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ANTICONCENTRATION VERSUS THE NUMBER OF SUBSET SUMS
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ABSTRACT. Let @ = (w1, ...,w,) € R". We show that for any n™2 < e < 1, if

#{Ee {01} Ea)=r} 227" 2"
for some r € R, then
#{(& @) : € € {0,137} < 290V,
This exponentially improves a recent result of Nederlof, Pawlewicz, Swennenhuis, and Wegrzycki
and leads to a similar improvement in the parameterized (by the number of bins) runtime of bin
packing.

1. INTRODUCTION

For & := (wy,...,w,) € R™ and a real random variable &, recall that the Lévy concentration
function of W with respect to £ is defined for all » > 0 by

Le(w,r) = sup Pllwi&y + -+ wnbn — 7 < 7],
TER
where £1,...,&, are i.i.d. copies of {. In combinatorial settings (where @ € Z") a particularly
natural and interesting case is when r = 0 and £ is a Bernoulli random variable, i.e., £ = 0 with
probability 1/2 and £ = 1 with probability 1/2. For lightness of notation, we will denote this special
case by

—

,0(711’) = ‘CRad(’w’ 0) = ?—lel]gp[(lﬁ’ £> = T]'

In this note, we study the following question.

uestion 1.1. For a vector @ = (wq, ..., w,) € R™ with p() > p, how large can the range
p P

be?

The two extremal examples here are @ = (0,0, ...,0), which corresponds to p(@) = 1, |[R(@)| =1
and @ = (1,10,...,10"" 1), which corresponds to p(@) = 27", |R(w)| = 2. Motivated by these
examples, one may ask if there is a smooth trade-off between p(w) and |R(w)|. This turns out
not to be the case. Indeed, for any ¢ > 0, Wiman [6] gives an example of a @ € Z" for which
|R(w)| > 20=9" and p(w) > 2707447 At the other end of the spectrum, when p(i) > 27", the
so-called inverse Littlewood—Offord theory [4,5] heuristically suggests that  is essentially contained
in a low-rank generalized arithmetic progression of ‘small’ volume so that |R(w)| is also ‘small’.
However, the number of ‘exceptional elements’ in the inverse Littlewood—Offord theorems (cf. [3])
is unfortunately too large to be able to rigorously establish such a statement.

Nevertheless, in a recent work on the parameterized complexity of the bin packing problem (see
Section 1.1), Nederlof, Pawlewics, Swennenhuis and Wegrzycki [2] showed that for any € > 0,

p(@) 227" = |R(w)| < 270",
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where

log(e™1)

In particular, (¢) — 0 as € — 0. Moreover, we must have d(¢) > (2 — o(1))e, as can be seen by
considering

5(6) = O (w) | 1)

ZU:(Cl,...,cl,CQ,...,Cg,...,Cn/k,...,On/k)GR”,

where each C; is repeated k times, and C; is sufficiently small compared to C;11 for all 7. Indeed,
for such w, we have p(w) = 9= (z o) logz k while |R(w)| < 20+ox(1) loga b

We conjecture that this example is essentially the worst possible, so that §(¢) < 2e. We are able
to show that

d(€) = O(Ve), (1.2)

thereby obtaining an exponential improvement over (1.1). More precisely,

Theorem 1.2. Let € > 0. For anyn > ¢ /% and any @ € R" satisfying p(@) > exp(—en), we have
[R()| < exp(Cy.2¢'/?n),

where C 9 is an absolute constant.

We prove this theorem in Section 2.

1.1. Application to bin packing. The bin packing problem is a classic NP-complete problem
whose decision version may be stated as follows: given n items with weights wy, ..., w, € [0,1] and
m bins, each of capacity 1, is there a way to assign the items to the bins without violating the
capacity constraints? Formally, is there a map f : [n] — [m] such that 3, -1,y w; < 1 for all
Jj € [m]?

Bjorklund, Husfeldt, and Koivisto [1] provided an algorithm for solving bin packing in time O(2")
where the tilde hides polynomial factors in n. It is natural to ask whether the base of the exponent
may be improved at all i.e. is there a (possibly randomized) algorithm to solve bin packing in time
O(2=9)") for some absolute constant € > 07?

In recent work, Nederlof, Pawlewics, Swennenhuis and Wegrzycki [2] showed that this is true
provided that the number of bins m is fixed. More precisely, they showed that there exists a
function ¢ : N — R>? and an algorithm for solving bin packing which, on instances with m bins,
runs in time 0(2(1_"(7”))"), where O hides polynomials in n as well as exponential factors in m.
Their analysis, which crucially relies on (1.1), gives a very small value of o(m) satisfying

o(m) < 271/m" (1.3)

Using Theorem 1.2 instead of (1.1) in a black-box manner in the analysis of [2], we exponentially
improve the bound on o(m).

Corollary 1.3. With notation as above, the algorithm of [2] solves bin packing instances with m
bins in time O(20-7m)") for o: N — R>0 satisfying

o(m) = Q(m~"2), (1.4)
where Q hides logarithmic factors in m.

