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THE CYLINDRICAL WIDTH OF TRANSITIVE SETS
ASHWIN SAH, MEHTAAB SAWHNEY, AND YUFEI ZHAO

ABSTRACT. We show that for every 1 < k < d/(log d)€, every finite transitive set of unit vectors in
R¢ lies within distance O(1/4/log(d/k)) of some codimension k subspace, and this distance bound
is best possible. This extends a result of Ben Green, who proved it for k = 1.

1. INTRODUCTION

The following counterintuitive fact was conjectured by the third author and proved by Green [4].
It says that every finite transitive subset of a high dimensional sphere is close to some hyperplane.
Here a subset X of a sphere in R? is transitive if for every z,2’ € X, there is some g € O(R?)
so that gX = X and gz = 2/. We say that X has width at most 2r if it lies within distance r
of some hyperplane. The finiteness assumption is important since otherwise the whole sphere is a
counterexample.

Theorem 1.1 (Green [4]). Let X be a finite transitive subset of the unit sphere in R%. Then the
width of X is at most O(1/+/logd). Furthermore, this upper bound is best possible up to a constant
factor.

The bound in the theorem is tight since the set X obtained by taking all permutations and
coordinate-wise 4 signings of the unit vector (1,1/v/2,...,1/v/d)/v/Hy, where Hg = 14+1/24---+
1/d ~ log d, has width on the order of 1//logd.

Green’s proof uses a clever induction scheme along with sophisticated group theoretic arguments,
including an application of the classification of finite simple groups.

We generalize Green’s result by showing that a finite transitive set lies not only near some
hyperplane, but in fact it lies near a subspace of codimension k, as long as k is not too large.

We say that X C R? has k-cylindrical width at most 2r if X lies within distance 7 of some affine
codimension k subspace. The case k = 1 corresponds to the usual notion of width. Our main result
below implies that every finite transitive subset of the unit sphere in R% has k-cylindrical width

O(1/+/log(d/k)) as long as k is not too large.

Theorem 1.2. There is an absolute constant C > 0 so that the following holds. Let 1 < k <
d/(log(3d))¢. Let X be a finite transitive subset of the unit sphere in R%. Then there is a real
k-dimensional subspace W such that

1
sup||projyy x|j2 £ —(————.
xeXH w X TR0

Here and throughout a < b means that a < C’b for some absolute constant C’. We write ||x]|2
for the usual Euclidean norm of a vector x. Also projy, is the orthogonal projection onto W.

We deduce the above theorem from a complex version using a theorem on restricted invertibility
(see Section 6). A transitive subset of the complex unit sphere is defined to be the orbit of a point
under the action of some subgroup of the unitary group.
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Theorem 1.3. There is an absolute constant C > 0 so that the following holds. Let 1 < k <
d/(log(3d))C. Let X be a finite transitive subset of the unit sphere in C¢. Then there is a complex
k-dimensional subspace W such that

. 1
sup||projyy x|js £ —(————.
xeX” w x| VNog(d/k)
We suspect that the 1 < k < d/(log(3d))® hypothesis is unnecessary in both Theorems 1.2
and 1.3.

Conjecture 1.4. Let 1 < k < d. Let X be a finite transitive subset of the unit sphere in C*. Then
there is a complex k-dimensional subspace W such that

1

su rojy X|lo L —————.
supllprolw HzN\/log(Qd/k:)

One particularly intriguing special case of Conjecture 1.4 is that every finite transitive set of unit
vectors in R? has k-cylindrical width o(1) for all k = o(d).
We prove a matching lower bound on the cylindrical radius (See Section 7 for proof.)

Theorem 1.5. Let 1 < k < d. There exists a transitive set X in RY such that for any (real or
complex) k-dimensional subspace W we have
1

su rojy X|lo 2 ———.
supllerolw HzN\/log(Qd/k:)

We propose another closely related conjecture: every finite transitive set in R? lies inside a small
cube.

Conjecture 1.6. Let X be a finite transitive subset of the unit sphere in R? (or C?). Then there
1 a unitary basis L such that

1
sup  [(v,x)| § ——=. (L.1)
xeX,veL IOg d
Establishing an upper bound that decays to zero as d — oo would already be interesting. Note
that Theorem 1.3 implies the existence of a set L of orthonormal vectors with |L| > d*% so that
(1.1) holds (and likely extendable to |L| > d/(log d) via our techniques). Proving either conjecture
in full appears to require additional ideas.

Remark. Green’s proof [4] of Theorems 1.2 and 1.3 in the case k = 1 contains two errors. The first
error is due to a missing supremum inside the integral in the first and second lines of the last display
equation in proof of Proposition 2.1 on page 560. The second error occurs at the final equality step
of the top display equation on page 569, after right after (4.4); here an orthogonality relation was
incorrectly applied as it requires an unjustified exchange of the integral and supremum. Our proof
here corrects these errors. Green has also updated the arXiv version of his paper [4] incorporating
these corrections.

