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decision sets of the players. In this paper, we introduce a new weighted entropy-based
distance-generating function. We show that this function is equivalent to a particular set of
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ing the simpler structure of the regular entropy function for the unit cube. This function
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efficiently computable distance-generating function for all those strategy polytopes. By instan-
tiating first-order methods with our regularizers, we achieve several new results, such as the
first method for computing ex ante correlated team equilibria with a guaranteed 1/T rate of
convergence and efficient proximal updates. Similarly, we show that our regularizers can be
used to speed up the computation of correlated solution concepts.
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1. Introduction large and very large game models. For the two-player
Large-scale extensive-form game (EFG) models have  zero-sum setting, an EFG can be solved in polynomial
been used in several recent Al milestones, where equi-  time using a linear program (LP) whose size is linear in

librium approximation was used as the approach for  the size of the game tree (Romanovskii 1962, von Sten-
building AI agents (Bowling et al. 2015; Brown and  gel 1996). However, this LP-based approach was not
Sandholm 2017, 2019b; Moravcik et al. 2017). A crucial used in any of these Al milestones. Instead, fast itera-
component for constructing these agents is a fast  tive methods are preferred (Zinkevich et al. 2007, Hoda
method for computing approximate Nash equilibria in et al. 2010, Bowling et al. 2015, Brown and Sandholm
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2019a, Farina et al. 2019a, Kroer et al. 2020, Farina et al.
2021b) as well as sampling-based variants (Lanctot et al.
2009; Gibson et al. 2012; Kroer et al. 2015; Brown and
Sandholm 2017, 2019b; Schmid et al. 2019; Farina et al.
2020b). The reason for this is that constructing the LP,
and running simplex or interior-point methods on it, is
too expensive for these large-scale models." In contrast,
iterative methods only require oracle access to one or
two gradient computations, or even estimates thereof,
in order to perform an iteration.

From a theoretical standpoint, the fastest iterative
methods for solving two-player zero-sum games are
first-order methods (FOMs) such as the excessive gap tech-
nique (Nesterov 2005a) or mirror prox (MP) (Nemir-
ovski 2004), which converge at a rate of 1/T, where T is
the number of iterations.” In order to apply these meth-
ods to EFGs, they must be instantiated with a distance-
generating function (DGF), which yields an appropriate
notion of how to measure distances between strategies
in the game (Hoda et al. 2010). The choice of DGF affects
the FOM in two ways: first, the strong-convexity proper-
ties of the DGF, as well as the induced polytope diame-
ter, affect the convergence rate in terms of the number of
iterations. Second, each iteration requires solving one or
more proximal steps that use the DGF to penalize large
steps away from the current iterate. It is thus crucial that
the chosen DGF has good strong-convexity properties
but also that it is efficiently computable. This has been
studied for several other classes of decision sets in the
past, for example, the simplex case, where both the
negative entropy DGF and the Euclidean DGF are
known to have good properties (Held et al. 1974, Beck
and Teboulle 2003, Condat 2016) and the case of posi-
tive semidefinite matrices with a trace constraint,
where the matrix entropy performs well (Ben-Tal and
Nemirovski 2005).

In the formulation of solving a two-player zero-sum
EFG via FOMs, the convex set of all strategies belong-
ing to a player is referred to as the sequence-form polytope
and alternatively as a treeplex (Hoda et al. 2010), which
is a treelike structure of scaled simplexes. Essentially
the only sequence-form polytope DGFs that are known
are based on the dilated DGF framework introduced
by Hoda et al. (2010) (apart from using the standard ¢,
distance, which is unsuitable because of projection
requirements at each iteration). For example, the dilated
entropy distance yields the best current rate of conver-
gence for 1/T methods (Kroer et al. 2020). One draw-
back of the dilated entropy DGF, as well as other
dilated DGFs, is that current analyses incur a depen-
dence of the form 2%, where D is the depth of the deci-
sion space (Hoda et al. 2010; Kroer et al. 2020, 2018). In
some cases, this is reasonable because the decision
space itself may have exponential size in the depth of
the game tree. However, in other cases, the decision
space may have substantial structure such that this

exponential complexity in depth makes the bounds
exponential in the size of the game tree.

In this paper, we introduce the first DGF for sequence-
form polytopes whose strong convexity is not derived
from its structure as a dilated distance function (again,
the standard Euclidean distance also satisfies this, but it
requires difficult projections). In particular, we show
that a weighted version of the negative entropy for the
nonnegative unit cube is a superior DGF for sequence-
form polytopes. First, we show that this DGF can
achieve strong-convexity modulus 1/Mg (where Mg, is
the maximum value of the £; norm on the sequence-
form polytope Q), with the largest weights at individual
decision points being on the order of Mglogn (where
logn is the largest number of actions at any decision
point). This improves upon the diameter of the dilated
entropy DGF by removing the exponential dependence
on depth and only retaining a dependence on the
¢1-norm of the sequence-form polytope. This also trans-
lates into an improvement to the theoretical convergence
rate of FOMs by a factor 2°*2. Importantly, this improve-
ment does not come at the cost of giving up the fast—in
particular, linear-time—computation of the associated
proximal steps required by, for example, mirror prox or
EGT. Indeed, we show that the weights in our new DGF
are chosen in a way that allows us to show that this new
DGEF corresponds to a particular dilated entropy DGF on
the sequence-form polytope (while being different out-
side the sequence-form polytope). This enables us to use
existing results on fast proximal-step computation for
dilated entropy (Hoda et al. 2010). We call our new DGF
the dilatable global entropy (DGE).

After introducing DGE for sequence-form poly-
topes, we switch our focus to studying DGFs for the
more general scaled extension operator (Farina et al.
2019d). The scaled extension operator is a method for
iteratively constructing a convex set as a sequence
of convexity-preserving compositions of convex sets.
This operator can be used to construct the sequence-
form polytope, but more importantly, for our pur-
poses, it can also be used to construct more general
sets such as the polytope of correlation plans needed
for computing optimal extensive-form correlated
equilibria and ex ante coordinated team strategies in
certain classes of games. First, we show how to extend
the class of dilated DGFs to polytopes constructed via
scaled extension, thereby generalizing the framework
of Hoda et al. (2010) beyond sequence-form polytopes
while also giving a simpler proof of strong convexity.
This enables DGFs such as the dilated entropy or
dilated Euclidean distance to be applied to a signifi-
cantly broader class of polytopes. Then, we show that
our DGE construction can also be extended to scaled
extension. Taken together, we generalize the entire
class of known “nice” DGFs for sequence-form poly-
topes to the set of polytopes that can be constructed
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via scaled extension. Applying these results to the
problems of computing optimal correlated solution
concepts and ex ante coordinated team strategies
yields the first method for iteratively solving these
problems at a rate of 1/T while enjoying fast closed-
form solutions at each iteration. In contrast, the only
prior result of this form required using the standard
Euclidean distance and thus had to perform expensive
projections at every iteration of the algorithm (Farina
et al. 2019¢). Furthermore, in cases where those solu-
tion concepts are known to be computable in polyno-
mial time, we recover polynomial time complexity (in
the game tree size) for each proximal step induced by
our regularizers. In all cases, our regularizers enable
proximal steps with time complexity linear in the
smallest description known today for the polytope of
correlation strategies.

Extensive experiments validate the efficacy of our
new DGFs. We find that these new DGFs lead to signif-
icantly smaller amounts of smoothing while still ensur-
ing the correctness of the algorithms. Intuitively, this
means that we can safely take much larger steps at
each iteration.

1.1. Paper Outline

The paper is structured as follows. Section 2 gives a
brief introduction to extensive-form games. We will for-
malize our problem directly in terms of the sequence-
form polytope, which is given in Section 4. Section 3
presents a background on first-order methods, which
includes the description of the DGFs needed for setting
up these methods. That section can be skimmed for
notation if the reader is already familiar with FOMs.
Section 4 introduces the sequence-form polytope and
dilated DGFs. Section 5 presents our new DGF for the
sequence-form polytope, along with the convergence
rate obtained when combined with an FOM. Section 6
develops DGFs for the scaled extension operator and
shows how this leads to efficient FOMs with a 1/T con-
vergence rate for correlated and team equilibria. Section

7 provides an extensive set of computational evalua-
tions of our new DGFs for various games and types of
equilibrium.

2. Preliminaries on Extensive-Form

Games

An EFG is a game played on a tree. Every node in the
tree belongs to some player, whose turn it is to act, and
the set of branches at the node correspond to the set of
actions available to the player. In general, a strategy for
a player may consist of choosing a probability distribu-
tion over the actions at each node in the game. Addi-
tionally, there may be special nodes called chance nodes,
which have a fixed distribution over actions associated
with them. These nodes model stochastic outcomes, for
example, the dealing out of cards in a card game or the
valuation signals sent to buyers in a sequential auction.
At leaf nodes, the game ends, and each leaf node is
associated with a vector of payoffs, one payoff per
player. The goal of each player in the game is to maxi-
mize the expected value of their leaf-node payoffs.
Finally, an EFG can model imperfect information: an
information set is a group of nodes belonging to a player
such that the player cannot distinguish among those
nodes and is therefore required to have the same prob-
ability distribution over actions at each node in the
information set. An example of an information set
would be in a poker game, where the information set
represents all the cards seen by the player, as well as all
bets (which are public). Each node in the information
set would correspond to different possible hands held
by the other player(s). Figure 1, which can be found in
Section 4, shows a small example game.

A solution concept provides a definition of rationality.
For a given EFG, the application of a solution concept
yields a set of equilibria, where each equilibrium has
one strategy per player. A strategy describes how
players act at every one of their information sets. For
example, a Nash equilibrium is a set of strategies such
that each player cannot improve their expected utility

Figure 1. Example Extensive-Form Game and Associated Sequence-Form Constraints for One of the Players

(a)

1A/.\2
L R
IS N

34 56 78 78
A A T

(b)
Sequence-form constraints for Player 1:

Ty = 17
Tpa1 +Ta2 =Ty,
T3 + T4 = Ta1,
ZTos + Tee = Zat,
ZTp7 + Tps = Taz-

Notes. (a) Example extensive-form games with two players. Black round nodes belong to player 1, white round nodes belong to player 2, and
white square nodes are terminal states (payoffs are not shown). Nodes in the same information set are connected with a light gray background.
The numbers on the edges uniquely identify actions for player 1. (b) The constraints that define the sequence-form polytope Q for player 1

(besides nonnegativity) in the game shown in (a).
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by switching to another strategy when the strategies of
other players are held fixed. We will introduce various
solution concepts in the sections where we give algo-
rithms for them.

3. Preliminaries on First-Order Methods
The types of FOMs that we will consider rely on access
to a function d, which is used to construct a notion of
distance between pairs of points in the decision space.
The soundness of the algorithm requires such a func-
tion to satisfy a number of properties:

Definition 1 (Distance-Generating Function). A DGF d
for a compact and convex set X CR" is a function d :
X — R such that

e itis continuous on X and differentiable in the rela-
tive interior of X;

e it is strongly convex in the relative interior of X
with respect to some norm || - ||; that is, there exists a
constant p > 0 such that

(Vd(x) — Vd(x')"(x —x') > plx — I> Vx,x €relint X.

For twice-differentiable d, the strong-convexity condi-
tion is automatically verified as long as

m V2d(x)m > u||ml||?, Vx € relint X¥,meR"; (1)

e the minimizer of d (also called prox-center),
arg minye v d(x), belongs to relint X.
Furthermore, we make the common assumption
that
mind(x) = 0. (2)
xeX

This can always be assumed without loss of general-
ity, as d can always be shifted by a constant amount
without losing the other properties.

Given a convex set X C R" and a distance-generating
function d for it, several important tools can be defined,
which collectively form a proximal setup for X:

e The Bregman divergence D,;: X Xrelint ¥ — Ryg
associated with d yields a notion of distance between
points defined as’

Dy(x||x'):=d(x)—d(x') - Vd(x') " (x—x') VxeX,x €relintX.
o The d-diameter of X is
Qqx:= max d(x) — min d(x) = max d(x),

where the last equality follows from (2). We remark
that the prox-center ¢ := arg minycy d(x) of d satisfies

Q4 v =maxDy(x||c).
xeX

e Finally, we denote the largest possible value of the
{1 norm on a X with the symbol

My :=max||x||.
xeX

3.1. Nice Distance-Generating Functions
Whereas it is not a part of the assumptions on the DGF
d, it is typically assumed that 4 allows one to efficiently
compute the following two quantities, which come up
at every iteration of most FOMS:

o the gradient Vd(x) of d at any point x € relint A

o the gradient of the convex conjugate d* of d at any
point g € R™:

Vd'(g) = argmax{g'x — d(x)}.
xeX

(We remark that the maximizer on the right-hand side
exists, and it is unique because d is strongly convex by
hypothesis.)

