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ABSTRACT 

We d e r i v e  some estimates of t h e   d u a l i t y   g a p   f o r   s e p -  
a rab le   cons t ra ined   op t imiza t ion   problems  involv ing   non-  
convex ,   poss ib ly   d i scon t inuous ,   ob jec t ive   func t ions ,   and  
n o n c o n v e x ,   p o s s i b l y   d i s c r e t e ,   c o n s t r a i n t   s e t s .  The main 
r e s u l t  is t h a t   a s   t h e  number of   separable  terms in -  
c r e a s e s   t o   i n f i n i t y   t h e   d u a l i t y  gap as a f r a c t i o n   o f  the 
op t ima l   cos t   dec reases   t o   ze ro .  The a n a l y s i s  i s  r e l a t e d  
t o   t h e  one  of  Aubin  and  Ekeland [ l ] ,  and is based  on  the 
Shnpley-Folkman  theorem. Our a s s u m p t i o n s   a r e   d i f f e r e n t  
and  our estimates a re   sha rpe r   and  more convenient   for  
i n t e g e r  programming  problems. 

1. INTRODUCTION 

Dual  methods a r e   o f t e n   u s e f u l   f o r   l a r g e - s c a l e   o p t i m i -  
z a t i o n   p r o b l e m s   p a r t i c u l a r l y  when t h e   o b j e c t i v e   f u n c t i o n  
and t h e   c o n s t r a i n t s   h a v e  a sepa rab le  and  decomposable 
s t r u c t u r e .  Kowever, when applying  dual   methods  to   non-  
convex  problcms  one  must  find a way t o   d e a l   w i t h   t h e  
po ten t i a l   d i sc repancy   be tween   t he   op t ima l   va lues  of t h e  
dua l   p rob lem  and   t he   o r ig ina l   p r ima l   p rob lem  ( i . e . ,   t he  
d u a l i t y   g a p ) .   F o r t u n a t e l y   f o r  many l a r g e   p r o b l e m s   t h e  
d u a l i t y   g a p   t e n d s   t o   b e   s m a l l  as has   been  observed  for  
l i n e a r  programming  problems  by  Lasdon [2] ,   and   es tab-  
l i s h e d   i n  a more g e n e r a l   c o n t e x t  by Aubin  and  Ekeland 
[3 ] .  It i s  t h u s   p o s s i b l e   t o   s o l v e  many nonconvex  prob- 
lems t o   w i t h i n   s a t i s f a c t o r y   a c c u r a c y  by e s s e n t i a l l y  
t r e a t i n g  them a s   i f   t h e y  were convex  and  without  having 
t o   r e s o r t   t o  time consuming  branch  and bound techniques .  

The present   paper  i s  r e l a t e d   t o   o u r   r e c e n t  work  on 
s o l u t i o n   o f   l a r g e - s c a l e  power  system  scheduling  problems 
[ 4 ] , [ 5 ] ,  where t h e  small r e l a t i v e   s i z e  of t h e   d u a l i t y  
gap  played a key   ro le   in   the   so lu t ion   methodology.  Our 
purpose i s  t o   q u a n t i f y   t h e   s i z e  of t h e   d u a l i t y  gap i n  a 
manner  which i s  s i m i l a r   t o  Aubin  and  Ekeland,  but i s  
sharper   and more convenient  for  problems  where  the  con- 
s t r a i n t  set i s  nonconvex  and  discrete .  Our sha rpe r  
a n a l y s i s  i s  based  on a new and o f t e n   s a t i s f i e d   i n   p r a c -  
t ice  assumption  (Assumption A3, i n  t h e   n e x t   s e c t i o n ) .  
Wi thou t   t h i - s   a s sumpt ion   t he   r e su l t s  of  Aubin  and  Ekeland 
are ve ry  cumbersome t o   u s e   f o r   t h e   c a s e   w h e r e   t h e  con- 
s t r a i n t   f u n c t i o n s  are n o n l i n e a r   a n d / o r   t h e   c o n s t r a i n t  
set i s  nonconvex as they   involve  the s o l u t i o n  of c e r t a i n  
per turbed   op t imiza t ion   problems  ( see   page   231  of t h a t  
r e f e r e n c e ) .  Even f o r   t h e   c a s e   w h e r e   t h e   c o n s t r a i n t  
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f u n c t i o n s  are l i n e a r   a n d   t h e   c o n s t r a i n t   s e t  is  convex 
the re   a r e   p rob lems   where   ou r   e s t ima te  i s  sha rpe r   t han  
that   of   Aubin  and  Ekeland  [ l ] .   For   example,   for  the 
s imple  scalar   problem  min{f  (x) IxIp,   x€[  0, b] j where f i s  
a s t r i c t l y   c o n c a v e   m o n o t o n i c a l l y   i n c r e a s i n g   f u n c t i o n  on 
t h e   i n t e r v a l   [ O , b ] ,  Theorem A of  Aubin  and  Ekeland [ l ]  
estimates a p o s i t i v e   d u a l i t y   g a p   b u t   o u r   e s t i m a t e  of t h e  
n e x t   s e c t i o n  shows t h a t   t h e r e  i s  no d u a l i t y  gap. 