2. PROOF STRATEGY

The subspace W in Theorem 1.3 must vary according to the transitive set X. On other hand,
the strategy is to construct a single probability distribution p (depending only on the symmetry
group G < U(C?) but not on X) on the set Gre(k, d) of k-dimensional subspaces of C?. This is an
important idea introduced by Green (for k = 1).

Definition 2.1. Let 1 < k < d. Let fi(d) be the smallest value so that for every finite G < U((Cd),
there is a probability measure p on Gre(k, d) such that for all v € S(C%),

/ sup|[projy (gv)[3du(W) < fu(d)?
geG
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The values fi(d) are well defined since the space of probability measures u in question is closed
under weak limits.
Our main result about fi(d) is stated below.

Theorem 2.2. If k < d/(logd)?°, then

fe(d) !

~ Viog(d/k)’

Proof of Theorem 1.3 given Theorem 2.2. Let our transitive set X be the orbit of v € S(C%) under
the action of the the finite subgroup G' < U(C?%). By Theorem 2.2 and Definition 2.1, there is a
measure p on Gre(k,d) such that

/ sup|[projy (gv)|2du(W) < fu(d)?.
geG

Therefore there is some k-dimensional subspace W with

1
su O

gegHPTOJW(QV)Hz < frld) < m-

To prove Theorem 2.2 , we will decompose G to “smaller”, more restricted cases, namely irre-
ducible and primitive representations. We will also need to consider permutation groups (for both
the reduction step as well as the primitive case).

2.1. Preliminaries.

Definition 2.3. We say that G < U(C?) is imprimitive if there is a system of imprimitivity: a
decomposition

l
Y
i=1
with 0 < dim V; < d such that for every g € G and i € [¢] one has gV; = V; for some j € [¢]. (The

subspaces V; need not be orthogonal.) Otherwise we say that G is primitive.

Remark. Both primitivity and irreducibility are properties of a representation, rather than intrinsic
to a group. We identify G < U(C?) with its natural representation on C¢.

It follows from Maschke’s theorem that primitive group representations are irreducible.

Definition 2.4. Given v = (vy,...,v4) € C%, let
v© = ([ve)ls -5 1ve@yl) € R?
where ¢ is a permutation of [d] so that
Vo) =+ = [vg(al-
We write v~ for the i-th coordinate of v~. Let
Dom(v) = {w € C?: w] < v/ for all i € [d]}.
Let (here &4 denotes the symmetric group)
Iy =6y x (SH? < u(Cdh

be the group that acts on C% be permuting its coordinates and multiplying individual coordinates
by unit complex numbers. Then Dom(v) is the convex hull of the I'g-orbit of v.
We define some variants of fi(d) when the group G is restricted to special types.
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Definition 2.5. Given k € [d], let fi"*d(d) (resp. fP""™(d)) be the smallest value so that for every
finite G < U(C?) which is irreducible (resp. primitive), there is a probability measure x on Gre(k, d)
such that for every v € S(C%),

/ suplloroiiy (9v) Bu(W) < @2 (vesp. F (0.
g

The permutation action on C% deserves special attention.

Definition 2.6. Let f;"™(d) be the smallest value so that there is a probability measure p on
Gre(k, d) such that for every v € S(C?),

[ sup o ) Bu(W) < £

ucDom(v)

Define falt( ) to be the same with the additional constraint that p is supported on the set of
k-dimensional subspaces of the hyperplane 1 + --- 4+ x4 = 0.

We will often equivalently consider, instead of p on Gre(k,d), the corresponding measure p*
on the complex Stiefel manifold V(C?), that is, p* is derived from g by first sampling a p-
random k-dimensional subspace W of C%, and then outputting a uniformly sampled a unitary
basis (w1, ..., wyg) of W. We have |[projy, (u)||3 = Z§:1|<gvl,w@>|2.

2.2. Reductions. We first reduce the general problem to the irreducible case.

Proposition 2.7. If1 <k < /¢ <d then
) < max{\/ sup ffgrkej,/ﬂ (d')}.

d’>d/
We then reduce the irreducible case to the primitive case and the alternating case.

Proposition 2.8. If k < d/2, then
f]irred( ) < n;axd(mln{fpg}f; 1 (dg), f,?lt(dl) + ]lkZdl })
The symmetric and alernating cases can be handled explicitly, yielding the following.
Proposition 2.9. If k < d/(logd)®, then

() < f19d) < 1/y/log(d/k).

This leaves the primitive case, which we prove by invoking an group theoretic result proved by
Green [4, Proposition 4.2| that allows us to once again reduce to the alternating case once again.

