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ABSTRACT

Policy gradient methods have become a staple of any single-agent reinforce-
ment learning toolbox, due to their combination of desirable properties: iterate
convergence, efficient use of stochastic trajectory feedback, and theoretically-
sound avoidance of importance sampling corrections. In multi-agent imperfect-
information settings (extensive-form games), however, it is still unknown whether
the same desiderata can be guaranteed while retaining theoretical guarantees. In-
stead, sound methods for extensive-form games rely on approximating counter-
factual values (as opposed to Q values), which are incompatible with policy gra-
dient methodologies. In this paper, we investigate whether policy gradient can be
safely used in two-player zero-sum imperfect-information extensive-form games
(EFGs). We establish positive results, showing for the first time that a policy
gradient method leads to provable best-iterate convergence to a regularized Nash
equilibrium in self-play.

1 INTRODUCTION

In recent years, deep reinforcement learning (DRL) has succeeded tremendously in many applica-
tions with large and complex environments, such as games (Mnih et al.| |2013; [Silver et al., [2017),
autonomous driving (Kiran et al.l 2021), robotics (Ibarz et al., |2021), and large language models
(e.g. |Ouyang et al.|(2022) and ChatGPT). Much of these successes are due to the applicability of
scalable algorithms, such as proximal policy optimization (PPO) (Schulman et al.| [2017) and soft
actor-critic (SAC) (Haarnoja et al., 2018). The success of these algorithms hinges on a few critical
properties—these algorithms (I) only require value estimates obtained from repeated random roll-
outs which can be implemented efficiently; (II) converge in iterates (as opposed to in averages),
removing the need for either training an average policy approximator or storing snapshots of past
policies; and (III) soundly avoid importance sampling corrections, which can be detrimental in
practice as they often lead to outsized reward estimates.

However, DRL is not applicable in multi-agent imperfect-information settings, such as Texas
Hold’em poker, where they tend to end up trapped in cycles without making progress (Balduzzi et al.,
2019). Constructing policy gradient algorithms that enjoy the same wide applicability as their DRL
counterparts and yet retain theoretical guarantees in tabular settings even in imperfect-information
games is a challenging, open direction of research. Current sound algorithms for competitive games
typically see their scalability limited by two major obstacles: their lack of last- (or even best-) iterate
convergence, and their reliance on counterfactual values. In what follows we illustrate both of these
issues separately.

Average vs iterate convergence. In the last decade, most scalable techniques to solve Nash equi-
librium strategies in two-player zero-sum imperfect-information extensive-form games (EFGs) have
been based on Counterfactual Regret Minimization (CFR) (Zinkevich et al., 2007)) and its modern
variants (Tammelin et al., 2015} |[Farina et al., [2019a; Brown and Sandholm, [2019; |[Farina et al.,
2021a). These algorithms guarantee that their average strategy converges to the set of Nash equi-
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librium (NE) strategies. However, average-iterate convergence is not desirable within the regime
of deep learning, where strategies are stored indirectly as a vector of neural network weights. To
represent and use the average strategy, some authors have resorted to storing in memory multiple
snapshots of the network (Steinberger, |2019; Steinberger et al.| [2020), sampling one at random; this
can quickly become expensive in large games (Liu et al., [2023))). Alternatively, some authors have
included—as part of their pipeline—training a second network whose goal is approximating the av-
erage strategy (Brown et al.|[2019). This approach is also undesirable, as it incurs an additional error
in the approximation of the average strategy.

In light of the above discussion, a recent trend in the literature has focused on algorithms that do not
require taking averages of strategies and instead converge to the set of Nash equilibrium strategies—
in short, exhibit iterate convergence. A distinction between two forms of iterate convergence is often
made: best-iterate convergence, meaning that at least one of the iterates produced by the algorithm
is very close to equilibrium, and last-iterate convergence, meaning that the last iterate produced is.
While this line of work has produced a wealth of algorithms with provable last-iterate convergence
Daskalakis and Panageas| (2019); |Anagnostides et al.| (2022); |Wei et al.| (2021); |[Lee et al.| (2021));
Cen et al.| (2021)); [Liu et al.| (2023)), a major obstacle towards practical combination with function
approximation has been the reliance of these algorithms on counterfactual values, which we discuss
next.

Counterfactual values vs Q-values. Aside from the cycling effect, there is another reason that re-
inforcement learning, commonly based on Q-values in single-agent environments, is not applicable
in EFGs, which is the fundamental state concept being replaced by the information set. Players’
expected payoffs of taking action a at an information set s need to consider the opponent’s reach
probabilities to s, captured in the notion of counterfactual values. These are essentially Q-values
multiplied by the probability of the opponent and environment reaching s from the game’s root when
the opponent follows their strategy.

The downsides of counterfactual values become apparent when turning the attention onto estimation
of values. Q-values are extremely practical to estimate by performing random rollouts. For coun-
terfactual values, several techniques have been proposed. A popular technique in this space is using
importance sampling to estimate the counterfactual values (Lanctot et al.,2009; [Farina et al.,[2020).
However, importance sampling is not suitable for DRL in large-scale environments due to the high
dispersion (i.e., range of values) of the produced estimator—for instance, the estimated Q-value can
be as large as the game size (Kozuno et al.| 2021 Bai et al.|[2022; |[Fiegel et al.,|2023)), thus hindering
the stable training of neural networks. Certain variance reduction techniques, such as those by
Schmid et al.| (2019), still suffer a large dispersion even though the variance is reduced.

External Sampling vs Trajectory Rollouts. Algorithms that sidestep the need for importance sam-
pling, such as External Monte Carlo CFR (Lanctot et al., [2009)), do that at the expense of exploring
about square-root of the EFG size in every iteration to reduce the variance of the estimator. This is in
stark contrast with DRL, which simply samples a batch of trajectories at every iteration, each with a
size proportional to the height of the tree, which is typically logarithmic in the size of the game. In
large games such as Stratego, where the size of the game tree is approximately 10°3° (Perolat et al.,
2022), external sampling needs to visit more than 102°° infosets at each iteration while trajectory
rollouts only visits no more than 4 - 103 infosets per iteration.

Contributions. Given the above discussion, a question is natural:

Is it possible to design a theoretically sound policy gradient method for solving two-player
zero-sum extensive-form games that achieves the desiderata[(D|[(ID[(XXD)|listed in the introduction?

Such an algorithm would enable estimating values via rollouts, without need of importance sam-
pling, all while ensuring iterate convergence, bringing EFG technology more in line with modern
DRL technology. Our aim in this paper is to show that a positive answer to the question is possible.

In this work, we develop the first principled policy gradient approach for solving imperfect infor-
mation EFGs. Our approach builds on a particular notion of Q-values for EFGs, called trajectory
Q-values, which admits efficient estimation through random rollouts without importance sampling.
Our algorithm also introduces a new regularizer for EFGs, which we coin bidilated regularizer.
When paired with trajectory Q-values, the bidilated regularizer enables iterate convergence with
both full-information and stochastic feedback obtained through the sampled trajectory. To obtain
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the results, we devised a novel learning rate schedule that increases with the depth of the game tree.
It ensures that the strategies of ancestors are changing slower than those of the children, and are
therefore stable when the children are updating their payoff estimates.

The discussion about related work is postponed to Appendix [A] and summarized in Table[T]

Algorithm Iterate convergence Q-values Stochastic feedback
DREAM, DEEP-CFR X X v
(Steinberger et al.|[2020]|Brown et al.||2019)

OOMD, REG-DOMD, MMD v (last) X X

(Lee et al.|2021]|Liu et al.|2023{|Sokota et al.|2023)

ADAPTIVE FTRL (Fiegel et al.[|2023) X X v
ESCHER, LOCALOMD (McAleer et al.| [2023] X 4 ~ (off-policy)
Fiegel et al.|[2024)

ARMAC, ACH (Gruslys et al.}|2020]|Fu et al.,[2021) X v ~ (infinite samples)
QFR (this paper) v (best) v

Table 1: The table above compares the related work in three aspects: convergence guarantee, feed-
back type, and supporting sampling or not. (last) and (best) denote last-iterate convergence and
best-iterate convergence, respectively.

2 PRELIMINARIES

For any vector z, we use z; as element i of vector z and |[z|, as the p-norm. We let [|z||

denote the Euclidean norm ||x|l,. We use A™ to denote the (n — 1)-dimensional probabil-
ity simplex {x € [0,1]": > | z; = 1}. We also define the Bregman divergence Dy (x,y) =
P(x) — P(y) — (Vi(y),z — y) with respect to the c-strongly convex function . The c-strong
convexity of ¢ implies the bound Dy(x,y) > § |z — yH2. For any integer n > 0, we use

[n] :=={1,2,--- ,n — 1,n}. For any set S, we denote with |S]| as its cardinality.

Extensive-Form Games. EFGs are played on a rooted game tree. In this paper we focus on two-
player zero-sum EFGs; hence, each node (also known as history) belongs to exactly one player out
of the set {1,2} U {c}. The special player c is called the chance player, and models stochastic
events (for example: a roll of the dice or dealing a card from a shuffled deck) sampled from a
known distribution. We use H1, Ho, H. to denote the set of nodes belonging to each of the players.
Terminal nodes (nodes without children) have an associated payoff for each player, i.e. Uy (h), Uz (h)
for player 1,2 individually and U;(h) = —U>(h) for any terminal node h since the game is zero-
sum.

To model imperfect information, the set of nodes #; of each player ¢ € [2] is partitioned into infor-
mation sets (or infosets for short) s1, s2, -+, s,,. Nodes in the same infoset are indistinguishable
for the acting player of that infoset. For example, in poker player 1 cannot distinguish two nodes
in the game tree that only differ on the private cards of player 2, since player 1 does not observe
the hand of the opponent. We use S; := {s1, 2, - , $;n } to denote the collection of all infosets of
player i. Let H := H, UHs and S := &1 U Ss be the joint set of nodes and infosets of player 1, 2
for convenience. Because nodes in the same infoset are indistinguishable from the acting player,
they must all have the same action set, which we denote with .4, as the action set of infoset s € S.
Furthermore, p: & — {1, 2} denotes the player that an infoset s belongs to.

We make the assumption that each player remembers all their past observations and actions; this
assumption is standard and goes under the name of perfect recall. A direct corollary of this assump-
tion is that nodes in the same infoset s € S; have the same past observation along the path from the
root to the node in the view of player ¢. For any two nodes h, h' € H, we write h C b’ if h is on the
path from the root of the game tree to h’. Suppose h € s and for any a € A, we write (h,a) C b’ if
the path from the root of the game tree to node /i’ includes the edge corresponding to taking action
a at s. For any two infosets s, s’ € S; that belong to the same player ¢ € [2], whenever there exist
two nodes h € s,h’ € s’ such that h C b/, we write s C s'. Similarly, we write (s,a) C s’ for
any a € A, when there exist nodes h € s,h’ € s’ such that (h,a) C h'. Moreover, we can define
(s,a) C (¢',a’) for s,s’ € S; forsome i € [2] and a € Ag,a’ € Ay . Furthermore, for any player
i € [2], we define the parent sequence o (s) of an infoset s € S; as the last infoset-action pair (s, a'),
where s’ € S;,a’ € Ay, encountered along the path from root to any nodes in s (the choice of node



Published as a conference paper at ICLR 2025

in s is irrelevant and o(s) is either unique or non-existing due to the perfect-recall assumption ).
If there does not exist such infoset-action pair, we let o(s) = ). For any node h € H, we define
0;(h) as the last infoset-action pair (s, a), where s € S;, encountered along the path from root to h.
Finally, we define the depth D(h) of a node h € H as the number of actions (of all players) on the
path from the root of the game tree to h. The depth D(s) of an infoset s € S; is the maximum depth
of any node h € s. Furthermore, D := maxycy D(h) is the depth of the game.

Strategies in EFGs. Since players cannot differentiate nodes in the same infoset, their strategies
must be the same at all of them. For player ¢ and infoset s € S; (i.e. p(s) = i), we use m;(a|s) to
denote the probability of taking action a € Ay at any node in infoset s. We use 7 := (71, m2) to
denote the strategy profile. For a player ¢, given an assignment of 7;(a | s) for each s € S;,a € A;,
then we can represent strategies for the EFG via their sequence-form representation (Von Stengel,
1996). This is a mapping ;"1 U,cs, aea. 1(s;@)} — [0, 1] associated with strategy ; for each
player i € [2], where u["(s,a) == pl(c(s)) - mi(a|s) forany s € S;,a € A,. Note that p[* (0) =
1. For each h € H, according to the definition above, . (o1(h)) is equal to the product of the
probability of all of Player ¢’s actions from the root of the tree down to node h. We use p.(h) to
denote the probability of reaching h € H contributed by the chance player. We assume pi.(h) > 0
for any h € H, since otherwise h will never be reached and thus can be removed from the game
tree.