The gradient of the convex conjugate can be intui-
tively thought of as a linear maximization problem
over X (ie., the support function of X, which is a non-
smooth convex optimization problem), smoothed by the
regularizer d. For that reason, in this paper, we shall
refer to Vd*(g) either symbolically or occasionally as
the smoothed support function.

Because the above two quantities arise so frequently
in optimization methods, it is important that the chosen
distance-generating function allows for efficient compu-
tation of them. In particular, in this paper, we are con-
cerned with nice DGFs that enable linear-time (in the
dimension 7) exact computation of those two quantities.

Definition 2. A distance-generating function d is said
to be nice if d(x), Vd(x) and Vd*(g) can be computed
exactly in linear time in the dimension of the domain
of d.

Hoda et al. (2010) also introduce a notion of a nice
DGEF. Their definition is similar to ours but only states
that Vd*(g) should be “easily computable.” In contrast,
we attach a concrete meaning to that statement: we take
it to mean linear time in the dimension of the domain.

Finally, we mention a closely related operation that
comes up often in optimization methods: the proximal
operator (or prox operator), defined as

prox,(gll¥) := argmin{g"x + Dy(x||%)}
xeX
= Vd'(—g + Vd(®) € X 3)

for any ¥ € X and g € R". In light of (3), the prox opera-
tor can be implemented efficiently provided that Vd
and Vd* can. So, prox operators can be computed
exactly in linear time in the dimension 7 for nice DGFs.

3.2. Bilinear Saddle-Point Problems
We will be interested in solving bilinear saddle-point pro-
blems (BSPPs), whose general form is
. T
min r;leayxx Ay, 4)
where A € R™" and X, are convex and compact sets.
We will now present the EGT and mirror prox algorithms
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for solving BSPPs. These algorithms depend on two prox-
imal setups: one for & and one for ), denoted d, and d,,
respectively. Let || - || and [| - ||, be the norms associated
with the strong convexity of d, and d,, in the given proxi-
mal setup. The convergence rate then depends on the fol-
lowing operator norm of the payoff matrix A:

Al := max{x" Ay : [|x]l: <1, [lyll, <1}.

We will primarily be concerned with DGFs that are
strongly convex with respect to either the £; or £, norms.
The magnitude of ||A|| is the primary way in which the
norm matters: if both d, and d,, are strongly convex with
respect to the £, norm, then ||A|| can be on the order of
\/nm, whereas if both are with respect to the ¢; norm,
then ||A]| is simply equal to its largest entry.

3.3. The Excessive Gap Technique

The excessive gap technique (EGT) is a first-order method
introduced by Nesterov (2005b), and one of the primary
applications is to solve BSPPs such as Equation (4).
EGT assumes access to a proximal setup for X and ),
with one-strongly-convex DGFs d,, dy, and constructs
smoothed approximations of the optimization problems
faced by the x and y players. Based on this setup, we for-
mally state the EGT of Nesterov (2005a) in Algorithm 1.
EGT alternatingly takes steps focused on decreasing one
or the other smoothing parameter. These steps are called
SHRINKX and SHRINKY in Algorithm 1.

Algorithm 1 (Excessive Gap Technique Algorithm)
1 function INITIALIZE
2 | t<0

3 | W llAll, < Al
4 X « argmingeydy(X)

5 | ' Vd;(ATic/yg)

6 | % prox, (Ay’/plllx)
7 function ITERATE

8 | te—t+1, 12/(t+2)

9 if t is even then SHRINKX

10 else SHRINKY
11 function SHRINKX

12 | % —Vd(—Ayt /i)
1B | & oo

14 | j« Vd;(ATfC/[J;_l)

15 | % prox, (=5 A7)
16 | ¥ —(1—1x 1+

17 | Y= (1-y 1 +17

18 | phe=(1-mul!

19 function SHRINKY

20 | i Vd;(ATxtfl/‘“;il)

21 | g1 -y +1y

2 | & -Vi(-AP/EL)

2 | § prox, <ﬁATng>
24 | Y= (1 -1y t+1y

25 | 2t (-1t

26 | w1 -1t

Algorithm 1 shows how initial points are selected and
the alternating steps and step sizes are computed. Nes-
terov (2005a) proves that the EGT algorithm converges
atarate of O(1/T):

Theorem 1 (Nesterov 2005a, Theorem 6.3). At every iter-
ation t > 1 of the EGT algorithm, the solution (x',y") satis-
fiesx' € X, y' € Y, and

41|1A|l/Qa,, x4,y
t+1

NT s T At
max(x') Ay —minx Ay’ <
yey ( ) y xeX y

3.4. Mirror Prox

Next, we consider the mirror prox algorithm (Nemir-
ovski 2004). Rather than construct smoothed approxi-
mations, mirror prox directly uses the DGFs to take
first-order steps. Hence, the MP algorithm is best under-
stood as an algorithm that operates on the product space
X x Y directly. As such, in most analyses of the MP
algorithm, a single 1-strongly convex DGF for the prod-
uct space X' X ) is required. To better align with the
setup used for EGT, we will define the DGF for the
product space X' X Y starting from proximal setups for
both & and Y, with 1-strongly convex DGFs d,, d, with
respect tonorms || - || and || - [[,,, respectively. With this
setup, it is immediate to see that the function

d: XX Y3 (x,y) > dy(x) +dy(y)
is a DGF for the product space X' x ), which is strongly
convex with modulus one with respect to the norm

1yl =
step taken with respect to d can be expressed as two
independent proximal steps with respect to d, and d,:

foranyg,, 8y

s ()] )
e {(2) (7)2((})

argmin{g x + dy(x) — V(%) x}
xeX

x||2 + 2 Furthermore, each proximal
YTyl P

arg mm{g;y + dy(?/) - de(g)‘ry}
yey

prod,, (g, [1¥)
pI'OXdy (gy ” g) .
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Similarly, the d-diameter of the product space X' x ) is
equal to the sum of the diameters of X and ) in their
respective proximal setups. Finally, we note that the

function
Fxxysyio | Y
AXY3(xy)— ,
4 —ATx

critical in the analysis of MP (Ben-Tal and Nemirovski
2001), satisfies the following bound relative to the dual
norm || - ||. of || - ||:

1))

=\ IA@ =yl + AT -2,

*

2

2
+ | max (x —x’)TAg}

lgll,<t

< \/{max XTA(y—v)

%<1

7

x—x
< \/IIAIIZ' ly—ylI5+ 1Al lIx—x[IZ=1IAll - E
y-y

that is, it is || A||-Lipschitz with respect to the norm || - ||
on X X ).

Algorithm 2 shows the sequence of steps taken in
every iteration of the MP algorithm. Compared with
EGT, mirror prox has a somewhat simpler structure: it
simply takes repeated extrapolated proximal steps.
First, a proximal step in the descent direction is taken
for both x and y. Then, the gradient at those new points
is used to take a proximal step starting from the previ-
ous iterate (this is the extrapolation part: a step is taken
starting from the previous iterate, but with the extrapo-
lated gradient). Finally, the average strategy is output.

Algorithm 2 (Mirror Prox Algorithm)

1 function INITIALIZE()
2 t—0

0
X

0
y

unction ITERATE()
te—t+1

z)) «— argmingey dy ()

z, < argmingey dy, (i)

-~

w!, « prox, (1'Az " ||})
w),  prox, (—n'ATz" ! z)

t+1
x

O O N O U1 & W

Z proxdx(ntAwfj IIz)
10 |z e proxdy(—ntATwi l1z})
1| ¥ e [ T o
12 |y« [22:1 ’77]712;1 n*wy
Note: {n'} is a sequence of step-size parameters. A

well-known and theoretically sound choice for 7' is
n = ”}T” forallt=0,1,... (see also Theorem 2).

As we recall in the next theorem, like EGT, the mirror
prox algorithm converges at rate O(1/T).

Theorem 2 (Ben-Tal and Nemirovski 2001, Theorem
5.5.1). Suppose the step size in Algorithm 2 is set as
n, = 1/||Al|. Then, we have

< lAN(Qa,, x + Qa,,y)
< 5 .

T . T
Ay — A
) Ay~ Ay

4. The Sequence-Form Polytope
Conceptually, a strategy for a player is an assignment
of probability distributions over the actions available at
each node. This representation of strategies, known as
behavioral representation, has the drawback of making
basic quantities such as the expected utility of a player
a nonlinear function in the player’s strategy. This is
because, in this representation, the probability of fol-
lowing any terminal path of actions, a key quantity
when defining expected utility, requires taking the
product of several strategy variables (that is, the proba-
bilities of the individual actions on the path).

A different representation of strategies, known as the
sequence-form representation, is able to circumvent this
limitation (Romanovskii 1962, Koller et al. 1996, von
Stengel 1996). The idea of the sequence form is to asso-
ciate strategy variables to products of probabilities of
actions along each possible path from the root, and not
to each individual action at each decision point. By oper-
ating this change of variables, each player’s expected
utility becomes a multilinear function of all the players’
sequence-form strategies. On the flip side, this change of
variables makes the set of valid strategies more intricate
to define. Nonetheless, it is known that the set of valid
strategies available to each player is a low-dimensional
convex polytope, which we call the sequence-form poly-
tope of that player.

For each player (aka, agent), we denote with J the
set of their of information sets, which we will often call
decision points. As mentioned earlier, information sets
group together nodes that the player cannot distin-
guish given the information they have acquired thus
far in the game. Because a player always knows what
actions are available at a node, any two nodes at the
same decision point j must have the same action set.
We denote the set of actions available to the player
when playing at (any node belonging to) j as A;.

Throughout the paper, we make the standard
assumption that the game has perfect recall; that is, the
information sets of each player never encode a loss of
acquired information. A well-known consequence of
perfect recall is that the decision points [ can be ordered
into a forest. More precisely, let /< j (read “j” is an ances-
tor of j) if j # j’, and there exist nodes h € j,I’ € j’ such
that the path from the root of the game tree to I passes
through /’. Under the perfect recall assumption, the
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partially ordered set (7, <) is a forest, that is, a disjoint
union of trees. The relations <, >, and > are derived
from the relation < as usual. In particular, j > j* denotes
that j is in the subtree of (7, <) rooted in j*. We use the
symbol D to denote the maximum depth of any element
jin the forest (7, <).

A pair ja consisting of a decision point j and action a
is referred to as a sequence. The special element & is
called the empty sequence. We use the symbol ¥ := {&f}
U{ja:j€ J,a€Aj} to denote the set of all sequences,
including the empty one. Given a decision point j € 7,
we denote its parent sequence, defined as the last
sequence (decision point-action pair) encountered on
the path from the root to j with the symbol p;. If the
player does not act before j, then we conventionally let
p; be set to the empty sequence . If the agent takes a
given action a € A; at decision point j, then Cj, ¢ J
denotes the set of next potential decision points that
the agent may face (which may be empty if no more
decisions can occur after taking action a at j). More gen-
erally, forany o € X,

Co={j:pj=o0}.

Example 1. In the extensive-form game of Figure 1(a),
player 1 has four decision points corresponding to the
information sets J = {A, B,C,D}. The partial ordering
< between the decision points is A<B,A<C,A<D.
The player has nine sequences, including the empty
sequence . For decision point D, the parent sequence
is pp = A2; for B, itis pg = A1; and for A, it is the empty
sequence pa = &. The set of children decision points
Ca1 of sequence A1 is {B,C}; the set of children deci-
sion points Cy of the empty sequence is the singleton
set {A}. The set of children of sequence B3 is empty.
As mentioned at the beginning of this section, the
sequence-form representation represents a strategy as
a vector x € RZ) whose entries are indexed over L. The
entry corresponding to sequence ja € Y. contains the
product of the probabilities of all actions at all decision
points on the path from the root down to action a at
decision point j included. To be a valid sequence-form
strategy, the vector x € Rgo must satisfy the constraints

and > x,=x, VjeJ. (5)

HEA/‘

XQZL

We call the set of all valid sequence-form strategies
(that is, all vectors x € RZ, that satisfy the constraints
in (5)) the sequence-form polytope of the player.

Example 2. The sequence-form constraints (5) for
player 1 in the small game of Figure 1(a) are shown in
Figure 1(b).

