rT984SVAL: . -107 TI35Z0

Quantum creation of a universe with nontrivial topology
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Quantum creation of a universe with flat comoving 3-space is possible in nontrivial topology. For 3-torus
topology, the relative probability of quantum birth of a spatially flat, isotropic world having finite 3-volume
during the de Sitter (inflationary) stage is calculated, allowing for the vacuum energy-momentum tensor of
massless quantum fields that will result from the nontriviality of the topology.

No sooner had the general theory of relativity been
formulated than the question arose as to the topology of
the universe, The first instance of a topology differing
from the trivial E? topology of unbounded three-dimen-
sional Euclidean space is a world closed upon itself with
an S topology for the section t = const a nontrivial topol-
ogy. The simplest example is a 3-torus, that is, three-
dimensional Euclidean space with the identification x =
Xx+Ly,y=y+1Ly, z= z+Ls, The universe would then
form a rectangular parallelepiped with the finite volume
V = LyLyLs. Such an identification would leave space
homogeneous, but the spatial isotropy corresponding to
the O(3) rotation group would be violated, Unless spa-
tially inhomogeneous perturbations are present, however,
this violation of isotropy would not induce a temperature
anisotropy in the cosmic microwave background, Inciden-
tally,inthe cubically symmetric case L = L, = Ly, the
quadrupole asymmetry would vanish,

In several papers!~® (among others) the authors and
colleagues have investigated Friedmann models with va-
rious identifications o f points, the characteristic identifi-
cation scales (the minimum and maximum "gluing" param-
eters) being assumed shorter than the current horizon
distance of the Friedmann model. We have considered the
prospects of observing one and the same astronomical
object concurrently in different parts of the sky, and we
have inquired into what effect a nontrivial topology might
have on the adiabatic fluctuation spectrum and the ap-
parent distribution of galaxies, Searches for such effects
have invariably yielded negative results, setting a lower
limit on the minimum identification scale — a few hun-
dred megaparsecs,

The question of the spatial topology of the universe
is now taking on new interest in light of the hypothesis
that the universe may have been born spontaneously as a
quantum fluctuation,4~® an idea which in turn was only put
on the agenda in earnest after the theory of an inflation-
ary universe had been broached,!’"12, In a narrow tech-
nical sense one should regard the quantum birth of the
universe as the stage when the classical equations of gen-
eral relativity theory were invalid, In particular, it is
well established that the classical solution for the scale
factor of a closed Friedmannuniverse with zero Higgs
scalar field and potential V(0) = 3HY87G is a(t) = H™! -
ch(Ht) (throughout this letter we see i=c = 1; chx = coshx).
For a closed world no other classical solution exists
wherein a would change from 0 to its minimum classical
value amin = H™!, Like a particle in ordinary quantum
mechanics, the universe can tunnel through this interval,
The tunneling of the universe through a potential barrier
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is described by the Wheeler —DeWitt quantum geometro-
dynamics equation,!? an analog of the Schr¥dinger equation
for quantum gravitation theory. In the case of a closed
Friedmannworld, the role of the barrier is played by the
3-space curvature,

On scales greater than the Planck scale (@® > G) one
can solve the Wheeler —DeWitt equation in the WKB ap-
proximation both in the super-barrier regime (the class-
ical case) and beneath the barrier, It is well recognized
that in the sub-barrier regime the WKB approximation
corresponds to motion in *imaginary time" 7 = —it, The
probability of traversing the barrier may be reckoned
as e~'Sl) where S represents the effect on the solution of
the classical gravitation equations in Euclideanized geom-
etry (with the t in the metric replaced by iT)., In par-
ticular, the probability of a quantum birth of an empty
closed de Sitter world of curvature H turns out to be pro-
portional to exp (—7/GH?) (assuming that GH? « 1), The
exponent here differs in sign from Vilenkin's resultds?;
this point is being discussed by one of us elsewhere,l

An essential feature in all these calculations is that
we are dealing with a closed universe, The action S is
proportional to the volume of the three-dimensional sec-
tion 7 = const, At the moment it is not clear just what the
meaning of the "closed-world birth probability® is and how
that probability is to be normalized, Moreover the uni-
verse might also have been "born classically," from a
singularity, In that event the exponentially small factor
in the probability describing the tunneling will not be pres-
ent at all, One cannot infer, however, that classical
creation is the more probable, because the absolute values
of the probability are unknown,

Nevertheless, it is plain that if a flat or open Fried-
mann world has noncompact 3-space and hence infinite
action S, then its quantum creation will have zero prob-
ability, and cannot occur, It is in this situation that a
significant possibility would exist for the quantum birth
of a flat but topologically nontrivial universe.