For simplicity, let 7" to be a vector with index (s, a), where s € S;,a € A, and (u7")(s,0) =
ui'(s,a). 1In this representation, the expected utility for Player 1 is the bilinear function
(1) T Apg? [1] (the utility for Player 2 is —(u]") T Auj? since the game is zero-sum). We de-
fine the convex polytope of all valid sequence-form strategies as I1;, Il for player 1, 2 respectively,
and II := II; x IIo. For simplicity, let ™ = (ui*, pu5?) as the concatenation of the sequence-
form strategy of both players. Sometimes, we will omit the subscript of © when it is clear from the

context, such as writing u;ﬁ)) (s,-)as u™(s,-).

Counterfactual and Q-Values. In this section we recall some key notions of values for EFGs. Our
exposition is mostly intuitive to avoid notational burden; all definitions can be found in Appendix [B]
We start from introducing these values for nodes and for Player 1 (the definitions are symmetric for
Player 2), and will later extend the definition to infosets.

* The Q-value QT (h,a) associated with strategies 71, o for node-action pair (h,a) is defined as
Player 1’s expected utility in the subtree rooted at i, when Player 1 follows 7, and Player 2 follows
o after first selecting a as their first action.

* The counterfactual value CFT (h, a) is defined as the product of the corresponding Q-value with
the probability that Player 2 and the chance player reach h; in symbols,

CFT (h,a) = p3* (02(h)) - pe(h) - QT (b, a).

s The trajectory Q-value QT (h, a) is defined as the product of the corresponding Q-value with the
probability of the path of actions from the root of the game tree down to h. In symbols,

QT (h,a) = p1* (a1(h)) - p3* (02(h)) - pe(h) - QT (h, a).
We now extend these definitions from nodes to infosets. Consider infoset s € S and action a € A;.
For trajectory Q-value and counterfactual value we simply have QT (s,a) == >, ., QT (h,a) and
CFT(s,a) = > ,c, CFT (h,a). For Q-value, QT (s,a) = Epq.| 5 [QT (h,a)], where d(h|s)
te(h)pit (o1(h))us?(o2(h)) < pe(h)us? (o2 (h)) [F|for any h € s. All definitions are symmetric
for Player 2.

Regret and Equilibrium. When players 1 and 2 play according to strategies u7*, u5? respectively,
the utility of Player 1 is (u]") " Auj? and that of Player 2 is —(u]*) " Au3? since the game is zero-
sum. An e-approximate Nash equilibrium (NE) of the game is then defined as follows.

Definition 2.1 (e-approximate Nash Equilibrium). For compact convex set Cy, Co, a strategy profile
(p1, o) € C1 X Co is an e-approximate NE if
max ﬂ;rA,ug — min ,uIAﬁg <e. 2.1
n1€Cy H2E€Co
'A € [-1, 1]25651 Mslx2aresy 14| is the utility matrix of the game.
Because o1 (h) = o(s) forany s € S; and h € s due to the perfect-recall assumption.
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When e = 0, we also simply call the strategy profile a Nash equilibrium (NE). Equation (2.1) is also
called the exploitability of the strategy profile (p1, p2).

Given a sequence of 7' strategy pairs (ugt), ug)) € C; x Cay, we can define the regret of Player 1 as

(Player 2’s is analogous),

T
RgT) ‘= max (,ul (t )) A,u(t). 2.2)
n1€Cy =
A folklore result establishes a direct connection between regret minimization and approximate Nash

equilibrium. Specifically, when the players’ strategies incur regret RgT) and RéT) respectively, then
the average strategies of the players form an e-approximate NE, where

e= (R + RMYT. 2.3)

3  Q-FUNCTION BASED REGRET MINIMIZATION (QFR)

In this section, we propose our policy gradient algorithm for EFGs, which we coin Q-Function based
Regret Minimization (QFR). In QFR, for each player i € [2] and state s € S;, we enforce the strategy

wgt) (-] s) to explore with probability -y, using the exploration strategy v, in order to ensure that
each infoset will be reached with a positive probability v > 0.

Then, we show that QFR converges in best iterate to the regularized Nash equilibrium. Specifically,
OFR will converge to the solution p(™7)* = (MY’A’) o (T 7)’*) of the original bilinear minimax
objective plus additional regularization term zbgl (uT, ps ) and wbl (u1', p3?), which we call bidi-
lated regularizer. LZJEI (u1', pu5?) is strongly convex with respect to p' and convex with respect
to pz’“ Conversely, wbl (u1', p5?) is strongly convex with respect to 52 and convex with respect
to p7*. In contrast to the original bilinear objective, optimizing the regularized objective will sta-
bilize the training process, and result in better convergence results. Formally, the regularized and
perturbed (perturb refers to the exploration) game is,

. T ol I
nax LI (u1') Apy® — TPt (w1t ug®) + TPy (w1t 13*)
pitely: po2 €My :
VsEST, mi(-|s)EAIAs] VseS,, ma(-|s)ealAs]
3.1)
where AL,’:‘;*,‘,S = {ue Al Va € A,, u, > 7,540}, and 7 > 0 controls the magnitude of

the regularizer. Note that the NE of the non-regularized game can be computed by annealing the
regularization coefficient 7 by using a standard technique (Liu et al., [2023).

To decompose the regularizer wgi to each infoset for efficient update, we resort to the concept di-
lated regularizer (Hoda et al.l [2010). Take Euclidean norm for example, unlike naively choosing

L\l ||* as the regularizer, dilated regularizer weights the regularizer Lmi-1s) | at each infoset

s € §; by the reach probability of player ¢ to s, ie. %Zse& i (o(s)) ||mi(-| s)||%. Tt is shown
in |Hoda et al.| (2010) that the dilated regularizer is strongly convex with respect to 1] '. However,
dilated regularizer /"' only weights the reach probability of player 4, neglecting that of the oppo-
nents, of which the asymmetry causes importance sampling when estimating the regularizer term
in a rolling trajectory. Therefore, a natural solution is weighting the strongly convex regularizer
PA AM:sl 5 R at each infoset s € S (typically it is Euclidean norm or negative entropy) by the
reach probability of all players. Formally, the bidilated regularizer ]1311 (u1t, ps?) of player 1 is
defined as (that of player 2 can be defined similarly),

N E) = Yo ul o ))(Zuc(h)u’z”(az(h))>w?‘(m(-IS))7 (Bidilated regularizer)

SEST hes

P (p Z it VR (m (-] ) (Dilated regularizer)
SEST
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The details can be referred to Appendix @ For notational simplicity, let '(u™): I — R =
B () + 12 (2 and Gl (™) s T — R = oI5 (477, u3?) + 602 (i 13?). With all ingredi-
ents at hand, we can introduce the algorithm Q-Function based Regret minimization
(QFR) . At each timestep ¢, QFR will sample a trajectory according to the current strategy 7(*—1)
(Line 3 of Algorithm[I). Then, the trajectory Q-value will be estimated from the trajectory (Line 10-
12, ¢ estimates the trajectory Q-value contributed by additional bidilated regularizer of the game,
W estimates the that contributed by the reward of the original game). Lastly, all infosets along
the trajectory will be updated with a variant of Regularized Optimistic Mirror Descent (Reg-OMD)
proposed in [Liu et al. (2023) (Line 14). In Reg-OMD, at timestep ¢, the strategy () serves as
the prediction of 7w(**1). Then in the next timestep ¢ + 1, #*) will be updated with the trajectory
Q-value estimated at 7w(*), The pseudocode of QFR is proposed in Algorithm

Algorithm 1 Q-Function based Regret minimization (QFR)

1: Initialize 71'2(1)(- | s), 77'1(1)( | 5) as uniform distribution over Al for any i € [2] and s € S;.

2: fort=2,3,--- ,Tdo
3: | Sample a trajectory (ho, ag, b1, -+, hi) ~ 71, where ho={) and h is terminal
. | Letsg,s1,- -, Sk be the infosets corresponding to hg, by, -+ , hx

4
5 fork=K K—-1,---,0do

6: if node hy, belongs to the chance player then
7: | continue to the new iteration directly

8

9

else
p < p(sk) (t-1) (t-1)
. K A t—1 K A t—1
10: w - Zk':k+1:p(sk/):p St (ﬂ-p ) + Zk':kJrl:p(sk/):pr Syt (7(3—[) )
11: W < U, (hi), end-of-trajectory utility of player p (only terminal nodes have utility  0)
12: Compute the unbiased estimator of trajectory Q-value as

7V (51, a) = (W +71¢) Valog s ™(alsi) a=a

0 Otherwise.
13: Compute the estimated value function as
V7 (51) = By 1) [0 (50,0)| = 705 (- 50))
14: Update ﬁz(,t_l), 7T1(7t_1) according to
~ 1 _
7 (| k) argmax V" (s) — Y (mp(- i)y TS0 ([ s0))
(- [sK)EATI T, sk
~ 1
771(7’5)(- | s) argmax V7P (sg) — D¢5Ak (7p (- | Sk), ﬁg(f)(' |sk)), (3.2
mp (- | Sk)EA"VJ.:‘,:I:"Jsk e

where Al,“ff;,‘s ={ueAMl:va e Ay, uq > ysvsa}

. . . t t—1 _(t
15: For all infosets s not visited at timestep ¢, let 771()()3) (-]s) = WI()(S) ) (same for 71';()3))

We define the largest learning rate among all ancestor infosets of s € S as 72" =

max;e(2),hes MAX(s/ o'\ Co, (h) Ns' (s 18 the learning rate of infoset s), and we have the follow-
ing theorem that establishes the best-iterate convergence of Algorithm [I| to the NE p(77)* =
(S u§T*) of Equation (3.1) with high-probability.

Theorem 3.1 (Informal). Consider Algorithm When g < 7C?7T, where C7 is a game-

dependent constant, and 7 is smaller than a game dependeat constant (formally defined in Ap-
pendix [F) for any s € S, we have the following guarantee with probability 1 — 20.

T

.~ ~ 1 ~ 1
E Dy (u(T”)’*,u"( )) <0 (maanT> +0 () +0 Tlog - | . (3.3)
t=2 s€S Miges s )



Published as a conference paper at ICLR 2025

The O notion hides the logarithm of T'. The proof and the formal version are postponed to Appendix
Theorem gives a high-probability upper-bound on the cumulative Bregman divergence. By

letting 7, = ©(1/+/T) for all infoset s € S, the right-hand-side of (3.3) is bounded by O(v/T).
Therefore, it implies that ZtT:2 Dy (77, ,u’?m) is upper-bounded by O(+/T") with probability

1—24. Then, there must exist some t* € [T so that D, (p(™7)*, ;ﬁ(m) < O(1/v/T), because the
minimum over {D¢n (u(T’V)’*, u’?m): t=2,3,--- ,T} must be bounded by the average, which
is 5(1 / \/T) Therefore, by computing the exploitability (the expected utility confronting a best-
responding opponent) routinely, we can find an approximate NE (Liu et al.,|2023) of the regularized
game. Moreover, according to Lemma [Liu et al| (2023, Lemma D.1.), the exploitability of the
regularized NE will be bounded by O(7) in the original game so that our iterates will also get a low
exploitability in the original game by fixing 7 to be small or anneal it as|Liu et al.[(2023).

4 ANALYSIS

In this section, we provide the proof sketch of Theorem[3.1] Section[d.T]introduces some necessary
notions and properties for the analysis. Section shows the convergence of QFR under full-
information feedback (traversing all infosets at each iteration), and Section [4.3] generalizes to the
stochastic setting in Section 3]

4.1 PRELIMINARIES AND BASIC PROPERTIES

In order to keep the presentation modular between Q-values and trajectory Q-values, we will assume
that, at each iteration ¢, the local strategy at each infoset will be updated by taking a step in the
direction of some generalized value vector ¢\Y)(s,-) € RI4:l. For each a € A,, (we will use

t x® . . .
CF&t) (s, a) instead of CF?( ) (s,a)and ,u(t) instead of ;1;*  as the shorthand notion), the relationship

[

of counterfactual values and the feedback is,
Shes e (@2(R)) - qO(s,a) P (s,) is Q-value

CF:(Lt) (s,a) = %5{“))) q" (s, ) is trajectory Q-value 4.1)
1 ag(s

¢ (s,a) ¢ (s, -) is counterfactual value

It is noteworthy that when sampling a trajectory from the root to a terminal node, the utility will

be a good estimator of trajectory Q-value. Therefore, to estimate CFY') (s,a), we need to divide the

reaching probability Mﬁ” (o(s)) of s, which can be extremely small and thus induces a large variance.

In the following, we will write CF(lt) (s,a) = mq® (s,a) and m is different for different types

of ¢ (s, ) according to Equation 1|

Note that the value of mgt) in most cases depends on the strategies that are produced by the algo-

rithm; hence, there is some circularity in the dependence between the properties satisfied by mgt)
and those satisfied by our algorithm. To break this circularity, at the heart of our correctness proof
we will verify and leverage two key properties of the sequence of mgt) that arises from using our

algorithm: boundedness and stability, as detailed next.