For a two-player zero-sum EFG with perfect recall,
the problem of computing a Nash equilibrium can be
cast as a BSPP in the form of Equation (4). In this for-
mulation, X and ) are the sequence-form polytopes for

player 1 and player 2, respectively. The payoff matrix A
is such that for a pair of sequence-form strategies x,y,
the objective xTAy is equal to the expected value
achieved by the second player under those strategies.
Thus, the second player wishes to maximize this objec-
tive, whereas the first player wishes to minimize it.
Each cell in A e R¥** where T; and X, denote the
sets of sequences of player 1 and player 2, respectively,
corresponds to a pair of sequences, one for each player.
The matrix is often sparse: each nonzero entry corre-
sponds to a pair of sequences such that they are the last
sequences on the path to some leaf node (and thus, we
have zeroes for all cells such that the corresponding
sequences are never the last pair of sequences before
the game ends). The value at a cell is the payoff to the
second player at that leaf times the product of all
chance probabilities on the path to the leaf.

4.1. Euclidean Projections onto Sequence-Form
Polytopes

The standard Euclidean DGF applied to the overall
polytope Q is not nice, as it requires performing a some-
what complicated recursive variant of the sorting trick
for projecting onto a simplex (Condat 2016). Gilpin et al.
(2012) show that standard Euclidean projection can be
computed exactly by first constructing a strictly mono-
tonic, piecewise-linear function that depends on the spe-
cific structure of the game tree. In particular, this
piecewise-linear function is constructed recursively in a
bottom-up fashion, assigning to each information set j a
piecewise-linear function that is obtained by combining
the functions for the information sets that follow; that is,
Uge,Cia- Bach piecewise-linear function is represented
in memory explicitly via its ordered list of breakpoints
and corresponding slopes. The number of breakpoints
required by the function associated with each informa-
tion set j is linear in the sum of the number of actions at
all descendants j” > j. Gilpin et al. (2012) do not state a
runtime for obtaining these breakpoints. However, to
combine the functions associated with the immediate
descendants Ugea,Cjo of j, the breakpoints of the func-
tions to be combined can be merge sorted, and an addi-
tional linear number of operations in the total amount
of breakpoints is required (Farina et al. 2022a). Hence,
the recursive construction of the piecewise-linear func-
tions associated with the information sets cumulatively
requires O(|Z|D log|X|) operations, where we recall
that © denotes the depth of the forest (.7, <). Hence, the
time needed to compute the Euclidean projection onto
the sequence-form polytope is generally significantly
worse than computing a proximal step using a dilated
DGF and even requires a potentially prohibitively qua-
dratic time in |X| when © = ©O(|X|). We refer the reader
to Farina et al. (2022a) for additional computational
details and a slight generalization of the projection algo-
rithm described above.
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4.2. Preliminaries on Dilated
Distance—Generating Functions

Dilated distance—generating functions are a general
framework for constructing nice DGFs (in the sense of
Section 3.1) for (the relative interior of the) sequence-
form polytopes (Hoda et al. 2010). Specifically, a dilated
DGF for a sequence-form polytope is constructed by
taking a weighted sum over local distance-generating
functions dy and d, (j € J) and is of the form

d:Q3x agdy(xy) + Zajdjm(x,,/., (Xj)aea ), (6)
jeJ
where

0 if Xp = 0
Xia)a
Xp,d; <( w <4 ) otherwise. @)
/ X

Pi

d].D(xp],, X) =

Each local function d; : A% — R is assumed to be con-
tinuously differentiable and strongly convex modulus
one on the relative interior of the probability simplex
A%Y. By dividing (Xja) e A by x,, in (7), we renormalize
(Xja)sen, to the simplex, measure the DGF there, and
then scale that value back by x,. Finally, the weight a;
is a flexible-weight term that can be chosen to ensure
good properties. Hoda et al. (2010) showed that if each
local DGF d; is strongly convex, then the dilated DGF d
is also strongly convex (although they do not give an
explicit modulus), and they show that the associated
smoothed support function can easily be computed,
provided that the smoothed support function for each
d; can easily be computed.

The gradient of a dilated DGF and its convex conju-
gate can be computed exactly in closed form by combin-
ing the gradients of each d; and their convex conjugates,
as shown in Algorithm 1. Finally, we remark that the
computation of the prox-center of the DGF is a special
case of the computation of the gradient of the convex
conjugate because, by definition,

Vd*(0) = argmax{—d(x)} = argmind(x).

xeX xeX

Algorithm 3 (Gradient and Smoothed Support Function
Implementation for General Dilated DGFs)

1 function GRADIENT(x € relint Q)
2 | g—0€eR*”
3 | forje J in bottom-up order do

Xja )neAi

(
4 (g]'ﬂ)aeA,- « (gj”)(lEAj taj Vdf( Xy, )
(Xjﬂ)aEA-
5 8pi <_gl’f+a]'df< x, /)

(x/'n)aeA/- T (Xja)aea,
6 gp/‘ A gp/ - vd] Xp. Xp.

7 7
7 | g5« go+agVdg(xy)
8 | returng

1 function CONJUGATEGRADIENT(g € RY)
z—0eR*
Zg 1
for j € J in bottom-up order do
(Ziaes, < VA (Gje)ucn,)
8y < 8y — d]'((zjﬂ)aeA,) + ZuEAj SjaZja
forj € J in top-down order do
forae A;do
Zja < Zp; * Zjn

O ] 0 O UGl = W iN

return z

—_
o

The local DGFs must be chosen so that they are
compatible with the relative interior of the simplex.
For a given simplex A, these are usually chosen either
as the entropy DGF d(y) =logk+ ) y;logy; (we let
yilogy; = 0 whenever y; = 0) or Euclidean DGF d(y) =1
>.(yi —1/k)*. These are both 1-strongly convex on
relint A* (for entropy with respect to the £; norm and
for Euclidean with respect to the £, norm), and their
associated smoothed support functions can be com-
puted in O(k) time (see, e.g., Ben-Tal and Nemirovski
2001 and Condat 2016).

One of the most important properties of dilated
DGFs is that they lead to a nice DGF as long as each
local convex conjugate gradient Vd; can be computed in

time linear in |A;|. In particular, this makes the dilated
entropy and dilated Euclidean DGFs nice DGFs. This is
in contrast to the standard Euclidean distance, as dis-
cussed in Section 4.1.

For dilated DGFs, the strongest general result on the
strong-convexity modulus comes from Farina et al.
(2019b), where the authors show that if each local DGF
d; is strongly convex modulus one with respect to the
{> norm and the weights of the decision points are set
recursively according to a; =2+ ZmaxaeA/Zj,ecjﬂaj/ (so,
in particular, decision points without descendants have
a weight of two), then d is strongly convex modulus one
with respect to the £, norm on Q.

4.3. Preliminaries on the Dilated Entropy
Distance—Generating Function

The dilated entropy DGF is the instantiation of the gen-

eral dilated DGF framework of Section 4.2 with the par-

ticular choice of using the (negative) entropy function

at each decision node. In particular, for any choice of

weights ag, a;>0is the regularizer of the form*

Q3 x> agxglogxy
x.
+ Zaj xp, log|A;| + ijulog <ﬂ> . (8)
jeJ acA, by

We will now briefly review existing results specific to
the dilated entropy DGF, for which stronger results are
known than for the general class of dilated DGFs.
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First, as a direct consequence of the more general dis-
cussion in Section 4.2 and Algorithm 1, the dilated
entropy DGF is a nice DGF (in the precise sense of
Section 3.1) no matter the choice of weights a. In partic-
ular, in the case of the negative entropy functions
dj(x) =10g| Aj| + > sen Yjalog xjs, one has

e
Zu’ EA; es

Va € Aj,x € relint AAf,g eRY.

(Vd](x))a =1+ logxﬂ/ (Vd;(g))u =

By plugging the above expression in the template of
Algorithm 1, we obtain linear-time exact algorithms to
compute V@ and Vg*. Furthermore, the prox-center of
the DGF is the uniform strategy (that is, the strategy that
assigns to each action a at any decision point j probabil-
ity 1/|A;j| >0), and it therefore belongs to relint Q =
QNR

Kroer et al. (2020) show that the dilated entropy DGF
is strongly convex modulus 1/Mg with respect to the
{1 norm, when the weights a are chosen as in the fol-
lowing definition.

Definition 3 (Kroer et al. Dilated Entropy DGF, 1)). Define
the DGF weights f; recursively as

Bs=2+42) B,  B:=2+2 maxZﬁ

j€Cx ] "€Cpa

Vie J.

The resulting instantiation of the dilated entropy DGF
is called the Kroer et al. dilated entropy DGF and
denoted 1:

P:Q3 x> fixzlogxy
+Zﬁj( log|A|+Zx]alog< >)
aeA pj

€7

Example 3. Continuing the example started in Figure 1
(reproduced at the top of the next column), in the case of
the sequence-form polytope of player 1, the weights  in
the construction of the Kroer et al.’s dilated entropy DGF
Y are computed as follows: =B, =g =2; f =2+2

max{fg+ B, fp} =10; B, =2+2p, =22. Correspond-
ingly, the DGF ¢ is the function

U(x) = 22xglogxy + 10 (xz log(2) + xa1 log(xat /xz)
+xp2log(xaz/xz)) + 2 (xpa110g(2)
+xg3 log(xs3/Xa1) + x84 l0g(xB4 /XA1))
+2 (xa11og(2) + xcs log(xcs /xa1)
+xce log(xce /xa1)) +2 (xaz2log(2)

+ xp7 log(xp7/xa2) + xpg log(xps /xa2))-

B C D
34 56 78 78

d b d by d b d Y
Remark 1. On the surface, the strong-convexity mod-
ulus of 1\/} with respect to the ¢; norm might appear
less appeahng than the modulus 1 obtained by using
the ¢, norm. However, recall that the norm that is
used to measure strong convexity affects the value of
the operator norm of A, which is significantly smaller
under the ¢; — (s operator norm (where it is equal to
max;j|A;|) than the £, — £, operator norm for strong
convexity with respect to the £, norm.

One drawback of both the general and entropy-
specific dilated DGFs developed in the past is that
they have an exponential dependence on the depth of
the sequence-form polytope. In particular, note that
the factor of two in the recursive definition of the
weights means that the factor §; for some root deci-
sion point is growing at least on the order of 2%¢,
where Dg is the depth of the tree-form sequential
decision process. For many sequence-form polytopes,
this might be acceptable: if the tree-form sequential
decision process is reasonably balanced, then the
number of decision points is also exponential in
depth. However, for other sequence-form polytopes,
this would be unacceptable: the most extreme case
would be a single line of decision points, where the
number of decision points is linear in Dg, but the g;
at the root is exponentially large. This exponential
dependence on depth also enters the convergence
rate of the FOMs because it effectively acts as a sca-
lar on the polytope diameter ) induced by Dg. The
present paper was motivated by the need to soundly
resolve that drawback, thus introducing the first
nice DGF (in the sense of Section 3.1) with guaran-
teed polynomially small diameter for any decision
point.

5. The Dilatable Global Entropy

Distance—Generating Function
We now develop our new DGF for sequence-form
polytopes. The DGF is based on a scaled variant of the
standard entropy DGF (which we will also refer to as
the “global entropy” to distinguish it from the dilated
entropy), whlch is strongly convex modulus one on the
hypercube [0, 1]%.

Definition 4 (Dilatable Global Entropy). The dilatable
global entropy distance-generating function ¢ is the
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function @ : Q — Ry defined as

¢ :Q3x—> wuxglog(xy) + Z Z WipXjglog xj,
JET acA;

+ Zijp/' loglA]'|,
jeJ

where each = 1 (j € J)is defined recursively as

{Zyj,} vjeg, (9)

=1+ ., V.:=1+max
Bl yimlrma 3
ja

]‘EC;/,( /

and each w, > 1 (0 € L) is defined recursively as

W=y, =D Yy
jEC;z

w]-azzyj—Zy].,:l—kggx{ Z)/],}—Zy] VjaeX.
T\ 7eCiw

j'€Cia J'€Cia

The weights y; defined in (9) are very similar to the
ones given for the dilated DGFs in the previous sec-
tion except that the whole expression is smaller by a
factor of two. Avoiding this factor of two is crucial
because it allows us to avoid the exponential depen-
dence on depth. Here, it is easy to see that y; is upper
bounded by the number of decision points in the sub-
tree rooted at j, so y; is at most polynomial in the size
of the sequential decision problem. In fact, it is not
hard to show that if j is the sole root decision point,
then y; is equal to max,cg|x||1.

