IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. ?, NO. ?, ? 2009

Further results on stable recovery of sparse
overcomplete representations in the presence of
noise

Paul Tseng

Abstract—Sparse overcomplete representations have attracted
much interest recently for their applications to signal processing.
In a recent work, Donoho, Elad, and Temlyakov [12] showed
that, assuming sufficient sparsity of the ideal underlying signal
and approximate orthogonality of the overcomplete dictionary,
the sparsest representation can be found, at least approximately
if not exactly, by either an orthogonal greedy algorithm or by
£:-norm minimization subject to a noise tolerance constraint. In
this paper, we sharpen the approximation bounds under more
relaxed conditions. We also derive analogous results for a stepwise
projection algorithm.

Index Terms—Basis pursuit, greedy algorithm, £;-norm mini-
mization, matching pursuit, overcomplete representation, mutual
coherence, sparse representation.

I. INTRODUCTION

fundamental problem in signal processing is that of

finding a “good” representation of a given (possibly
noisy) signal y € R™. An approach that has been gaining
popularity is to choose an overcomplete set of elementary
signals ¢1,...,¢m € R", normalized so that ||¢;]ls = 1
for j = 1,...,m, and use optimization or other means
to find a sparse representation of y from this set. This is
guided by Occam’s Razor principle that “simplest is best.” For
example, letting @ := [¢; - - - ¢y] € R™*™, we might seek a
representation ®a = y for which a € £™ has the fewest
nonzeros. However, this problem is known to be intractable
(NP-hard) and its solution is highly sensitive to noise in y. A
less noise-sensitive problem formulation is

min [jallo subject to ||®a — y||3 < &%,
aeR™

where & > 0 is a user-chosen tolerance. Here and throughout,
|| - |l denotes the £,-norm (1 < p < oo) and |lallo :=
|supp(c)|, where supp(c) := {j | o; # 0} and | 7| denotes
the cardinality of a finite set 7. Thus, we seek a sparsest
(i.e., fewest nonzeros) representation with noise tolerance 4.
However, this problem is still intractable in general.

To make the problem tractable, it was proposed in [12], [18],
[31] to approximate the nonconvex discontinuous counting
function ||-||o by ||-||1, and thus solve the convex optimization
problem

min ||al|; subject to ||®a —y|3 < 6% 1)
aeR™
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This problem can be efficiently solved by various numeri-
cal methods and is closely related to least square with ¢;-
regularization used in basis pursuit denoising and LASSO [6],
[26], [29]:

jmin [|®a—yl5 +7llell,  (v>0) @
where 1/ may be interpreted as a Lagrange multiplier for
(1) for some suitable 6 > 0 [16]. In some studies [2], [21],
|| - |l1 is replaced by || - ||, for some 0 < p < 1. However,
the corresponding optimization problems (1) and (2) are no
longer convex and have spurious local minima, e.g., @ = 0.
Thus, a global minimum is not guaranteed to be found by a
local descent method.

Another practical strategy for finding a sparse representation
is to select the members of the representation one-at-a-time in
a greedy manner, until the least square residual is below a
user-chosen threshold 5°°* > 0. One such greedy algorithm
is the orthogonal greedy algorithm (OGA) [7], [24], which is a
modification of the matching pursuit algorithm of Mallat and
Zhang [23]; see [1], [8], [12], [28] and Section IV for further
discussions of OGA.

Let o be any solution of (1), and let a”" be coefficients
generated by the OGA. (Note that o’ = 0 if and only if
d > ||yl|2.) How good approximations are «® and o’ of a
sparsest solution? This question has been extensively studied
in [11], [12], [23], [17], [18], [19], [22], [30], [31]. In the
studies [11], [12], [13], [17], [22], [30], it is assumed that the
original signal y° lies in the span of ¢1,...,¢nm, i.6., y° €
Span®, and af, " are compared with a solution a° of

min llallo subject to ®a = y°. (3)
aeR™

Note that «® = 0 if and only if y° = 0. In what follows, let

J’ = supp(a?), N = |T
Cin = Imin |ag], e = |ly—y°l-.
It is not difficult to see that a® = oa”" = a° whenever
@1, ..,0, are pairwise orthogonal and ¢ = § = 0. This

suggests that o’ and o’ are good approximations of «?
whenever ¢4, ..., ¢,, are approximately orthogonal and ¢ ~
d = 0. Accordingly, central to the analysis in [11], [12], [13],
[17], [18], [19], [22], [23], [30], [31] is the following measure
of approximate orthogonality, called “mutual coherence” and
introduced by Mallat and Zhang [23] in their initial study of
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matching pursuit,

=, max 6] 6. 4)
As is noted in [12, page 7], there exist overcomplete sets
with m ~ n? and p =~ 1//n; see [27, pages 265-266] and
references therein.

In the noiseless case of ¢ = 0, Donoho and Elad [11,
Theorem 7], Gribonval and Nielsen [22, Theorem 1], Fuchs
[17], Tropp [30, Theorems A and B] independently showed
that a® = o is the unique solution of (1) and (3) whenever
§=0and N < L(u~* +1). If  is the concatenation of two
square orthogonal matrices, then the latter condition can be
relaxed to N < (v/2— %)/fl [11], [15]. Tropp [30, Theorems

A and B] showed that a°“* = a° whenever 5°“* = 0 and

N < (p ' 4+ 1). In the general noisy case, Donoho, Elad,
and Temlyakov showed that
0 (e +9)?
lo? = a?l} < 1= (4N 5 ©)
whenever § > e and N < X(u~' + 1) [12, Theorem 3.1].
s 1,1