Proposition 2.10. There is an absolute constant ¢ > 0 such that for k < cd/(log d)* we have

Ay < sup Y.
d’'>cd/(log d)*

2.3. Putting everything together. We are now in position to derive Theorem 2.2 using the
preceding statements.

Proposition 2.11. If k < 2d/(log d)' then fP"™(d) < 1/+/log(d/k).
Proof. Combine Propositions 2.9 and 2.10. O

Proposition 2.12. If k < d/(logd)'® then fid(d) < 1//log(d/k).
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Proof. By Proposition 2.8, we have
FETd) < amax (min(FFE (do). Si () + Lisay)-

First consider the case di < k. We have

2d 2d
(k] < o -

(log d)10 (log dz)10

By Proposition 2.11, we have

i (@2

1 1
<
\/ log(da/[k/d1]) log(d/(2k))
Now consider the case d; > k. Since da(di/k) = d/k, we have max{dy,ds/k} > +/d/k. If

dy > \/d/k, then

; 1 1
prim ¢ prlm do) < < ‘
Feyan (d2) = (d2) S Viogds ~ Jloa(d/h)

On the other hand, if di/k > \/d/k, then di/k > (logd)> so
di < d; ‘
(logd)® = (log d1)?

k<

Hence Proposition 2.9 yields
falt( ) < 1 < 1 ]
Viog(di/k) ™ /log(d/k)
Thus it follows that, for all didy = d,

min(ff 5 1 (d2), fE(d1) + Lysa) S

1
log(d/k)’
and the result follows. O

Now we show the main result assuming the above statements.

Proof of Theorem 2.2. Let ¢ = [v/dk]| > 2k. We have

(< < -
WS VIS s

Also, if ' > d/(2¢) then

2kd’ < d < d < d
d | — d/(20) ~ (logd)!® = (logd)'0
By Proposition 2.12, we have
. 1 1 1
1rred, d/ < < < )
Tt 0 ) & TR ~ g @@0) ~ v/iostam
Applying Proposition 2.7 to k and £ = [v/dk], we find

1
d) <max(\/k/l, su e (d —_— O
fi(d) < max(\/k/ A )f[2kd Ja)(d)) S o)

2.4. Paper outline. In Section 3, we prove the two key reductions, Propositions 2.7 and 2.8. In
Section 4, we prove the key estimate for the symmetric and alternating cases, Proposition 2.9. In
Section 5, we prove the primitive case, Proposition 2.10. Finally, in Section 6 we deduce a real
version from the complex version, proving Theorem 1.2. In Section 7 we demonstrate optimality of
our results by exhibiting the matching lower bound Theorem 1.5.
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3. REDUCTION TO PRIMITIVE REPRESENTATIONS

We first reduce the general case to the alternating and irreducible cases.

Proof of Proposition 2.7. Consider G < U(C%). By Maschke’s theorem, we can decompose into
irreducible representations of G:

Let dj = dim Vj. Let
J={jem]:d; >d/(20)}.

First suppose ) ..;d; > d/2. Then in each such Vj, we consider the probability measure pu;

]EJ
that witnesses fﬁgﬁfd /d] (d;) for the irreducible representation of G on V;. That is, p; samples a

[2kd; /d]-dimensional subspace of V; and satisfies

jfsgngrOLv(gV)HgdujUWW < fimed o (d)IvIE
g

for each v € V;. We define u to be a uniformly random k-dimensional subspace of € ies Wi where

each W; is an independent pj-random [2kd;/d|-dimensional subspace of V;. (Note the W;’s are

orthogonal as the Vj’s are.) The total dimension of this direct sum is at least k, so p is well-defined.
Given v € CY, write v = >y vj with v; € V. We have

ﬁwmwwmw> ﬁ@@%gwwhn% )

jeJ

<2/mmwwmwwm

jeJ

irred

< Zf[%d Jay (d 20513

JjeJ
< sup fl%fi/d](d,VHVH%

ar>dj(2¢

by orthogonality of the V;.
Next suppose > ;. ;d; < d/2. Then [[m]\ J| > £. Let I be an {-element subset of [m]\ J. Choose

arbitrary w; € S(V;) C (Cd for j € I, which are clearly orthogonal. Let u be the probability measure
on k-dimensional subspaces of C? obtained by taking the span of k uniform random elements in
(Wi, ... Wi}

For each g € G, write

ug = ((gv, w1),..., (gv, we))
and

v' = (Iprojy; vz, .- ., [projy, vl2)-
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Given S C [{], let projg take the projection of an ¢-dimensional vector down to that subset of
coordinates. We have

/ sup|[projy- (gv)[3du(W) = o 3" sup|lprojs(uy)|3
9eC (i) S (m)gEG

IN
=
|
S—

9}
M =
7
<
SUs
~—~"
N

l
k k
= 33 < IvIE

The first equality follows by the definition of u, the subsequent inequality follows by [(gv, w;)| < v,
and the last line is by direct computation and orthogonality of the V;. O

We next reduce the irreducible case to the primitive case. We first collect a few facts proved in
[4] regarding systems of imprimitivity.

