definition 2.6: (i) An allowed e;,;,4, 1S a robust 2-
path or a triangle in G if there is a route from iy to is
that evades at least one route from ¢y to io through 41,
ie., H(Oé,ﬂ) S C(e’ioiz) X C(eioil) N C(€i1i2) such that
Vio=iz 0 Vg = {ig,is}. We then call the tuple of routes
(Ra,Rp), a triangulating pair of the robust 2-path e;;,;,. We
denote the set of all triangles (robust 2-paths) by As(R(G)).
(i) An allowed e;y;,4,...1, is a robust p-path if there exists
a collection of route tuples {(Ra,,Rsz,) z;} such that
(Ray>Rp,) triangulates e;, i, for each k € [p — 1]
and R ' "™ N Rk = ¢ for each k € [p — 2]. We
denote the set of all robust p-paths by A,(R(G)) and call the

associated collection {(Ra,,Rp,)} =1 a k-triangulating pair
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Fig. 4: Representative Topologies for each case in the proof
of the Proposition 2.1

of €i9i40...i5-

Definition 2.7: (i) The sets of O-chains and 1-chains are
respectively defined as Qo(R(G)) := K-span{V} = Ay(R(G))
and 1 (R(9)) := K-span{R(&)} = A1 (R(G)).

(i1) The set of p-chains is defined as the K-linear span of robust
p-paths: ©,(R(G)) = K-span{A,(R(9))} € A,(R(9)).
Note: €ig...ip, € AP(R(Q)) S €ig..ip € Q,,(R(g))

The following proposition sets up the desired homology of the
introduced k-chain spaces {Qx(R(G))}ken,-

Proposition 2.1: For all p > 1, we have
(@) Op—1 00, = 0. (ii) 99,(R(G)) € Qp—1(R(G)).

Consequently, we obtain the following chain complex

K{0} <2 Q0(R(G)) & ... 2 0, (R(G)) <ot ...
Proof: (i) For an arbitrary e;,. ;. ,

q—1

Op=1.0 0ty =D D (Ve 55,
r=0 gq
P
T 2N ey, = 0
r=q+1 g

Therefore Proposition 2.1.(i) follows by linearity of 0p.

(i) — For p = 0,1, 02(R(G)) = K{0} and 99Q4(R(G)) C
K{V} = Q(R(G)) follow by definition as Jy = 0
Q(R(G)) = A(R(G)) and 1 (R(G)) = Ay (R(G)).

For p > 2, we show that e; ., € Q,(R(G)) =
€ ivi, € Qp-1(R(G)) forall k € {0,-- -, p} which implies
0,2 (R(G)) C Q,—1(R(G)) by linearity of d,.

— For p = 2, notice that €;,;,:, € Q22(R(G)) C A2(R(G)) =
€igirs €iris € R(E) which implies the existence of routes

Ra: €igi; € STM(Ra); Ro : €5y, € Sim(Ryp).

It follows that e;,;, € Sim(R,.) where R, = R URS 4.
Thereby aeioiliz € Al(R(g)> = Ql(R(g))

- For p > 2, let e;..4, € $Q(R(G)). Then
€i,...i, and e;,_; _, both belong to €, 1(R(G)) as they
are respectively p — 1 -triangulated by {(Ra,,Rgs.)}h 1
and {(Ra,,Rp,)}o_;. Further, for & € [p — 1]
e, = € Qp_ 1(R(g)) as it is p — 1-triangulated

10-<~7fk---'lp
by {(RaaaRﬁa) } U {(R "‘”k UR zkad RB:—Yk Y

Rgck—l_)d) (Roﬁlk U leﬁd le 1—>lk+1 U R1k+1—>d)} U

k41 Br+1

{Ra,, Rga)}a jto- It follows that Oye;, ., € Q,-1(R(G)).
This completes the proof of this proposition. [ ]

I11. ROBUST PATHS IN SERIES PARALLEL GRAPHS

We build a formal definition of a series-parallel graph in
Subsection III-A and investigate chain complexes induced by
them in Subsection III-B. We find that dim Q,(R(G)) = 0 for
all p > 2 if and only if G is a series-parallel graph which
presents a notable correspondence between the developed
homological algebra and emergent combinatorial complexity
as G deviates from a series-parallel topology.

A. Series-parallel two-terminal DAGs

We define parallel and series combinations below (Recall
Fig. 2), following which an inductive definition for a series-
parallel graph follows.

Dé‘ﬁl’lil‘iOl’l 3.1: Let G = (V1,£1,01,d1) = LJz Rzl and
Ga = (V2,&2,00,d2) = U, R? be two-terminal graphs.