They also showed that supp(«a ) C J~ whenever N < S

and
1—uN ++/1—-uNVN
6> (6)
1-— 2,uN

[12, Theorem 4.1]. (A related result for (2) is derived in
[18, Theorem 4], showing that supp(«a P) C J° whenever
N < gptand /2 > 1+ uN e, where o™ is any
solution of g%)) It is further shown T [12, Theorem 5.1(a)]
that supp(a” ) = J° whenever §°“* = ¢, N < L(u~'+1),
and

o 2¢
aminz 1—/.1/(2N—1) (7)
In this paper, we derive new stable recovery results for /;
minimization (1) and OGA in the noisy case. In particular,
we improve on the main results in [12] by sharpening the
aforementioned approximation bounds under more relaxed
conditions. For example, we sharpen the bound (5) and extend
it to hold whenever N < (3 — O(p))p~" + 1; see Theorem 1
and (22). We further extend this bound to the case of § < e,
which had not been studied previously. The bound involves an
additional quantity Ly, (see (12)), which is the 2, 1-norm of the
pseudo-inverse of at most k = ||a?||o+ N linearly independent
columns of ®. If o’ is also sparse so that uk < 1, then
Ly <1//k~! — p; see (13). The suff|C|ent conditions (6) and
(7) for supp(a?) € 7° and supp(a”"") = 7° are similarly
relaxed; see Theorems 2, 3 and Corollary 1. In particular, the
condition 5°°" = ¢ and (7) are relaxed to 57" > e and either
N=1or

2¢ €+46
N >2and > .
and A, _max{l—u(QN—l)’ 1—u(N—1)}

(8)
In addition, we show that another greedy algorithm, called
stepwise projection algorithm [1], has similar sparsest support
identification properties as OGA; see Theorem 4 and Corollary
2.

The preceding analyses are worst-case in the sense that the
results hold for all ® subject to conditions on N, u, €, d, etc.
In particular, for u &~ 1/4/n, the results require N = O(y/n).
There has been much recent work showing that, for ® ran-
domly generated from certain classes of distributions (e.g.,
Gaussian), stable recovery by ¢; minimization (1) or OGA is
likely even when N is nearly O(n); see [3], [5], [10], [14],
[32] and references therein for the noiseless case and [4], [9]
for the noisy case. These results are based on approximate
isometry properties of submatrices of ®. The approximation
bounds in [4], [9] for (1) require § > ¢, as well as m = O(n)
in [9].

Il. MATRIX NOTATIONS AND NORMS

For any A € RP*4, define

IAlls = max, | Adl1,

lAll2,1 == max, | Ad|l1,
l|d]|2=

Alls = Ad||s.

[ All2 ||§rﬁfi{1” dl|2

Then, for any d € R9, we have [|d|l: < \/glld|l2 < qlld]|e
and [[Adlly < [[Allidllx, |Adll: < [[All2lldl2. [[Ad]l2 <
||A||2”d||2 AlSO, ||A||1 = max; Ez |Az]| [20, Section 22],
and [|All2,n < 3254 /20; 1441

For any @ € ®™ and nonempty set 7 C {1,...,m},
J. == {1,...,m} \ J, ay denotes the subvector of a
comprising those a; with j € J, and &y denotes the
submatrix of & comprising those columns ¢; with j € 7. The
following lemma derives bounds on the singular values of &
and on the norms of its pseudo-inverse [20, page 139] and
(®%® )~ . It will be used to prove Theorems 1-4. Lemma
1(a) and its proof are similar to [12, Lemma 2.2] and its proof.

Lemma 1: For any nonempty 7 C {1,...,m}, the follow-

ing results hold with M := |J]|.
@ [I®sll3 <14 p(M —1) and
1@gdll3 > (1+ plldll3 — plld||?
> (L—p(M—1)ldll3  vdeRM.

(b) M u(M-1)<1, then L& isinvertible and E :=
(@1 7)~ satisfies

p?(M—1)

1+ LM i — e g

Eil < 11 ! 9

1
D —

1Bl < T (10
1

E®L|, < —————. 11

IE®7]l. < Y, (11)

Proof: By (4) and [|¢;||. = 1 for all j, we have ®%.& ; =
I — B, where B;; =0 and |B;;| < pfori#jeJ.
(@). For any d = (d;);jes € R, we have
|3 = diBi;d;.

i#j

|®sd|3 = dT"T®7d=d"(I - B)d =
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Since |Bij| < gy | Xy diBijdj| < iy pldilldi| =
plidllf = plidll3. Thus

A+ wlldll; - plldlf < 127d]l3 < (1 = wldll3 + plldl]-

Using ||d||? < M||d||3 and the definition of ||® 7||>» completes
the proof.

(b). For1 =2,3,...,
(B = Z(Bl_l)ikBkj
Py
< u) (Bl
k#j

Yirls
from which it follows by induction on [ that
|(BYy]| < gl (M —1)7Y YijeJ, 1=2,3,....
Since pu(M — 11) < 1, it follows that I — B is invertible and

< u(M —1)max|(B"- Vi,j e J,
k]

E=(I-B)'=I+B+B%+---, sothat
|Eijl = |(I+B+B*+--)l
1+ (B?)ii + (B +---| ifi=j
|B1J+BZU+“'| ifi#j
L+ p? (M =1)+p*(M -1)2 + ifi=j
= e+ pA(M=-1) 4+ (M- 1) + ifi#j
M—-1
< {”% fi=
TSy ifi #£7.

This proves (9). Lastly, (a) shows that the singular values of
® 7 have magnitude of at least \/1 — u(M — 1) > 0. Using
the singular value decomposition of ® 7, it is straightforward
to verify (10) and (11). [ ]

Il. SPARSE REPRESENTATION FROM £1-REGULARIZATION
Fork=1,2,..., let

Ly := (@)~ @kll21, (12)
i.e., the maximum is taken over all K C {1,...,m} such that
K| < k and &k has linearly independent columns. When
u(k —1) < 1, it follows from (11) that

< —YE (13)

1—p(k—1)

When |¢F ¢;| € {0,1/+/n} for i # j [27, page 266], L), may
be estimated using Cramer’s rule for any k; see [33, Lemma
5]. In general, L, may be difficult to estimate. However, it
plays a key role in the following extension of [12, Theorem
3.1] when ¢ < e.