Lemma 3.1 ([4, Section 2]). Let G < U(C?) be irreducible but imprimitive. Consider a system
imprimativity

d1
c' =PV,
j=1

with di mazimal over all such systems of primitivity. Let H = {g € G : gV1 = Vi} and choose
My ---57d, such that v;Vi = V;. Then the following hold:

1. The Vj are orthogonal and have the same dimension, and G acts transitively on them.

2. H has primitive action on Vy (i.e. the representation of H on Vi is primitive).

3. Y1,...,7Yd, form a complete set of left coset representatives for H in G.

4. For each g € G there is 04 € &4, so that ’y;gl(j)g’yj € H for all j € [d1] (i.e., o4 records how
g permutes {Vi,..., Vg }).

Now we are ready to prove Proposition 2.8, which recall says that for all k£ < d/2,

frred(a) < dﬁ%gzd(min{f%}r;ﬂ (do), f2"(d1) + Lisay })-
Proof of Proposition 2.8. Let G < U(C?) be irreducible but imprimitive. Consider a system of
imprimitivity

d1
c' =V,
j=1

with di maximal among all systems of imprimitivity. By Lemma 3.1, the spaces Vj are orthogonal
and all the dim V; are equal. Let dy = dim Vi, so that didy = d. Furthermore, H = {g € G : gV} =
Vi} acts primitively on Vi, that G acts transitively on the V;, and that there are 71,...,7q4, so that
v;V1 = V; which form a complete set of left coset representatives for H in G. For each g € G we
have some o, € &4, so that ’y;gl(j)g’yj € H for all j € [d;]. Define h(g,j) = ’y;gl(j)gfyj.

Let v € C%. There is a unique orthogonal decomposition

dy
vV = Z YiVj
j=1



8 SAH, SAWHNEY, AND ZHAO

where v; € V) for all j € [d;]. We have

d1 dl
gv = ZQ’Y]’V]’ = Z’yjh(g, Ug_l(j))vagl(j)'
j=1 j=1

Finally, if
d1
W = Z Ajx
j=1
for some A = (A1,...,\g,) € € C% and x € V; then we see from the above and orthogonality that

gV W ZA g, g ))Vo'gl(j)7x>'

Now we return to the situation at hand: we need to choose a k-dimensional space with a good
projection for our transitive set. Consider the map v : V; x C% — C¢ given by

dy
A) =D Ax.
j=1

It clearly maps the pair of unit spheres into the unit sphere. Given probability measures u; on
Gre(k1, V1) and pe on Gre(ke, C™), we define the pushforward measure p on Gre(kiks,d) by
taking the image of these two subspaces under 1. Equivalently, suppose ;] samples a unitary basis
X1,...,Xy, of a subspace of V; and p5 samples a unitary basis Aq,..., A, of a subspace of Coh
then p samples the subspace of C? with basis {1(x;, A;) : i € [k1],j € [k2]}. It is easy to check this
basis is in fact unitary.

Next, we choose p1 and po based on the sizes of d; and ds.

First let k1 = [k/d1] < d2 (as k < d/2) and ky = d;. We let 1 be the measure guaranteed by
Definition 2.1 so that

sup [projyy (hw)|[3du (W) < f2™(d2)?||ull3
heH

for all u € V; and let uo be the atom on the space C* in Gre(dy,dy). Let p be the -pushforward
of (p1, 12) as described earlier. We find

k1 dy

/ suplprojy (9v) (1) / sup > 3 v, vixes e P (xa. . )
9€ Gi=1j=1
k1 dy

‘ 2 *
/SHPZZ‘ (9,0 g agl(j)=XZ>’ dpq (X1, -5 Xky )

9€G 21 =1
k1 dy

/SHPZZ\ (9:9)v;,x0) Pdui e, i)
9€G 21 =1

sz/supZ\ (9, )v3, X2 (x1, - k)
=17 9€G =

dy k1
< Z/sugz (v, %P (X, - %)

Z PR (d2)lvs 1 = FE ()2 (V.
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The last equality is by orthogonality of V,. .., Vy, and unitarity of v; for j € [d;].

Now suppose that k < dy. Let k;y = 1 and ky = k. Choose an arbitrary unit vector x € V; and
w1 be an atom on Gre(1, Vi) supported on the line Cx. Let pg be guaranteed by Definition 2.6 so
that

/ sup Z|uAe|du2<A1,..,Ak>§f2“<d1>2uwu%

u€Dom(w) y—;
for all w € V;. Let p be the 1-pushforward of (p1, p2) as described earlier. We find

k
/ sup|projy (9v) | 3du(W) = / sup > {gv, wi) 2dp* (wi, ..., wi)

geG geG =1

/supD 0v, 00 AP (A, )

gGGZ 1

St

9€G 124

2

ZAM (9:95 DVt (%) | Az (Ars- -, Ap)
j=1

S/ sup Z| u, )‘Z | dlu2()‘17 "7)‘k)7

u€Dom(y) y—;

where y has coordinates y; = sup,cp [(hv;,x)| for j € [d1]. We immediately deduce

/ suplprojy (gv)|du (W) < / sup Z| w A Pdis (M, )
ge

u€Dom(y) ,—;

< i (d)|IylI3 < fi(dh) Z\Ivglb— ) vl

Note that the above constructed measures in both cases are mdependent of v. The second con-
struction is only valid when k < d;. Therefore since the f values are clearly bounded by 1, we have
an upper bound of
prlm prim 1t
f (d) < d{%?i{ (min( [k/d ](d2)’f1? (d1) + ]lk2d1))a

as claimed. O

4. PERMUTATION GROUPS

In this section, we establish upper bounds for f;”™(d) and falt( ), extending the previous con-
struction [4, Sectlon 3] for k = 1.