Example 4. Continuing the example started in Figure
1 (reproduced below), in the case of the sequence-
form polytope of player 1, the weights y in the con-
struction of the dilatable global entropy DGF ¢ are
computed as follows: yy=1.=15=1 y4=1+max
{8 +7c/Vpt =3; Yy =1+y, =4. Correspondingly, all
weights wj, are equal to one except for wap =y, —
¥p = 2. Correspondingly, the DGF 1 is the function

P(x) = xzlog(xz) + xa1log(xar) + 2 xa2 log(xa2)
+ xg3 log(xg3) + xpa log(xs4) + xcs log(xcs)

+ xcg log(xcs) + xp7 log(xp7) + xpg log(xps)

+ 3xzlog(2) + xa1 log(2) + xa110g(2) + xa2log(2).

5.1. Dilatability

The adjective dilatable comes from the key property that
the dilatable global entropy is equal to a specific dilated
entropy regularizer ¢ on the sequence-form strategy space
Q. More precisely, consider the dilated entropy DGF
defined as

@:Q3x > Yuxzlogxy
Xia
+ Z)/] Xp, log|A;| + ija log <j> .
je7 acA,; *pi
Then, we have the following.

Theorem 3. The dilatable global entropy DGF and the
dilated entropy DGF coincide on the polytope of sequence-
form strategies Q; that is, @(x) = @(x) for all x € Q.

Proof. We start by expanding the definition of ¢(x)
forxe Q:

Xig
Px) :=yxplogxy + Z Z)/jxja log (xi) + Zij,,/ log|A;|

jET acA; Pi €T
= Z Z Y %ia logxj, — Z Z Vi %ja logxpj
JET a€A; JET a€A;
+> v, loglA)l, (10)
jeT

where, in the second equality, we have used the fact
that x5 =1, as well as the properties of logarithms.
Given the assumption x € Q, it holds that 3 ., xja = x,

for all j € 7, and so, we can simplify the middle sum-
mation in (10) and obtain

plx) = Z Z 7jXja 108 Xja — Z V% 10g Xy,

JET a€A; jeJ
+ Z Vi, log|A;].
jeJ

The middle summation multiplies the weights y; by a
quantity that depends on the parent sequence p; of j. It
can, therefore, be rewritten equivalently by summing
over nonterminal sequences and multiplying by the
weight of the children decision points, as follows.

PO =D > yxalogxa—> > > yxalogixe

j€T acA; JET a€A; j'€Cy

+ Z Vi%p, log|A;|

jeJ

JET acA; jeT acA; \J€Cq
+ Z Vi%p log|A;|
jeJ
=Y > wieXalogxa + Yy, loglA;l = ¢x),
JET ach; j€TJ

as we wanted to show. O
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The equality established in Theorem 3 does not hold
outside the sequence-form polytope—a set with no
interior. Because of that, it is not surprising that, in gen-
eral, Vp(x) # Vp(x), even at points x in the relative
interior of the sequence-form polytope. We will return
to the difference between the gradients of ¢ and ¢ in
Section 5.5, where we show that the mismatch between
V@(x) and Ve(x) is orthogonal to the sequence-form
polytope when x € Q.

5.2. Niceness
We now show that our dilatable global entropy regu-
larizer is nice in the sense of Section 3.1; that is, its gra-
dient and the gradient of its convex conjugate can be
computed exactly in linear time in |Z|.

e The gradient of ¢ can be trivially computed in
closed form and linear time in |X| starting from Defini-
tion 4 as

(Vo(x)), = (1 +logxs)w, + ZyjloglAjl

j€Cs
Vo € X, x € relint Q.

e Using the dilatability property, we have that the
gradient of the convex conjugate satisfies

Vp'(g) = arg Igax{ng — p(x)} =arg Igax{ng — px)}
XE XE

=Ve'(g), (11)

where we used the dilatability property (Theorem 3) in
the second equality. Therefore, because ¢ is a dilated
DGF and its smoothed support function can be com-
puted in linear time, the smoothed support function of
¢ can be computed in linear time in |X|.

An immediate consequence of the niceness estab-
lished in the previous bullet point is that proximal
operators of ¢ can be computed efficiently, as

prox; (glle) = Vo (=g + Vo (e)) = Vo' (=g + Vo (c)),

where the last equality is a special case of (11).

5.3. Strong Convexity

On the other hand, we now show that ¢ has the advan-
tage of a better strong convex modulus compared with
the existing dilated entropy DGFs.

Theorem 4. The dilatable global entropy function ¢ : Q —
Ry¢ is a DGF for the sequence-form polytope Q, 1-strongly
convex on relint Q with respect to the £, norm.

Proof. The function ¢ is twice differentiable on (0, 1)*
Drelint Q. Using (1), we conclude that ¢ is 1-strongly
convex because the Hessian is

V2p(x) = d1ag<{wﬂ} )21,
Xja jagL

where we used the inequalities 0 < xj; <1 and wj, > 1.
Next, we verify that the minimum of ¢ is zero. Because
of dilatability, argmin,eo @ (x) = argminyeg @(x) = Ve*
(0) = m is the uniform strategy, that is, the strategy that
assigns probability 1/|A;| to each action at each decision
point j € J (this corresponds, in the sequence-form rep-
resentation, to xj, = xy, /1A;j| for all ja€ X and xg =1).
Substituting into the definition of ¢, we obtain

P(m) = Z)/]<xp/10g|A|+Z|Ap’|lo |A|>

€T agA

= Z)/j(xpj log|A;| —
&7

xp, logl|A;)=0. O

Theorem 5. The dilatable global entropy function @ is
strongly convex modulus 1/Mq with respect to the €
norm on relint Q.

Proof. Using the second-order definition of strong
convexity, we wish to show that the mequahty m’
V2P (x)m > - ||m||2 holds for any m € R*. Expanding
the Hess1an matrix and using the fact that w;, > 1 for
all ja € X gives

2
" m-

mTV2p(x)ym =m dlag<{w } >m2 Zi (12)
Xja jaexr jagL Xja

On the other hand, by expanding the definition of
|m||? and applying the Cauchy-Schwarz inequality,
we have

ml? = . 2: |m]a| :
|2 (]Zg ,u) (;; ﬂr)

(2) () (55 e

Substituting (12) into the last inequality yields a proof
of the desired strong-convexity modulus 1/Mg. O

5.4. Diameter

The properties above immediately imply that our dilat-
able global entropy DGF satisfies all the requirements
for a prox setup on the polytope of sequence-form
strategies Q. Here, we complete the analysis by giving
bounds on the diameter induced by ¢.

Theorem 6. The ¢-diameter Qp o of Q is at most Mg,

Proof. By the definition of the polytope diameter
and the fact that we chose our DGFs such that
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minge 4 ¢(x) =0, we have
Qs 0= 0 < X, log|A;
7.0 r}(lezxqo(x)_rgaQX;%xp/ 0g| 4|

< max max log|A# X,
xeQ jeJ gl ”;7’1 pi

< Mpmax max log|A; Xy,
Qer ied gl ]|; v

< M2 max log|A;/,
Qs gl Ayl

where the first inequality is by noting that logx;, <0
because xj, <1 for all ja € Z; the third inequality is by
noting that y; is largest at root decision points, where it
is at most My; and the fourth inequality upper bounds

> jeg Xp by M. O
Kroer et al. (2020) show that the dilated entropy DGF
with weights § leads to a polytope diameter

2%0*2 M2 max log| Al
Qs gl A

Our DGF improves that polytope diameter by a factor
of 2%¢*2_ Thus, we are the first to achieve a polytope
diameter with no exponential dependence on the depth
D of the sequence-form polytope.

Example 5. Let Q be the sequence-form polytope cor-
responding to an optimal stopping problem: an agent
has a sequence of k decision points, and at each deci-
sion point, the agent can either choose to stop the
game, in which case a payoff is reached, or choose to
continue the game, in which case they continue to the
next decision point. For such a problem, Q has depth
k, which is also the size of Q as measured by the ¢{;
norm; that is, M = k. In this case, the diameter associ-
ated to ¢ is k?log 2, whereas the dilated entropy DGF
of Kroer et al. (2020) gives diameter 2"2k? log 2.

Example 5 shows the most extreme type of decision
problem in terms of our improvement over existing
results. Another example of a polytope that partially
embeds this structure is the decision spaces of a
no-limit poker game. In those games, a player may
raise by any amount between the minimum raise size
and the size of that player’s stack. Because of this,
there exists a very deep decision path where players
take turns raising by the minimum amount. However,
the average depth is much smaller than this.

Summing up our results on the dilatable global
entropy, we have shown that it enjoys the same fast
smoothed-support-function computation as the dilated
entropy DGF while having a better way to achieve
strong-convexity modulus 1/Mg. In particular, the exist-
ing dilated entropy setup requires the weight para-
meters f to grow exponentially in the depth of the
sequence-form polytope, whereas we have only a linear
growth in those weights. More concretely, this means

that the largest weights maxje s f; in the dilated entropy
DGF are larger than the largest weights maxje s y; in the
dilatable global entropy DGF by a factor of more than
2% This, in turn, allowed us to achieve a better poly-
tope diameter by a factor of 2°9™> while retaining the
same strong-convexity modulus.

5.5. Gradient Properties and Further
Relationships Between & and ¢
The previous subsections establish that the dilated
global entropy DGF ¢ is dilatable (i.e., it coincides with
a dilated entropy DGF, @, on all of their domain Q) and
nice (i.e., gradients, smoothed support functions, and
proximal operators can be computed efficiently). Fur-
thermore, we have seen that ¢ has very appealing met-
ric properties, including a diagonal Hessian matrix that
renders establishing strong convexity rather trivial,
especially as compared with the analyses of dilated
entropy DGFs in the prior literature (Kroer et al. 2020).
In this subsection, we go one step further: by study-
ing the relationship between the gradients of ¢ and ¢,
we will establish that the two enjoy the same strong-
convexity parameter. In particular, we will use the fol-
lowing property, which we prove in Online Appendix A.

Lemma 1. At any point x € relint Q, the gradients V(x)
and V(x) differ only along orthogonal directions to the
affine hull aff Q of Q; that is,

(Vo) = Vo) (y—2)=0  Vy,zeQ.

Lemma 1 immediately implies that for any two points
x,x’ € relint Q:

(Vo) = Vo) (x — ) = (Vo (x) = VO (') " (x —');

that is, the strong-convexity properties of ¢ established
in Section 5.3 apply to ¢ as well. In particular, this shows
that the specific dilated entropy DGE ¢ is 1-strongly
convex on relint Q with respect to the £, norm and
1/Mg-strongly convex with respect to the ¢; norm.
Additionally, the analysis of the diameter of ¢ transfers
directly to ¢ by dilatability (Section 5.1). Combined,
these results enable us to introduce a 1-strongly convex
dilated entropy DGF (and not just any nice DGF) ¢ that,
for the first time, has worst-case polynomially bounded
diameter.

We remark that it would be hard to establish such a
result without first introducing our dilatable global reg-
ularizer, as analyzing the product (Ve(x) — Vo(x'))"
(x —x’) for a dilated entropy DGF ¢ is notoriously
involved. Instead, the good metric properties of p—
especially the diagonal Hessian matrix—make the
analysis of the strong-convexity and diameter proper-
ties trivial.

In fact, every strong-convexity proof for an entropy
DGEF that we are aware of uses the Hessian-based con-
dition (Ben-Tal and Nemirovski 2001, Kroer et al.
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2020). If we had used this definition directly on the
dilated DGF ¢, then the lower bound from Kroer et al.
(2020) implies that we would get an exponential depen-
dence on the depth. This is because the Hessian condi-
tion is a sufficient but not necessary condition for
strong convexity: it asks for the condition to hold along
directions orthogonal to the affine hull of the sequence-
form strategy space, which is not necessary. Arguably,
the key insight for the dilatable global entropy is that it
allows us to use the Hessian-based sufficient condition
for proving strong convexity in a way that avoids
paying the cost of maintaining strong convexity along
irrelevant orthogonal directions. The fact that it also
greatly simplifies the Hessian-based analysis is an
added bonus.

Another consequence of Lemma 1 is that the proxi-
mal steps induced by ¢ and ¢ coincide. Indeed, for all
centers y € relint Q and gradients g, one has

argmin{g "y + Dy (y||x)}
yeQ

= argrgin{gTy +@y) - Vo) (y — %)}
ye

=argmin{g"y+¢(y) — Vp(x) " (y —x)}
veQ (dilatability, Theorem 3)
=arg min{gTy +o(y) — Vgo(x)T(y —x)} (Lemma 1)
yeQ

= argmin{g"y + Dy (y||x)}.
yeQ

Hence, mirror descent, online mirror descent, follow-
the-regularizer-leader, mirror prox, and EGT (among
others) all produce the same iterates when instantiated
with ¢ or @. It is conceivable that some methods—for
example, methods that require taking norms of gradi-
ents or methods that rely on norms induced by the
Hessian matrix of the regularizer (e.g., Abernethy and
Rakhlin 2009)—would, in general, not be equivalent
when set up using ¢ or ¢.