Property 1 (Boundedness). For any ¢ € [T] and s € S, we have m{") e [M1, M) where 0 <
My < My < +o0.

Property 2 (Stability). Forany ¢ € [T'— 1] and s € S, we define the largest learning rate among all
ancestor infosets of s as NE"¢ = max;c(2], hes MAX (s ,a/)CTo; (k) Ns’» Where 1y is the learning rate of
infoset s, then

‘mgwl) _ mg)’ < O e (Additive Stability)

m(t+1)

— = — 1 < Clpre (Multiplicative Stability)
NC
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Property |1| will be satisfied by enforcing 7(*) (- | s) = 7, for every s € S, where v, € (0, 1]
and v, € AlAs| are specified in Appendix The proof that our algorithm produces iterates that
satisfy Property [2] can be found in Appendix |C]

4.2 CONVERGENCE WITH FULL INFORMATION FEEDBACK

QFR runs a variant of Regularized Optimistic Mirror Descent (Reg-OMD) (Liu et al., [2023) algo-
rithm to update the strategy in each infoset. For notational simplicity, we define the reach probability

) (t)

of opponents to an infoset s € Sas ", )( = hes te(h )u3_p(s)(03,p(s)(h)). The update rule

is
-1
_ TH_ ) (5)
oy Cls) = argmin  (my(18), =gV (s,) ) + B (mp00 (-] 9)
ms

(e (- | 9)EALTS),

1 _
Do (T (19, 7400 (1 5)
° 4.2)
=(+1) ® T“(—t;(s)(s) A
To(s) (-]s)= argmln <7"p(s)(' Is), —q"" (s, )> + Tws (T (-] 5))

Tp(s) ‘Q)EA’Y V‘s

1 _
+ 2 Dua (o (| 5), 700 (1 5))

where A‘{:‘flls = {u e Al Ya e A, u, > fysus,a} and 12 is the regularizer chosen for in-
foset s. Here q(t)(s, -) can be the trajectory Q-value, Q-value, or counterfactual value associated
with ("), When ¢ (s, -) is the trajectory Q-value, (@.2)) is the full-information version of (3.2)).
By analyzing the update rule (4.2), we can get the following inequality. For any s € S and strategy
Tps) (- 8) € A‘.YAS,,l we have

S (7o) () (T 19)) = 7 ) (510 (i (1)) + ) (=a) (5,0, 70 (1) = i [ 9)) )

t=

=

T (t) (t—1)
ms’ — Ms _ 1
<> <n SR RIC >> Dus (1970 (1) + 0w +0 (1), @)
t=2 £
@®
Then, since ’m (t 1)’ < O(name), D < *§N(_tp(1s))( ) < ,H ZhEs f1c(h) when 72 is

smaller then 7 by a small enough constant (please refer to Appendlx [E for details). Then, by
applying the generalized regret decomposition lemma (Liu et al., [2023) (details can be found in
Lemma l to Equation , the difference of 7t ()) and 7, in an infoset s can be extended to

the difference of the whole game. Specifically, by letting
’ N\ T s ™ ™ o ™ s o
diffy (™, p™ ) = (ufl - ull) Apy? — 7 (1/)&1 (W71, 32y — it (u11,u22)) + T (wgf(ull,uzz) - wgz(ull,uf))

and diff, similarly, then the summation of the left-hand-side of Equation (&.3) over all infoset s € S
is equal to is equal to

T
> diffy (7, pB) 4 diffp (%, n M) > 0., (4.4)
t=1
The non-negativity is because p1(™7)* is the NE of Equation (3.1). By combining #3) and #3),
we have

0< 3" (o (s) (—T;Zuc ZDwA D |s>,w;il)<'|s>>+0<nsT>+o(i))

seS hes

T
@ _ L (rn)e 7 1
min 3 ) Y- Dn (5™ + Ofanagn.7) + 0 .

S min
s€ he€s t=2 s€S s
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(a) is by Lemma in the following. By rearranging the terms, we can get an upperbound on
23;2 Dwn (u(‘r,'y),*’ N-Tr(t) )

Lemma 4.1 (Lemma D.2. in |Liu et al. (2022)). For any strategy u™,u™ € II and regularizer
2 AlAsl 5 R for each infoset s € S, we have

Dyn(u™, ™) = 3 17 (0()) Dy (mp() (- 8). Ty (- | 5))- (.5)
€s
For completeness, the proof of the lemma can be found in Appendix [E.T] Here is the full theorem.

Theorem 4.2 (Informal). Consider the update rule @2) and ¢ (s, -) is chosen to be counterfactual
value, trajectory Q-value, or Q-value. Whe , where C7 is a game-dependent constant,

and 7, is smaller than a game dependent constant (formally defined in Appendix [E) for any s € S,
we have the following guarantee.

T

1
> Dyn(ulm7, y™ “y<o <maxan> +0 () . (4.6)
t=2

miNses s

The proof and the formal version are postponed to Appendix [E| Therefore, by choosing s =
€] (ﬁ) for any s € S as in Theorem QFR enjoys best-iterate convergence with full-

information feedback.

4.3 CONVERGENCE WITH STOCHASTIC FEEDBACK

We complement the results of Section[4.2]by showing that the best-iterate convergence guaranteed by
QFR is still guaranteed when only visiting a trajectory at each iteration. The proof utilizes standard
concentration inequalities, incurring an additional sublinear cost caused by the noise incurred from
sampling, as recalled in the following lemma.

Lemma 4.3 (Generalization of Proposition 1 in |Farina et al. (2020)). Let M, M be positive con-
stants such that | £® (w) — F®)(u')| < M and \ 7O (w) — FO ()
t € [T, where C is a convex set. Then, if for any w, E[f()(w) | f(1), f) ... fl=D] = £(0)(q,)

and u(®) is deterministically influenced by f(l), f(Q), SRR f(t’l), then forany 6 € (0,1) and u € C,
we have

Pr (ZT: (f<t>(u) ~ O ®) ) XT: (f(w O (u<t))) + (M + M)M) >1-06.

< M for any u,u € C for any

t=1

Next, we will substitute the following values into Lemma@
1

FO(u) = @7@(“(8, s >—w (o (8)05 (u)
1 (o))
_ —t—(qW(s,- A is visited at timestep ¢
FO(u) = ;t())(a(s))<q (s,),u) — #;?)(U(S 7,/1 (u) s is visited at timestep
0 Otherwise

, where (¥ is defined in Algorithm The proof of ﬁf” being an unbiased esti-
mator of fs(t) is postponed to Appendix El Then, Equation 1) can be bounded by
ZZ;I (f?) (Tp(s)(-18)) — Et)( 1(7()8)( |s))) which can be further bounded by analyzing the
update-rule Equation (3.2). The analysis is similar to the one in Section [4.2] and can be found in
Appendix [F] Finally, we have Theorem

5 EXPERIMENTS

In the experiments, we apply OFR in 4-Sided Liar’s Dice, Leduc Poker (Southey et al.,2005), Kuhn
Poker (Kuhn, [1950), and 2 x 2 Abrupt Dark Hex. The learning rate is the same in all infosets,
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unlike what the theorem requires, which shows that QFR is easier to implement than what the theory
suggests. Note that for MMD (Sokota et al., [2023)), there is no theory for convergence when using
trajectory Q-value and Q-value as feedback, while QFR has.

In order to pick hyperparameters, we performed a grid-search for QFR and MMD on learning rate 7,
regularization 7, perturbation -, and the regularizer is either negative entropy or Euclidean distance.
For BalancedOMD (BOMD) (Bai et al.| 2022)) and BalancedFTRL (BFTRL) (Fiegel et al., 2023,
we applied grid search to the learning rate 7) and fixed the exploration rate (IX parameter) to 5 as
suggested in [Fiegel et al.| (2023). For the outcome-sampling CFR / CFR+, we also applies grid-
search on the exploration parameter. The details of experiments, the comparison between QFR and
baselines with full-information, and the ablation study of QFR when the strategy is approximated by
neural network, can be found in Appendix

4-sided Liar’s Dice Leduc Poker Kuhn Poker 2x2 Abrupt Dark Hex
10° 4
- i ) 107 Fusvmmangponsscnnipinser-
z SIS e et B
% 104" (; e
=
= Waaomgmass| 1074
T T 1072 T T
0 500 1000 0 500 1000 0 500 1000 0 500 1000
Iteration (x10%) Iteration (x 10%) Iteration (x10%) Iteration (x 10%)
CFR —&— CFR+ MMD —A— QFR —&— BOMD —#— BFTRL  ----- Counterfactual feedback Traj-Q feedback

Figure 1: Exploitability of Algorithm |1|in 4 benchmark games. We can see that QFR outperforms
outcome-sampling CFR / CFR+, MMD, and BOMD in all games. It outperforms BFTRL in all
games except Liar’s Dice. For each line, we repeat the experiments 100 times with different seeds.

The experimental result of Algorithm|[T]is presented in Figure[I] In the experiments, QFR and MMD
are both using an unbiased estimator of the trajectory Q-value, while CFR and CFR+ use an unbiased
estimator of the counterfactual value.

Figure [I] shows that QFR outperforms outcome-sampling CFR, CFR+, and BOMD in all games.
Moreover, QFR outperforms BFTRL in all games except Liar’s Dice, with a relatively small gap
(QFR 0.174 v.s. BFTRL 0.167 in exploitability). The reason may be Liar’s Dice is too easy since
it can be solved within 50 iterations with full-information feedback (see Figure 2]in Appendix [H).
Lastly, OFR outperforms MMD in all games.

The superiority of QFR over CFR, CFR+, BOMD, and BFTRL may be attributed to both the ad-
ditional regularization (best-iterate convergence) and the avoidance of importance sampling. For
MMD, QFR is superior due to the optimistic updates, since optimistic updates allow predictions of
the gradients at the next iteration. The code of QFR and baselines for tabular games can be found in
LiteEFQ| (Liu et al.} 2024).

6 CONCLUSIONS AND FUTURE WORK

In this paper, we focused on the question of whether the following properties can coexist while solv-
ing two-player zero-sum extensive-form games: (I) learning with random rollouts, (II) converging
in iterates, and (III) avoiding importance sampling. These properties are standard desiderata in the
reinforcement learning literature for single-agent settings, but have thus far eluded extensive-form
games. The answer is affirmative, and we propose an algorithm, QFR, that achieves all of them.
We hope this work can serve as a step in the direction of bridging the gap between reinforcement
learning techniques and imperfect-information extensive-form games. In the future, it would be in-
teresting to investigate the performance of algorithms that are both sound and work well in large
domains.

3https://github.com/liumy2010/LiteEFG/tree/main/LiteEFG/baselines
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Supplementary Material

A ADDITIONAL RELATED WORK

This section compares our paper to prior literature on three aspects: convergence guarantees, notion
of values used by the algorithm, and support of value estimation via rollouts. We provide a visual
comparison of the most relevant algorithms in Table

Convergence Guarantee. Most CFR-based algorithms (Zinkevich et al., 2007; Tammelin et al.,
2015} |Steinberger et al.| 2020) only guarantee that the average strategy converges to an NE, though
empirically some variants of CFR exhibit last-iterate convergence (Bowling et al., [2015} [Tammelin
et al., [2015). Motivated by the success of Optimistic Mirror Descent (OMD) achieving last-iterate
convergence in normal-form games (NFGs) (Mertikopoulos et al.,[2019; [Wei et al.} 2021} (Cai et al.,
2022)), Farina et al.|(2019b)) first empirically showed that OMD also enjoys last-iterate convergence
in EFGs. Then, Lee et al.|(2021) theoretically proved that Optimistic Multiplicative Weights Update
(OMWU), an instance of OMD, converges in EFGs with unique NE assumption.

Use of Q-Values. To achieve last-iterate convergence in EFGs, additional regularization and op-
timism are widely used. [Perolat et al.| (2021) used that approach in continuous time, using coun-
terfactual values under full-information (i.e., non-sampled) feedback. Lee et al|(2021); [Liu et al.
(2023)) achieved last-iterate convergence in EFGs using discrete-time updates, but both of their con-
vergence results are based on counterfactual values in the non-sampled case. [Sokota et al.|(2023))’s
MMD algorithm empirically observed convergence by using sampled (trajectory) Q-values in con-
junction with entropic regularization, without theoretical guarantees. In this paper, we combine reg-
ularization and optimism, and obtain a theoretically sound algorithm (QFR) for solving two-player
zero-sum EFGs using sampled Q-values / trajectory Q-values.