Theorem 1: If N > 1, u(N —1) <1, and puN < 1, then
1 N
l® ~ el < (VRO + 12T (o + VD) ) (e 4 9),

max
rank®x=|K|<k

puN
14
e’ = a3 o
2
<1+u<\/—19+1+p” (A +\/_19)> ) (11(2 ;
(15)

where
_1+BWN-) L
1—pu(N-1)" V1= u(N-1)
— L”as” 4N if § <e
As : {0 ’ else.

Proof: Since J =
solves (1), we have

supp(a®), a® solves (3), and a°

(16)
17)

yO
y+w

o
Qroa% =

5 5
(Pjoajo +¢Jcoajco =

for some w € R™ with ||w||2 < d. Moreover, either ||w||z =6
ora® = 0.

Assume that N > 1, u(N — 1) < 1 (so that p > 1), and
puN < 1. If § > ¢, then a° is feasible for (1) and we let
& := a°. Otherwise 0 < 4 < ¢, and a? is not feasible for (1).
In this case, we construct below a feasible point & of (1) that
is near a°. Let

(18)

Then ®¢(a® — a®)g = A, i.e,, A € Span(®g). Moreover,
A # 0 (since either [|w]ls = § < e = |ly — y°||2 or a® =0,
implying y + w = 0 # y°). By dropping linearly dependent
columns if necessary, we have that A € Span(®x) for some
nonempty X C K such that the columns of ®x are linearly
independent. Then there exists a unique 8 € R™ satisfying

PP =4,  Px.=0.

Multiplying both sides of the first equation by @7 on the left
yields

A=y —y° 4w, K := supp(a® — ).

B = (ki) OLA.
Let
a:=a°+p.

Then ®& = y + w so & is feasible for (1).

Since puN < 1 and p > 1, we have u(N — 1) < 1
and Lemma 1(b) implies <I>§o ® o is invertible. Let E :=
(<I>§O_<I>Ja)—1. Multiplying (16) and (17) by E®7. on the
left yields

a’yo + ECal. = B®%. (y° + A) = a0 + E®). A, (19)

where C' := ®7.® ;o € RV*(m=N). This and the triangle
inequaliy yield

llagell = lladell

A 5
< llage —agelh

= |lage —a%e — B3 A+ ECa%e |

< llage = a%elli + 1E®Ge Al + [|EC|l1]la%e |-

This in turn yields
lall = llagell + llage [l
< ool + llage [l + llage — a%e [l
+|E®Z Ally + | EC|h[lae [l
= [l&’llh = (1 = | EC|l) 1o [l
+la—a®lly + |1EST-Ally.
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Since & is feasible for (1) and o is a solution of (1), the
left-hand side is greater than or equal to ||a?||;. Thus

(1= IECI)lla%ell < ll& = a®lly + [|1E® Al (20)

By (4) and Lemma 1(b), fori € J° and j € 7.,

Z E;iCrj| < Z | Bk | o
keJ® keJ®
2 _
1+ (p* +p)(N -1)
1—u(N-1)
1+p*(N=-1)

I(EC)i| =

IA

so that
EC|: = (EC)i;| < puN < 1.
|EC|lx = Jmf;fZI )il < puN <
ieJ”’
This together with (20) yields

1
s N T
||0{7:||1 < m (||a —a’l|y + ||E‘I)J°A||1) .

We now bound the right-hand side. We have ||All2 = ||y —
y° 4+ wll2 < [ly — y°ll2 + |lwll2 = € + 8. Thus properties of
I I, - ll2 and (1) in Lemma 1(b) yield
VN||E27. All2
VN E@7|lo[|All2

VN (e + 6)

1—p(N-1)
VNY(e + b).

||E¢1>§DA||1

ININ A

If & > ¢, then & — a® = 0; otherwise

18111
(@k®x) " @Al
[(@k®x) "®Kkll21 /1Al
L|,q(€ + (5)

Lyjas|jo+n (€ + ),

&= a’llx

IAIA A

where the last inequality uses (12) and |K| < |K| < [|®]lo +
N (see (18)). The above three inequalities together with the
definition of A5 imply

ool < T—— <)\5+\/_19) (e +6).
Also, (19) yields
lade —a%elli = B8 A - ECa%.|;
< [1B®%e Al + |EC||1[|a%e [lx

< VN#(e+6) + puNllale 1.

Combining the above two inequalities with ||a® — a°[|; <
||ai57o —a%e i+ ||af7€o||1 yields (14).

4
Finally, using Lemma 1(a) with 7 = {1,...,m} and d =
a® — a°, we have
1+ plla’ — a3
< 2@ = a3 + plla’® — o?|]f
= [AlZ + plle’® -l
. 1+ puN
< 2
< (e+8)?+ (\/_ I+ —— — N
2
()\5 + x/ﬁﬁ)) (e +6)2,
where the last inequality uses (14). This proves (15). [ ]

Below we compare Theorem 1 with existing results.