If the de Sitter (inflationary) stage of exponential ex-
pansion was long enough (HAt > 70), the periodicity cell
size of the universe would today be larger than the hori-
zon, Such a universe could not be distinguished obser-
vationally from an ordinary flat world, With a cosmologi-
cal constant A = 0 today, the universe would expand in-
definitely, apart from individual pieces that may collapse
locally due to initial perturbations,

Let us consider the general form of a spatially homo-
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geneous universe having the topology of a 3-torus:

ds® = di* — a? (¢) dz® — b2 (2) dy? — ¢ (t) d2?,
z+L=z,y+L=y,z+ L=z o

Its 3-volume will be abeL?, In the isotropic case a < b «c,
Suppose that the universe is empty and that the effective
cosmological constant produced by the scalar field or by
gravitational vacuum polarization is A = 3H? > 0, Then in
the isotropic case the classical solution would be a <

b o ¢ « exp (Ht). Unlike the trivial topology, for which

L = %, the resultant metric will be geodesically complete
and have no particle horizon as t — —<«, The surface

t = — will be nonsingular, In this event no barrier will
exist, but one may nevertheless speak of quantum creation
in a certain sense, because the evolution of the metric
will cease to be quasiclassical (that is, the WKB approxi-
mation cannot be used in the Wheeler —Dewitt equation)

if (aL)® < GH™; the classical solution then will no longer
be applicable,

If anisotropy is present, a true Kasner-type sin-
gularity will develop, Its general solution is

P1-/s

a=a(sh 3HY)" (th 3 Ht)

]

b=bo(sh 380" (th 2 m)”"

e=ca(sh 38" (th & me"

, (2)
where the p; are the Kasner indices (p; +p; + Py = pf +

p? + pf = 1), Here too there is no barrier, The metric
will evolve quasiclassically near the singularity if
agbycoL3 >> GH™! (for power-law regimes the criterion
abcL® » Gt is sufficient for the evolution to be quasi-
classical), As t — « the metric will proceed to isotropize
(4/a ~ b/b ~ ¢/c), but the scale ratios a/b, a/c, b/c will
remain arbitrary, This is a special case of the general
result that one of us has obtained,!®

In the next approximation one should recognize that
the presence of a nontrivial topology will induce a vacuum
polarization of all quantum fields — the gravitational ana-
log of the Casimir effect, Intuitively speaking, the con-
tinuous null-oscillation spectrum of the quantum fields
will change over to a discrete spectrum, The effect cor-
responds to the difference between a sum and an integral
in momentum space.l)

In the cubically symmetric case (@ = b = ¢) the ener-
gy-momentum tensor of this topological vacuum polariza-
tion of massless fields will, by symmetry and dimen-
sionality arguments, be proportional to the energy-mo-
mentum tensor of a perfect ultrarelativistic gas:

_ 1
Toca™, T11=T22=T33=——TT0°. 3)

On performing a calculation for a scalar field with the
natural periodic identification conditions

ez+L)=9@, o+ L) =0@), ec+L)=9@E (4
one finds!6720 that

T ~ — 0.8375 (aL)™. (5)
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For an electromagnetic field the quantity T will be twice
as large,

For fermion fields the result depends on the form of
the identification conditions. If we suppose that a fermion
field will obey the same periodicity (4) as boson fields,
then for each fermion degree of freedom we will obtain the
result (5), but with opposite sign, In supersymmetric
theories, where the number of fermion and boson degrees
of freedom is the same, the combined energy-momentum
tensor of the topological vacuum polarization will then
vanish, and we will revert to the situation discussed above,
wherein no barrier exists,

But if, as is more natural for fermion fields, we adopt
the antiperiodic identification conditions

YE+L)=—v@, b@E+L=—v@, vE+L)=—%()

(6)
(the advantages of such a choice are explained by Ford?!),
then for a two-component neutrino field, say, we will ob-
tain

Too o~ — 03914 (aL)". (7)

The total value of Ty, summed over the boson and fermion
fields, turns out to be negative: T = —A/(aL)%, with A >0,