2 .  AN ESTIMATE OF THE DUALITY GAP 

Consider   the  fol lowing  problem: 

L 

I 

i=l 
s u b j e c t   t o  X . E X  

l i ’  hi(xi)Lb , 

where I i s  a p o s i t i v e   i n t e g e r ,  b i s  a g i v e n   v e c t o r   i n  R 
(m i s  a p o s i t i v e   i n t e g e r ) ,  X i  i s  a subse t   o f   Rpi   (p i  i s  
a p o s i t i v e   i n t e g e r   f o r   e a c h   i ) ,  and fi:conv(Xi)+R  and 
hi:conv(Xi)+Rm a r e   g i v e n   f u n c t i o n s   d e f i n e d  on t h e  con- 
v e x   h u l l   o f  X i  denoted  conv(Xi).  The v e c t o r   i n e q u a l i t y  
i n   t h e   c o n s t r a i n t  of  (P) i s  meant t o   b e   f o r   e a c h  compo- 
nent,   and a l l  subsequen t   vec to r   i nequa l i t i e s   shou ld   be  
i n t e r p r e t e d   l i k e w i s e .  We assume  the  fol lowing.  

(P)  Assumption A l :  T h e r e   e x i s t s  a t  least  one 

m 

f e a s i b l e   s o l u t i o n  of 
problem (P)  . 

Assumption A2: For  each i, the   subse t   o f  
RP i+m+l 

i s  compact. 

Assumption A2 i m p l i e s   t h a t  X i  i s  compact. It i s  
s a t i s f i e d  whenever X i  i s  compact  and  both f i  and h i  are 
cont inuous  on X i .  No te   t ha t  no convexi ty   assumptions 
are made on f i ,   h i ,  o r  X i .  

For   each i, de f ine   t he   func t ion   f i : conv(Xi )+R by 
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The f u n c t i o n  Ti may be  viewed as a "convex i f i ed"   ve r s ion  
Of f i  on  conV(Xi).-  Figure 1 shows an  example  of f i  and 
t h e   c o r r e s p o n d i n g   f i ,   w h e r e  X i  c o n s i s t s   o f   t h e   u n i o n  of 
an   in te rva l   and  a s i n g l e   p o i n t .   S i m i l a r l y ,   d e f i n e   t h e  
function  hi:conv(Xi)+Rm  by 

hi ( h  

f o r  a l l  ii E conv(Xi) , (2 1 

where t h e  infimum i s  t a k e n   s e p a r a t e l y   f o r   e a c h   o f   t h e  m 
c o o r d i n a t e s   o f   t h e   f u n c t i o n   h i .   N o t e  that i f   f i  is  a 
convex  funct ion  on  conv(Xi) ,   then f i  = f i .  A s i m i l a r  
statement  can  be made conce rn ing   h i   and   h i .  