A useful high dimensional intuition is that, for small %, a random k-dimensional subspace of R?
has the property that all its unit vectors have distribution of coordinate magnitudes similar to that
of a random Gaussian vector.

We first need the existence of a large dimension subspace of R% with certain delocalization prop-
erties. We encode this through the following norm.

Definition 4.1. Given v € Rd let
Iv|iF = sup log*(2d/|S]) > v3
@ [ ] jES

and let
T* = {t ¢ R?: |(t,w)| < 1 whenever ||w|r < 1}.
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Remark. Note that ||-||7 is a norm as it can be represented as a supremum of seminorms. Hence

[wllz = sup [{t, w)].
teT*

We next recall a classical lemma regarding the concentration of norms on Gaussian space (see
e.g. [5]); we provide a short proof for convenience.

Lemma 4.2. There is an absolute constant C > 0 so that for all p > 1, a Gaussian random vector
w ~ N(0,1,) satisfies

Euwr+-twg=ol W) < (Ellw]F) /P < Ellw|lr + C\/ﬁtseujp*\lt\lz-

Proof. For first inequality note that w ~ N(0, ;) can be written as w’ + G1 where w’ is drawn
from N (0, I;) conditioned on having coordinate sum zero and G € N (0,1) is independent of w’.
Then by convexity note that

E[wF)V? = Ellw + GL7) P = Ew [E[W + V' [W]I[)P = (Buysotwg=ol WIE) 7.

To prove the second inequality first note that

[wllz = [lvllr < [lw = vz = sup [(t,w — v)| < [|w — V]| sup|[t]..
teTx teT*
Therefore if L = supycp-«|/t]|2 then w — ||w||7 is an L-Lipschitz function with respect to Euclidean
distance. Therefore by Gaussian concentration for Lipschitz functions (see e.g. [1, p. 125]) we have
that

Pll|lwllr — Ellwllz]| > 1] < 2exp(—ct?/L?)

where ¢ is an absolute constant. Using standard moment bounds for sub-Gaussian random variables
(see e.g. [8, Proposition 2.5.2]), we find that

Ellwlr — Elw|[")"/? < C\/ﬁtseujg\\t\\z
for an absolute constant C' > 0. Finally, Minkowski’s inequality implies that
Ellwlf) '/ < Ellwllr + (EBl|[wllr — E|lwllz[")"/?
and therefore the result follows. 0
We now prove an upper bound for E[||w||7].
Lemma 4.3. A Gaussian random vector w ~ N(0,I;) satisfies E|w|r < Vd.

Proof. Recall wi from Definition 2.4. We have

E(w;)? = /OOO Plw > Vt]dt < /OOO min (1, (‘j) (Ze_t/2)i>dt

< / min(1, (2de'~%/? /i)")dt < log(2d/i).
0

Therefore

U

(Ellwllr)* < E[wl|7 < Zlog (2d/i)(w Z °(2d/1)

i=1 =1
1 0
< d/ log(2/x)° da = d/ (y +log2)’c™ dy < d. O
0 0

We are in position to derive a high-probability version.
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Lemma 4.4. With probability at least 1 — exp(—2d/(logd)*), a standard Gaussian vector w ~
N(0,1,) satisfies |wllr < Vd. In fact, the same is true after conditioning w to have coordinate
sum 0.

Proof. Note that if t € T, then

16113 = IIt]l

t
<t, —>\ <l < log2(2d) [t
el

Hence
sup [t]|2 < log2(2d).
teT*

To deduce the claimed bound, note that
Pll|wlr > KVd] < (KVd)PE[||wl]}]
< (KVd)P(Ellwllr + CVp sup [6]]2)”
e *

< (KVd)™P(C'Vd + C'\/plog?(2d))?
for appropriate absolute constants C,C’ > 0, using Lemmas 4.2 and 4.3 and the above inequality.
Letting p = d/(log d)* and K > 0 be a sufficiently large absolute constant yields
Pll[wl|r > KVd] < exp(~2p),

as desired. The same holds is we condition on sum 0, using the moment bound for the conditional
variable derived in Lemma 4.2 instead. O

Lemma 4.5. There is a [d/(log d)*]-dimensional subspace of the hyperplane 1+ in RY such that
each of its unit vectors v satisfies
Ivir < 1.

Proof. We can assume d is sufficiently large. Let k = [d/(log d)*], and consider a uniformly random
k-dimensional subspace W of 1+. Let U be a d x k matrix whose columns form an orthonormal
basis of W, chosen uniformly at random.