1. By letting R = u(IN — 1) we can write puN < 1
equivalently as (1 + uR)(R + u) < 1 — R, which is
a quadratic inequality in R. Solving this gives

1—p

V31+p+gpt+ 14302

If N =1, this is clearly satisfied whenever p < 1.
It can be verified numerically that if N = 2, this
is satisfied whenever p < .31; and if N = 3, this is
satisfied whenever y < .19. As u — 0, the right-hand
side of (21) increases towards % Thus u(N —1) <
2 —O(p) or, equivalently, N < (3 — O(p))p~ + 1.
2. For the noiseless case of § = ¢ = 0 considered in
[11], [17], [22], [30], Theorem 1 says that o’ = a°
whenever (21) holds. As p — 0, (21) approaches the
sufficient condition u(N — 1) < 1 derived in [11],
[17], [22], [30].
3. For the noisy case of & > e considered in [12,
Theorem 3.1], Theorem 1 yields

1 N
lla® —a®lx < (1+ 1”" >\/_19(6+6)

w(N-1) <

(21)

lla® — a3

+ puN 2\ (€+9)?

< <1+ <1+ 1= p,uN) ,uN19) 1.
(22)
whenever (21) holds. In contrast, the bound (5)
requires the stricter condition y < (4N — 1)7!
Suppose ¢,d, N are fixed. As p — (4N — 1)~1, the
right-hand side of (5) tends to oo while the right-
hand side of (22) remains uniformly bounded. As
© — 0, the right-hand side of (5) has the form
(1 + (4N — Dy + o(u))(e + 6)% while p — 1
and 9 — 1, so the right-hand side of (22) has
the form W(e + 8)%. Since Ml —
1+ (4N — Du + o(w), we see that (5) and (22)

are equally sharp up to first-order in pu.

4. For the noisy case of § < €, we have from (13) that
A5 < 1/\/ sty — 1 whenever [ja’llo + N <

p~ 4+ 10 JJa®]lo + N < p~'/k, with > 1, then
s < 1/y/p(k —1) and (15) yields ||a? — a°|2 <

k'(e + ), where &’ depends on .

The following example shows that, even in the noiseless
case of § = € = 0, the sparsest solution and the least ¢;-norm
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solution can be arbitrarily far apart when the mutual coherence
1 approaches 1. In this example, all except one column of ®
are pairwise orthogonal.
Example 1. Suppose thatm =n+1, y =y°, 6 =0, and
¢; = jth unit coordinate vector, j =1,---,n,
ty’ —

b = L

where ¢ > 0 and 6 := ||ty° — ¢1]|2 > 0. Then ||¢;|]2 = 1 for
i=1,....,m, ¢l¢; =0forall 1 <i# j<n. (Note that
0 —1and ¢,, > —¢1 ast—0.)

For any feasible point « of (1), i.e., ®a = y°, we can solve

for ay,...,a, in terms of a,, to obtain
1—y%t
a1 = yf + ( eyl ) Ay,
o t .

a; =y 1—§Oém , J=2,...,n.
Thus

o 1 "
llaelly = |yg + 9 ml Y 1w3 m | +|atm]-

j=2
The right-hand side is a piecewise-linear function of ., with

three breakpoints. To simplify the analysis, we further choose
y° and ¢ so that

1 1— |ly°llut
0<yd< =, —4<——MJL<L

t 0
Z/f?éoa i=27"'7n

(For example, choose y° > 0 and set t = 1/||y°||1.) Then the
three breakpoints can be ordered as

_eyl 0
Ty <0<;
The derivative of the right- hand side with respect to a,,, on
<0is
1—yot = t 1—ly°llx
- ol - —1=—""1"_1<0.
( 9 ) D5l 5 9 <0

=2

The derivative of the right-hand side with respect to «,, on
the interval 0 < o, < 2 is

(1

Thus

lly°llat

ot n t 1—
1 o
—_ 7 — 1:7

+1>0.

5 _ s [
a;=yj, j=1,...,n, a,, =0,

is a stationary point of (1) and hence a solution of (1) (since
(1) is a convex program).
On the other hand,

is feasible for (3) and has 2 nonzeros. Since y° is not a
scalar multiple of any of ¢4,..., ¢, so that (3) cannot have
a feasible point with fewer nonzeros, this is a solution of (3).

As t — 0, a® and a° become arbitrarily far apart. Note that
la®]lo = n while ||a®||o = 2.

Not surprisingly, |¢T ¢,,| — 1 as t — 0, so that g — 1.
This example shows that the sparsest solution and the least
£1-norm solution can be arbitrarily far apart when the mutual
coherence p approaches 1.

By orthogonal subspace decomposition [25, page 5], we can
uniquely express

y=y +y +y"
for some y* € Null(®7), y' € Span(®) N Null(‘I’T ), and
' € Span(®z-). Then [|®a —y|I3 = [|Pa —y' — y”llz
ly~]|% and, by replacing 62 with 62 — ||y~||2, we can without
loss of generality assume that y~ = 0, i.e,, y € Span(®).
The following theorem refines [12, Theorem 4.1] and shows
that «® has a support identification property whenever § is
sufficiently large relative to v/ N ||y'|.

Theorem 2: Assume y € Span(®). If N > 1, u(2N-1) <
1, and

LN =) e (23)

82> I3 +

d > e,

then supp(a) C J°.
Proof: For notational simplicity, let

Q) = 5 (I1a —yl}3 - &)

Thus a is feasible for (1) if and only if Q(a) < 0. Consider
(1) with supp() restricted to 7"

argger}n llalls subject to Q(a) <0, aye =0. (24)
Since § > €, a is feasible for (24) and Q(a®) < 0. Let & be
any solution of (24). If Q(a) < 0, then it must be that @ =0
and hence o = 0, implying supp(a®) C J°. It remains to
consider the case of Q(a) = 0.