Our th i rd   a s sumpt ion  

Assumption A3: 

Note  that   Assumption 

F igu re  1 

is: 

For  each i, given  any 
v e c t o r  X i n   c o n v ( X i ) ,  
t h e r e   e x i s t s  X E X ~  such 
t h a t   h i ( x ) h i ( i [ i ) .  

A3 i s  s a t i s f i e d   i f  X; i s  convex 
L 

and  each  component Of Hi i s  convex on Xi f o r   i n   t h i s  
ca se  w e  h a v e   h i ( x ) = h i ( x )   f o r   a l l  X E X i .  On t h e   o t h e r  
hand,  Assumption A3 c a n   b e   e x p e c t e d   t o   b e   s a t i s f i e d   f o r  
many o ther   p roblems of p r a c t i c a l   i n t e r e s t  - for   example,  
i f   h i  i s  a l inear   rea l -va lued   func t ion   (compare   wi th  
F igs .  2 through 5 t h a t   f o l l o w   a n d   r e f s .  [ 4 ] , [ 5 ] ) .  

Figure  2 .  h . ( x )  = -x,pi>0 

I 

F igure  4 .  hi(x) = -x,pi>O Figure  5. hi(x) = x,pi>O 

D e f i n e   f o r   e a c h  i the   func t ion   ? i :conv(Xi)+R by 

?.(x) = i n f{ f i (x )   Ih i (x )  5 bi(X),x~Xi} 

f o r   a l l  2 E conv(Xi) . (3 1 

Note   t ha t ,  by Assumption A3, t h e   c o n s t r a i n t  set f o r   t h e  
min imiza t ion   i nd ica t ed  in Eq. 3 is  nonempty. Our esti-  
mate o f   t h e   d u a l i t y   g a p  i s  g iven   in   t e rms  of t h e   s c a l a r s  

p .  = sup{f . (x )  - Ei(x)  /xEconv(Xi)} . ( 4  1 
A .  

Since we have ,   for  a l l  xcconv(Xi), 

li(ic) 5 supt f i (x i )  jxiExil , fi(ic) 2 i n f t f i ( x i )  /xiEXil , 

it f o l l o w s   t h a t   a n   e a s i l y   o b t a i n a b l e   o v e r e s t i m a t e   o f  
p i  i s  

P i  5 sup(f i (x i )  1Xi€Xi} - in f I f i (Xi )  I X i E X i l  . 
Figures  2 through 5 show t h e   s c a l a r  p i  f o r   t h e  Xi con- 

s i s t i n g  of t he   un ion   o f   an   i n t e rva l  and a s i n g l e   p o i n t ,  
and f o r   s p e c i f i c   c a s e s  of f i  and hi .   For   exampte,   for   the 
cases  shown i n   b o t h   F i g s .  2 and 3 t h e   f u n c t i o n   f i   h a s   t h e  
form shown i n   F i g .  1. I n   t h e   c a s e  of F ig .  2 where 

Xi  = IOIU[cxi,Bil , conv(Xi) = [O,Ci] , h . ( x )  = -x 

we have  using Eq. 3 

4 f i ( i i )   i f  a < X 5 
? . ( G )  = f i ( z i )   i f  o < X < c1 

i -  

i '  
f i ( 0 )   i f  ic = 0 

T h e r e f o r e   t h e   s c a l a r  p i  of Eq. 4 i s  p o s i t i v e  and  equal 
t o  

Pi = f i b i )  - f i ( 0 )  

as shown i n   F i g .  2 .  In   t he   ca se   o f   F ig .  3 ,  P i ,  X i ,  and 
conv(Xi) a r e   t h e  same a s   i n   F i g .  2 bu t  now h i ( x )  = x. 
This   changes  the  form  of  f i  which,  using Eq. 3, i s  now 
given  by 

?.(X) = f i ( 0 )  , f o r   a l l   i i ~ [ o , a , ]  . 