By a standard volume packing argument (e.g., see [7, Lemma 4.3]), there exists A” C S(RF) with
|| < 6% such that for every v € S(RF) there is v/ € A so that ||[v —Vv/||s < 1/2. Thus if u is a unit
vector in the direction of v — v/, we have

1
1Ovlr < |UV'lr + UV = V)llr < [UV'[l7 + 5l[Uullr.

We deduce

1
sup [|UV|r < sup [UV'||r+ 5 sup [[Uufr
veS(RF) veN 2 ueS(Rk)

and thus

sup ||Uv]|r <2 sup |UV||7.
veS(RF) vieN

Now fix some v € N. Note the distribution of Uv is uniform among unit vectors in 1+ since W
was chosen uniformly. Now note that for any constant C' we have that

Pl[Uv]lr = C] = P[|G/[|Gl2ll7 = C]
where G ~ N(0,1; — (171)/d). Now since G/||G|2 and ||G||2 are independent we have that
P|G/|IGl2llr > C] = P[|Gll2 < 2Vd]'P[|G/||Gll2]/r > C and |G|z < 2Vd]
< 2P[|G/||Gll2|l7 > C and |G|l < 2V/d]
< 2P[|G/|G 2]l > 2CVd].
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By Lemma 4.4, the last expression is at most 2exp(—2d/(log d)*). The result follows upon taking
the union bound over at most 6¥ vectors in N, since 6 < 2. O

Finally, we will need a form of Selberg’s inequality (see [3, Chapter 27, Theorem 1]).

Lemma 4.6. For vi,...,v,, € C? we have that
sup Z:]wvZ <supZ\vZ,V]
weS(C) ;=1 i€[m] ;=

Now we prove Proposition 2.9, which recall says that for k < d/(log d)®, one has

fsym( ) alt < 1/ /log d/k‘

The first 1nequahty is immediate as the set of allowable p’s in the definition of f8L1t is a subset of
those of fk . So we just need to prove the second inequality.

Proof of Proposition 2.9. Let e; be the i-th coordinate vector. For each j with k < 27/(log 2/)* < d,
we apply Lemma 4.5 to the space V; = spang{ei, ..., ey }. Here the T-norm is defined with respect
to this 2/-dimensional space. In particular, there exists a k-dimensional (real) subspace of the
orthogonal complement of e + --- + ey; within Vj}, call it Wj, so that every unit vector u € Wj
satisfies
PP
2" S fogl(2i71/]5))

for every nonempty S C [27]. Let Vj’ = spanc V; and W]’ = spanc W;. We immediately deduce that
every unit vector u € W]/ satisfies

Z’ wil® S TASD (4.1)

€8S

since we can write it as u = au, + fv/—1u, where u,,u, € W; are real unit vectors and o, 5 € R
satisfy o? + 5% = 1.
Now we construct our random subspace as follows: let W = W, where j is a random integer
uniformly chosen from
J = {[logy(2k log* d)], ..., |logs d]}.
Let u be the probability measure on Gre(k,n) that gives W.
For every v € S(C?), we have

sup [[projiy (Yv)[2 = sup sup [(yv,w)| = sup (v7,w").
v€lq ~Elg weS(W) weS(W)
Therefore
. 1
/supllprOJw(W)H%du( ZsupllprOJW (W3 =150 swp (v, w")%
vel'y ’ ’ EJ’Y ely ’ ’jeJWES(WJ‘)

Let w’; € S(W}) be such that

sup (v, w
WES(Wj)

which exists by compactness. For ¢,5 € J with ¢ > 7, we have
1
NS (> : N <
()™ (9571 = prode () S oz gy

The first inequality follows from w’; € Vj, which implies (w’)~ € V;. The second follows from (4.1)
applied to w] and S a subset of [21] composed of the 2/ largest magnitude coordinates of w]
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Applying Lemma 4.6, we deduce

| s oroliy () Beia(W) = 2 S (v (w572 < sup 37 ((wh)™ (7).
jeJ

v€ly jeJ i€J
1 < 1 1 1
~ 2 +1 7 2/(9i+1 ~
7 .EZJ o) 2 @) 21
This 4 thus shows that f2i*(d) < 1/+/log(d/k). O

5. PRIMITIVE REPRESENTATIONS

We now turn to the case of bounding fP"™™(d). First, we show that if the group G' < U(R?) is

sufficiently small, then a random basis achieves the necessary bound for fprlm(d). This is a minor
modification of [4 Proposition 4.1].

Proposition 5.1. Let G < U(C?%). Suppose that [G : Z4NG] < e/ 18 where Zy := {\; : |\| = 1}.
Then for k € [d] there exists a probability measure p on Gre(k,d) such that

/ sup[projy (9v)|2du(W) < mnvué

geG

for all v € C.