First, we show that & is a solution of (1). Since (24) is
a convex program and Q(a°) < 0, this implies (24) has a
Lagrange multiplier [25, Theorem 28.2], i.e., there exists a
m € [0,00) satisfying the following optimality condition for
(24):

Sj“"'gjﬂﬂ':o, (25)

where s 7o € [-1,1]V (with s; = sign(a;) if @; # 0) and we
let g := VQ(a). Since a # 0, we have s 7o # 0 and hence
m > 0. We will use (25) to show that

SJ: + gjcoﬂ' =0
for some s 7o € [-1, 1]™=N, or, equivalently,
l97e 7lloo < 1. (26)

Since @ s> = 0, this will show that a satisfies the optimality
condition for the convex program (1) and hence is a solution
of (2).

Since g = ®T(®a — y), (25) yields

ng(éjﬂdjo —y)ﬂ' = _SJO.
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Since pw(2N — 1) < 1, Lemma 1(b) implies E :=
(7@ 7-)~" is well defined, so we can solve for @ o

o’zjaﬂ'zE(CI)?oyw—sjo) (27)

and plug it into the left-hand side of (26) to obtain

lg.7¢ lloo

||<I’§; (%ﬂE(@?oyw —87°) =yl

1972 @ 7o Bs g [loo + |87 (B 52 E®Te — Dy]|oo
T T, 1

max |¢; @ 7o Es 70| + max |¢; y |

iege 105 22 Es| jes 93y

IN

IN

l|Es 7ol + max [|¢;]l2ly[|lom
VISV

pVN||Es gz |2 + [ly"[lom

sV N E|2lls 7212 + [y ]|lom

pN I

where the last inequality also uses (10) in Lemma 1(b).
Since Q(a) = 0, we have

& =

ININA

IN

(28)

I@a —yll} = [®reaze —y' —y"[3
170 aze —y"[I5 + lly'[l3-
Also, using (27), 87,y = ®7.y™ and (11), we have
1@ 70 B(® 7oy 'm — 5.50)
@72 Es 7|2
12 72 Ell2ls 7= [|2
1B |2V Nls 72 lloo
VN

T—p(N-1)

The above two relations yield

VNY

<
~1®geaze —yMl2

—y'x[|

@ 7etrze —y'|lom

IANIN I

IA

_ VNY
V& =Ty

where we let 9 := 1/4/1 — (N — 1). This together with (28)
yields

uN
- (N -1)

[ly'l2vV N9
Vo= ly'li3
where the strict inequality is equivalent to (23). To see the

equivalence, substract % from both sides of the strict
inequality and then square both sides and simplify to obtain

I MEN (L= p(2N — 1)’
2 —lly'll3 = 1-pN-1)

Rearranging terms yields (23) This proves (26).
Finally, we show that o =0 for any solution o of (1).
Since @ and o are both solutlons of (1), we have

lggemlle < 7 < 1, (29)

&+ t(e’ = &)l — llalls
t
= (a% — o_zj)Tsign(c_uj

)+ lle% |11 (30)

for all 0 < ¢ < 1 sufficiently small, where J :=
J". Also, since Q(a) =0 and Q(a?

0> —a)Ty.
Multiplying this by = and adding to (30) yields

supp(a) €
) <0, we have

0o > (a‘sj— - dj)Tsign(dj) + ||af$7c||1 +(@® —a)Tgr

= okl + (%) g7
= [lade\ 71l + ||a33||1 +(a%e\ 7) 970057
+(af7;)T9Jf7r

\Y%

J § 4
ooy sl + lladye Iy = ooy 71l llg.7\ 77lloc

—llaye |1 11972 7lloo
where the first equality uses & ; = 0 and —g ;7 = sign(a )
(see (25)). By (25), ||gJ \77llee < 1 while, by (29),
lgzemlloo < 1. Thus, ajo =0. [
How does condition (23) compare with (6), assuming 1 <
N < 1p~'? Since

min

—anl12 = loy—adIN2 — |[2,1[12
smin,  ly=wl = lly=y"l5 = 14"

€ = lly-y°l3 >

we see that (6) implies

5 5 L-#N+VT—pN \/_

1—-2uN
_ ,uN—f—\/l—,uN
N 1—2uN
\/NN+ — uN)N 1
> 1+
( S ) Wl

N + (1 - uN)N
s JiaNFO-p )2
(1—2uN + p)

where the second inequality also uses a + vb > v/a + b for
a>0,b> 1, and the last inequality uses 1+ a > v1+a?
for a > 0. Since the right-hand side equals the square root of
the right-hand side of (23), this shows that (6) implies (23).
Notice that (23) relaxes (6) significantly only when N is small
or ||yY||2 is small relative to € (i.e., the noise is concentrated
in Span(® 7-)).

l1yl2,

1V. SPARSE REPRESENTATION FROM ORTHOGONAL
GREEDY

In [12], Donoho, Elad, and Temlyakov proposed the follow-
ing noise-aware version of an orthogonal greedy algorithm
(OGA) [7], [8], [24], [28] to find a sparse « with residual
[|®a — y||2 below a prescribed tolerance.

OGA: oca
0. Input & > 0. Initialize 7 < (. Go to Step 1.
1. Let ay be any solution of
min_[[®7a7 —yl2, (31)
agsER

Letr =®7a7 —y. If ||r|2 < 5°°
and ag; otherwise choose

* then output 7

JE€ argmax|¢ T,
JET.
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update 7 < J U {5}, and return to Step 1.

In the noiseless case of e = 0, Tropp [30, Theorems A and
B] showed that " = ae (equivalently, supp(aOGA) =7
whenever 6°“* = 0 and u(2N — 1) < 1. In the general case,
Donoho, Elad, and Temylakov [12, Theorem 5.1(a)] showed
that supp(« GA) J° whenever §°°* = ¢, (2N —1) < 1,
and (7) holds. When e = 0, this recovers Tropp’s result (since
(7) holds trivially). The following theorem extends these two
results to allow 6" > ¢. This shows that OGA can still
identify the sparsest support when using an overestimate of
the noise level e.