T h e r e f o r e ,   t h e   s c a l a r  p i  of Eq.  4 i s  now zero .  

Consider now the   dua l   p rob lem 

( D )  maximize 

s u b j e c t  t o  p 1. 0 . 
Let i n f ( P )  and   sup(D)   denote   the   op t imal   va lues   o f   the  
pr imal   and   dua l   p roblems  respec t ive ly .  We h a v e   t h e  
f o l l o w i n g   r e s u l t .  

t h e r e   h o l d s  

where 

P rouos i t i on :  Under  Assumption A I  through A3 

i n f ( P )  - sup(D) (m+l)E , 

E = maxfpi i i= l ,  ..., 11 . 
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Proof :   Cons ider   the   subse ts   o f  R m+l 

Yi = {yilyi=[hi(xi),fi(xi)],xi~Xi} , i=l,. .. , I  , 
( 7 )  

and t h e i r   v e c t o r  sum 

Y = Y1 + Yq + ... + YI . (8) 

In viev  of  Assumption A2,  Y ,  conv(Y),  and Y i ,  conv(Yi),  
i=l, ... , I ,  a r e   a l l  compact sets. By d e f i n i t i o n   o f  Y,  
we have 

i n f ( P )  = min{w/ there   ex is t s (z ,w)EY  wi th  z b }  . ( 9 )  

By using  Assumptions AI and A2,  and a s t a n d a r d   d u a l i t y  
argument [ 6 ] , [ 7 ]  w e  c a n   a l s o  show t h a t  

sup(D) = min{wlthere  exists(z,w)Econv(Y)  with  z5bl . 
(10) 

We now use   t he   fo l lowing   t heo rem ( [ 3 ]  Appendix I ) .  

Shapley-Folkman  Theorem: Let Y i ,  i=l, ..., I, be a 
c o l l e c t i o n   o f   s u b s e t s   o f  RWl. Then f o r   e v e r y  
yEconv(C:=l Y i ) ,   t h e r e   e x i s t s  a subse t   I (y )C{ l ,  ..., I1 
c o n t a i n i n g  a t  most (dl) i n d i c e s   s u c h   t h a t  

y E Z Yi + C conv(Yi) . L i d 1  ( y )   i c I ( y )  3 
Now l e t  (z , i )cconv(Y)  be  such that (compare  with 

2.9. 10) 

By applying  the  Shapley-Folkman  theorem  to   the set 
Y=ZJ- Y i  g iven   hy  Eqs. 7 and 8, we h a v e   t h a t   t h e r e  
exists a subse t  ICC1,. . . , I } ,   w i t h  a t  most (m+l) in- 
d i c e s ,  and   vec tors  

1-1 

such  that   (compare  with Eq. 11) 

Us ing   t he   Ca ra theodory   t heo rem  fo r   r ep resen t ing   e l emen t s  
of-the  convex h u l l  of a set ,  welhave that, f o r   e a c h  
i E 1 ,  t h e r  must e x i s t   v e c t o r s   x i , .  , . , xF2cXi ,   and  
s c a l a r s   a i , .  . . ,a?+’ s u c h   t h a t  B 

m+2 , 

i j =1 
z a’ = 1 , a’ > o , j=1,. . . ,m+2 i -  

Using t h e   d e f i n i t i o n   o f  ?i, L i ,  and p i  (compare  with 
Eqs. 1 through 4 ) ,  we have 

By combining  Eqs. 1 2  th rough 1 5 ,  we o b t a i n  

Given any-c>O and  icy,  we can  f ind  (using  Assumption A3) 
a vec to r   such  that (compare  with Eq. 1 3 )  

T h e s e   r e l a t i o n s   t o g e t h e r   w i t h   E q s .  1 6  and 1 7  y i e l d  

1 

Since by Eq. 18, ( G l , . .  . , x  ) i s  a f e a s i b l e   v e c t o r   f o r  
(P ) ,  we have   i n f   (P )ZCi= l   f i (x i ) ,   and  Eq. 1 9  y i e l d s  I I -  

- 

- 
Since E i s  a r b i t r a r y ,  I c o n t a i n s   a t  most (m+l) e lements ,  
and E = max{pili = 1,. . . , I } ,  Eq. 20 p r o v e s   t h e   d e s i r e d  
estimate. Q.E.D.  