6. Scaled Extension and Correlated
Decision Spaces

In this section, we extend and generalize both the
framework of dilated DGFs and the dilatable global
entropy DGF to more complex combinatorial domains
than sequence-form polytopes. In particular, we show
that dilated DGFs and the dilatable global entropy
apply to sets that can be constructed through composi-
tion of scaled extension, a convexity-preserving opera-
tion that was recently proposed as a general way of
constructing sequential decision spaces in the presence
of correlation between the strategies of two or more
players (Farina et al. 2019d).

Our generalization begets the first nice regularizers
(in a sense similar to Section 3.1; see Definition 6) for

correlated strategy spaces, which, in turn, enables us to
construct the first FOMs that guarantee convergence to
optimal correlated equilibria and optimal ex ante team-
coordinated equilibria at a rate of 1/T in certain classes
of games where these equilibria can be found in poly-
nomial time.

We start by recalling the definition of scaled exten-
sion and give an example showing how sequence-form
polytopes arise from composition of such an operation.

Definition 5 (Scaled Extension (Farina et al. 2019d)). Let
U and V be nonempty convex sets, and let i : U — Ry
be a nonnegative affine real function. The scaled exten-
sion of U with V via & is defined as the convex set

UZV:: {(w,h(w)v):ueld,veV}.

Example 6. This example illustrates how scaled exten-
sion operations can be chained to capture the sequence-
form strategy space

Xy = 1,
XA1+Xp2 = Xg,
XB3 + XB4 = Xa1,
Xcs + Xce = XA1,
Xp7 + Xpg = XA2.

A
1 /\2
L R
B C D
34 56 78 78
d b 4y d w4y
of the small game in Figure 1(a), reproduced above.
(i) First, the empty sequence is set to value xg = 1.

(i) (Decision point A) Next, the value xy is parti-
tioned into the two nonnegative values

Xa1 +Xa2 = Xg.

(iii) (Decision point B) Next, the value xa1 is parti-
tioned into two nonnegative values

XB3 +XB4 = XA1.

(iv) (Decision point C) Next, the value xa4 is parti-
tioned into two nonnegative values

Xcs +Xce = XA1-

(v) (Decision point D) Next, the value xp> is parti-
tioned into two nonnegative values
Xp7 + Xpg = Xa2.

The incremental choices in the above recipe can be
directly translated—in the same order—into set opera-
tions by using scaled extensions, as follows:
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(i) First, the set of all feasible values of sequence x4
is the singleton X := {1}.

(ii) Then, the set of all feasible values of (xg,xa1,
Xa0) is the set

h
X1:= XX A2 =X 4 A2,

where 1, is the linear function hy : Xy 3 xz +— xz (the
identity function).

(iii) In order to characterize the set of all feasible
values of (xg, ..., xg4), we start from X' and extend any
element (xg,xa1,x¥a2) € X1 with the two sequences xg3
and xgs4, drawn from the set

{(xg3,xB4) € R, : XB3 + Xpa = Xar} = xa1A%

We can express this extension using scaled extension
hy o

Xy := X1 9 A, where Iy : X1 3 (xg,Xa1,XA2) = Xa1.

(iv) Similarly, we can extend every element in X, to
include (xcs, xcg) € xa1AZ: in this case, X3 := X, h<13 A?,
where hi3 : X 3 (Xz,Xp1,XA2, XB3, XB4) F— XA1-

(v) The set of all feasible (xg, ..., xcs) is Xy := X5 4 a2,
where hy: X33 (xg,...,xce) — x[2].

In the Online Appendix, we prove the following
property, which will be useful for the construction of
our DGF for sets obtained through scaled extension.

Lemma 2. Let U CR™,V CR" be bounded sets and h:
U — R be an affine function h: uv+— a"u+ b, nonnegative
on U and strictly positive on relint U. Then,

relint(U/ Zl V) = (relint ) Z (relint V).

To keep the treatment concrete, we are especially
interested in the following setup, which captures both
the set of sequence-form strategies Q of a generic
player as well as the set of correlation plans E used in
correlated solution concepts, recalled in Section 6.2,
which will be of interest in the remainder of the paper.

Setup 1. Let X' be a set expressible in the form
Iy hy Iy
X=X14X,d - < &, (13)
where

e Each X C R% is a compact and convex set such
that maxyey, ||o|l2 < 1. (In the case of X=Q and
X =&, each X is a probability simplex X = A%.)

e Each /i is a linear function nonnegative on U, :=
X1 4 e hk{ll Xy, strictly positive in the relative interior
of Uy. Furthermore, we assume that each h; can be
written in the form

I U3 u:=(w,... u) 4 — aju= akT,lu1+ +akT,kuk/
(14)
for an appropriate vector ay := (ay1,. .., ax) € [0,1] X
--x [0,1]* and that i (u) < 1 for all u € Uy;
e For each k=1,...,n, a 1-strongly convex DGF

dy for X has been chosen, where strong convexity
is measured with respect to the Euclidean norm.

6.1. Niceness in the Context of Scaled
Extensions
The structure imposed by scaled extension often allows
answering questions on a generic set of the form Z :=
ULV CR™", where h:ut+— a’u+b, by looking at a
similar question on I/ and V. For example, checking
whether a point (u,w) € R"*" belongs to Z can be
decomposed into checking whether u € i/ and w/(a"u
+b) € V. Similarly, it is easy to see that a generic linear
optimization problem on Z,
Z'eargmax p'u+q'w,
z€Z

can be decomposed into the two linear optimization
problems

1. v* €eargmaxyey q'v,

2. u* €argmax,ey (p+ (g v")a) u

so that an optimal solution to the original problem is
then z* = (u*, h(u*)v*) € Z. In both of these cases, we are
able to decompose an operation on Z into two smaller,
similar operations on U and V, plus an additional over-
head that is linear in the number of nonzeros in a. Indeed,
to check whether (1, w) € Z, we needed to divide w by
h(u), and computing the latter quantity can be carried
out in O(||al|op) time. Similarly, to perform linear opti-
mization on Z, we had to multiply v* by h(u*) and to
adjust the objective function for the optimization prob-
lem on U from p + a; again, both operations require
O(llallo) time.

In light of the preceding discussion, we generalize
the definition of niceness given in Section 3.1 to sets
complying with setup 1, accounting for this overhead.

h h hy,
Definition 6. Let X=X;4X,<d-+ 9 X, be a set

obtained through repeated scaled extension, where
the sets Xy CR% and nonnegative linear functions
hi(ui) = af wy satisfy the conditions of setup 1. A
distance-generating function d for X' is said to be nice
if d(z), Vd(z), and Vd*(g) can be computed exactly in
time O(3_(_y sk + Y ey llaxllo).

We remark that in a sequence-form strategy space
Q, the scaling functions involved in the representation
of Q via scaled extension are such that each scaling
function i : u+— a"u +b has exactly one nonzero in a
(corresponding to the parent sequence of the decision
point; see Example 6). So, in the particular case of
sequence-form strategy spaces, the more general defi-
nition of niceness given in Definition 6 reduces to the
notion of Section 3.1.

6.2. Preliminaries on Correlation and Triangle
Freeness

As reviewed earlier in the paper, Nash equilibria in two-

player zero-sum EFGs can be expressed as BSPPs. It

turns out that several other solution concepts can also be

formulated as BSPPs via more intricate convex-polytope

constructions. In this section, we briefly describe two



Downloaded from informs.org by [18.29.55.162] on 28 October 2025, at 12:39 . For personal use only, all rights reserved.

Farina, Kroer, and Sandholm: Better Regularization for Sequential Decision Spaces

2444

Operations Research, 2025, vol. 73, no. 5, pp. 2430-2457, © 2025 INFORMS

important solution concepts that can be expressed as
BSPPs: several variants of optimal correlated equilibria
and ex ante team-coordinated equilibria.

In correlated equilibria, the rationality assumption of
Nash equilibrium is relaxed in order to allow for coor-
dination between the players. It is assumed that a medi-
ator will recommend actions to be taken. In correlated
equilibria, each player sees the recommended action
before deciding whether to take it. In coarse correlated
equilibria, the players must commit to acting according to
the recommended strategy before the recommendation
is revealed. In all these solution concepts, the recom-
mended strategy is sampled by a mediator from some
correlated distribution that is known to the players.

We mention three types of correlated equilibria in
EFGs, which differ in how the mediator’s recommen-
dations are given and when players have to choose
whether to abide by them:

e Extensive-form correlated equilibrium (EFCE): The
mediator incrementally recommends individual moves
to the players. Every time a player faces a decision
point, the mediator privately reveals a recommended
move for that decision point to that player. If a player
chooses to disregard a recommendation, then the medi-
ator immediately stops issuing recommendations to
that player forever (von Stengel and Forges 2008).

e Extensive-form coarse correlated equilibrium
(EFCCE): The mediator incrementally recommends
individual moves to the players, but at each decision
point, the player must decide whether to follow the
recommendation before seeing the recommendation
(Farina and Sandholm 2020).

e Normal-form coarse correlated equilibrium
(NFCCE): each player will be recommended a strategy
from the normal-form representation of the EFG, but
they must decide whether to commit to playing the
recommended strategy before seeing the recommen-
dation (Moulin and Vial 1978).

Farina and Sandholm (2020) show that EFCE is a
subset of EFCCE and that EFCCE is a subset of NFCCE.
They also show that for triangle-free decision problems
and triangle-free EFGs,” the set E of all possible corre-
lated plans between two players can be obtained via
composition of a polynomial number (in the size of the
original game tree) of scaled extension operators. In a
recent paper, Zhang et al. (2022) extend the result to
general multiplayer games and give parameterized
complexity guarantees on the number of scaled exten-
sion operations needed. A correlated solution concept
with social welfare at least some arbitrary value 7 (if it
exists) can be expressed as a BSPP

arg min max x" Ay, (15)

xeE yey
where A is a matrix that depends on 7, the minimization
over x represents the choice of a correlated plan for
the players, and the maximization over ), intuitively,

represents different ways of rejecting the mediator’s recom-
mendation. By carefully choosing ), we can enforce differ-
ent types of correlated equilibrium behavior. Now, as long
as we have a nice DGF for scaled extensions and a nice DGF
for the polytope ), we can apply fast FOMs to the computa-
tion of the corresponding type of correlated equilibrium.
Appropriate characterizations for ) exist in the case of
EFCE (Farina et al. 2019¢), EFCCE (Farina et al. 2020a), and
NFCCE (Farina et al. 2020a). In each case, ) is itself a poly-
tope that can be constructed via scaled extension.

Reviewing the details of the scaled extension-based
construction of the polytope of correlation plans Z is
beyond the scope of this paper. Here, we take the
decomposition as a given, and we are concerned with
the task of constructing a suitable proximal setup for
sets that, like ) and &, can be expressed through com-
position of scaled extension operations.

In addition to correlated equilibrium problems dis-
cussed above, one can also capture adversarial team games
with the scaled extension DGFs that we will construct. In
the adversarial team game that we consider, players on a
team (meaning that they share the same payoffs) are try-
ing to correlate their strategies so as to maximize utility
against an opposing team whose utility is exactly the
opposite of theirs (i.e., it is a zero-sum game between the
two teams). This solution concept is called team-maxmin
equilibrium with coordination (TMECor) (Celli and Gatti
2018). The set of correlated plans for the players on the
team can again be expressed with = (Farina et al. 2021a).
An alternative and more concise representation—again
based on scaled extension—was recently proposed by
Zhang et al. (2023). It follows that DGFs for both poly-
topes can be chosen as the DGE from our paper.

By applying this DGF to a method such as EGT or
mirror prox, we get a 1/T iterative method for converg-
ing to each of these solution concepts, with only a linear
cost per iteration. In contrast, prior iterative approaches
at the time of submission of this article converged at a
rate of 1/VT and required significantly more expensive
projections at every iteration (e.g., Farina et al. 2019¢, d).

6.3. Dilated Distance-Generating Functions for
Scaled Extension

In this section, we show that the construction of dilated
DGFs can be generaliz$d to sets obtained through scaled
extension. Let Z:=1/<) be a set constructed by scaled
extension of ¢/ with V using a linear function /, and
assume that nice (in the sense of Section 3.1) DGFs d,,, d,,
for U and V, respectively, have been chosen. In Proposi-
tion 1, we show that d,, and d,, can be combined to give a
composite DGF for Z with desirable properties.