Rollout-based estimation. [Lanctot et al.| (2009) proposed Outcome-Sampling Monte-Carlo CFR
(OS-MCCFR), a variant of CFR which uses random rollouts to estimate counterfactual values.
Later, Farina and Sandholm|(2021)); Farina et al.|(2021b); Bai et al.|(2022)), and [Fiegel et al.| (2023))
proposed algorithms that converge in EFGs with trajectories at each iteration. However, those al-
gorithms rely on importance sampling, which causes numerical instability due to the large range
of feedback. ESCHER McAleer et al.[(2023) and LocalOMD (Fiegel et al., 2024) sample trajecto-
ries off-policy. This is usually undesirable as it favors exploring parts of the game tree according
to uniform random probability, rather than focusing on those that are more likely given the policy.
ARMAC (Gruslys et al.;[2020) and ACH (Fu et al.,|2021) support both Q-values and approximately-
on-policy estimation, but like ESCHER and LocalOMD they do not guarantee convergence of the
iterates. Moreover, neither of them is computationally efficient since they need to sample many
trajectories (possibly infinite) at each iteration to ensure that the estimation of feedback is totally
accurate. Also, ACH does not converge to the set of NEs, even in terms of average-iterate conver-
gence.

B FORMAL DEFINITION OF TRAJECTORY Q-VALUE, Q-VALUE, AND
COUNTERFACTUAL VALUE

In the following, we will formally define trajectory Q-value, Q-value, and counterfactual value re-
spectively.

For any s € S, a € A, the trajectory Q-value QT (s, a) is formally defined as,

N - ; 7\, T1 / T2 / /
A= 1l o P @R Crat) @D

In (B.I), pc(h) denotes the probability of reaching h contributed by the chance player. We use
{U: H—[-1,1]} ;e[2) to denote the utility assigned to each player at each node of the game. We
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assume this is nonzero only at terminal nodes (nodes with an empty action set) without loss of
generality.

At the same time, we can define the Q-value, defined as the expected utility conditioned on reaching
infoset s,

Q7 (s, a)

(00 = S T (o g (o2 ()

(B.2)

Typically, algorithms like CFR and its variants (Tammelin et al., 2015} |Brown and Sandholm| [2019)
use counterfactual values as feedback to learn the equilibrium. The counterfactual value at infoset s
of player : is the Q-value at s times the reach probability of the opponent and the chance player to
s. Formally, for any s € S, a € A, we can define the counterfactual value CFT (s) as,

Fra= Y w0 . B3

T
S,a
h': 3hes,(h,a)Th! pr' (s, a)

CFT is not compatible with rolling out trajectories as reinforcement learning usually does, since a
rolling trajectory includes the probability of both players reaching infoset s, which hinders extending
algorithms to large games.

Also, for any s € Sy and a € A, (similar for player 2), we have

1
CFT T B.4
(s,a) = M1(())Q(Sa) (B.4)
c h))p3* (o2(h i
CF™ (s,a) = 2nes He(h ) t(o1(h)p3* (o2(h)) QT (s,a) O] Zﬂc ViE2 (0 (h)) QT (5, a),
To(s) 2
(B.5)
where equality (¢) follows from o1 (h) = o(s) for any s € S; and h € s, which is a consequence to

the perfect-recall assumption.

C STABILITY OF TRAJECTORY Q-VALUE AND Q-VALUE

In this section, we will show the stability of trajectory Q-value and Q-value, i.e. proving Property
when the regularizer in each infoset s € S can be written as,

A LD e, Un (Euclidean Norm)
Y5 (u) = : (C.1)
o (log | A, —|— D acA, Ualog u,) (Negative Entropy),

where a; > 0 is a state-dependent constant. We add log |.A;| to the negative entropy to ensure the
regularizer is always positive. Previous work (Kroer et al., 2020) chose specific a5 to ensure the
dilated regularizer associated with wf‘ is 1-strongly convex. For generality of the result, we keep
the a in the regularizer.

Due to the symmetry between two players, we will only prove that for s € S;. Moreover, to stabilize
trajectory Q-value and Q-value, the learning rate need to satisfy the following conditions.
(A) maxpe, Z(s,’a,)tg_( )Nt < 15 forany s € S,i€[2]

(B) 677ancmaxs/es( Hq“""—l—]\; 10g7> < 1 for any s € S, where |q||, =
maXe(T),ses Hq() s, Hoo and its upperbound is given in Lemma

C) s (2 gl + 57 log %) <1foranyse€ S

ensures that Z(s, a)Co(s) s < 2n2¢ for any s € S. ensure that the update at each
iteration will not change the strategy too much.
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C.1

Lemma C. 1 (Stability of mg
G ac A, u? forany s € S andis satisfied. For any s € S and t =

(t

STABILITY OF TRAJECTORY Q-VALUE

)

mgt) is the trajectory Q-value feedback, we have
— 6 diff /
Cy = 5 max () Cl =
v s'eS

Proof. For trajectory Q-value feedback, for any s € Sy,

m{t+D

In the last line, we use the fact u;

II

(s",0")Eo(s)

< I

(s",a")Ea1(o(s))

+7 (0 (s))

[1

(s",a")Eo(0(s))

< |7 (a(s)) —

We abuse the notion of 1 (o (s)) as w1 (a’ | ¢') and o (o (s))

<

1 1 ‘

1o (s) P (o(s))
i (0(9) = 1 (0 (s))|

1 (o(5)) s (0 (s))
H(s ,a’ ) Co(s) 7T§ +1)( ! | S/) -

dlf'f
max C§;
2M1 s'eS

t
i ancoew ™ (@ 8)

1

72

(t

(|8 —

m (| )

o)) +

u (o (s))s” (0 (s))

>

(s",a")Eo(s)

m | ) -

ﬂ'y)(a’ |s")].

D(a(s)), 1" (0(s)) > 7. and

[[ ='@ls)

(s",0")Eo(s)

(o (s)) —

(| -

[1

i (o(s))

(|8

(s",a")Eo(o(s))

[1

(s",a?)Eo(o(s))

By recursively applying the process above, we will get

II

(s",a")Eo(s)

(|
(s'a")Co(s)

(a'| 8| <

11

m (| ) -

D

(s",0")Eo(s)

1

(s",a”)Eo(0(s))

o(s'), given o(s) =

(|

(s',a").

under Euclidean regularizer). Consider when 2 (u) =
1,2,---,T, when

(C2)

0 a’ | sN)|.

—7(a’ | 8|

Lemma C.2. Consider the update-rule (#.2). When we choose 12 to be negative entropy or Eu-

clidean distance, we have
t
75 ¢1) -

where

i Cls)|

2
Qg

1
7 CL)

b

—(t i
- fo<)s>(’|5)H1 <M,

(2 lall +§é}9 log = ) Negative Entropy

[As|T
My
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The proof is postponed to Appendix [G.3] By using Lemmal[C.2] we have

‘m<f+1> m®

1

=Y \ﬂ“”ms’)—w%”(aws’)

(",a")Co(s)

1

<z 2 (@) @) +[d @) - @)
(s",a’)Co(s)

7@ 5) - (|

+
< 3 Z Cdlﬂ
_? Ns’ -
(s',a’)Co(s)

)

At the same time,

- diff
M a1 (t+1) _ (1) 32 (s ,anCa(s) O My
® = mg mg’| < 2 ’
ms ms v M,
diff
Therefore, C; = 2 maxyes CAM and ol = %7%0, by =

Lemma C.3 (Stability of m(t) under entropy regularizer). Consider when ¢%(u) =
as (log[As| + 3 e4, talogug) for any s € S, and are satisfied. For any s € S

andt=1,2,---,T, when mgt) is the trajectory Q-value feedback, we have

IIqH 1
12max,cs ( < 4 lo g*) 1
o = M1 v Cs/ _ 12ma ( Hquo + —log > (C.5)

y s'eS Qg M1 ’y

Proof.

t+1
" | ‘ I SR V7 S C/O)
s t+1 t t+1 t ’
i) o) w0 () | p (o(s)

We will then use the following lemma which shows the multiplicative stability when using negative
entropy regularizer.

Lemma C.4. When ¥3 (u) = a, (log | A, |+Za€A uglogu,) forany s € S, |(A)) ...are
satisfied, then forany s € S,h € s,t =1,2,--- ,T, we have

D o (h) 1‘ EARCALD)
ui (1(h)) MACAD)

lallo 1
< 12p3%¢ log — | . C.6
s/ 28 ( g YA M1 o8 ol €6)

The proof can be found at the end of this section. Then, for any s € S1, we have

-1

n 2“‘1”00 T 1
(t+1) _ 1 Mgtﬂ)(a(s)) 1 <1277'(1 Ay es < ot Elog 5)
s (D ® s (t+1)
(0(s)) | w1’ (o(s)) py o (o(s))
12nancmax/ S( Hquo + ]\;1 IOg )
-_— ,)/ .
2alog | o
Therefore, C; = 12 maxyres (U= + iy log 1)
i s '7 .
Similarly, we have C’S/ = 12maxyes ( ”qH‘” + M log = ) O
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Proof of Lemma Firstly, we invoke Lemma [C.3]

Lemma C.5. Consider update-rule @2). When 92 (u) = v (log | A + Y, 4. ta log ug) for any
s € S, and[(B)]is satisfied, forany s € S,a € A;andt =1,2,--- , T,

s Taus 1 (t>( | s) (tH)( | s) s T 1

_MNs : < < s z
o (-3 (2l + 551083 ) < St Frmar <o (3 (2o + 7 10e2 )
(C.7)

aitf _ 2 Tos, 1
cs = 2 (2l + T2 0n ). ©8)

The proof is postponed to Appendix [G.3}
By Lemma|[C.3] we have
i (o1 (1)
i (o1 (1)
1
H(s ,a’)Coy(h) W( i )( "Is")
H(s’ a’)Coq(h) 7T§ )(a’/ | S,)
(t+1) 1ot @+1) ¢ 7y o =) 1| o
H(s a)Cor(h) T (a'[s") ) H(s/,af);ol(h) m (' ]s) . H(s/,a/);al(h) T (a'|s")

—(i+1 t
0 gal(h>’r(1)(“’|5') i ancom @@ 18) T ancammm @)

Ns’ T
<exp (3 > a/(QIIHoo M, 10g7>

(s".a)Coy(h) °

i 1 >
<exp | 3max ( + o log — !
s'eS Qg Ml v (s',a’)Eo1(h)

0 (o (2l 4 710, LY e
- s'€S Qg M, v)

1
§1+12n§“0max< laloe | 7 0, >
s'eS

Qg Ml
At the last line, we use the fact that e* < 1 + 2z for = € [0, 1]. Similarly, by using 1 + = < €%, we
can also get the lower-bound 1 — 672"° maxgycs ( Hq““’ + 3 1og = O

C.2 STABILITY OF Q-VALUE

Lemma C.6 (Stability of mgt) under Euclidean regularizer). Consider when 2 (u) =

5 aCA. u? for any s € S, andis satisfied. For any s € Sand ¢t = 1,2,---,T, when

mgt) is the Q-value feedback, we have
_ : 6| |
C: =6 cdift Ccl = ax C9iff C.9
+ = 6lsl max I VA €9)

where |s| is the number of nodes in infoset s.
Proof. With Q-value feedback, for any s € Sy,

=" pe(m) (s (h))—uét)(az(h)))‘

m{tD —m

he€s
<> neln \u““ ) = 1 (o2(h)]
hes

<|s| max \ﬂé”l)(oz(h)) 1 (o2(n)] .
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In the last line, |s| denotes the number of nodes in s. By similar argument as in Lemma for any
h € s, we have

18 (2(0) = 1 (2(0))|

=l I =@isH- I P@ls)

(s',a')Eoa(h) (s",0")Eoa(h)
< X I Y1)~ |)
(s",a’)Coz(h

< ¥ (\frét*“(am Ay

(s",a")Eoa(h)
m(@ |8) - (@]9 )

§3 Z C;l/iffns/.

(s",a")Eoa(h)

@ ) - A ] )

Therefore, |m{"™ — m{"| < 3|s| maxc, > (5 .ar)Coa(hy Co 1. Similarly,
(t+1) |
Mg 35|
— = —— |mD = < — max E C’dncfn .
() (t) ‘ s ~ M; hes °
‘ ms ms 1 he (s',a")Coa(h)
i max,s diff .