The solution of the classical equations of evolution
for the metric (1) with a = b = ¢, an effective cosmological
constant, and the energy-momentum tensor (3) of the
topological vacuum polarization takes the form

o) =17 (552" ch 2y ®

and is nonsingular, with a(t) not vanishing, Accordingly a
barrier does exist and can be tunneled through so as to
permit quantum creation of the universe, In fact there is
a general relationship between the existence of t-sym-
metric nonsingular solutions of the classical equations
and the possibility of a quantum birth of the universe by
tunneling toward such a solution at the instant t = 0,

Using the WKB approximation to the Wheeler —DeWitt
equation, one can calculate the probability that the universe
will tunnel from a = 0 to @ = @min = L~H8TGA/3H2)!/4 in
the same manner as for the creation of a closed universe
(Ref, 14), The creation probability proves to be propor-
tional to the quantity

w oc exp (_U‘_(?:‘(TI/"()‘/_O_ (—G’—g—,)‘/‘) = exp (— 2.055 (%1;—1—2)%) . 9

This result remains qualitatively correct even if
there is a slight departure from cubic symmetry (a ~
b ~ ¢), Butif ¢ « a, b, then the energy tensor of the
topological vacuum polarization will have a very differ-
ent structure, In that event we will have, for scalar and
two-component neutrino fields,2?

fiod 1 Tnd
To(s=0) = — g > T"o(s:'z_)__ WL (10)
. T11=T22=—--%‘ Te#=T".
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With an effective cosmological constant and the top-
ological vacuum polarization (10), the metric (1) will begin
to evolve from the classical singularity, where

accboct?, cocth, (11)

Again there is no barrier, just as when the quasiclassical
condition is violated, so we will have a classical "birth"
from a singularity, As t — <« the solution has the same
asymptotic behavior as the solution (2), the inequalities

¢ < a, b continuing to hold, For completeness' sake we
would point out that if ¢ «< a, b the solution can also have
another asymptote as t — ®: a « b « exp (HtV2), with c =
const, but it will be exponentially unstable, The instability
has a time scale of order H™1,

The examples we have given show that an empty, flat
world with 3-torus topology can begin to evolve either
from a classical singularity or by quantum creation with
or even without tunneling, The quantum birth would cor-
respond to the situation where the identification param-
eters al, bL, cL are of the same order along all three
axes; for emergence from a classical singularity, the pa-
rameters would differ sharply, If, however, the de Sitter
(inflationary) stage in the cosmological expansion was
protracted enough, then the observations cannot tell us
which of the two situations prevailed, Nor, as we have
said, is there presently any way to compare the probabil -
ities of a classical and a quantum creation of the universe,

OThis topological vacuum polarization is in addition to the vacuum polari-
zation of all quantum fields due to the curvature of spacetime, The rela-

tive amplitude of these two forms of gravitational polarization will depend
on the ratios between (aL)™% (bL)™%, (cL)™%, and &/a, b/b, &/c; &t may be
arbitrarily small or large.
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Diffusion of elements in the intergalactic gas may have significantly enhanced the deuterium, helium, and
lithium abundance in the core regions of rich clusters of galaxies.

1, INTRODUCTION

X-ray observations have revealed! that rich clusters
of galaxies contain hot (Tg =~ 107-10%°K), rarefied (Ng =~
1073102 ¢cm™?%) intergalactic gas, The x-ray lines of
hydrogen- and heliumlike iron ions have been detected,?»®

Gravitational separation of elements may occur in the
gravitational field of a cluster, Fabian and Pringle! and
Rephaeli’ have discussed this sedimentation mechanism
with reference to iron, In this letter we consider the dy-
namics of the diffusion process, We show that the sedi-
mentation mechanism will operate most efficiently (on a
time scale of order 10! sec) for the light elements —
deuterium, helium, lithium; for elements with Z > 16,
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changes in distribution will be 10-20 times slower, Gravi-
tational settling could enrich the central, dominant galaxy
of a cluster with light elements, especially helium, More-
over, helium enhancement might affect the brightness pro-
file of the intracluster x rays and could weaken the cosmic
background radiation observed toward clusters,

One other very interesting possibility is that galaxies
may have become enriched with light elements during the
era when the protoclusters were developing,

2, INTRACLUSTER GRAVITATIONAL POTENTIAL

In the central part [r € (5-6)a, where a is the radius

of the core region] of a rich cluster, the galaxy distribu-
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