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Recall: Extensive-form games
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Recall: Strategies

______ lidea | Obviousdownsides

(Reduced) Normal-form
strategies

Behavioral strategies

Sequence-form
strategies

Distribution over
deterministic strategies

u € A(ID)

Local distribution over
actions at each decision
point

"Probability flows” on
the tree-form decision
process

X € Q (convex polytope)

Exponentially-sized
object

Expected utility is
nonconvex in the the
entries of vector b

None

In rare cases, it’s possible
to operate implicitly on
the exponential object
via a kernel trick

Kuhn’s theorem: same
power as reduced
normal-form strategies

Everything is convex!

Kuhn’s theorem applies
automatically.



Recall: Strategic Form

Idea: Strategy = randomize a deterministic contingency plan

OPlayer 2 O Terminal

Y Information set ‘
\ Each player constructs a

list of all possible
chk. &t assignments of actions at

- ‘o Player 1 ® Nature
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each information set
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Recall: Strategic Form

Idea: Strategy = randomize a deterministic contingency plan

OPlayer 2 O Terminal

Y C) Information set

@ Player 1 & Nature J

Each player constructs a
list of all possible
assignments of actions at

A Valid assignments for Player 1: 27 . .
P7</E Valid assignments for Player 2: 64 each information set

“reduced normal-form plans” information must get
assigned the same action)

foldcall — foldcall ~ foldcall ——foldcall fold call
g b yy : Y 5y
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Recall: Equivalent Normal-Form Game

Example: Nash equilibrium in Kuhn

i
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] / / / poker:
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p maxminx’ Ay

= x Y
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L Payoff matrix on

Tg . . . . Distribution over the left

§ the 27 plans of  pistribution over

T Player 1 the 64 plans of

S 1/2 0 -2/3 -1/2 Player 2
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= You can use any technique for normal-form games:
(27 x 64 matrix) y g games:

learning, linear programming, ...




Recall: Equivalent Normal-Form Game

Reduced normal-form plans for Player 2

Example: Nash equilibrium in Kuhn

2r.
Big issue: the number of reduced normal-form plans scales
exponentially with the game tree size!

This approach is not scalable beyond very small games

We need better techniques Payoff matrix on

the left
the 2/ plans ot npistribution over
Player 1 the 64 plans of
1/2 -2/3 Player 2
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(27 x 64 matrix) You can use any technique for normal-form games:

learning, linear programming, ...



Recall: Behavioral Strategies

Idea: Strategy = choice of distribution over available actions

at each “decision point”
*

....... Be..
-',Jack"" Qu:een ."Klng._.
We found it convenient to aN )
. . hk hk. hK.
take the point of view of a ; be§D S be§D b be§D
. _ S X ®
single player: face R e Rad
L. chk.  bet chk.  bet chk.  bet
decisions and F 4 Er 4 D’ 4 | @ Decision node
) S .
observations fold call fold call fold call X & Observation node

D% \D EI“ \D D‘ \D | O End of process



Recall: Behavioral strategies

..... Do,
_‘,Jack"" Qu:een ”'Klng_..
g« s
/" N\ 7\ 7\
;hk. bet /Chk. bet /Chk. bet
x h Y P h e X h e
chk.  bet chk.  bet chk.  bet
SO SO TR
fold call fold call fold call

SO S £ %

Idea: Strategy = choice of

at each decision point

 Set of strategies is convex

X Expected utility is not
linear in this representation

Reason: prob. of reaching a
terminal state is product of

variables /

Products = non-convexity &




Recall: Expected Utility

Decision problem and behavioral strategy of Player 1
------- &,
._.Jack"" Queen King,
o A .....
X 0.5 0.25
Game tree: OLR  bet” 05 hk bet 075 bk pet
~ | ®Player1 & Nature \D ¥ \El I'4
S, OPlayer2 O Terminal ol &
= Information se y y
o <G " v tion set chk.  bet
A

¥ %
K. be chk. bt chk.  bet
& g =t 3 -
/</ \\ o.s;é&;m 0.2 0.4fo|<hallo'6 /.\ 9
i
/xﬁ )? /x\& )? /}F )?