Proposition 1. Let

e Z:=U4 Z V, where U CR™,V C R" are compact convex
sets, and h is a linear function u +— a"u such that h(u) >0
forallu e U, and h(u) > 0 for all u € relint U;
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e d,:U—R and d,:V—R be DGFs for U and V,
strongly convex with respect to norms || - ||, and || - ||»,
respectively;

o a, > 0 be a positive scalar.

Then, the function

d,: 23 (u,w) — d,(u) + ap d)(u,w),
if h(u) =

0
o, w) = {h(u)d (h o )> if () > 0 (16)

is a DGF for Z. Furthermore, the functions d,, Vd,, and Vd;,
can be evaluated on Z, each using a single call to an oracle
for d,,,Vd,, or VA, as well as a constant number of calls to
an oracle for dv,Vdv, and/or Vd;, plus an additional over-
head linear in ||a||o and the dimension n of V C R".

Proof. We verify that all conditions stated in Defini-
tion 1 are satisfied.

o Continuity: In order to show that d, is continuous, it
suffices to show that d_ is. Let (v, w’) € Z. If h(u’) > 0,
then by continuity of k, there exists a neighborhood of
(', w’) where d_)(u, w) coincides with the function h(u)
dy(w/h(u)), which is clearly continuous because d,, is con-
tinuous by hypothesis and £ is a linear function. Hence,
we are only left with checking continuity in the case
where /(1) = 0. First, note that d_ is a nonnegative func-
tion given the hypotheses and that M := max,ey d,(v) isa
finite constant by Weierstrass’s theorem because d,, is a
continuous function defined over a compact domain. For
any € > 0, consider the neighborhood N of radius r(€) :
= €/(2]|al|2M) centered in (u’,w’). Then, for any point
(#, w) in the neighborhood, we have that either /(1) =0,
yielding d_)(u, w) = 0, or h(u) > 0, yielding

&), w) = h(u)d, <h( )> =a (u—u')d, (%)

€
< llall2llu —w'l2M <7 <.

So, in either case, we have that 0 < d”(u, w) < € for all
(u,w) € Ny(); that is, d; is continuous at (', w’), as we
wanted to show.

o Differentiability: Because h(u) > 0 for all u € relint U
by hypothesis, Lemma 2 guarantees that relint Z =
(relint /) <" (relint V). Furthermore, using the defini-
tion of d;/, we have that

d;(u,w) =d,(u)+ a,h(u)d, (h( )) Y (u,w) € relint Z.

Hence, direct computation shows that at any (u,w) €

relintZ,
Vi) = Vd, (1) +a, (dv (%) _vd, (%)T%> )
a,Vd, (%)
(17)

(Note that (17) only needs the evaluation of Vd, and
Vd, in the relative interior of ¢/ and V, respectively,
because relint Z = (relint &) < (relint V) by Lemma 2.)

o Strong convexity: We now verify that d. is strongly
convex on relint Z. We start from the following result,
which follows easily from algebraic manipulation (see
the Online Appendix for details).

Lemma 3. The function d, as defined in Proposition 1
satisfies

u—u
(Ve (u,w) — Vi (', w'))" ( ' )
w —w

> (Vd, () = Ve, ()" (u — u')

+“”<u+u)Hmm 7 |

forall (u,w), (', w’) € relint Z = (relint Z/{)Z (relint V).

2
(18)

Because d,, is strongly convex and because || - ||,,
| - ll, are norms for finite-dimensional spaces, there
exist constants i, i1, > 0 such that

(Ve (u) = Ve ()" — ') > o, Jlu — o' 13,

and

2 2

’ ’

‘ w w
’h(u)h(u) .

and thus, we can write

w w

Wﬁh(u) 2

2,

(Vd(u,w) — Vd. (', w'))" ( " u:)

w—w
2

12 u +u
Zf’lu”uiu ||2+f'lvav h(u) h(u)
(19)
Now,

lw —w'|]2 =

5 ()

+ (h(w) — b)) - QMUZQ

’

wo_w
h(w)  h(w') ||

+ |h(u) — h(u')| - H (h?:,) h?:;’))

:4Mﬂﬂwwh$>

+ () — h(u')| - H (hEZ)JFth,’))

Because w/h(u),w’ /h(u’) e relint V €V and V is a con-
vex set, then the argument of the last norm on the right

- 2
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is a point in V. Furthermore, because ¢/ and V are com-

pact, there exist constants €,,, ), > 0 such that max,ey

lluell2 < Q, and maxeey||v]|2 < Q,. Hence, we can write
w w

’ utu
lw—w ||25h(T> h(w)  h@) ||,

+(llall2 Qo) —u' |2,

/

which, in turn, implies that

1) -Gl

<llu—u'll2+ llw—w'|l

, u+u
<A+ [lall2Q0)||u—u ||2+h( )Hh(u) h

wl

h(w') ||,

Squaring and using the Cauchy-Schwarz inequality
yields

u u
()l
((1+||u||2 U)||u—u'||2+h(
((1+||a||20 h(";u'))

[Jvav

e — w12+ b M w
Hy 2t o h(u) h(u)
(1+I|aIIzQ) L allz€,

[’lvav

2 u+u w’
(“u”” ”””’“‘v“”h( N

that s,

2

)

u+u'>H w w’

2 h(u)  h(w)

)
)

2

b = 13+ g (2
u v h(u) h(u)

(D—(Z) |

2

1
> 2
(+lall2€) + [[all2Qy
I8 oo

Finally, plugging the above inequality into (19) yields
u—u
w—w
u u
w w’

Hence, 4, is strongly convex (with respect to the Euclid-
(a0

(Vd,(u, w) — Vd (', w))" (
2

1

T (llalQu) | JlalaQy
ty Hy@o

2

ean norm) with strong-convexity modulus 1/ (

llall,Q, b
+ > 0.

o Minimum of d.: Because, by hypothesis min,e,d,
(#) = mingey dy(v) =0, a, >0, and h(u) >0 for all u e U,
from the Definition (16), it follows that d,(u, w) >0 for
all (u,w) € Z. So, in order to conclude that min, ez d.
(u,w) =0, it is enough to show that the value 0 can
be attained by d,. That can be checked directly by
considering the point (u*, h(u*)v*) € Z, where u*:=
argmin,ey d, (1) = Vd; (0) and v":= argmingeydy,(v) =
Vd;(0). Furtherrnore, by deflnltlon of the distance-
generating function (Definition 1), the prox-centers of d,
and d, lie in relint &/ and relint V, respectively. Hence,
using Lemma 2, we conclude that the prox-center (u”,
h(u*)v*) constructed above belongs to relint Z, as needed
by the definition of DGF.

So, d, is a DGF. We now focus on the second part of
the statement.

o Complexity of operations: The key observation is that
the gradient of the convex conjugate at any point g =
(8,,8,) € R" x R" satisfies

mezljx{g;u +h(u)g, v —d,(u) — ah(u)d,(v)}

veY

= rune%x{ggu —d,(u)+a,h(u) [(ij}) T’U — dv(v):| }

vey
= rlrlglx{g;lru —d,(u) +avh(u)r£13}x{ (i—i’)) T’o - dv(v)} }
=r£1ee21/{x{ (gu +a,d, <gz> ) u—du(u)},

where the second equality follows because @, >0 and
h(u) > 0 by hypothesis, and the third equality follows
from the definition of /1 : u +— a"u. Hence,

vd;, <gu +a,d;, ( v) )
h (Vd; (gu +atpd (g—v) a) > vd:, <&>
ay ap

cU4GV==z (20)

Vd;(gu’gv) =

This shows that Vd; can be computed starting from
Vd; and Vd;, as follows:

e First, we construct the vector g, /a,, which costs a
number of arithmetic operations equal to the dimen-
sionn of V CR".

e Then, we compute Vd; (g, /ay).

e From there, we compute

o(£) () -
- (5) () -+,
ay ay ay

which incurs an operation cost equal to n (for comput-
ing the dot product), plus a contribution equal to the
complexity of evaluating d,,.
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e Then, we compute

vd;, (gu +a,d;, (a_:> a)

for a cost of 1 + ||a||¢ (to evaluate the argument), plus a
single call to the oracle for Vdj,.

e Last, we evaluate & (Vd’; (gu +a, d;, (i—z) a)) (for a

cost of ||a|lp) and use that to multiply Vd; (i—;) com-
puted previously.

The gradient Vd,, whose formula was given in (17),
can be computed similarly: we only need to take inner
products, which takes time linear in the dimension of
V; compute the value of h(u), which is linear in [|a||o;
and compute corresponding values of d,, and d, (via a
single oracle call to each). O

By repeatedly composing the construction of Propo-
sition 1 using DGFs dj for each X in setup 1, we obtain
the DGF

h hy  hua
d: X14X4 <4 Xydx:=(x1,...,%,)

n
= a1 dl(x1)+2akd?(x1,...,xk), (21)
k=2

where, forallk=2,...,n,
d(x1, ..., xp)
0 if hk,l(xl,...,xk,1)=0

M1 (21, ..., Xk—1)

Xk .
di| ————————— ) if hq(xy,..
k(hkl(x1/~-~/xkl)> -1

If all DGFs di (k=1,...,n) are nice, then Proposition 1
guarantees that d. is also nice in the sense of Definition
6. This is directly shown by induction on the number #
of scaled extensions being applied. When n = 1, there is
nothing to prove because d, =d;. Assume now that

.,xk_l) > 0.

the composite DGF d. constructed for set A <1 X> <1
' X, is nice (in the sense of Deﬁm’aon 6) From the

proposition, the DGF d, for X <12(2 4 <1 X411 con-
structed by an additional application of Proposmon 1
is such that d., Vd., and Vd} each require a single oracle
evaluation of d’ vd., V(d’) —whose cost is linear in
S 1Skt D oieq ||ak||0 by definition of niceness for
d.—plus an overhead linear in the costs of evaluating
dy+1,Vdyi1, and VA, as well as ||a, ||o and the dimen-
sion 41 of X471 C R, Because d,41 is a nice DGF (in
the sense of Section 3.1), then the overhead is linear in
sk+1 and ||ay|lo, establishing that each evaluation of
d,Vd,, or Vd. has a cost linear in Zk_ sk+ > pe llaxllo;
that is, dy is a nice DGF in the sense of Definition 6, as
we wanted to show.

In the case of the sequence-form polytope X' =Q,
where X = A" and each I maps a sequence-form vector

to the parent sequence of the k-th decision point, this
yields exactly a dilated DGF in the precise sense of (6).
So, the construction in Proposition 1 subsumes that of
Section 4.2, which only applied to sequence-form strategy
spaces. Additionally, in the case of the polytope of corre-
lation plans X = &, to our knowledge, our construction
yields the first nice DGF.

However, before the DGF (21) can be put to use in an
optimization method such as EGT or mirror prox, the
weights a; need to be specified so that the DGF is
1-strongly convex with respect to some norm. The next
proposition provides a general way of doing so, with
respect to the Euclidean norm, under conditions met for
both X' =Q and X = E. From now on, we will denote
the i-th coordinate of a vector v with the symbol v[7].

Proposition 2. Consider the composite DGF defined in (21)
for the set X (13) under setup 1. Then, for all x :=(x,...,
Xy) and x' = (xy,...,x,) such that x,x’ € relint X’ = (relint

by
X1)d - l<11(relint Xy), the composite DGF d satisfies

(Vd(x) = Vd(x'),x —x")

n o Sk n—1

2

k=1 i=1 p=k

apstllaylloa kil | Ceeli] — x;[i])%.

Proof. By induction on the sequence of scaled exten-
sion operations,

e Base case: The base case corresponds to the case
where n = 1 and X = X; C R¥; that is, no scaled exten-
sion is performed. In that case, d: X 3 x - a1d;(x),
where d; is a 1-strongly convex DGF for X'; with respect
to the Euclidean norm by hypothesis. Hence,

(Vd(x) — Vd(x'),x — x)

>anllx— ¥ 2= anxli] - ¥ [1])?
i=1

2 Gty

which satisfies the statement. h

o Inductive step: Let U:= X, 4... 9" X,_1, and let d
be the dilated DGF constructed for Y. Assume by
induction that the statement of this proposition holds
for d. We will show that the statement continues to
hold after one further application of the construction,
that is, for the dilated DGF

d:U<"1,) 3 (u,w) — d(u) + a,d)(u,w),
where

0 if h, 1(u,w)=0

dg(u/ w) = hy—1(u, w)d, (%) if 1 (u, w) > 0.