Theorem 3: Assume p(N — 1) < 1. The following results
hold.

(@)  For any nonempty 7 C 7~ and any solution a; of
(31),
lag—as s < “YITG gl ;
J— < .
sl p(71=1  V1—p(T1-1)
(b) 1f5°°" >eand
0 p+ p? 0 )
a%o o >2le+ —————||a%o
o\l > 2 (e T g 7 lh

YO+£TCJT,
(32)

then 7°°% € 7°, where 77" is an output of the
OGA. If in addition
VT o, ol e+
lla® I V1-p(TJ|-1) AN
Q7o 2 =
N VI—u(TNT-1)
YWW£TCJT,
OGA ) (33)
then J =J.

Proof: For any nonempty 7 C J*, we have u(|J|—1) <
p(N —1) < 1, s0 Lemma 1 implies E := (®%® 7))~ is well
defined. Since a7 is a solution of (31), we have

Also, ®7a% + @50\ ya%0, , = y°, s that
ai}' + E@j@yc\jaJO\J = E@gyo. (35)

(a) For any nonempty 7 C 7, we have from (34) and (35)
that

lag — a5l
|BL® o\ 0%\ 7 + E®L(y — v°) 2
B85 ® o\ 7050\ 7ll2 + IE®F|I2]ly — v°]l2

IEll2, [ Y 18] @ go\ga%0, 712 + IEST |2
JET

ViTlullagergll ;
- (T - 1) —u(T-1)
where the last inequality uses (10) and (11) in Lemma 1, as
well as [¢] ® 7o \Jaj \J| < pllad. \J||1 forjeJ.

(b) Assume 57" > € and (32) holds. First we prove by
induction that 7 C J° at Step 1 of the OGA. This is true

IA

when initially 7 = 0. Suppose this is true at the beginning
of Step 1. We show that it remains true at the end of Step 1.
There are two cases to consider: (i) 7 ¢ J~ and (ii) J = J~
at the beginning of Step 1.

In case (i), by (34) and (35), for any j € 7.,

¢ir b; (Pgag —y)
¢ (‘I’J(aJ —ay) =@ o\ g%\ s — (y — ZUO))
65 (2sE; - Dy —y°)
+@7B®Y B 7o\ 7050\ ; — B0\ 7050, ;) (36)
We now bound the right-hand terms of (36). Since I—<I>JE<I>§
is a projection matrix and ||¢;|l2 = 1, the Cauchy-Schwarz
inequality implies that
|67 (27 E®G — I)(y —y°)l

< ldsllzllesE@Y — Illally — |2

Also, by (10) in Lemma 1,

= €.

T T
|95 @7 E®7® 70\ 7070\ 4]
125 65ll21| Ell2l| @7 @ 7o\ g0%e0 72

1
18505l 3 18565 lklad
W71, 2

2
w7 0
1— (|j| _ 1) ||aJ°\J||17

where the last mequallty uses [|®% ¢yl <
j' e T.. Ifgejc,then

AN

IN

/| J| for all

> ¢l el

JFETNT

> 16T sxllas]
I'€TNT
ullae -

Using this and the previous two inequalities to bound the right-
hand side of (36) yields

|6 @ 7o\ 7@%\ 7|

IN

IN

2
wlJ
5771 < il gl + e+ 1Tl gl @)

1-p(|7]-1
If j € 7"\ J, then

|6 @ 7\ 705\ 7| o + 6] @ 7o\ (Futin Ao\ Fuiin |
> |af] =167 @ 5o\ gutmaTe\ o]
> |af| - /~L||C“?7°\(Ju{j})||1
> Ja| = e sl 39)

Using this and the earlier two inequalities to bound the right-
hand side of (36) yields

2
0 w\J| 0
|¢] | > g - /J’”aj“\J”l €T C w(|T] — l)HaJ"\J”l‘
39)
Since, by (32),
1217

max |aj| > 2
JeETN\NT

<e+ <u+ 1)> ||040Jc\3||1) ;

1—u(|T| =
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(37) and (39) together imply that
T T
ma. i T > ma ir|.
jeJ"}\(J 957! jEJZg Zh

Hence in Step 1 we choose j € 7~ \ J, so that 7U{j} C J".
In case (ii), since J = J°, we have |||z < [[®7a% —
yleA_ [ly® — y|l2 = €. Since 57" > ¢, then we have |rl2 <
6, so Step 1 would output 7 and « 7.
Suppose that .7 is a nonempty proper subset of 7~. We
have from (34) and (35) that

127 (g —a%) +y° =yl

l®sE®Y (‘I’J"\Jafy"\J +y-— Z/O) +y° = yll2
127 E®G® g0\ 7050\ 7 + (I — 27 EDT)(y° — y)lla
125 Bll2l| 8578 5o\ g0\ 72

+I - 25 E37l2lly° — yll2

= B, |3 (678 5o\ salye, 417 + e
jeT

ViTlllog- gl
—a(J1- 1)

where the second inequality uses (11) in Lemma 1(b), as well
as |¢JT<I>Jo\Jaf70\J| < plla%e, 4l for j € J. Thus

IA

Y

277 —yll2
|27 (ay —a%) + @705 —y° +y° —yll2

> (l@ga%y — 10l — |8 s(cg — %) +y° — ylls
V1Tl /s
> [|@sa% —y°ll2 — M
1—u(J-1)

Lastly, by Lemma 1(a),
270G -l = [®go\g705\ 413
> (1—=p(T \ITI=D)lla%e 415
whenever

V |\7|/‘||a9°\3||1
- (T -1)

Thus, |®ras —ylls > 6"

\/1—

>67°

(17°\T1 =

)||O‘J"\j||2 -

which is equivalent to (33). [ ]

Theorem 3(a) is a generalization of [12, Theorem 5.1(b)]
in the special case of 7 = 7. The proof of Theorem 3(b)
amounts to showing that |<;§Tr| is small for all j € J, (see
(37)) and is large for some j € J° \.7 (see (39)) In [12,
Theorem 5.1(a)], it is shown that J % = J° whenever
57 = ¢, u(2N—1) < 1, and (7) holds. The foIIowmg lemma
shows that this result can be improved by using Theorem 3(b).