(i) If G; and Go satisfy di = 03,V1 N Vo = {d1}, then a
series combination of G; and Go is the two-terminal graph
Gi = Go = G1 UGy = (V,€,01,d2) = U, (R} —>R§)
where V = Vl UVQ; £ = 51 USQ.

(ii) If G, and G5 satisfy 01 = 05 =: 0, d = dy =: d and
Vi NV, = {o,d}, then, a parallel combination G; and Go is
the two-terminal graph G,[|Gz := G UGy = (V,€,0,d) =
Uj€{1,2}i€([1\/'_7~]) Rz where V =V UVy; £ =& U&s.

(ii1) A two-terminal graph G is a series-parallel graph if and
only if 1) G & K5 or 2) G = Gy — G5 for series-parallel
graphs Gy and Gs or 3) G = G ||G2 for series-parallel graphs
G1 and Go.

A series-parallel graph G can hence be represented as a series
and parallel combination of edges. For instance, the graph G;
in Fig. 2(a) expressible as follows in an ‘edge-combinatorial’
representation:

gl — g2 - ((Kzozl — K’Lﬂg)”(Klolz — K1213))' (3)

B. Path complexes of series-parallel graphs

Given G; and G, along with their respectively induced
chain complexes {Qx(R(G1))}ren, and {2, (R(G1)) }men,s
we state what can be inferred about the complex induced by
their combinations in the two propositions that follow.

Proposition 3.1: Let G1 = (V1,&1,0,d) = U;eny R} and
g2 = (Vg,gg,o,d) = UjE[Nz] R?, and, g = (V (‘: o, d)
g1|\g? = Ujeq.2yieqn,) R} = Uaen) Ra be their para?lel
combination. Further, let R(G;) = (V;,R(&;),C;) for each i =
1,2 and R( )= ( ( ), C) Following relations then hold.
(ii) dim Q1( (G)) = dim Q1( (G1)) +dim Q1 (R(G2)) —

(iii) 22(R(G)) 2 22(R(G1)) U Q2(R(G2)).

(iv) dim Q,(R(G)) = dim 2, (R(G1)) +dim Q,(R(G2)),p > 2.
Proof: (i) Follows since Qy(R(G)) is a linear space

spanned by all vertices of R(G): dim Qg (R(G)) = V1 UVs| =

V1| + [Va| = 2 = |dim Q(R(G1))] + | dim 20(R(G2))| — 2.

(ii) Follows since €21(R(G)) is a linear space spanned by all

edges of R(G): dimQ1(R(G)) = |R(&1) UR(E2)| = |R(E1)| +
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{eodt] = dim 1 (R(G1)) + dim 2, (R(G2)) —
(iii) Note that if R € {Ra}aep; for j = 1,2, then
R € {R, }QG[N Thus, if a pair (R, Rg) triangulates €;,, i,
in R(G;) for j € {1,2}, then it also triangulates the 2-
path in R(G). It follows that Ay(R(G;)) C Ax(R(9)) =
Q2 (R(G,)) C Q2(R(G)) for each j, and thus, (iii) holds.
(v) Let j € {1,2} and e;..i;, € €,(R(G;)). Then
Cip_ripins1 € QQ(R(QJ)) = Ci_riring1 € QQ(R(Q)) for
each k£ € [p — 1] which in turn implies e;,. .5, € Q,(R(G)).
Thus, Q,(R(G1)) ® 2,(R(Gz2)) C 2,(R(G)). On the other
hand, if e; _,4,4,,, does not have a triangulating pair in
R(G,), then it cannot not have one in R(G) either unless
(ik—1,7k+1) 7 (0, d) since then at least one of i1 and ix41
does not belong G_; (where —j € {1,2},j # —j). Hence,
Q,(R(G1)) ® Q,(R(G2)) = Q,(R(G)) follows. Further, since
p>2and V1NV, = {o,d}, Q,(R(G1)) L Q,(R(G2)) and the
proposed follows. [ |
Proposition 3.2: Let G = (V1,&1,0,h) and Gy =
(Va, &3, h, d) be two two-terminal graphs and G = G — Gy =
(V,&,0,d) be their series combination. Then, the following
hold.
(i) dim Q(R(G)) = dim Q9 (R(G1)) + dim Qo (R(G2)) —
(i) dim ©,(R(G)) = dim Q,(R(G1))+dim Q,(R(G2)) Vp > 1.

Proof: (i) Follows since 2(R(G)) is a linear space
spanned by all vertices of R(G): dimQo(R(G)) = [V1UVs| =
Vil + Vo] =1 = |dimQo(R(G1))[ + | dim Q(R(G2))| — 1.