To lighten notation, from now on in this proof, we
will let i be a shorthand for h,_;. From Lemma 3, it
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follows that for any (u,w), (w',w’) € relint(U Z Xy) =
(relint /) < (relint X)),

<Vd(u, w) = V', w'), (:; } Zv >>

> (Vd(u) = VdW'),u—u')
2

o h(u+u)Hh(u> th/’) @
Now,
llw—w'|l> = Hh(”)h( y~ hw ')h(u’)

) )

w

+ (h(u) — h(u’ ))[ (h() h(u )ﬂ

sh<”+”)Hh(u) h(u' + (h(a) — h(w'Y),

where, in the last step, we used the triangle inequality
and the hypothesis that max,ex, ||7]| <1 together with

1
the fact that 3 (h(,,) +h(u’

taking squares, rearranging, and using the fact that
h(u) € [0,1] for all u € U, we have

(2 i i,

2
u+u
] e

> 5 llw — ' ||* = () — h('))?

) € relint X', by convexity. By

2

112

w w

h(u) (')

HI\.))—\

=5 llw— w'||? = (@) (u— )%, (23)

Plugging the inductive hypothesis and (23) into (22),
defining u = (x1,...,%,-1), 4’ = (x},...,x,,_;) €relint 4,
w=x,,x:= (u,x,), and x" := (', x],) yields

(Vd(x)—Vd(x'),x—x")

n—1 sg
[ZZ(“" Zamnapnoapk )(xk[i]—x;[i]f]
k=1 i=1

Sty =2, 13— ey (u— )

n—1 sg
[ZZ (“k Zap+1||up||oapk )(xk[i]x,:[i]f]

k=1 i=1

n-1 $q
+_”xn_x ”2 aylla,- 1||0<Zzan 1q[l] xq[z] x;[l])z)

q=1 i=1

-ZZ< Zapullaplloapk[])( xilil = %[i])?,

k=1 i=1

where the second inequality follows from applying the
Cauchy-Schwarz inequality and the fact that [|a,[o >
lla,|l1 because a, € [0,1]"7" by the hypotheses in
setupl. O

Proposition 2 implies that when the ay’s are such
that

n—1
253 ;
5 Zap+1||ﬂp||oﬂpk[l] >1
p=k
forallk=1,...,n,i=1,...,s,

then d is 1-strongly convex with respect to the Euclid-
ean norm. So, we have the following.

Corollary 1. Consider the composite DGF defined in (21)
for the set X (13) under setup 1, where the coefficients ay
are defined recursively as

n—1
@y =2, and a=2+2|> apil|aylloaylle
p=k
Vk=n-1,... 1.

Then, d is 1-strongly convex with respect to the Euclidean
distance.

Because sets X obtained via scaled extension of sirm-
plex domains are prevalent in game theory, we show a
stronger result for the case where each d is set to the
negative entropy function.

Definition 7. Consider a set X’ obtained via scaled
extension of simplex domains X} = A* in accordance
with setup 1, and consider the dilated DGF for X
obtained as described in (21), when d is set to the neg-
ative entropy function

Sk
dy : A% 3 xp = log(si) + Zxk[i] logx[i] >0  (24)
i=1
for all k. Then, the resulting function ¢ : (X3 BT )
— RZO iS

i=1

Pi(x,..,x) > <log(51) + ixl [i]logxy [i])

+> <hk1(x1, -, %k-1)10g(sx)

k=2
xi[i]
+Zxk i] log—hk N 1)> (25)

for the particular choice of weights a, defined in Corol-
lary 1, and called the dilated entropy DGF.

Note that Definition 7 extends the name dilated
entropy DGF, already used for the DGF in Definition 3
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in the case of the sequence-form strategy X = Q to any
scaled extension of simplexes. The overload is sound
in the sense that when X = Q, Definition 7 recovers
exactly the function in Definition 3, together with the
state-of-the-art coefficients defined by Kroer et al.
(2017). A consequence of this observation is that the
coefficients defined by Corollary 1 grow exponentially
fast in the dimension of &, showing that the compos-
ite DGF constructed by means of Proposition 1 suffers
from the same problem as the Kroer et al. dilated
entropy DGF discussed in Section 4.2. We show that
the strong-convexity result of Kroer et al. (2020) for
treeplexes generalizes as well; the proof can be found
in Online Appendix C.

Proposition 3. Let X' be obtained via scaled extension of
simplex domains Xy = A*. Then, the dilated entropy DGF
(Definition 7) for X is 1-strongly convex with respect to
the Euclidean norm and (1/My)-strongly convex with
respect to the {1 norm.

In the next section, we show how the ideas already
used in Section 5 generalize to scaled extension-based
sets, yielding the first nice DGF with polynomially
small range on X.

6.4. Dilatable Global Entropy for Scaled
Extension

We instantiate the generic framework of dilated DGFs,
as defined in the previous section, to the chains of
scaled extensions with simplex domains. More specifi-
cally, we consider the same setting as setup 1 under
the further assumption that each convex and compact
set X in the decomposition of X' (13) is a probability
simplex; that is, for all k=1,...,n, X} = A%, where
sk € Nx1. This setup encompasses both sequence-form
strategy spaces and the polytope of correlation
plans.

The dilated entropy DGF 1 for such a set is the dilated
DGEF (21) obtained by recursively applying the general
construction of Proposition 1 with the (negative)
entropy function at each A%. Specifically, ¢ can be
written as®

Y:X3(xg,...,x) —m (logsl + ixl [7] logxl[i]>

i=1

+ Zak (hk—l(xlr - Xr_1)log si
=2

S 1]
+ log———— |.
;xk 1 Oghk 1(x1, --,xk—1)>

By using the same manipulations of the logarithms that
we used in Theorem 3, in Online Appendix B, we show

2449
that i coincides on A" with the function
n Sk
¢ X > (xl, .. .,xn) — Z (akak[i] logxk[i]>
k=1 i=1
- Z“khkfl(xlr o xe)log i (xq, ..., xk1)
k=2 )
+aqlogs + Zakhk,l(xl, ., Xk_1)log sk (26)

k=2

For this reason, similarly to what we did for extensive-
form strategy spaces, we coin @, the dilatable global
entropy DGF. It is immediate to see by induction that Vi
can be computed exactly in linear time. Furthermore,
because 1 is a nice DGF by virtue of Proposition 1, and
Y =@ on X, we immediately obtain that ¢ is a nice
DGF.

We conclude this section by showing that there exists
polynomially small (in the dimension of X') DGF weights
ay such that ¢ defined in (26) is 1-strongly convex with
respect to the Euclidean norm. For any m := (my, ...,
m,) € R™ XX R* and x := (x1,...,x,) € X, the Hessian
matrix of @ satisfies

m"V2§(x)m

S (3ol (e )
- ;(akz xili] ) P (ak hea(x1, -, X-1)

i=1

k=1

2
> E (Ep 1 @1,pTMp)
K

1 ’
= > _p=1 A1,y %p

(27)

my[i)”
xi[1]

where in the second equality, we expanded the defini-
tion of /_; according to (14). Now, expanding the fol-
lowing product, we find that

k-1 Y g,
pli
ol (St | (S5 2
p=1

p=1 i=1
k=1 Sp
ﬂk 1, [l]mp[l]
> [lak-1llo Zzﬂk 1plilxpli p#
p=1 i=1 Xp !
W 2 2
= llaallo | DD ai,plilPmy[i]
p=1 i=1
2
k-1 Sp
> DD acplilmy[i]
p=1 i=1

2

k-1

_ T

= Z“kfl,pmp
p=1
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Hence, plugging the above inequality into (27), we
have

TVZ(p(x)m > Z (akz TZk [11] >

Sp 2
Z(akuak oy At ”’”’” )

p=1 i=1

"y — A\ mlil?
=3O =Y et llaplloaylil | S
i=1 xie[ 1]

k=1 p=k
(28)

n o S n—1
Ak — Ap+1 ”ap”Oap kl7] mk[i]zz

k=1 i=1 =k
(29)

where the last 1nequa11ty follows from the fact that all

entries of x € X = As1
the assumption that hk(xl, .
on—1.
In particular, (29) implies that when the coefficients
ay are chosen so that

4" A* belong to [0,1], given
.,x;)€[0,1] for all k=1,

n—1
ax — Z%ﬂ-l llaylloap,li] > 1
p=k

Vk=1,...,n, i=1,...,s, (30)

then @ is 1-strongly convex with respect to the Euclid-
ean norm, and for the ¢; norm, we have

|mu1_(izmk) (iz’"k” )

k=1 i=1 k=1 i= 1
(ZZT“"“ ) (iszkka)
k=1 i=1 k=1 i=1
< Maym™ V2@ (x)m,

which follows by Cauchy-Schwarz, (30), and (28). In
other words, we have the following:

Theorem 7. Consider the dilatable global entropy DGF
defined in (26) for the set X (13) under setup 1 and the fur-
ther assumption that each X) = A%, where the coefficients

ay are defined recursively as
n—1

ay=1, and ar=1+|> apallaylloa,
p=k o0
Vk=n-1,...,1.

Then, d is 1-strongly convex with respect to the Euclidean
distance and (1/My)-strongly convex with respect to the
{1 norm.

Theorem 7 gives an analogue of Theorem 4 and The-
orem 5 for the case of scaled extensions. Next, one

would similarly want an analogue of Theorem 6 for
scaled extension: a bound on the polytope diameter as
measured by ¢. By dilatability, ¢ and ¢ coincide on &,
so their diameters are the same. Furthermore, the mini-
mum of 1 is zero, and so, the diameter of ¢ is equal to
maxyey P(x).

By using the fact that alog(%) =b- (¢1og(})) <0, for
all 0 < a <b, we can then upper bound the expression
in (25) as

Y(x) < arlog(s) + Y auly1(x, .
=

Xi1)log(s). (31)

Thus, this implies a bound on the diameter, similar to
that of the sequence-form case (cf. Theorem 6), stated
next.

Proposition 4. For any set X satisfying setup 1, the diam-
eter of the global entropy DGF @ satisfies the inequality

Qp,x < max {al log(s1) + Z aghr_1(x1, ..., x-1)log(sk) }
k=2
In the sequence-form case, we were able to simplify
this bound further by noting that in this case, hx_1(x1,
.., X¢_1) is replaced by x;,, which allows us to express
the bound in terms of the maximum ¢; norm. Unfortu-
nately, such a simplification is not possible here because
the scaling functions hy are abstract. For a specific appli-
cation of scaled extensions, one would need to use
problem-specific structure in order to get a more explicit
closed-form bound based on Equation (31). At any
rate, we note that by using the trivial upper bound
hi_1(x1,. .., x¢_1) < 1 implied by setup 1, we nonetheless
obtain, as a corollary of the previous proposition, the fol-
lowing loose, problem-independent guarantee on the
diameter.

Corollary 2. Under the same hypotheses as Proposition 4,
Qp,x < arlog(s) + > i, arlog(si).

7. Experiments
In this section, we study the numerical performance of
our DGFs. First, we study the performance of the dilat-
able global entropy for computing Nash equilibria in
zero-sum EFGs, and second, we study the performance
for computing correlated equilibria and team equilibria.
Our experiments will be shown on nine different
games, which span a variety of poker games, other rec-
reational games, as well as a pursuit-evasion game
played on a graph. All games are standard benchmarks
in the computational game theory literature, and a full
description of the games is given in the Online Appen-
dix. In Table 1(a), we summarize some key dimensions
of the game instances we use: the number of decision
points | J1],|J2| for player 1 and 2, respectively; the
number of sequences |1 |, |Xz|; and the number of ter-
minal nodes (leaves).
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Table 1. Key Properties of the Game Instances Used in the Experimental Evaluation
Decision points Sequences Leaves Weights f Weights y
Game instance | T1] | T2] | 2] Py |Z] Average Max Average Max
Kuhn poker 6 6 13 13 30 8.857 38 2.286 7
Leduc poker (3 ranks) 144 144 337 337 1,116 11.766 686 2117 43
Leduc poker (13 ranks) 2,574 2,574 6,007 6,007 98,956 12.057 12,326 2.131 703
Goofspiel 3,652 3,652 7,505 7,505 13,824 5.316 5,010 1.500 341
Battleship (3 turns) 18,152 62,875 73,130 253,940 552,132 3.294 2,894 1.242 29
Battleship (4 turns) 316,520 734,203 968,234 2,267,924 3,487,428 3.753 27,470 1.331 483
Liar’s dice 6,144 6,144 18,427 18,427 147,420 14.885 32,762 2.054 865
Pursuit-evasion (4 turns) 34 348 52 2,029 15,898 8.286 62 1.943 5
Pursuit-evasion (6 turns) 58 11,830 78 68,951 118,514 19.424 254 2.508 7
(a) — Game instances and sizes (b) (c)

Notes. Column (a): various measures of the size of each of the games that we test algorithms on. Columns (b) and (c): the magnitude of the

dilated entropy DGF and DGE weights.