Finally, C; = 6|s| maxy cs C4f and C/ = Glslmaxses Gl Y €I according to O

Lemma C.7 (Stability of m(g ) under Entropy regularizer). Consider when 2 (u) =
as (log [As| + 3 e4, talogug) for any s € S, and. . n are satisfied. For any s € S
andt =1,2,--- ,T, when mg ) is the Q-value feedback, we have

- 2||ql| T 1 2||q]l T 1
Cr = 1201 Mlee | 7 106 1) 0f = 12max [ 1 | T e 1) (10
s 202y ( oy Tan 08y ) Co=lrmax{ = tgplen ) ©10)

Proof. With Q-value, for any s € S1, we have

m{* Y, c(h)u§t+1)(02(h))1|
my" S s He(h)us (o2 (h))
By Lemma|[C.4] we have
(t+1)
D)y g (2l 7 1)
i) (3(0) Jes\Taw M
Therefore,

Snes He(B)uy ™ (02(h))
S nes e (o2(h))
Znespelh) (1+ 120 mayes (2l + Zo10g L)) u (02 (1)
Zh€suc<h>ué><o—z<h>>

2||qll T 1
< anc il 111 1~' R P I
e ( PR VA
Similarly, we have
(t+1) I X
Lines ()it O (02(h)) > 1— 1202 max ( gl +log>,
Zhesﬂc( ) Ho (O’Q(h)) s'esS Qgr M, v
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(t41
Therefore, | r:i — 1‘ < 1272 maxy es ( ”q”m + 37 log = ) At the same time,
(t+1) 9 1
(+1) _ )| = () | 22 — 1| < 19p2ne 2lglloe , 7 1
‘ms my my 0 1| < 12n5%° M, max ( o + YA log 5 ) O

D BIDILATED REGULARIZER

Dilated regularizer (Hoda et al., [2010) is the foundation of previous work (Lee et all 2021} |[Liu
et al., 2023} |Sokota et al., [2023) to apply mirror-descent and its variants on sequence-form strate-
gies. Recently, additional regularization has become a powerful tool for learning in EFGs (Liu
et al) [2023; [Sokota et al., |2023). Specifically, we can change the objective of the game to

mas, 1 ey, minzqr, (131) Ag® — T (uF) + 7o (u52), where 7™ (W), 7o (32
is the additional regularizer and 7 controls its magnitude. By adding the additional regularizer, the
objective becomes strongly convex-concave instead of convex-concave, and thus linear convergence
rate can be achieved.

However, the dilated regularizer of player i € [2] is ¢ (u[") = D ses, Hi (o (8)2 (mi(-] 5)),
which only counts the reach probability ] (co(s)) of player i. Therefore, when sampling a tra-
jectory, to estimate the additional regularization, importance sampling is needed to offset the reach
probability of player 3 — ¢ and the chance player, which causes a large dispersion of feedback.
Therefore, to avoid importance sampling on the regularizer, we propose the bidilated regularizer in

this section, to which all players contribute symmetrically. The bidilated regularizer of player 1 is
defined as,

Hpitps?) =Y pit(o(s)) (Zuc(h)ugz(az(h))> Ve (m(-] 5). (D.1)
SEST hes
The additional term is the probability of reaching infoset s contributed by player 2 and the chance

player. The bidilated regularizer for player 2 can also be defined similarly. In the following, we will
show that several preferable properties of dilated regularizer still hold for its bidilated version.

Firstly, the bidilated regularizer wgl (u7', p5?) is still convex with respect to p7* and p3? individ-
ually. This can be inferred from the fact that the dilated regularizer is convex with respect to u1*
(Hoda et al.|[2010). By enforcing 7o (- | s) > 7svs forevery s € Sy with vs > 0,v, € Al where
v, has full support, we have p3%(s,a) > v > 0 for any s € S3,a € A,, where « is a constant.
Then, we have the following lemma.

Lemma D.1. For any 7,7 > 0, the Nash equilibrium p(77)* = (ugT M ;T’V)’*) of Equa-
tion (3.1) is unique.

Proof. Let define FY (u]", p5%) = —Ap5? + 7V, mbp (07", 152) — 7V ,mhp? (7", p5?) and
F(pf p5?) = ATl + 7V m 2 (] p5°) — 7V im0 (s 13°).
For any ,u;rll € II;, we have
S(THNTONTEETEY
= <—Au’£2 TV (U 15%) = TV (W i3t — Mfl>
<Au2 BT — uf1> + 7Dy 2y (u’fl,u’{l)
I, ™ w2 Iy om0 w2y Iy w1 m2 My, ™ o
Ty (s 13 ) + 790 (e 13%) — T (ur s pa®) + T (gt ).

The last line uses the fact that w,?f (u1', p3?) is linear with respect to 7.
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The counterpart of p5? is
(B3 (i 52), 03° — 13 )
— (AT + 7, U (T 03) = 7 el (T ), 5 15 )
= <ATM7{17M52 - u§/2> + 7Dy (ugé, ugz)

— TR (T 15°) + T (T 152) — Tont (T 15?) + T (U s,
Let p™ = (pi', p5°) and F7 (™) = (F (ui", p3?), FS (07", p5°)). Then by taking the summa-
tion of equations above, we have

<F7(u")7 - u"'>
== () AES + ()T A+ TDym (o (u?i , /fl”) +TDyna,m (u’f’v u’z’z)
+ gl (Ut i32) — ol (W ig2) + ol (U ig?) — ol (U 52,
Then,
<FT(M7') — F™(p™), p™ — u”'>
:T(Dw{ff(-,u;z) (“7{1’“71“) Dy (“gé’“?)

+ DwEl oty (u’l” , MP) + Dw? W (u? , ugz) )

Since p™, u™ =, D ) uT2) (M’f%u’fi) > yminpey pie(h)Dym, (ui”,ufi) by Lemmam
2

bi ( ’
! ! 2

Moreover, there exists M > 0 so that D,,m, (;/1“,//1“) > M H uit — uit|| according to Hoda

et al.[(2010); |Lee et al.| (2021)). Therefore, the NE is unique when 7,y > 0 by Rosen|(1965). L]

E PROOF OF THEOREM

Theorem E.1 (Formal Version of Theorem |4.2). Consider the update rule (#.2) and g (s,-) is
chosen to be counterfactual value, trajectory Q-value, or Q-value. When "n— < 7C7, where C} ==

% > hes He(h) forany s € S and are satisfied, we have thesfollowing guarantee.

T

T * i(f’)
> Dyn(u ™ wT )
=2

T
2 / —,Q\ _anc, (ry),* A A (D)
< i S i) 2 (¢l +c9) ((6)) 2[5 (e - 190) = w2y 01 5)
4 i T *
ST U (0(s)) gl o s Mo T (E.1)

TymMinses Y e, te(h) =

2 Z mgl)

+ -
T MiNses ZhEs pe(h) es s

P (0 () Dy (w0 ([ 9), 70 (-1 9)),
where C;? denotes C; associated with Q-value, regardless of which feedback type ¢*) (s, -) is.

Proof Sketch. The structure of this section will be as follows. (i). By analyzing the update-rule
(@2), we can get the difference of utilities between our strategy 7(®) and an arbitrary strategy 7 at
a single timestep ¢ in each infoset. (ii). By telescoping and using the smoothness (the strategy as
well as the feedback will not change much at each iteration) of the update-rule, we can further get
an upperbound on the cumulated difference. (iii). By decomposition lemma (Liu et al., [2023)), the
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difference in each infoset can be extended to the difference of utility in the whole game. Then, by
rearranging the terms we can get an upperbound on the cumulated distance to the NE.

Firstly, we will use a standard analysis of the update rule (4.2). For notational simplicity, we define
O (8) = Tnea el (05-p( (1)
P p(s) nes He(P)Hg~ () (03 —p(s) ‘

Lemma E.2 (Generalized from Lemma C.2. in|Liu et al.|(2023))). Consider the update rule in @
When ¢2 is strongly convex, then for any ) (- | s) € Al and t > 1, we have

Tu(_;)( )( 5) A () U(_t;(s)(s) A
sy 5 (T (19)) = e =205 (Mp( (-] )
(t—1) (t)
Hope) (8 Hopin () Ar-®) A(=(t+1)
T sT m(t 1y m(t) (7/’s (Wp(s)( |s)) —¢g (7 Tp(s) (- \5)))

1 (=4O (5,0, 7 (1) = T (-] 9))

(t)
_ TH 0 (8)
<Dy (my(e) (- 8), 755 (19)) = (1 1 ——"2) Dy (o) (- | ), 751 [ 9))
ms

(t-1)
TH_ (s (5) (t+1
= B Dua (M sy (1)

— — 1
= Dy (i (19,750 19)) + s (a0 (s,) = a0 (s,), w0 (- 19) = 7 (1 9))

The proof is postponed to Appendix [E.2}
Multiplying mgt) on both sides of Lemma | we have
SRCINE W( 70 15) = o (V6 (i (-1 )

"o
+ns< i (8) = 10 (5) ) (e 5))_1/’?(77&;1)("3)))

+nmP(— <t>< 5 ;(g(\s) Tps) (-1 8))
<m{) Dya () (-1 9), 70 (18) = (m$ + 0 () Dya (o) (- 8), 7o) (- 19))

(t)
ms t—1 t+ t
— (m + nsf—mg_l)uip&( N Dya (7D ([ 9), 75 (- 19))
— — — 1
= m{ID s (0 (- 18). 70 (1) +meml® (g (s,) =g s, ), 70 (|5) =7 (19))

By noticing the fact that u(_t;(s) (s) is equal to mgt) associated with Q-value, we can use Property

and Property [2] and get,

)
s (t-1) (t-1) ®)
1)

ms

mt” o ®
mgflw—p(s)@ — 10 (8) L2y (8) + |0 (8) = ”—p<s>(s)’

<C/ anc+0 ,Q anc_

We also use the fact that u(f;(s)(s) < 1 in the last inequality. We use C;°? to denote the C
associated with Q-value for simplicity.

Furthermore, by using Lemma [C.2and H6lder’s Inequality, we have
_ —(t+1
(a0, = a5, 7m0 (18) = 70 C19))|

<[5, = a5, - [5) =70 19)]| < 2085 lall . m,

‘ T g)
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where ||q|, = maXe(T],seS Hq(t)(S’ )HOO

By telescoping and non-negativity of Bregman divergence, we have

[M]=

(mern ) (1R () (1)) = marn) (162 (e | 9))

t=1

0o (=g (5, ), 7 ( |8) = i (-19)))

_|_

M=

<3 (= ml D nru () Dya (o) (-18). 700 1)

)

+ (¢l + 0o nmener

t

/|
N

|5) — 0@V (19))| + 2087 ||q||  n2MT

p(s

m{Y Dya (o) (-] 5), “8>< 5)-

(D can be upper-bounded by C7ni" =ty > e the(h) < =252 357, uc(h) by Property and
te(h). By non-negativity of Bregman divergence, we have

_2C

T
S (nemn ) (962 (70 1)) = morn) ) ()62 (o (-] )

=1

~+

+nsm<;><—q<t><s,> “(L)m To(s) (1))

NsTY D pes Hel _
e ZDd,A () (1 9), 700 (1 9))

T
+ (¢l + @) nerye

S 18) = 2@ (| 5))

i —(1
+ 208 |lgll n2MT + m) Dy (mye) (- 5), 70 (| 5))-

Then, we will use the following regret decomposition lemma to extend the difference within an
infoset above to the difference of the game.

Lemma E.3 (Lemma 5.1 inLiu et al.|(2023)). Let II := II; xII5, the polytope of all valid sequence-
form joint strategies. For any p7' € Iy, u5? € Ilo, we let ™ = (7', pg?) € II to denote the joint
strategy, " (™) : IT — R = o™ (u7*) + 92 (u3?), and F(u™) == (= Apz*, AT 7). For any
pD pw@ o u™ ™ e Tand 7 > 0, we have

T

G (™) = Z( ()T (= ™) + 7 () — e (™))

—Zu )G (557505 (- ] 9)) (E.2)
sES
R — max G (™) < max Zu (s))RT)(s) (E.3)
pTell © enses
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where

By(s,a): (2; “pm( ;) P3O (1) (E4)

T
G (5 my( (-1 8)) = D0 ((=CFUL (5,0 + 7B (5,7 (1) = e - 19))

t=1

TR () (1)) = TYR My (-19))) (E.5)

(T) () = (T)(g.7 .
B ﬁzJ(s)(-rflsa;)e(A\AaG (5 7p(s) (- [ 9)). (E.6)

By using Lemma@ we have

ST () D0 () (900 (1) = T ()0 ] )

SES t=1

(=g (s, ), 7 (5) = 7))

.
Z(( (r)x _ (t)) At (ng) A(ﬂéw O )
o (0 S, ) = el e ) = 0l (1) + ol (0, )
o (02 (s, ) = i ) = ol (1) ol i) )
T T
Jk t T,Y) % TyY),* t TyY) %
:Z(( <>) Aplr +(u§ "/)) A(ué)—ué”))
t=1
S R e e e R S S B RN )
+T( (T'v)*,ugt)) (MY’Y)*7 (757) 5% )+1/) Y(p (Tw)*“ugTv) ) — (Mgfv)*’uét))))

The last inequality is because p(m)x is the NE of
T 11 11
max, ™ e, : plt-y min, 132 €My pl2 -y (ni') Aps® — st (U7 57 ) + Ty (1 B3 ).