(ii)) For p = 1 follows since Q4(R(G)) is a linear space
spanned by all edges of R(G): dim$;(R(G)) = |&1 U &| =
V1| + V2| = | dim Q4 (R(Gy))|+]| dim ©; (R(G2))|. Now notice
that no pair of routes can triangulate e;y, for all j,k € V with
j < h < k since h belongs to every route of G by definition.
Thus e;,...;, € Q2,(R(G)) requires h < ig or h > i, which
is equivalent to e;,. 5, € Q,(R(G2)) or ey..i, € Qp(R(G1))
respectively. Thus, Q,(R(G)) = Q,(R(G1)) ® Q,(R(G2)) and
the proposed follows. ]
We are now in a position to establish our main result.
Theorem 3.3: Let G = (V,€,0,d) = UscaRa be a two
terminal DAG. Then,
(i) If G is a series-parallel graph, then dim2,(G) = 0 for all
p>3.
(ii) If G is not a series-parallel graph, then dim Q3(R(G)) > 0.
Proof: (i) If G is a series-parallel graph, then using
Propositions 3.1.(iv), 3.2.(ii), and the edge combinational
representation of G = (V, €, 0,d), we deduce

Z dim Q,,(

e;;€EE

dim 2, ( Kij)) =0Vp>3. 4

(ii) If G is not series-parallel, then sequentially decomposing
G serially and/or parallely one eventually arrives at a two-
terminal subgraph G’ = (V',&’,0',d') # K4 which is not
decomposable further. Since G’ C G, we have an A’ C A
such that ¢/ = U,ea RS ™. Note that |A’| > 1 since
|A’| =1 implies G’ is a single o’ — d’ route which is serially
decomposable by definition.

Case 1: Suppose that 3 k € V' : eopar € Q2(R(G’)) and
let (RS~ Rg%d/) be the corresponding triangulating pair

whereby R2 % N Rg/_}d/ = {0’,d'} (Recall Definition 2.7).
Define a subset D' C A: D' = {§ : R NnRyI~> =
{0o’,d'} and D’® = A’\ D’. Note that § € D’ and o € D'® so
that D', D’ are both non-empty. Now consider the following
two-terminal graphs induced by the partition {D’ , D’}

ng/ URO —d’

ng/C - U Rg '—d
D/C
If VID/ N V/D’C = {Ol,d/} then (]’ = QD/||(]Dm which con-
tradicts the supposition that G’ is not decomposable parallely
Otherwise if j € V), N VD,F,] ¢ {0,d'} then j € R3 od
for some &o € D' and j ¢ RS %, Further, choose a y € D’
with j € Rf’ylﬁd' (v exists since j € Vpr). Then, at least one
of the following two vertices exist outside {o’,d’, j}:

= V/ /c,g/ /c,0/7d/ .
D D

. ! 7 ’ ’ - ’ !’
b = minRJ_)d NRE =T 1y = max Ry, IR,

If ¢, exists outside {o,d,j} then e, jtd € 93( (@)
as it is 3-triangulated by {(RS ¢ 720 -iu
'R%:d/) (Ro’—nl/ RJ’H% U'Rél%d/)}

Similarly if Eg exists outside {o,d,j}, ew tajd’ € Qg(R(Q )
as  eop,; s 3-triangulated by {(RY ‘wd RO~y
RE~Y (RS~ Ry 7 URI)}. Thus, dim Q3(R(G')) >
0 and we arrive at a contradiction since 0 = dim Q3(R(G)) >
dimQ3(R(G’)) following ¢’ ¢ ¢ = Q3(R(G’)) C
5 (R(9)).

Case 2: Now suppose that A k € V : egpar € Q2(R(G")). If

G’ has only two routes, i.e., A = {a,b}, then, Rg/_’d/ N
Ry~ = {o,d'} will imply that (RS % Ry =) tri-
angulate some e, gy for some k € Rglﬁd' U Rglﬁd/, a
contradiction to the supposition of Case 2. So let k €
RY =4 N RY Y. This allows G the serial decomposition
G = RO '~k U RO —>k N Rk—>d U Rk—ni’
Now let |4’ > 2 If there is a vertex kK common across all
routes, i.e., 3k € V' such that k € Rglﬁd/ for all @ € A/,
G’ admits the serial decomposition G’ = [J,, Rglﬁk —
Ux RE7? and we arrive at a contradiction. So suppose
otherwise, that for each k € V' \ {0/,d'}, there is a route
in G’ that excludes k. We will show that this supposition
contradicts at least one of the two: (i) dim3(R(G")) = 0
or (i) 3 : eorjar € Q2(R(G)), the supposition of Case 2.