Our experiments will show performance on three
algorithms. First, we will plot the performance for both
the EGT and mirror prox algorithms, with step sizes
and smoothing chosen according to the theoretical
values dictated by Theorems 1 and 2 with one minor
variation: for each DGF, we do not scale by My, which
is required in order to achieve strong convexity with
respect to the £; norm. This is done because scaling by
this last factor leads to extremely slow performance for
all of the DGFs. Second, we will also show results on a
tweaked variant of EGT called EGT/AS, which imple-
ments several heuristics that typically lead to better
performance in practice, as seen in Hoda et al. (2010)
and Kroer et al. (2020, 2018). These heuristics are:

1. u balancing: At each iteration, we take a step on
the player i whose smoothing parameter y; is larger.

2. Aggressive step sizing: The original step size of EGT
at iteration f is T = 2/(3 +t), which is typically too con-
servative in practice. Instead, EGT/AS maintains some
current value 7, initially set at 7 =0.5. EGT/AS then
repeatedly attempts to take steps with the current 7
and, after every step, checks whether the invariant con-
dition of EGT still holds. If not, then we undo the step,
decrease 7, and repeat the process.

3. Initial y fitting: The initial EGT values for u,, 1, are
much too conservative. Instead, at the beginning of the
algorithm, we perform a search over initial values for
{1, = - The search starts at the candidate value y = 10°°
and stops as soon as the choice of yi, = i, = i yields an
excessive gap value above 0.1. If the current choice does
not, u is incremented by 20%, and the fitting continues.

For all parameters above, we use the same values as
in Kroer et al. (2018), even though those values were
tuned for the dilated entropy DGF, rather than dilat-
able global entropy.

In the presentation of the numerical performance,
we will generally plot the number of iterations of the
FOM on the x-axis, rather than plot wall-clock time.
Because we hold the algorithmic setup fixed in each

plot, apart from the DGF, this gives a fair representa-
tion of performance because they all use the same set of
operations (in particular, the same number of gradient
computations, which is typically the most expensive
operation). For EGT/AS, we will instead plot the
number of gradient computations on the x-axis
because the number of gradient computations can
vary for each DGF, depending on the amount of back-
tracking incurred.

7.1. Nash Equilibrium Computation

We will focus on comparing our new dilatable global
entropy for the sequence-form polytope (Definition 4)
to the prior state-of-the-art dilated entropy DGF (Defi-
nition 3) from Kroer et al. (2020).

Before we study the numerical performance, we look
at the size of the DGF weights  and y for each of the
games. Table 1, column (b) shows the average and
maximum size of the dilated entropy for player 1, and
Table 1, column (c) shows the corresponding values for
the DGE for the same player. We see that the DGE
requires vastly less weight, especially in terms of the
maximal weights near the root of each decision space.

First, we study the theoretically correct way to use the
DGFs. In particular, we instantiate both EGT and mirror
prox with the step sizes and DGFs as specified in Theo-
rems 1 and 2 for the dilatable global entropy and dilated
entropy. The results for EGT are shown in Figures 2 and
3. Across both algorithms and all nine games, we see that
our new dilatable global entropy DGF performs better,
sometimes by over an order of magnitude (e.g., in Liar’s
dice and pursuit evasion (six turns)). This is in line with
the fact that our new DGF has a better strong-convexity
modulus, which allows for a much smaller amount of
smoothing while still guaranteeing correctness. This, in
turn, allows the algorithms to safely take larger steps,
thereby progressing faster.

Secondly, we investigate the numerical performance
of the two entropy DGFs in the EGT/AS algorithm in
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Figure 2. (Color online) Performance of the EGT Algorithm Instantiated with the Two Entropy DGFs Across Nine Games
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Note. The x-axis shows the number of EGT iterations, and the y-axis shows the distance to Nash equilibrium.

Figure 4. Here, we see a smaller performance improve-
ment. For most of the games, we get a small factor of
improvement for the first 100 or so iterations, but then
the performance is similar thereafter. For Liar’s dice,
there is a persistent improvement in using dilatable
global entropy across all iterations.

7.2. Correlated and Team Equilibrium
Computation

Next, we investigate the computational performance of
our extension of both the dilated entropy DGF and the
DGE DGF to the scaled extension operator. In particu-
lar, we will consider that the problem of computing an
NFCCE, which we saw in Section 6.2, can be formu-
lated as a BSPP via the scaled extension operator.
Because the constructed polytope is the same for ex
ante team-correlated equilibria, extensive form corre-
lated, and extensive form coarse correlated, we restrict
our attention to NFCCE and leave the numerical inves-
tigation on the other solution concepts for future work.
We expect the takeaways to be similar.

Figure 5 shows the results for instantiating the mir-
ror prox algorithm with our two DGFs. We see that,

similar to the case of zero-sum Nash equilibrium, the
DGE DGEF performs much better than the dilated entropy
DGEF, again likely because of the smaller weights needed
in order to make the DGF strongly convex on the
correlation-plan polytope.

8. Conclusions and Future Research

We introduced the dilatable global entropy as a
distance-generating function for sequential decision-
making polytopes such as those encountered in sequen-
tial games. We showed that the DGE function leads to
better strong-convexity properties than prior DGFs for
the sequence-form polytope, and it improves the associ-
ated polytope diameter, as well as the convergence rate
of FOMs, by a factor of 2°2. Experiments confirmed that
this leads to a superior notion of distance. We then
extended the DGE, as well as the general dilation frame-
work, to the scaled extension operation. We thereby
showed how to construct suitable DGFs for the convex
polytopes encountered when computing certain corre-
lated equilibria, as well as team equilibria. Based on
these extensions, we developed the first algorithm that
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Figure 3. (Color online) Performance of the MP Algorithm Instantiated with the Two Entropy DGFs Across Nine Games
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Note. The x-axis shows the number of MP iterations, and the y-axis shows the distance to Nash equilibrium.

achieves a 1/T convergence rate to the set of various cor-
related equilibria and ex ante team-coordinated equilib-
ria while requiring only linear time (in the polytope
size) for each iteration.

In future research, it would be interesting to investi-
gate whether our new DGFs can be used to achieve
numerical performance comparable to that of the cur-
rently practically fastest algorithms for game solving—
concretely, the state-of-the-art CFR variants (Brown
and Sandholm 2019a, Farina et al. 2021b, Xu et al. 2024,
Zhang et al. 2024) for Nash equilibrium finding in two-
player zero-sum games, which have worse theoretical
convergence rates. In particular, we think that stochas-
tic methods could be a promising line of research for
this because it is harder to tune the step size in those
methods in order to account for the weights previously
used in the dilated entropy DGF.

8.1. Work Subsequent to the Original Version of
This Paper

Because the original version of our paper was made

available in 2021, there has been significant follow-up

work on solving EFGs with various notions of dilated

entropy regularization. Below, we survey each of these
lines of work.

Bai et al. (2022) show that the online mirror descent
algorithm setup with a different choice of coefficients
than the dilatable global entropy DGF can achieve bet-
ter dependence on EFG parameters. The analysis rests
on showing iterate equivalence with a seemingly very
different approach called the kernelized optimistic multi-
plicative weights update (KOMWU) algorithm (Farina
et al. 2022b). KOMWU is a kernel-based generalization
of the classic multiplicative weights update algorithm
from simplex domains to sequence-form polytopes.
Similar ideas were used by Fiegel et al. (2023) in the
context of bandit algorithms for extensive-form games.

Chakrabarti et al. (2024) showed that our dilatable
global entropy regularizer in a block-coordinate frame-
work leads to efficient blockwise updates and strong
practical performance in certain games. Moreover, they
show that our regularizer combined with restarting leads
to 027D convergence in some games (hiding game-
dependent constants). There have also been recent results
on last-iterate convergence in EFGs (Lee et al. 2021, Wei
et al. 2021). Most related to our paper, Lee et al. (2021)
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Figure 4. (Color online) Performance of the EGT/AS Algorithm Instantiated with the Two Entropy DGFs, as well as Aggressive
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equilibrium.

show that in two-player zero-sum EFGs with a unique
Nash equilibrium, the dilated entropy regularizer achieves
a linear-rate convergence, albeit with a dependence on
certain game constants that may be large.

In the context of bandit linear optimization, Farina
et al. (2021c) used dilated entropy with the weights
defined by Kroer et al. (2020). It is likely that the new
weights from the present paper would lead to an

immediate improvement in the regret bound both in
theory and practice.

There has been a series of papers using the dilated
entropy function as a regularizer of the game (rather
than as a regularizer of the algorithm). This leads to a
strongly convex-strongly concave saddle-point prob-
lem, which has nice properties such as uniqueness of
the regularized saddle point (this is generally not a

Figure 5. (Color online) Performance of the MP Algorithm for Finding Normal-Form Coarse Correlated Equilibria in Three

General-Sum Games
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Nash equilibrium of the original game) and attractive
last-iterate convergence properties, even with simple
mirror descent algorithms (Sokota et al. 2023).

In terms of experimental performance in solving
two-player zero-sum EFGs, it is well-known that the
state-of-the-art CFR-based algorithms DCFR (Brown
and Sandholm 2019a), PCFR* (Farina et al. 2021b),
DD-CER (Xu et al. 2024), HS-DCFR (Zhang et al. 2024),
and HS-PCFR" (Zhang et al. 2024) lead to the fastest
practical performance in spite of an inferior 1/VT rate
of convergence in the worst case, as compared with the
1/T rate achieved by, for example, EGT or mirror prox
using a dilated DGF. Here, we focus on follow-up
experimental work relating to the use of dilated DGFs
for EFG solving and, generally, DGF-based methods.
Chakrabarti et al. (2024) show that when our regulari-
zer is combined with restarting in a block-coordinate
algorithm, it leads to better performance than the clas-
sical dilated entropy and dilated Euclidean distance
DGFs across several games (though notably, dilated
entropy with all weights set to one performs better in
Liar’s dice variants). That said, a restarting variant of
the PCFR" algorithm still performs best in the experi-
ments of Chakrabarti et al. (2024), despite its worse
theoretical convergence guarantees. To our knowledge,
restarting with EGT, using all the practical tricks
employed in Hoda et al. (2010), the method of Kroer et al.
(2018) has not been tried; it is unknown whether this
method could be restarted and how it would perform.
For the problem of computing correlated equilibria in
general-sum games, experimental comparisons between
our regularizer and follow-up methods such as the
KOMWU algorithm have not been performed. Farina
et al. (2022b) compare CFR and CFR* to KOMWU in
terms of regret cumulated in several general-sum games
and find that KOMWU cumulates lower regret than the
CFR methods, though the break-even point for CFR* is
after several thousand iterations. A thorough investiga-
tion of experimental performance across different algo-
rithms and DGFs for computing correlated equilibria is
a promising future direction.
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Endnotes

! Techniques have been developed for sparsifying the LP in advance
of solving it, and those techniques dramatically increase the scalabil-
ity of the LP-based approach in games with certain structures (Gilpin
and Sandholm 2007, Hoda et al. 2010, Zhang and Sandholm 2020,

Farina and Sandholm 2022). Even then, however, the state of the art
is first-order methods (Farina and Sandholm 2022).

2The 1/T rate can also be achieved with predictive (aka, optimistic)
variants of regret-based methods (Syrgkanis et al. 2015, Farina et al.
2019b). A better rate of log(1/T) can be achieved, but with a game-
dependent multiplicative condition number (Tseng 1995, Gilpin et al.
2012, Wei et al. 2021).

3 A Bregman divergence need not be symmetric and thus might not
be a metric in the technical sense.

“In this paper, we let 0 log(0) = 0 log(0/0) = 0. Because the dilated
entropy DGF is a Legendre function, it is guaranteed that all iterates
and prox-steps will remain in the relative interior of the optimiza-
tion domain at all times, thus avoiding the nondifferentiability issue
of the entropy function at the boundary of Q.

5 The triangle-free condition is rather technical, and so we omit its
exact definition here, as it is beyond the scope of the paper. The
most natural class of games that it captures is the set of EFGs where
all chance moves are public, that is, observed by all players.

8 We recall that we use the convention 0 log(0) = 0 log(0/0) = 0.
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