Therefore,

T
03 D (o) 3 () (e () 1) = ) ()R (L)

SES t=1
+m®(—q W (s, ), ;1<|> L <|s>>)

TYMinges Y p e, tel(h - * —
<_ : hes ZZ (™% (g(5)) Dya (w0 (')v) (~|8)77T:(Dt()5)('|8))
t=2 seS
T
— anc (7T * t _(t+1
+ 3 (CL 4+ 0o @) reu ) o) S [ (nl (1) = A FEC19))
SES t=1
+2) O (5(5)) |l qll o ns Mo T
sES
mS T T,7Y )%
2 S () Dy (T () ).
seS s

It can be easily generalized to bidilated version by absorbing the reach probability of player 3 — p and

. , M3 p . .. o . .
the chance player into 1= for w}rfi" and player p. For ;> ”, since it is linear with respect to up?, it can be
combined into the counterfactual value.
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(1) is because pu(™7)* is the NE of the regularized and perturbed EFG. Then, by rearranging the
terms, we have

T
T * i(t)
ZDwn(u( )

*ZZM T (0 () Dy (T [9), 70 (] 8)

t=2 seS
< = S (0 + ) D () S [0 (0 1 9) = 2 R0 )
~ vy minges Zhes we(h) = s s s P s Ulp(s) s \Tp(s)
Ty min,es 4§jh65 f1c(h) ;S CETUT 7 (0(5)) llgll o me M2T
2 mi e ()% —(1)
i— Zhesuc(h); oM ((8)) Dy ()77 (- 18), T ) (- 9))-

The first equality is by Lemma .1} Now, we achieved best-iterate convergence to the regularized
NE p(77)-* in terms of Bregman divergence. O

E.1 PROOF OF LEMMA[]]
By definition of Bregman divergence, we have
Dy (™, ™) = 0™ (u™) = (™) — (VU (), 0 7).
For notational = simplicity, we wuse p™(s,a) as puj . (s,a). Since ¢Y(u™) =

Yees T (a(s))y2 ( L Efs( ;)) for any s € S,a € A, the gradient V,ﬁ(s,a)wn(;ﬁ) is
equal to

o= E () (oo () )

+ vawﬁ(/;i
i

Therefore,

(Vo™ (™), u7) ~
:seéAs wae) 2 (v (o) 7 (i) ey )

+ Y W (s,a)V wﬁ(iﬂ(s") )

SES,aEA, T(a(s))
- (ot (A1) L
SGSZa:GAS 5/65:0(25;)_(37(1)“ (U(s ))ws (MW(U(SI)) (E.7)

- r oy (e

s€S,a€A; s'€S: o(s')=(s,a) ARRSAS

+ Y Vats (ﬂ(fj( 8;) ). (E.9)

sES,ac€A,

Note that (E7) is equal to Y, g u™(0(s))2 (M@rigs(sg)) = (™) due to the uniqueness of
a(s’).

26



Published as a conference paper at ICLR 2025

Similarly, due to the uniqueness of o (s’), (E-8) is equal to —>" ¢ <V¢SA (;f(gzg)) 1T (s, )>’
which is equal to the negative of @[) and thus cancel out. Therefore,

(Vo (u™), w7 ) = (u7).
Moreover,
(Vo™ (™), 1)
_ T / (s/,~)
- Y o) A(M)
(

s€S,a€A; s'€S: a(s')=(s,a)

Y i) Y <W?’ (ui2§£;2§>)vﬂiiff{é?>)>>

sES,acA, s'€S: o(s')=(s,a)
+ > u(sa) Vet (5 ((M)))
s€S,a€A; B . .. e
=2 il @SA (Fet) + (7 (i) oty ~ wetecon )
Therefore,

<F7(u7r)’u7r _ N'rr >
Ty | E 71'/1 T T i T ) g
== (") App® + (") Apz® +7D o) (/‘117#1 ) + 1D 1 m (#227M22)
+ TPt (U 1p?) — TR (s p5?) + T (e p52) — T (Tt pg?).
E.2 PROOF OF LEMMA [E.2|

Firstly, we introduce the following lemma.

Lemma E.4. LetC be aconvex setand (1) = argmin, . {(g, x) + 1o (x) + %ch (x, a:(o))},

where /€ is a strongly-convex function in C and 79 > 0 is a constant. Then, for any (?) € C, we
have

oy (@) — nrey () + 1 <g, at) - w(2)> (E.10)
<Dye(x®,2) — (1 +979) Dye (P, 2) — Dye (2, 2(©).

The proof is postponed to the end of this section.

Plug 2@ = 70) (-]s),a® = 700 ([5),2®) = 1) (-]5),9 = =gV (s,),4¢ = v2,n =

u®
Ns, To = N’%ﬁ)() into Lemma [E.4] with C = Alﬁfuq
) ()
T (8) T o (8)
ns—p” wEEED( |s>>—n5—“’ Y2 (e (-] 5)

6

1
TN ;t(*))( |8) = o) (-1 8), =4V (s, )
_ TH (s
<Dya (M) (-[9), 750 (-] 9)) = 14”78# Dya (my(s) (-] 8), Ty (-15))
ms
— Dya @V (15), 70 (-] 5)).

s \p(s) 1 Tp(s)
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Ny To = n;(pti()” into Lemma L with C = Alyffl,s
(t—1) (t=1)
THp(s)(8) TH p()(8) A (41
Mo~ YR () (] 8) ns%wﬁ(w;‘g '(-19)
ms ms
1 _
+s{myy (19) = (- 18), =0 (s,)
-1
7—'I”L(*tzo(s))(s) #(tt

<Dya (7ot (1), 75 (1) = (1+ me—— oDz (A V()70 (1))

— Dya (@) (-15). 75 (-] 9)-

Summing them up and adding 7, <q(t_1)(s, )= q®(s,), 7Y (-]s) -7 )> to both sides,

p(s) p(s)
we have
(®) (t)
TH-p(s)(5) TH (5)(8)
”s$w?(”§<)s>('|s)) _’78+))1/) (Tp(s) (-] 5)) (E.11)
ms Mg
(t-1) ®)
Bopo)(8)  Hps)(8) B
(e — D) W nff (19) — v ¢ 9)

+715(=a" (5,0, 700 ([ 8) = Ty (- 8))

(t)
_ TH )(8)
<Dy (mye) (| 8), 75 (19)) = (1 =) Dy (o) (- | ), 75 | 9))
ms

(t-1)
TH_p(s)(8) )
= B Dua (M sl (19)

— — — 1
= Dya () (1) 700 (1)) + 16 (a0 (5,) = 0O (s,), w0 (19) = 70 1))

O
Proof of Lemma [E4)
Dye (m(2),m(0)) — (14 170) Dye (m(z)’ ;c(l)) — Dye (m(1)7 m(o))
= (@) — ¢ @) — (Vi (@),a® — )
—(1+nm0) (1/}6(36(2)) — g (aD) — <w}c(w(1)), z® _ w(1>>)
_ (wc(xu)) — (2 - <W,c(m<o>)’ 20 _ m<o>>)
—nrovC (@) = nrou’ (@) + (1 4 170) Ve (@D) = Vo€ (@), 2 — 20
Since
21 = argmin {<g, 2)+ oy (@) + - (46(@) ~ @) — (Ve (@), z — 2)) } :
xzeC n
by first-order optimality, we have,
<ng + (1 +910) V€ (W) — Vol (29), 23 — w(1)> > 0.
Therefore,
Dye (a:(2), w(O)) — (1+n70)Dye (73(2)7 a:(l)) — Dye (w(l)mm))
>nrou (@) = v (@) + 1 (g,20) — 2. O

28



Published as a conference paper at ICLR 2025

F PROOF OF THEOREM[3.1]

are satlsﬁed we have the

Theorem F.1 (Formal Version of Theorem i Consider Algorith‘ When — < 7C?7 for
O

(h)
any s € S, where CQVT = Yo (113;?4’116;55(\4-1% and! '
following guarantee with probability 1 — 24.

T

T * x®
ZDw“(“( M )
t=2

4Cvisit iff (r %
<=L OETED (0 (s) gl meMaT

seS
2Cvisit 1 (7,77),%
+ . Z D) H (U(S)) mal)is‘ DwSA("B7y)
s€S Mskp(s )(0(5)) zYEAT Y,
4C2 . 1
4 Vit N ) (g (s max Dya(z,y (E.1)
- sze;s”s (o( ))MeAms wa (T, y)

4Cvisi 1 max v151
20 (1 D) (gl + o) 2ri0g 4 T e D)
T v ses ST @,ycAlAs) )

VYssVs

log T+log |S|+log %
Y2 minses 3y e, te(h)

where Cligit == is the maximum gap between any two adjacent visits to an

infoset.

Proof Sketch. (i). Firstly, we show that the estimates in Algorithm |1| are unbiased so that the
conditions of Lemma @l are met. (ii). By Lemma @ and union bound, we can extend the result
of full information feedback to the stochastic feedback. (iii). To ensure the coefficient for the
cumulated distance to NE after telescoping is still positive, we need to bound the largest gap between
the timesteps of two consecutive visits of any infoset.

For any infoset s € S, we define T, {t1 t2,- } where each t* € [T is the timestep that s

sy lssy
is along the sampled trajectory. Then we will show Algorithm [T] uses unbiased estimators so that

we can derive an upper-bound by Lemma4.3| Note that for any u € Al{fi,s, the expectation of the

additional regularizer term is,

PrteTy) | —m—v2@) | =0 (o(s)n") ) (8) |~ (w)
10y (o () T SO LW )

=rl) ) ()08 (w).

Let s(h) denote the infoset that the node & is in. For the original utility, suppose p(s) = 1 without
loss of generality, the expectation of ¢*) (s, a) for any a € A, is,

Y i e (o)W ()

(
1 (als) h'e€H: 3hes,(h,a)Th!

—% > i (o1 (W) (o2 (W) e (W Y3 (m17)

(t)
™ (als) h'€Hy: Ihes,(h,a)Th!
1
MBSO > 15 (1 (W) (2 (W) e (R )54 (757),
) (als) h'€Hsa: 3hes,(h,a)Th’
which is equal to ¢()(s, a) by definition.

By Lemma Pf_gg’l and union bound, with probability at least 1 — §, the following is satisfied for all
infosets s €

brivets tw?U> o (5 “)Ss(,fwfu)_ﬂg U2 (u).
e )<M;(>)(()) () ] Ztato (7D ) 9 (a(s)) (w) P p(s) ()95 (u)
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where ™ is the upperbound of ¥2, which is maxcs %+ when it is Euclidean norm and
maxses @5 log | As| when it is entropy.

Let’s define t0 = 1 for notational simplicity. Similar to the proof of Theorem for each k <
|Ts| — 1, we have

ner 2 () 19)) = a9 (i (19)) 1 (35,1, 700 (1 8) = oo 19))
—(th )

k
<Dy (mps) (-] 8), 700 (-19)) = (L 17) Dy () (- 8), 7oy (-] ))
— (L4 mer)Dya (712 (] 9), 700 (] )
k—1 _ k+1
e (T 5,0 =T (5,00, 7 Cs) =7 L))

k
By multiplying mgts) = % on both sides and telescoping, we have

() (o (s))

|Ts|—1

( (tk)

up(s)< o(s))

1 k )
+ Wea‘ts)(s, o) (18) = Ty (-19)))

(25 ¢ 1) = 02 (i (19)))

o

M(s)( o(s))
<'§< e )Dw$<7rp<s><~|>;i"§<ls>>
wi0(s) Wl Diels)  uls V(o(s)

i 1 — ti
208 VTS iy D (1T

p(s)\7

Since the probability of visiting infoset s at timestep ¢ is at least 72 >, - 1c(h),

Pr(th — 571 > K.) < (1 =92 pe(h)S < exp(—4* > pe(h)

h€s hes

Therefore, with probability 1 —d, all infosets s € S satisfies that for any 2 < k < |T|, [tF —tF~1| <

log T+log |S|+log § K. Th
—_———— 2 = n
2 Zh€5 e (h) en,

1 1 . log T + log |S| + log
(%) (tk 0 — (tka)T Scs—ngnc g - Z g‘ | (h) 25 — T
i) iy o), (o) 72 Yo hes He
log T’ + log | S| + log 1

72 ZhES Mc(h’)
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ane ™% Ynes te(h)
Therefore, when =— < hes

erefore, whe Ns — QCf(logT+log|S\+log%)’
[Ts|+1 _

the inequality above is upper-bounded by — 5™

Moreover, we can write it as (let ¢ = T + 1 for notational simplicity),

S L ! BT ) Dya(mpey (1), 705 (-1 5))
5 o1 - kF—1 P2 Tp(s)\" ) s
S 06 W66 Wl Do) e
\T|t(k+1) 1
<3 ¥ 2 (19,700 (| 5)
2[( s » Tp(s)
k=2 4_y(k)

|T\t( 1) _q

NsT7Y Ehes pe(h _(t%)
= E > Dya(mpps)(-19): 70 19)
2 (log T + log | S| +log )iz S v (Moo Tp(s)

T

@) 1TV Popes Helh) Z
2 (log T + log |S| + log 1)

(o) (-1 5), 700 (] 5))
t=t{?