Proof. We let p be the uniform measure on Gre(k, d). By scaling, we may assume that v is a unit
vector. Furthermore let W’ be the subspace generated by the first k& coordinate vectors ey, ..., eg.
Note that

- [suguprojw<gv>u2 > t] < /59y [projy (v)]|2 >
ge

d/logd :
< BIP g oy [[[projuw (V) 2 = 1]

using a union bound and then orthogonal invariance. Now note that

E[[proji(v')[l2]* < E[l[projw- (v)|[3] = k/d

and that ||projy(v')]| is a 1-Lipschitz function of v/. Therefore by Lévy concentration on the sphere
we have that

Pyresicallproju (V)2 = v/k/d + C/+/log d] < e~ 2% 18

for a suitably large absolute constant C. Finally, using \/k/d < 1/4/log(2d/k) and using the bound
lprojy (v')|]2 < 1, the desired result follows immediately. O

We need the following key group theoretic result from Green [4], which in turn builds on ideas
from Collins’ work on optimal bounds for Jordan’s theorem [2]. Roughly, it says that if [G : Z;NG]
is large then G has a large normal alternating subgroup. The first part of the following theorem is
[4, Proposition 4.2], while the rest is implicit in the proof of [4, Proposition 1.11].

Theorem 5.2 ([4, Section 4]). Let G < U(C?) be primitive and suppose that [G : ZyNG] > e/ 1084,
If d is sufficiently large then all of the following hold.

(1) G has a normal subgroup isomorphic to the alternating group A, for some n > d/(log d)*.

(2) G has a subgroup of index at most 2 of the form A, x H, with the same n.

(8) The resulting representation p : A, x H < G < U(C?) decomposes into irreducible rep-
resentations, at least one of which (call it p1) is of the form p1 ~ ¢ ® ', where ¢’ is an
irreducible representation of H and v is the representation of A, acting via permutation of
coordinates on {z € C" : z; +--- + z, = 0}.



14 SAH, SAWHNEY, AND ZHAO

We are now in position to prove Proposition 2.10, which recall says that there is an absolute
constant ¢ > 0 such that for every k < cd/(log d)* we have

P S sup ).
d’'>cd/(log d)*

The proof mirrors that of [4, Proposition 1.11], but we correct an error of Green ([4, p. 20]) involving
an incorrect orthogonality identity. This erroneous deduction is replaced by an argument which still
allows one to reduce the primitive case to the alternating case.

Proof of Proposition 2.10. We may assume d is sufficiently large. If [G : Z;NG] < ed/108e then the
result follows by Proposition 5.1. So we can assume [G : Z;NG] > e/ 1084 and thus by Theorem 5.2,
G has a normal subgroup isomorphic to A,, for some n > d/(logd)* and that G has a subgroup of
index at most 2 which is of the form A, x H. If the index is 2, let 7 be the nontrivial right coset
representative of A, x H in G (otherwise just let 7 be the identity). Note that

sup||projy-(gv)[3 < sup |proju(gv)l3+ sup [[projyu (g7v)|[3,
geqG geEAnxXH geEAxH

so it is easy to see that, up to losing a constant factor, we may reduce to studying groups of the form
G = A, x H where n > d/(logd)* (but note that the representation may no longer be primitive, or
even irreducible).

Now Theorem 5.2 shows that the representation p : A, x H — U(C?) coming from this setup has
an irreducible component of the form p; ~ 1y ®1)’, where ¢ is an irreducible representation of H and
1 is the representation of A,, acting via permutation of coordinates on {z € C" : zy +--- + 2z, = 0}.

Note that dim p; > dimvy =n — 1 > d/(log d)*, so dim p; > k provided that ¢ > 0 is sufficiently
small. We will choose a k-dimensional subspace of the irreducible component p;.

We explicitly present this situation as follows. Let V' be the space acted on by ¢’ (unitarily).
Consider V = 1+ C C", and consider the spaces V ® V' C C" ® V’, which has a natural unitary
structure given by the tensor product. Note v acts on V by permutation of coordinates when
represented in C". Every vector in V ® V' is spanned by pure tensors v ® v/ where v has zero
coordinate sum, and pi((a,h)) acts by ¥(a) ® ¢'(h) on pure tensors. In fact, we can extend this
action to all of C" ® V' in the natural way (and the resulting representation is isomorphic to a
direct sum of py and triva, ®¢’). At this point, the analysis will be similar to that in the proof of
Proposition 2.8.

Let v be the measure on Gre(k,n) which is guaranteed by Definition 2.6 (so is supported on
subspaces of V' C C") and consider the measure which is supported on a single atom in Gre(1, V)
in the direction of a fixed unit vector x. Let u be the tensor of these two measures, i.e., if v* samples k
orthonormal (sum zero) vectors uy, ..., u; then we choose the subspace with basis u; ®x, ..., u;®x.