We begin by establishing the existence of a pair
Jo,ko € V' such that eyjok, € $2(R(G')). Pick an
arbitrary 8 € A’ and take jo as the second vertex in the
route Rgﬂd/ ie. jo = minRg%d, such that jo # 0.
Then there is a route Rg,_’d/ that excludes jo. Take
ko = minRS 7Y NRY ™Y kg > o. Then ko > jo since
Jjo is the second smallest vertex in R2 =" This selection
ensures €orjok, € 22(R(G)) with the triangulating pair
(RO (! RS '—d") By supposition, there exists a route
RS, —d that excludes kg.

— Let £, = min R"/Hd/ N R"lﬁdl such that ¢, # o' and note
that if £, > ko, then ey, € Q2(R(G’)) with triangulating
palr (RO '—d’ RO '—d’ )

— Let {3 = min R —~d' N RS "= such that £ # o' and note

Authorized licensed use limited to: MIT Libraries. Downloaded on June 14,2024 at 20:04:03 UTC from IEEE Xplore. Restrictions apply.

© 2024 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Control Systems Letters. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/LCSYS.2024.3413597

that if £5 > ko, then eyp,r, € Q2(R(G’)) with triangulating
pair (Rf’yl%d/, Rgﬁd/).

— If both ¢, < ko and £g < ko, then the intersection graphs
RS ARY ko and Ry~ ﬂRg%kO contain other vertices
in addition to o’ so let p,, and pg be the maximal vertices in
the above two intersection graphs and note that p, < ko and
ps < ko hold by definition.

- Now if p, < pg, then eyp.pin, € Q3(R(G))
as it is 3-triangulated by {(Rg7Y RY7Pe U
Rg"‘_ﬂi/), (Rg'—ml', R;/%Pﬁ U R{’/ﬁﬁd/)}.

— Otherwise if p, > pg, then eyp,p.k, € Q3(R(G))
3-triangulated by  {(RZ %, Rgﬁp Fu
R T), (R~ R =P URE ),

This long line of reasoning thus brings us to the following
conclusion. If there is a route for every vertex in V' \ {0/, d'}
that excludes it, then there exists at least one 2-path ey, €
Q2(R(G")). Further, existence of a 2-path ey, € Q2(R(G"))
implies one of the following two implications:

— Either dimQ3(R(G’)) # 0 which is a contradiction to the
presupposition on G’

— Or there is a pair j/,k' € V' with ¥ > k such that
eojrkr € Q2(R(G’)). One can then set j = j',k = k' and
inductively run the same line of arguments again to obtain
either dim Q3(R(G’)) # 0 or ¥’ = d’ which is a contradiction
to the presupposition of Case 2. The proof rests here. ]

We have shown that series-parallel graphs associate with
a chain complex truncated at order two, that is, robust paths
of length three and above are absent in the associated chain
complex. The topological simplicity of series-parallel graphs
is thus mapped onto an algebraic simplicity in the graph
homology of robust paths.

as it is

C. Robust 3-paths and the Braess paradox

We say that a graph H is embedded in a graph G if upon
deletion of suitable edges and vertices in G, and subsequent
merging of edges e;; and e;;, in the graph obtained upon the
deletion into a single edge e, the result is a graph G’ that
is isomorphic to H. For example, for G in Fig. 3, deleting
e3s, 54 and merging the pairs e,q1,e12 t0 e,2 and e,3, €34
to eyq yields a graph isomorphic to the Braess embedding
in Fig. 2(b) with (ig,41,42,i3) = (0,2,4,d). Any robust
3-path e;,_,i,_1ipips, 1D G induces the Braess embedding
(ik—2,%k—1, %k, k+1), as can be seen in Figure 4. A robust p-
path e;,..;, with p > 3 contains (¥) robust 3-paths within itself
and hence identifies a large collection of interacting Braess-
susceptible sites. Conversely, if (i, %1, i2,43) induce a Braess
embedding in G, then reintroduction of all deleted edges and
vertices in the embedding reconstructs G that contains the
robust 3-path e;,;,4,i; With the structure shown by Case 1
in Fig. 4.

IV. CONCLUSION

In this paper, we introduced the notion of a k-robust path
in a DAG G, which localizes the deviation of a graph G from
a series-parallel topology for, with larger &k signifying larger
deviation. We showed that the association of the K-linear

spaces of robust k-paths with k-chains in a chain complex
sets up a consistent graph homology. We established that the
topological simplicity of series-parallel graphs translates into
a triviality of k-chains in the induced complex for £ > 3, and
any non-triviality therein deviates the graph from the simple
topology. We further discussed the resulting correspondence
between the space of 3-chains and Braess-susceptible sites
within a network. With this discussion serving as an illustrative
example, we believe that the graph homology developed with
robust paths as its basis will be a useful tool for the systematic
characterization of complex behavior in flow networks and
analyze combinatorial optimization problems on them, which
remains a direction for future study.
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