T
NsTY Zhes MC _(t)
7T , T -18)) + 2K5 max D x, .
2 (log T + log S| + 10g I 2; p(s) (15), s (1)) i N pa (@, y)
(1) uses the fact that for any ¢ € [th tk+1 — 1], *1()'5()5 (-]s) = 7TZ(f( ))( I5).
Then, following rest of the proof for Theorem 4.2} we finish the proof. 0

F.1 PROOF OF LEMMA[43]

Letd® (u) == (f®(u) — fO(u®)) - (f(t) (u) — f® (u(t))>. By the property of f(*), since u(*)
is deterministically influenced by f(V, f® ... fi=D E {}“(t)(u(t)) | fO, F@ ... f=D)
F®(u®). Moreover, ]E{f(t)(u) | fO, F@ ,f(t_l)} = f®(u) for any fixed u € C. There-

fore, d®)(u) is a martingale difference sequence. Then, we can apply the Azuma-Hoeffding in-
equality in the following.

Lemma F.2 (Azuma-Hoeffding inequality). For any martingale difference sequence
M 2@ () with 2®) € [0 )], we have

) 2w?
Pr z® >w | <exp|— .
(; ) Sy (b0 —a0)?

Note that |d(t | <M+ M. By applying Lemma L we have

t) w ex — 2w2
(Zd )= )S p( 23’_14<M+M>2>'

Therefore, when taking w = (M + M )1/ 2T log %, with probability at least 1 — 4,

Ei:( ®(u )<§Z:( () FO@)) + (M + M)y [2TIog 5. O

t=1 t=1

G AUXILIARY LEMMAS

In this section, we present the auxiliary lemmas for the theorems proved in the previous part.
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G.1 UPPERBOUND OF FEEDBACK

Lemma G.1 (Upperbound of Feedback ¢(*)(s, -)). Consider the update-rule #2). For any timestep
t € [T)], we have the following upper-bound on ¢(*)(s, -) and its unbiased estimator g®*) (s, -), no
matter whether it is counterfactual value, trajectory Q-value, or Q-value.

717 el D™ +1 . .

My oo -

lall. = Mifses A Tove Outcom.e Sampling of Trajectory Q-value G.1)
ar ledl DY + 1 Otherwise

where D = maxpey D(h) is the maximum depth of infoset and ¢™2* is the maximum of the

regularizer, which is for Euclidean distance and maxg¢ s log |As| for entropy.

1
2minges |As‘

Proof. When calculating the feedback §*) (s, a) for outcome sampling of trajectory Q-value, we
need to divide the probability of choosing action a, which is 7 (a|s) > Milges aecA, VsVs.a-
Then, its upperbound is that of the full-information feedback setting divided by the constant
Milges qed, VsVs,a- Therefore, in the following, we will focus on the upperbound of Vs,
in the full-information feedback setting.

In the following proof, we only consider s € &p since player 1,2 are symmetric. Furthermore,
we only need to prove the upper-bound above when qW (s, -) is Q-value, since by definition, the

- ™ — Q7 (s,a) Am . .
Q-value QT (s,a) = S R (o () (o2 () > QT (s, a) (similarly, it is also larger than the

counterfactual value).

Let s(h) be the infoset that node h is in. Firstly, when 7 = 0, which means only considering the
contribution of ¢4, to ¢g(*) (s,-), for every s € Sy, we have

Q7 (s, a)]

1
" nes te(M)pi (o1(h))u3? (02(h))

> uc(h')ul(h')ufl(Ul(h/))u?(az(h/))|
h’: 3hes,(h,a)Ch’
(2 1

S nes oWt (o1(h)) 3 (o2 (h))
< 1
T hes el (o1(h))ps? (o2(h))
S R T o Tl 2 oW (1 a1 =

hes

pre (UL (R )i (o1 (B)) 3? (o2 (h))
h'’: EIth,(h,a)Eh/,As(h/):@

pe (K )i (o1 (h) 3 (o2(h))
h'’: Elhes,(h,u)Eh',As(h/):@

(7) is because Uy (h) # 0 only if h is a terminal node. (i) is by the tree structure of EFG. Now
consider 7 > 0 and U, (h) = 0 for any h € H. Moreover, we will only show the upperbound when
using dilated regularizer, since bidilated regularizer is upperbounded by the dilated one.

Let S0 (s) = <q(t)(s, ), 771(0?)(~ | s)> - ﬁwf(wg())ﬂ | s)) when Ay # () (s is not terminal node)

and S()(s) = 0 when A, = () (s is the terminal node).

We will prove |S®)(s)| < ar lledl (D —D(s)) ™* by induction. For infoset s € Si with
D(s) = D, we have SV (s) = 0 = 7||all, (D —D(s)) y™*. Therefore, the initial step of
induction is completed.

Consider when all s € S; with D(s’) > d for some constant d, S®(s') <
a1, el (D —D(s")) ™. Let Pr(h — h') be the probability of reaching £’ from node %, when

considering all nodes encountered along the path (player 1,2 action node and the chance node) for
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notational simplicity. Then, for infoset s € S; with D(s) = d, we have

Q7 (s, a)]

50(s AT o
s'€Sy: ;s/)—(s,a) % Zh'Es IU’C ( (h/)) 52 (o2(h)) }%’ prih= 10

Z ML Ha”oo (D_D(S) _ l)wmax
s'€81: o(s)=(s,a) 1
pre(h) i (o1 (h))pg
1

Pr(h — 1)
h€s Zh’Gs /ch(h/) (U (h/) 02 h’, hZG;/

IN

= el (P =D(s) = 1) ™

M1
oW (AT (o) o
Z Zh 'es pe(R)pi* (o1 (R'))ps® (o2 (') h'€H; : t;(h’)—(s,a) o

= llall (D —D(s) — 1) ™.

M1
Therefore,
[50)] = | (49051780, 1)) = Tl 1)
-
< o o max o max
<ar el (D= Dl&) ~ Dy 4 - v
=37 lelc (P = Dls)) wm
This concludes the induction step. O

G.2 BOUNDING My, M,

By choosing s as a fixed constant 7 > 0 for any player i € [2] and s € S;. v, is chosen to be
proportional to the number of terminal infosets (s' € S with A, = ()) in the subtree rooted at (s, a),

we can get y > I ; Then, we have the following lowerbound and upperbound on m( ),

Lemma G.2. When u§t), u(f) =y, m ( ) are lowerbounded by M; and upperbounded by M, with
the following M7, Mo for different feedback

yminges Y e te(h) Q-value 1 Q-value
M =41 Trajectory Q-value My = % Trajectory Q-value
1 Counterfactual Value 1 Counterfactual Value

(G.2)

Proof. We only prove the lowerbound and upperbound for infoset s € S; since two players are
symmetric.

For counterfactual value, since mgt) =1, My, My, =1.

For trajectory Q-value, since m( ) = ﬁ, we have My = % > mgt) >1= M.
1 og(s
For Q-value, m" = D hes uc(h)uét) (o2(h)). Since the reach probability

w1t (0(8) Y pes te(h )uét) (o2(h)) < 1 for any 7, we can let m play deterministically to
reach s. In this way, mg is equal to the reach probability so it is also upperbounded by one. At the
same time, m{" > Y2 ohes He(h) > yminges D, o pie(h). O
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G.3 PROOF oF LEMMAI[C.Z]

Lemma G.3. Consider update-rule @2). When o2 (u) = % >, u? is the Buclidean distance
where a; > 0 is a constant, we have

cg = el g+ AL ©3)
Let 7" = L&;() When o5 (u) = % Y 4 u2, we have
19 =70 18|
et (20 + e ) s
= 14%(};)5(.(';)1) (1+7Z;ss = 1>)q(t71)(3")_77%)“8)
o o+ e [ 1]

1
B

<m<VHw +T).

M,
In the last line, we use the fact that u(_t;(s) (s) < 1.

As a result, s H
1

I < (e gl + 7 VA
A 19 =70 (19| < n (B all, + 7 VIA). 0

Tooo (-1 8) = T,

Similarly, ’

O s
Proof of Lemma[C.3] Let 0 = #‘T:L’ift)’() When 2 (u) = ay (log[As| + Y e 4. talogua),
the update-rule (#2) is equivalent to

7 (als)
1
¢ - . ¢
7l )(a | §) 1Hmsms exp (as<1+77575“1>> g )(s,a))

=max 7 » VsVs,a

ﬁ(t) (a | 8) exp <(1+::_(11))q(t) (8, Cl) - =1 (fj;.T(t—l)) log ﬁ(t) (CL | S))

= max

7 y VsVs,a

for any a € A,, where Z > 0 is a normalizing constant to ensure 7(*)(a|s) is still a proba-
bility distribution over Al4<!. The equivalency is proved in Lemma For notational simplic-

ity, we define IV (s,a) == —mq(t)(s,a) + mgtfl)(llnﬁy,l)) log 7" (a|s) so that
7 (a|s)exp(—nsl? (s,a)
7 (a|s) = max { pé ! ),'ysus’a}.
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. t _(t i 7 (a|s
Firstly, for v, = 1, we have 771()()5)(~ |s) = W;()S)(~ | s) = v,. Therefore, C4iff = 0 and %(t)ga } s% =1

for any a € Aj,. In the following, we assume v, < 1.

We can see that 7(Y)(a|s) is monotonically decreasing with respect to Z. When Z <

7 (a]s)exp(— s ® s,a
exp (—ns maxgea, (¥ (s, a’)), forany a € As, we have 7 (a | s) > (a]2) pé nl00w)

7 (als). Then, >, 4 7P (a]s) > 1.

Therefore, Z > exp (—1; max,/ca, 1M (s, a)).

Similarly, when Z > exp (—nsmina/eAS l(t)(s,a’)), for any a € A;, we have
7 (a|s)exp(—ns1® (s,0))
Z

<7 (a|s). It implies that >, , 7 (a|s) < >, 7P (a|s), un-
less 7 (a|s) = VsVs,q for all a € A, which is impossible since we assume «y, < 1. Therefore,
Z < exp (—ns mingea, l(t)(s,a')).

Then, if mals) expéinsl(t)(s’a)) > YsVs,q, We have
| <™ als
“7(als)
exp (—nsl(t>(s a))
B 7
<exp (ns max 19(s,a") = sl s, a))

n t t n Y ﬁ(t)(a/ | s)
<exp | ——=——— (max q( >(s,a') — q< )(s,a)> + L __log max ———— =
o ( )

14+ 7757_5(75*1) a’€Ag 1+ 7757-5(’5*1) a’eAg (1) (a | 8)

(©) Ns T 1
< (2 - log —
_exp(as ( gl + My °8 ’Y))

(i1) s T 1
<1+2—1(2 log —
142 (2lal + G5 0n L )

In (i) we use the fact ||q|| ., > ¢ (s, a)‘ forany a € Ay. In (i7) we use e® < 142z forz € [0, 1].

79 (a | s) exp(—n.1? (s,0))

If 7 < @(a|s), we have
exp (—nsl® (s, a .
( Z )) >exp | s aI/IéI;‘ls i (s a/) - nsl(t)(sv a)

Ns T 1
= exp (_a (2 Il + M, log 7)) :

Therefore,
W(als) _ 71 (a|s)exp (—nsl(s,a)) 1
Tlals st(S, Ns Tas
1> > > - 12 1 _
= 70(als) = 7O (a|s)Z —GXP< o ( lalloe + 37 og,y))
Ns TOg 1
>1- = (2 log — | .
= a5< lall + A 0g7>

Then, for any a € A, we have

(t) 1
7(als s T
m9(als) _ 1’ SQ?T (2 lall., + log ’Y) .

7 (als) M,
Therefore,
® @ N =) wM(als) s ra, 1
[y 19) = 70019, = 5 70al9) [Zas) 1 <22 (2lall + G og ).

a€EA,

Similarly, the upperbound above also holds for

TT(H'I)(a\s) B ‘
el g, O
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G.4 UPDATE RULE OF MWU

For ease of representation, we ignore the learning rate 1 without loss of generality (the update-rule
is the same without 77 when multiplying both the gradient g and 7 by 7).

Lemma G.4. Consider the update-rule z(?) = argminmeAlwA-‘/ (x,g)+T1¢(z)+ Dy (x, 1)) where
W e AVAT’ 4 > 0is a constant, and v € Al, A is the action set and ¢(x) = Y wcarlogr +
log | A|. Then, the update-rule is equivalent to

1

(#8) ™ exp(—12)

gc((f) = max s YVa (G.4)
A
forany a € A. Z > 0 is the normalizing constant to ensure ) 2P =1,

Proof. By definition of Bregman divergence, Dy (z,z(V)) = 3° acA Talog ;(—‘;) Therefore, the
Lagrangian function of the update-rule is
Flx,a, B) == (x, g) —l—TZmalogxa—l—Zxalog Zxa—l +Zﬁa Ta — VWa)-
acA acA acA acA
By taking Vg F(x,a,A) = 0, for any a € A, we have
(2)
(1)

a

ga + 7log x(2)

which implies that
(2) (1) = 1
2 DA
== I E—— a 1 a .
Ty (xa) exp( 1 (ga + +T+0¢+B)>

By duality, 3, < 0. By complementary slackness, we have Ba(z((f) — vv,) = 0. Therefore, when

(2) _

_1
Ba < 0, we have x4 ' = yv,, which implies that (mgl)) n exp (—14%7 (ga+ 147+ a)) < Y.