Lemma 2: Assume 2(1+pu)u(N—1) < 1. Then (N -1) <
1 and (32) is implied by either N =1 or

2e

N >2
and min > o T (V= 1)’

(40)

min

and (33) is implied by either N =1 or
N >2 and o, >
— (N — 2)+M\/N—1\/1— (N - 2)( +6OGA)
(I+p)(1+p—pN) '
(41)

Proof: Clearly pu(N —1) < 2(1+ p)u(N —1) < 1. If
N =1, then (32) and (33) hold trivially. Suppose N > 2.

Since || \J||1 <(N —|j|)||a°Jo\J||oo for all nonempty
J c J°, (32) is implied by
ooy sl > 26 + 200 4 53— jag
T L= (=)

for all nonempty 7 C 7. This in turn is implied by

”a?j"\j”m
> 2+ 2(u+ p?) | max _N=t [|a%e ]
1<t<N—11— p(t — 1) AR

It is straightforward to verify that %71_1:(11)
N-1)—1
7(1(u(t )1))2 < 0 for t € [1,N — 1], so that the

maximum is attained at ¢ = 1. Rearranging terms and
using 2(p + p?)(N — 1) < 1 yield
2¢
20+ @)(N-1)
Since [|a%o \J||Oo > al,,, this is implied by (40).

Since || \J||1 < VN —|T|lee \J||2 for all nonempty
J c J°, (33) is implied by

”a}”\J”OO > 1

la%ey s ll2 >

\/1 —p(N=1J-1) )
VO£T CJ .
Rearranging terms and using [la%. \J||2 > — | T s
this in turn is implied by
a’;. min VN —t \/l—u(N—t—l)—M
1<t<N-1 1— H(t — 1)
>et6°

We now simplify the expression inside the minimization. By
making the substitution 7 = N — ¢ and bringing it under a
common denominator, this expression can be written as

\/_\/1+u ut/1+p—uN + pr — uv/N —T\/_
V1I+pu—puN +pur
with 1 < 7 < N — 1. Multiplying top and bottom by the
conjugate of the numerator and simplifying, we obtain
VT(1+p)(1+ p— pN)

VIt p—=pr/1+ p—pN + pur + p/N — 74/7
1

V1+p—pN + pr’
which can be written as
(I+p)d+p— uN)
VC1(7) + 11/ Ca(7)

(42)
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where
1+
Ci(r) = ( T”—u) (1+ p— pN + pr)?,
Co(r) = (N—=7)1+p—uN+ pr).
We have
Ci(7)

1+p
:_< = (1+u—,uN—,uT)+2u2> (14 p— pN + p1),

which is negative for 7 < N — 1 (since 1 + g — uN — ur >
1— p(2N —2) > 0). Similarly,

Cy(r) = —(1 — p(2N — 1 -27)),

which is negative for = > 1. Thus both Cy(7) and Ca(7) are
decreasing with 7 on 1 < 7 < N —1, 50 \/C1(7) + p+/C2(7)
attains its maximum at 7 = 1, so its maximum value is (1 —
w(N = 2)) + py/(N —1)(1 — p(N — 2)). Plugging this into
(42) yields (41). [ |

When p(2N—1) < 1, we have 2(1+pu)(N—-1) =2N—-1—
(1—pu(2N —2)) < 2N —1, so the condition (40) is a relaxation
of (7). Also, in the special case of 57" = ¢, the condition (41)
is implied by (40). This is because —(N —2) ++/N —1 <
1 for all N > 2, so the right-hand side of (41) is at most
2¢/(1 4+ p — pN), which in turn is less than the right-hand
side of (40). This yields the following corollary of Theorem
3 and Lemma 2, which relaxes the condition §°°" = € and
sharpens [12, Theorem 5.1(a)] in the case of 7 =

Corollary 1: Assume 2(1+4u)u(N —1) < 1 and 5% > e
If either N =1 or (8) holds, then T2 = 7°, where 77"
is an output of the OGA.

V. SPARSE REPRESENTATION FROM STEPWISE
PROJECTION

The OGA uses the residual correlation term |¢>jTr| to
estimate the reduction in the residual when ¢; is added to
the representation and chooses j with the largest estimated
reduction. We can instead look ahead to add a ¢; that
yields the largest actual reduction in the residual. This is
more costly, but promises to yield a larger residual reduction.
The resulting algorithm is known as the stepwise projection
algorithm (SPA); see [1].

SPA: oa
0. Input § > 0. Initialize 7 + 0. Go to Step 1.
1. Compute
vj= min |®zas+¢;0 -yl Vi€ T,
aseRITIeR
(43)
choose

j € argminwvy,
Jje€Je

and update J « J U {j}. If \Ju5 < 5", then
output 7 and the corresponding solution a7 of (31);

otherwise return to Step 1.
Notice that during the first step when J = @, we have
vj = |l6;6]y —yll3 = llyll3 —|¢] y|* for all j. Thus, the SPA
would initially choose j to maximize |¢fy|, the same as the

OGA. However, in subsequent steps, the choices could differ.
The work per step increases with | 7| in the SPA. A possibly
more efficient variant would be to switch back to OGA steps
when | J| exceeds some threshold.

The following theorem shows that the SPA has similar
sparsest support identification properties as the OGA. Its proof
differs from the proof of Theorem 3 in that we work directly
with the least square function instead of its gradient.