. Rt fld || hkbet fld || bet call ¢ kbt fld all hkbet fld
YA & TTTT T é %
10 +1\—2\—1 E

Dy

d Y
Decision problem and behavioral strategy of Player 2
T =271 +1 +2 +1 F 1‘+2 +1 é +2=1 +1 2 ......... & ..........
/ / L Jack” Queen "King ,
foldcall fld II fId II foldcat et V .......
5y Ly R,
-1 -2 —1 +2 —1 +2 —1 +2 -1 -2 RS DS /
chk. bet chk. bet chk
K o) K .
RIE <SRV AW hkﬂ bet hl?\ bet hkﬂ/
. ChK. e CNhK. (S ChK. € ChK. e C
Prob of reaching this terminal state: 1/6 (Nature) x 0.1 (PI1) x 0.4 (PI2) s S
x 0.8 (PI1)

A

When these are variables being optimized, we have a product! Non-

convexity in player’s strategy



“Fixing” Behavioral Strategies:

Sequence-Form Strategies

...... B.....
o dack Queen King,
T
________ - A ZaN
parent} 0,1 SK- bet g g o5tk betos  g75 chk betoas
LG G
chk. bet chk. bet chk. bet
4 af = G
-~ fold--call-=+- \ fold call fold call
599%‘_ ______ 9_95 0.2 D" \D 0.3 0.0753 \D 0.675

Children

Since sequence-form strategies already automatically
encode products of probabilities on paths, expected utility
is linear in this strategy representation!

Idea: Store probability for whole
sequences of actions

 Set of strategies is convex

 Expected utility is a
linear function

Consistency constraints

1. Entries all non-negative
2. Root sequence has probability 1.0
3. Probability mass conservation




Decision problem and behavioral strategy of Player 1

Recall: Expected Utility 7 - B
Game tree: o 0 E‘lzu’} \bet 0.9 _ chkAbet 0.5 0_75;hk.;\beto

OPlayer 2 O Terminal |

bo

\ @ Information set .
S * chk.  bet chk.  bet chk.  bet
) /QL/\/ * * T
chk. b bet chk. bet chk. b bet 0.08 d cz! 0.02 0.2 fDon ci‘! 0.3 o. 075?d c;! 0.675
P /— /— /_
Decision problem and behavioral strategy of Player 2
chk. k@t fld II hk bet fId all ¢ et call c k bet fId all hk bet fId
$4 ¢ I3 é é v é é_% é LH,/ -
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foldcall——_ fo Id II fo Id II fodeat et ' .....
.* ey
Y R X
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0.6 0.4 /.\ /\ )\
chk. chk. bet chk. bet chk. bet chk. bet

Prob of reaching this terminal state: 1/6 (Nature) x 0.08 (PI1) x 0.4 (PI2) ¥ R 2 T e




Recall: Equilibrium Computation

BEFORE: Reduced—normal form

Nash equilibrium in Kuhn poker:

max min x’ By
Xy

/ Payoff matrix in

Distribution over reduced normal form
the 27 nlans of
Player 1

Distribution over
the 64 »lans of
Player 2
, Scale exponentially
You can use any teci.. T e e
learning, linear .- _...

NOW: Sequence form

Nash equilibrium in Kuhn poker:

max min x Ay
Xy

/ Sequence-form

Sequence-form payoff matrix
polytope of plaver

_ Sequence-form
1 (dimension 12)

polytope of plaver
2 (dimension 12)
Scale linearly with

You can still use learning tree size




Nash equilibrium
(two-player zero-sum):

max min x” Ay
xX€Q1 YEQ2 \

/ Sequence-form

Sequence-form payoff matrix for
polytope of player Sequence-form player 1
1 (dimension 12) oolytope of player
2 (dimension 12)

You can still use learning, linear programming, ...

Let’s code up a solver
together!



Two Approaches to Solve The Max-Min

Problem

Approach 2: Learning
Approach 1: Linear Programming
For sequence-form
polytopes in particular:
Counterfactual Regret
Minimization (CFR)



Nash equilibrium
(two-player zero-sum):

max min x” Ay
X€Q1 YEQ,

Sequence-form payoff matrix for
polytope of player Sequence-form player 1
1 (dimension 12) oolytope of player
2 (dimension 12)

/ \ Sequence-form

Why / How can this be
converted into a linear
program?



Linear Program Formulation
O

max min x' Ay o)

X€EQ1 YEQ;

Nested optimization problem. The inner -

problem is linear

Remember: y is from the sequence-form polytope @,
- Root decision points have mass 1 Compactly:
- Probability mass is conserved Ey = f,
-y =0 2= { y=0
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What do we need to implement this?

From the game tree, extract F;, F,, f1, f, and A
Code up the linear program

Profit!