When g, = 0, we have 2\ 2 > YUq SO that( (1))147 (—H%(ga-i-l—i—T—l—oz)) > Y.
1

exp
Therefore, the effect of 3, is equivalent to take a max on (x,(ll)) r

exp (714%7 (ga +1 +T+Oé)>
and we have the update-rule

= 1
xgz)_max{(za1)>l exp( 17 (ga+1+7+a)>,fyz/a}

(xal)) 7 exp(— )

=max ,YVa

Z

where Z = exp (%) O

Remark G.5. In practice, we can implement the update-rule in Lemma as follows. We assume
v < 1 since otherwise we can simply let 2(?) = v.

" exp(— i) and sort it in increasing order, which is 71 < 7 <

e Compute Z, = ( (1))

- < Ty Slmultaneously, adjusting v according to the sorting of Z to get , which is the
lowerbound x should satisfy.

. M — ZJ‘>i§j
Enumerate : = O, 172, R ,|./4| Let Z = m
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Figure 2: The result of full-information feedback in four benchmark games. We compare with CFR
(Zinkevich et al.,[2007), CFR+ (Tammelin et al.,[2015), MMD (Sokota et al.,[2023)), DCFR (Brown
and Sandholm)| 2019)), and PCFR+ (Farina et al.||2021a). We can see that QFR outperforms MMD in
all games. However, due to multiplicative noise caused by using Q-values, QFR cannot outperform
PCFR+, an advanced variant of CFR.

o Check Z; <~p;Z if i > 0and Z;41 > Y041 Z if i < |A|. If the current Z satisfies, return
it. Otherwise, continue the enumeration.

a

1
(W) 17 _
According to the monotonicity of max { (=) ZCXp(

1T

,YVa ¢ With respect to Z, the algorithm

above will definitely find the correct Z and the time complexity is O(].A|log |.A|) (the bottleneck is
the sort).

H EXPERIMENT DETAILS

Figure (1| and Figure [2| are conducted on 240 cores of Intel Xeon Platinum 8260 and Figure |3| is
conducted on Intel(R) Xeon Gold 6248 with NVidia Volta V100. The code is based on LiteEFG
(Liu et al, |2024) with game environments implemented by OpenSpiel (Lanctot et al., [2019). The
range of grid search and the best hyper-parameters can be found in the supplementary materials.

We present the experimental results for full information feedback in Figure 2] that is, we use trajec-
tory Q-value, Q-value, or counterfactual value as ¢*) (s, -) in the update rule @2)). In Figure [2, we
plot the last-iterate performance for all the algorithms to ensure the comparison is fair.

In Figure[3] we present the ablation study on importance sampling when the strategy is approximated
by the neural network. Our implementation of QFR is based on PPO (Schulman et al., 2017) in
CleanRL (Huang et al., [2022). We can see that with importance sampling, the network gradient
blows up so that the network does not converge, even though we have applied gradient clipping.

I QFR WITH LAZY UPDATE

In this section, we will show a variant of QFR, which we coin it as the lazy update version. In this
version, the original dilated regularizer is applied instead of the bidilated one. The advantage of
this variant is that the convergence only requires the proportion of 7, and 13" to be a constant with
Q-value and counterfactual value, so that the convergence rate depends polynomially on the game
size.

The disadvantage is that importance sampling is needed for the additional regularizer when using
stochastic feedback (the dispersion of feedback is not very large since the magnitude of the addi-
tional regularizer is controlled by 7). Moreover, when sampling a trajectory, for those infosets that
are not on the trajectory, we still need to update the strategy 7(- | s) in them. In other words, for
those infosets with g(*) = 0, we still need to update the strategy due to the additional regularizer
(please refer to for details). In practice, we can ignore the update of those infosets that are not
along the trajectory, and postpone the update till the next time visiting them. That’s why we call it a
lazy update.
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Leduc Poker
Exploitability Gradient Norm (Before Clipping)
______ A
107 4 P e
10* 4 7
—A—
0 100 200 300 0 100 200 300
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—A— QFR  --e-: Counterfactual feedback Traj-Q feedback

Figure 3: The result of QFR with sampling feedback. We can see that with importance sampling,
the gradient norm keeps growing so that the network does not converge even with gradient clipping.
The right figure shows the gradient before clipping and the gradient will be clipped so that its norm
is bounded by 0.5.

Consider the following update-rule, which is (4.2)) with dilated regularizer instead of the bidilated
one.

T (- 19) =T (7o) 18), =" (5,)) + — e 19)
+tig(wp<s><~ls>, 7 C1s) 1)
A Gl = argmin  (m (1)~ (s,)) + — 02 (e (-] 5))
Ty (- [ 8)EATL ms
2Dy (o (151,780, (1 5) 12)

As Theorem@ we can show the convergence of this update-rule. Note that in the following theo-
rem, the proportion of 75 and 12" is now a constant when the feedback is Q-value or counterfactual
value, which implies a polynomial dependence on the game size.

Theorem L1. Consider the update rule (IT) and ¢(*)(s,-) is chosen to be counterfactual value,
trajectory Q-value, or Q-value. When nn— (A)”(B)H(C) are satisfied, we
have the following guarantee.

T
Z Dyn (um* )
t=2

ézzcznznmm*(o(s))Z A0 C1)) = vREVE(9) (L3)
seES t=1
4 )
+ = 3 O (0(5) llgll o meMT
sES

*ZMQ (0 () Dys (o) (- | 8), Ty (| 9)).

seS Nls
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Lemma L.2 (Generalized from Lemma C.2. in[Liu et al|(2023)). Consider the update rule in #.2).
When 12 is strongly convex, then for any m,) (- | s) € A=l and t > 1, we have

ne— 02 (rl0 (1) = Mf (7o) (-1 9))

1 1 _
+ T ((H) - <>> (WA 15) — w2 7S (1))
ms ms
+05(=q(5,), 700 (1 8) = oy (-] 9))
<Dy (mp(s) (-] 8), 7o (19)) = (1 + s (f))DwA( T (19), 75 (- 9))

(A +n —=7) Dus (RS \s)nr;igus))

—Dwg(ﬂ,(,()s)('\S)ﬁl()?s)('IS))Jrns<(t s, = s, w0 (1) =70 G 9)).

The lemma’s proof is similar to Lemma[E.2]
Multiplying mgt) on both sides of Lemma we have

(t)
nsrw?(ﬂﬁf()s>('|5)) — a2 (Mo (- | 8)) + 7787 (n::ts_l) - 1) (%A(m(f()s)(-l s)) — ¥5 (7 ;t(fl)( |5)))
+em (=g (s,), 78 (- 18) = mp(ey (-1 )
< )was)( 070 (18 = (m 4 1) Dy (9,755 (1 9)
m

= e T D (R 1), m0 1 5)

2 Tp(s) Tp(s)

fmg“Dwsm;iL)(-|s>,fr§f85>< 19)) +mem (a7 (s5,) = (5,0, 70 (1) = 7 (1))
By using Property 2] we have
(t)
ms — 1
(m(t 5 - 1) WS (1) = w2 ESED ([5))

> C/ngnc

_(t+1
R0 (1) = R EE o)
Furthermore, by using Lemma[C.2]and Holder’s Inequality, we have

(a0 (s,) = a0 (s,0), <(L><|s> A1)

S CORECR W LA DEE Al

0 <208 gl n,

where ||q||oo = maXtG[T],SES Hq 87 : Hoo

By telescoping and non-negativity of Bregman divergence, we have

T
S (1m0 1) = 1702 (e - 9)) + 0 (=g O (5,0, 780, (-1 9) = w1 5)

p(s
t=1

T
<2 (md? =Y ) D (19730, 1)
t=2
®
T
anc t —(t+1 i
+ Ly Z W2 (0 (18) — R ESED (18))| + 208 g, n2MaT
t=
—(1
+ Dy (M) ([ 9), 750 (-] 9)).
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(D can be upper-bounded by C;n2"¢ — 5,1 < — 1T by Property 2| and letting 7’;]: < ;&= By
non-negativity of Bregman divergence, we have

> (mer v () (1)) = memi (myo) (- 19)) + mem® (=g (5,), w0 (- 8) =y (-] 9)))

T T
NsT — n =
<= BTN Dya (o) (19). 700 (1)) + Clngrnze 3 [ (0 (1)) = 62 (7S¢ 9)
t=2

t=1
i —(1
+ 2087 ||g|| o 72MT + m{D Dy (mpioy (- ), 700 (-] 5))-

For simplicity, we use p := (x,y), F(u™) == (—Ay, AT xz), 1 :=1II; x [I5,and S := S x Ss.
By using Lemma|[E3] we have

0 LGy
=2 T o ()NGD (i w73 (| )

seS
T
=D () D (7 (g 1) = T (i )
sES t=1
(=D (s,), 70 (- 5) = 757 R))

<= 2 AT (o) Dy (r 1) T 1 9))

t=2 s€8S
T
n T 1
+ 3 Clrpzepm Z w0 Cls) =R @S ¢ 1s)
seS t=1
+23 CHTTD*(0(5)) |lqll o 1Mo T
sES

+ 30 T f D (0(5) Dy (o (- | ), 700 (-] 8))-

(7) is because pu("7)* is the NE of the regularized and perturbed EFG. Then, by rearranging the
terms, we have

T
Z Dyn (M(Tﬁ),*7 ﬁ(t))

—ZZu D (0(5)) Dy (w7 (| ), 7L (-] 9))

t=2 se€S
T
anc ,, (7 —(t+1
<2y Clppreptr Z (0 19)) = w2 FSE(19)

sES t=1

4 i *
+ =3 CHT T (o (5)) || gl msMoT

T seS

mi - =
2y T () Dy (mpgs) (1 8), Ty 1)
GES

The first line is by Lemma .1} Now, we achieved best-iterate convergence to the regularized NE
p(™7)* in terms of Bregman divergence. O
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1.1 LAzy QFR WITH STOCHASTIC FEEDBACK

Consider when we can only estimate ¢(*) at each iteration, we apply the following update-rule to
each individual infoset s € S,

(t) . . ~(t—1) T A
(s ( | S) - argmirn 71—p(s)(' ‘ 8)7 —q (S, ) + 7,¢s (Wp(s)(' | 5))
p(s) T (| ) EATS s < > mgt 1)
1
+ oD (i (19) 70 15)) (L4)
. T
,I(::(-:)l)( |s)= argmin <7rp(s)(. | s), ,(}(t)(s’ )> + —& d;sA(ﬂp(s)(. | 5))
Tp(e) ([ S)EATL? ms

1 _(t
+ Doz (mpis (1), 70 (1))

Remark 1.3. Note that the update-rule above is not realistic, since even when an infoset is unvisited
at timestep ¢, i.e. ¢\*) = 0, we still need to update the strategy ﬁz(fg)l)( -| ) and wét(j)l) (-] ) due to
the regularization term. However, we can do a lazy update. We will record the update time ¢}, of
each infoset s € S. Once we touch a infoset s € S at timestep ¢, we will do ¢ — ¢, steps update with

a zero q*) (s, -) and update the time stamp t;, < t.

Then, we have the following theorem. Note that the dependence on game size is still polynomial for

Theorem 1.4. Consider update- rule and ¢ (s, -) is chosen to be counterfactual value, trajec-

. . ' are satisfied, we have

= 2C
the followmg guarantee w1th probablhty 1-9.

T
Z DwH(N(T’W)’*,ﬁ(t))
t=2

T
<2 Z C/na"cu(T’"’)’ Z

seS

(m C18) = wB D 19))]

4 i T,Y),*
+ =D CIUT (0(9)) llgll meMaT (L3)

seS

ms , _ 8 1
4 250 D () Dy (o -1 5), T - 5)) + © lall - 1514 /2T Tog .
seS Nls
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By Lemma once we have an unbiased estimator g\ (s, -) for ¢*)(s, ) in each infoset s € S
with the same upper-bound ||g|| ., by Lemma4.3} with probability 1 — 6, we have

T
Z (P2 () (1)) = 708y (-19) + ml (=g (5, ), 70 (- 15) = ey -] )))

MHI

(0 (g 19) = 7 (o (| 8)) +m (3 s, ). 8) =m0 (| 9)))

1
+4llql. /2105 5

(’L) T 3 anc d
< = 5 2 Dya (w1 8). 750, (-1 9) + Clrm:
=2 t=1

~
Il

1) = A EE 19|

+205" g o nemT
o)

ms (1) 1
Dy (-9, 1)) + 4l 2T o 5.
(4) follows the discussion in Appendix
Then, the proof follows the proof of Theorem 4.2} O
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