Theorem 4: Assume p(N —1) < 1. If 5" > eand

||a?70\J||oo >2(M||a‘070\‘7||1 +NDJ+€) v@#jcjo’
PA Pa (44)
then 7~ C 7", where 7° " is an output of the SPA and

by ey (AT el
7 1= ulJ| Vi)

If in addition (33) holds with 6°°" replaced by &° , then
jSPA :jo.
Proof: Assume §° > € and (44) holds. First we prove
by induction that 7 C 7"~ at Step 1 of the SPA. This is true
when initially 7 = (0. Suppose this is true at the beginning of
Step 1 with 7 C J°. We show that it remains true at the end
of Step 1.
Fixany j € J.. Let 7 = JU{j}, J" = J U{j}, and let
a 5 be any solution of

in_ ||® s — 1yl
ajnelg}jl 1@ 505 —yll2
Then u(|J7] - 1) < u(N —1) < 1 and ® 500%, =y°. Thus,
arguing as in the proof of Theorem 3(a), with .7, 7° replacing
J,J°, we obtain that

/1710, -1
llas —a%ll2 < TN < :
Y 1— u(lT] - 1) — (7
1— (T - 1)

SiAnce llay = a%ll2 z ||oij —a%ll2 > ﬁllay - agll,
|J|=|T|+1,and J°\ J C J°\ J, this and the definition
of Dy implies

lag —a%llh < Dg. (45)

Thus, the minimization (43) is unchanged if we add (45) as a
constraint, i.e.,

Ri(az,0) Vje T, (46)

v; = min
(QJ,Q)GRIJI-H
lleg—a%ll1<D g

where for simplicity we let
Rj(ag,0) = ||®7a7 + ¢;0 — yll5.
Let z := y—y°. For any j € J., we have from & ;. %o =
y° that
Rj(aj70)
= g0+ Pgag — ®reale — 23
ll¢;1156% + 209 (2707 — ®7e0% — z) + R(ag)
= §? + 200j(aj) + R(Oéj),
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where R(ay) := ||<I>Jaj'— ® 7oa%. — 2|[3 is a function of
a g only, independent of j, and
Cj(ag) = (,2531 (‘PJO(J - @Joago — Z)

= ¢F (s(ag - %) = ®g\sa%0 ;= 2)
Suppose (45) holds. Then
6] (@7(ay —a%) —2)| |67 @7 (g — a%)| + 4] 2|
pllag — ol + [[¢;ll2[lzll2
uD g + €.

ININ A

If j € J., then
6] @go\g0%0\ 51 < pllage 41,
so the previous two relations yield
ICj(ag)| < pllaZe 7lli + pDg +e.
If j € J°\ J, then (38) implies
6] @ go\gaGer gl > [af] = pllade g1,
so the earlier two relations yield
ICi(ag)| = |af] — pllage\ 71l —pDg — €
Thus, if (45) holds and 6 # 0, then for any j € J° \ J
satisfying [af| = [|a%\ ;| and for every j' € J.', we have
min{Rj (Olj, 9)7 Rj (aja _0)}
6> - 218||Cj(ag)| + R(ay)

< 62— 26| (jog| - ulla%e\ sl — pDg ) + Rag)
< 62 =206 (ulla%e\ sl + uDy +€) + Rlag)

< 67 - 209]|Cjr ()| + R(ay)

< 62+20C;(ag)+ R(ay) = Rj(ag,b),

where the strict inequality uses (44) and 8 # 0. This and (46)
imply that
min v; < min v;.
JET\T JETL

Hence in Step 1 we choose j € 7~ \ J, so that 7U{j} € J".

In case of |J| = N — 1, we have J U {j} = J  so that
VU7 < N1®50% =yl = [|y° — yll2 = €. Since &° " > ¢, this
implies , /o5 < 5, s0 Step 1 would output 7° and age.

If in addition (33) holds with 6°°" replaced by &, then
thgpiame aggument as in the proof of Theorem 3 shows that
J  =J always. [ ]

Condition (44) is comparable to (32) and can be similarly
simplified as in Lemma 2 to obtain the following identification
result analogous to Corollary 1.

Corollary 2: Assume %(N 1) <1and 6" > e If
either N =1 or

N>2 and al, >

min =

2e (14 /055 )  cp6o

1—%(1\7—1) "1-p(N-1)

(47)

max )

then 7> = J°, where 7" is an output of the SPA.

10

Proof: By following the proof of (40), we see that (44)
is implied by

%o 7 lloo
Vit
> 2 (1+u1§%&1§—17—1—ut
p/iVE+ 1 .
+ 2“15%%(_1<1+ T— it (N t)||ajo\J||oo,

The argument of the first maximization is increasing with ¢, so
the maximum is attained at t = N — 1. By using vyt + 1 —
t = Vt/(vt+1++/t) < % to bound the argument of the
second maximization, we see that this in turn is implied by

o VN —1
laZe\sllo 2> 26| 1+ ——ex
1—-p(N-1)
-1
2 2 I E—— OG .
+2p+p )15%"}331 1 _utllag \7lloo
Since {% is decreasing over ¢ € [1,N — 1], the maximum

is attained at ¢ = 1. Rearranging terms and using %(N —
1) <1, ||ozf,,o\‘7||(,O > a%;,, we see that this is implied by
(47). Also, as is shown in Lemma 2 and the ensuing discussion,
(47) implies (33) with §°°* replaced by &° . n

The sufficient condition for identifying 7° by SPA is
slightly more stringent than that for OGA (compare (8) and
(47)). This is because the minimizing a7 in (43) changes with
4, and we have only a uniform bound D 7 on this change (see
(45)) which adds to our error estimate.
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