Single linear fx =11
| st Rvsdlx

program! x>0

. vER

I fav l
max | Flv<ATx |

I veR |
s t Fix=f



How to construct Fy, f1, F>, f57?

- / .Player 1 ® Nature

S OPlayer2 O Terminal In sequence form, we
et T (M) formation et have one variable per

A/\4/Am/ / B\\\\ | action at each decision

point (information set)

chk. bet chk. bet c chk. bet chk. bet chk. bet

e e e

chk. bet fold call chk. bet fold call chk. bet foIdcaII chk. bet IdcaII chk. bet fI call c . bet foIdcaII Matrices Flifl:FZIfZ

%DX ﬁ%ﬁx Ell_%fﬁ >:\ éiuﬁ/\ ﬁﬁi /\ EJH%Q o9 >\ 25 encode the probability
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Step 1: Construct each player’s tree-form
decision process

Effectively boils down to figuring out:
for each information set J of the player, what was the last (information set, action)
pair for the player on the path from the root of the tree to J? (“parent” of J)

KJ

T Sy, —

chk. bet chk. bet chk bet chk. bet chk. bet chk. bet

B [chk, bet]

/< < /<\ \ < \ /< x /< \ C [chk, bet]
chk. bet fold caII chk bet fold &all chk. bet foId || chk bet foldc I c?k bet folc/ic I chk bet folc/icall D [fold, call]
—Eél D\ +él 5 E\ 1 g2 ﬁl \ 114 +1 F X Jrél }2 1 \ i} }2 = \ I E [fold, call]
folé all folé all fo|<4 &ll folc/i l fo|<4 l folc/i all F - [fold, call]
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‘._,Jack' Queen Klng.... C
Af‘ ‘‘‘‘‘ B ......
AN
/chk. bet /chk. bet /Chk be{‘D
S h* R h* R
©chk bet chk  bet chk.  bet
¥ <D F CE F  F @ DecisNn node

| §0 X Observa}ion noda

fold call fold call fold call S

\ D‘ \D D‘ \D D‘ \D o End of pfocess

fold call chk bet

o +1— —1 E

 foldcall—

A [chk, bet] None
9" B [chk, bet] None
(S < R J C [chk, bet] None
k. bet foIZ dall chk. bet folc/i dall chk. bet  fold call chk. bet fold caII D [fold, call] (A, chk)
\é Sgihig Ahisy 44 Teen d
__fold call ~ foldcall ——fold call fold call ! !

S L
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....... Dol
‘-',Jack"" Qu:een ."Klng.... C
m A o B ------
We will use numerical IDs 0 Ochk.)\betl zchk./‘\bet3 Ak NperS

to each action at each o =g R .,8/ R =4 ht
information set S LoEU 0 b A A
fr e ? 6 fold call /7 8 fold call 9 10fold call 11 |
(B, bet) 3 gy d Y SOY
(C, chk) 4
ﬂmm (€ bet) : Sequence-form constraints:
A [chk, bet] None (D’, — 5 ( Xo + %1 = 1
B [chk, bet] None (D, call) . X5 + X3 = 1
C [chk, bet] None (E, fold) - X4 + Xg = 1
D [fold, call] (A, chk) { X¢g + X7 = Xg
E [fold, call] (B, chk) (F call) 11 Xg + X9 = Xy
F  [fold, call] (C, chk) X190 T X11 = X4
L Yoo X1g 2 0




m o m 9O O W >

[chk, bet]
[chk, bet]
[chk, bet]
[fold, call]
[fold, call]
[fold, call]

In matrix-vector form,

None

(D, fold)
None

(D, call)
None (E, fold)
(A, chk)
(B, chk) (F, call)
(C, chk)

11

entitiers -
..... Jack™  Queen King, C
Ame B* .....
0 chk.  “bet 1 2chk. bet 3 A chk.  “betD
e O
.bgt chk'.. ‘bgt ch_k'.. bet
D & E £ Foo.
fold call 7 8 fold call 9 10fold cal 11 |
LR LG g %
equence-form constraints:
[ Xg+x;=1
X, +x3=1
X4+ x5 =1