Now consider some v in the space V ® V/ C C" ® V', and write it as

n
_E: ) /
vV = e]®vj
Jj=1

where the e; is the j-th coordinate vector of C". In fact, the V; must add up to 0 € V/. We see
that

n
VI3 = > I3
j=1
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We have

/ sup [[proju (gv) [2du(W)

gEALXH

k n 2

) e, 3o v
k n 2

= /aejRI;L)GHZZ:; ;W(a)ej,u@(w (R)v},x)| dv*(uy, ..., u)

k
§/ sup Z|<w,ug>|2dy*(u1,...,uk)

weDom(y) =1
< S (n)?[ly13,

where y € C" satisfies y; = sup,ep [(¥'(R)V},x)|. The first inequality follows by noting that

(¢(a)ej,ug) as j varies simply records the coordinates of u, in some permutation, and by considering

w = (w1, ..., wy) defined via w; = (¢'(h)v’;,x), which is clearly on Dom(y). Now we see
/ EiUPHHProjw(QV)H%dM(W) < 2y IE < )Y CIVGIE = N m)?IvIE. m
geAnX j=1

This completes all the components of the proof of Theorem 1.3.

6. REAL SUBSPACES

We already proved Theorem 1.3, which finds a complex subspace. Now we use it to deduce
Theorem 1.2, which gives a real subspace. We will apply the following version of the restricted
invertibility theorem, which is a special case of |6, Theorem 6|. We write s1(M) > so(M) > --- for
the singular values of a matrix M.

Theorem 6.1 ([6, Theorem 6]). Let M be a real 2k x 4k matriz of rank 2k. There exists S C [4k]
with |S| = k such that Mg, the restriction of M to the columns S, satisfies

> gk 2 85(M)?
> J /273
Sk(Ms) = \/ 2 .

Proof of Theorem 1.2. Let 2k < d/(logd)®, where C is as in Theorem 1.3. By embedding X in
S(C%) and using Theorem 1.3 we can find a 2k-dimensional complex subspace W of C?% such that

Su;@(llprojw x|j2 S 1/v/1og(d/k).
pdS

Let vi,...,Vvo, be a unitary basis for the subspace W and let the matrix with these columns be
denoted by B. Now consider the matrix M which has 4k columns which are Revy, ..., Re vy, and
Imvy,...,Imvy,. Note that M has sop(M) > 1/4/2 as any vectors in C** satisfying i = Vjyok
have |[Mv|| = ||v||/v2. Therefore by Theorem 6.1 one can select & columns such that the matrix
N with those k columns satisfies

sk(N) 2 1.

Now consider any unit vector v in the image of N. Such a vector can be represented as v = Nw
where ||w|| < 1. It therefore suffices to prove that

sup  [(Nw,x)| S 1/v/1og(d/F).

xeX,weS(RF)
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To see this separate N into N1 and No where N; corresponds to columns chosen from the real parts
of vectors v; and the columns are chosen from the complex parts of v;. Let these have £ and k — £
columns respectively. Then

sup  [(Nw,x)| < sup  [(Mw,x)|+  sup  [(Naw,x)|
xeX,weS(RF) x€X,weS(R) x€X,weS(RF)

<2 s  |(Bw,x)|

x€X,weS(CF)

S 1/4/log(d/k). O

7. LOWER BOUND
Finally, we show a lower bound of Q(1/4/log(2d/k)), which demonstrates optimality of our results.

Proof of Theorem 1.5. We prove the real case; an analogous proof works over C by considering a
suitably fine discretization of 'y, or we can repeat the proof in Section 6 to transfer a lower bound
from real to complex.

The claim for k = 1 was already proved in [4, Sharpness after Theorem 1.3| (see the construction
at the beginning of this article right after Theorem 1.1). The case k = 1 implies the result also for
k < d'~¢ for any constant c, since we can project from W onto a arbitrary I1-dimensional subspace
of W.

So from now on assume k > d*/2. Consider the action of G = S4x (Z/2Z)* on R? by permutation
and signing. Let

1 1
- .., —=.0,...,0].
(x/Lk;/2J +1 Vd )
Let X be the G-orbit of a/||al|s.

Let W be a k-dimensional subspace of RY. We wish to show supyc x ||projy, x|j2 > 1/+/log(2d/k).
Let y = (y1,...,yq) a uniform random vector in S(W). Let o; = (Ey?)'/2. We have

ol 4+ +oi =B+ +yil=1 (7.1)
and 1 1
o? = Llprojw (eI’ < ;. (7.2)

Without loss of generality, assume that 1/ VEk > 01> >04>0,s0that o; <1/ Vi for each i.
We claim that

aiZ\/gai forall1 <i<d-—k/2.
Indeed, for i < k, we have a; > 1/4/3k/2 > \/3/20;. For k < i < d — |k/2], we have a; =

1/ V1k/2] +i 2 0i/i/([k/2] + 1) 2 \/2/30;.

We have Ely;| > (Ey?)Y/? = 0, since y; is distributed as the first coordinate of a random point
on o;Vk - S(RF).

Putting everything together, we have

llall2 sup[lprojy, x||2 > sup||projy, gal| > Esup(a, gy)
xeX geG geG
d

d—k/2
2E ) alul2 ) woiz ) ol
i=1

1<i<d i=1

)

N =

where the final step uses (7.1) and (7.2). Thus
. 1
SuEHprOJW x|l2 2 Tala 2 1/+/log(2d/k). O
xXE
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