The s i g n i f i c a n c e   o f   t h e   p r o p o s i t i o n  lies i n   t h e   f a c t  
t h a t   t h e  estimate (m+l)E  depends  only  on m and E but   no t  
on I. Thus i f  we cons ide r   i n s t ead   o f   p rob lem  (P ) ,   t he  
problem 

t h e   o b j e c t i v e   f u n c t i o n   o f   w h i c h   r e p r e s e n t s   “ a v e r a g e   c o s t  
pe r  term,” t h e   d u a l i t y   g a p  estimate becomes 

inf   (P)  - sup(D) 5 I E . m+l 

T h u s   t h e   d u a l i t y   g a p   g o e s   t o   z e r o  as I+=. Otherwise 
s t a t e d ,   i f   t h e   o p t i m a l   v a l u e   o f   p r o b l e m  (P)  is  propor- 
t i o n a l   t o  I ,  t h e   r a t i o  of  t h e   d u a l i t y   g a p   o v e r   t h e   o p t i -  
mal v a l u e   g o e s   t o   z e r o   a s  I-. 

Exper imen ta l   va l ida t ion  of t h e   r e s u l t s   o f   t h e   P r o p o -  
s i t i o n  may b e   f o u n d   i n   r e f s .  [ 4 ] , [ 5 ] ,  and [8]. 

784  

Authorized licensed use limited to: MIT Libraries. Downloaded on October 19, 2009 at 16:07 from IEEE Xplore.  Restrictions apply. 



REFERENCES 

1. Aubin, J . P .  and I. Ekeland,   "Est imates  of t h e  
D u a l i t y  Gap i n  Konconvex Opt imiza t ion ,"  
Oper. Res., Volume 1, 1976,  pp.  225-245. 

2 .  Lasdon, L . S . ,  Optimization  Theory  for  Large 
Systems,  MacMillan, New York,  1970.  p. 1 7 2 .  

3 .  Ekeland, I. and R. Teman, Convex Analysis   and 
Variational  Problems,  North-Holland,  Amsterdam, 
1976. 

4 .  Ber tsekas ,  D . P . ,  G. S. Lauer,  N.R.  Sande l l ,  J r . ,  
and T.A.  Posbergh,  "Optimal  Short-Term  Scheduling 
of  Large-Scale Power Systems,"  Proc.  1981 IEEE 
Conference on Decis ion  and Control,   San  Diego, 
C a l i f o r n i a ,  p p .  432-443, t o   a p p e a r   i n  I E E E  Trans .  
on Automatic   Control .  

5.   Lauer,  G . S . ,  D.P. Be r t sekas ,  S . R .  Sande l l ,  J r . ,  
and T . A .  Posbergh,  "Optimal  Solution f o r  Large- 
Sca le   Uni t  Commitment Problems," I E E E  Trans.  on 
Power Systems  and  Apparatus, Volume 101, 1981, 
pp.  79-86. 

6.  Magnanti, T . L . ,  J.F. Shapiro,   and M . H .  Wagner, 
"General ized  Linear  Programming Solves   the   Dual , "  
Management Sc ience ,  Volume 2 2 ,  1976,  pp.  1195-1203. 

7 .  Shapi ro ,  J.E., Mathematical  Programming S t r u c t u r e s  
and Algorithms,  Wiley, New York,  1979,  p.  150. 

8 .  Ber t sekas ,  D . P . ,  Constrained  Optimizat ion and 
Lagrange  Mult ipl ier   Nethods,  Academic P r e s s ,  
New York,  1982,  Section  5.6.  

785 

Authorized licensed use limited to: MIT Libraries. Downloaded on October 19, 2009 at 16:07 from IEEE Xplore.  Restrictions apply. 