A

Xe T X7 = X
Xg t+ X9 = Xy
X10 T X11 = X4

k xo, ...,Xll 20




Plan of attack

 Step 1: for each player, figure out the parent relationships

A [chk, bet] None
o B [chk, bet] None
C [chk, bet] None
chk. bet fold call chk. bet fold call chk. bet fold call chk. bet fold call chk. bet fo|<4can chk. bet fold call D [fold, call] (A, chk)
é\é%é\ééé\ééé&é%é\é%é&é% E [fold,calll (B, chk)
—10(® 4121 E(® qr=2+41 ® +1+2+1 F(® H1H241 @) +142=1 &) 41 -2
| I\ A / F o [fold,calll  (C, chk)

foldicsll T fold ca foIdcaII S foId s foldcaII foldcsil

L s db L
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Plan of attack

 Step 1: for each player, figure out the parent relationships
 Step 2: then, assign numerical IDs and compile the matrices F and f

kT Qu;en King, .
------ B e, C In matrix-vector form,

U, action) | 1ID KL AL
. et chk. bet

uaEE R G T G T G
(A; bEt) 1 ch_k'.. ‘bgt ch_k'.. ‘bgt ch_k'.' ‘bgt .
(B,chk) 2 Ef D - E S |
6 fold call 7 8 fold call 9 10fold cal 11 |
(C, chk) 4 .
(C, bet) 5 Sequence-form constraints:
(D, fold) 6 (X +x,=1
(D, call) 7 X, +x3=1
(E, fold) 8 Xy +x5=1

ﬁ x6‘!'x7=x0



The Payoff Matrix 4

Game tree:
~ | @Player1l & Nature
=
& OPlayer 2 O Terminal
\ =y @ Information set
KJ KQ JQ
S
A

chk bet
P

chk bet chk bet
cr—?,k. t fld all hk bet fId all ¢ et %

ég&l égllékbt féld call hkbet fld
%%ﬂ:z 1 +1 42 +1 F 1‘+2 “+1 +2=1
foldcall—— fol Id ||

/ +1 2
fo Id II fcgdcgll
-1 -2 —1 +2 —1 +2 —1 +2 -1 -2

Prob of reaching this terminal state: 1/6 (Nature) X xg (PI1) x v, (PI1)

Decision problem and behavioral strategy of Player 1

...... '8.."'-.
....Jack"" Queen King,... C
Ame Bg 0 e
0 chkAbet 1 2 chkAbet 3 4 chk  “betD
& v & v g %
chk.  bet chk. bt chk. et
¥ D & E £  wf ‘
6 fold call 7 8 fold call 9 10fold canl 11 |
LR LR

SO

Decision problem and behavioral strategy of Player 2

...... ...
‘.,Jack"" Queen ..'King...
------ v
.&“ Q&O
K '« R 0’ /
chk. bet chk. bet
»’ Y

chk.
’Q -
O chK. bet 1 chk. bet

. chk.ﬂbet ch}bet chk.ﬂiet
R A A

When these are variables being optimized, we have a product! Non-

convexity in player’s strategy



Implementation

* class Game
* tpx pll: Treeplex
* tpx pl2:Treeplex

Cd e
. .
. .
. .
. .,
. -

..... o i
A.‘- """" ‘ ......
0l e 1 2l Diet 3 4 5
chk bet chk. bet chk bet
g" Ny g/ Ny < Ny
chk bet chk.  bet chk. bet
£ wD ut m E m" wf
6 fold call /7 8 fold call 9 10fold call 11
L L * L

e A: payoff matrix (hnumpy array, player 1 on rows for A)

* class Treeplex
e infosets: dict[str, Infoset]

* num segs: int. Total number of actions across decision points (12 in figure)

e class Infoset:

 actions:dictionary from action name (e.g., “fold”) to unique ID (e.g., 6)
e parent: unique ID of the parent infoset action. (may be None)
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game = Game('kuhn.txt')

def make_Ff(tpx):
F = np.zeros((len(tpx.infosets), tpx.num_seqs))
f = np.zeros((len(tpx.infosets)))

for i, infoset in enumerate(tpx.infosets.values()):
for a in infoset.actions.values():
F[i, al] =1
if infoset.parent is None:
f[il =1
else:
F[i, infoset.parent] = -1

return F, f

F_1, f_1 = make_Ff(game.tpx_pll)
print(F_1, f_1.T)

F_2, f_2 = make_Ff(game.tpx_pl2)
print(F_2, f_2.T)

m = gp.Model()
= m.addMVar(game.tpx_pll.num_seqs)
= m.addMVar(len(game.tpx_pl2.infosets), lb=float("-inf"))
m.addConstr(F_1 @ x == f_1)
m.addConstr(F_2.T @ v = game.A.T @ x)
m.setObjective(f_2 @ v, sense=GRB.MAXIMIZE)
m.optimize()