We remark that the conjecturally optimal bound § = O(e), plugged into the analysis of [2], would
lead to o(m) = Q(m~9).
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1.2. Notation. We use Ber(1/2) to denote the balanced {0, 1} Bernoulli distribution and Bin(k) to
denote the binomial distribution on k trials with parameter 1/2. Recall that Bin(k) is the sum of k
independent Ber(1/2) random variables. We also use the following standard additive combinatorics
notation: C'+ D = {c+d:c € C,d € D} is the sumset (if C, D are subsets of the same abelian
group), and for a positive integer k, k- C = C + --- 4+ C (k times) is the iterated sumset.

2. PROOF OF THEOREM 1.2

We begin by recording the following key comparison bound, which will be proved at the end of
this section.

Lemma 2.1. Let n > k > Cy 1, where Cy 1 is an absolute constant and let 6 > 0. For any
A C {0,1}" with |A| < exp(dn), the following holds. Let b ~ Bin(k)®" be independent n-
dimensional random vectors. Then,

P.[b = Z — d 1 5
Ez supbq—]gexp C — 44/ |n|.
dea  Pplb= 7] AR

—

Let @ be as in Theorem 1.2. Let 7 be such that P[(i7, ) = 7] = p(i7), where £ is a random vector
with i.i.d. Ber(1/2) components. Let

B={{e{0,1}": (@,&) =1}
In particular, |B| > exp(—en) - 2. Let |R(@)| = exp(dn). For each r € R(), let £(r) be a fixed
(but otherwise arbitrary) element of {0,1}" such that (&, &(r)) = 7. Let

A={&(r) € {0,1}" : 7 € R(w)}.

Note that, by definition, for any distinct @;,d2 € A, we have that (W,d;) # (W,ds) and that
] = [R()] = exp(dn).

We will make use of the simple, but crucial, observation from [2] that A and k - B have a full
sumset for all &k > 1.

Lemma 2.2 (|2, Lemma 4.2|). The map (@,¢) — d+ € from A x (k- B) to A+ k- B is injective.

Proof. Indeed, if a@; + (ggl) +-+ I;,(gl)) =dy + (5&2) + -+ g,(f)), where @; € A and gy) € B, then
taking the inner product of both sides with @ and using (0, 5} = 7 for all b € B, we see that
(W, d1) = (W, ds), which implies that @; = @ by the definition of A. O

We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let k > 2 be a parameter which will be chosen later depending on e¢. By
Lemma 2.2, for each & € {0,...,k + 1}" for which there exist @ € A and ¢ € k- B with @ + ¢ = 7,
there exists a unique such ch01ce a= a( ) € A.

Now, let @ be uniform on A, let bl, e ,bk be uniform on B, and let ¥q,...,7; be uniform on
{0,1}™. Let C; C {0,...,k + 1}" be the set of vectors with ¢ coordinates equal to k + 1. For
Ze{0,...,k+1}", welet * € {0,...,k}" denote the vector obtained by setting every occurrence

of k+1in Z to k. We have
1=Pla+b +-+bp€{0,...,.k+1}"]

=" Pla+by+-+b=1]

i=0 ZeC;
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1=0 fECi
1 & on \ F
<> <—> Plo) + -+ + 0 = & — @(%)]
’ ‘ =0 7eC; ’B‘
eken P[d) + -+ T = & — d]
<SS TPE 4 5 = 2 sup o *
‘A’ =0 e C GcA ]P['Ul +--tUp =2 ]
ken M = = = =
e i Pty + -+ Uy =2 — d]
= 1/2%) E- n su - s .
|A| Z-:o( / SGZ([:]) PR g Pty + - - - + U = T*]

Let Ag be the set of elements in A C {0,1}" whose support contains S. Let
A ={@ € {0,1}"\% : 33 € Ag with a|;,g = @'}

Recall that |A| = exp(én). Abusing notation so that the supremum of an empty set is 0, can
continue the above chain of inequalities to get that

P[z71+---+*k=f—6]
1< S S"/2k) E.. n
S DWUCLD DR ns>x{k+us[sug o

se(t)
— ISy Y B w =7 - x{0)]
- |A| — - Z~Bin(k)®([n\S) p —. YO, —Z X {k}S]
1= SE( n)
eken & 1 4O =F—a
T A D12 Y Eapingetns) [ sup — & - ]}
Al = ‘ deAs +o O = 7
s
eken n/2 n ) ( k ) i
< TAT Z“i‘ Z 9 ki gn. max—ﬁk:l
’ ‘ 1=0 i=n/2 ¢ (Z)
eken n/2
ST Z.+n.2—k”/2.2”.k"
AN\
elen n/2 )
< W <Z 9 ki exp(Cg‘l(k;_l + 51/2/<;_1/2)n) + 2_k"/4>
1=0

< exp(—on) exp <O(ke TR 51/2/€_1/2)n>
by Lemma 2.1 applied to Ag, as long as n/2 > k > C9 1 > 10. Hence,
§ < Cke+ k=1 + 621/

for some absolute constant C' > 0. Now letting k = ¢~1/2/2 (note that this satisfies 2k = ¢~ /2 < n),
we find that

5 = O(2),
as desired. 0

The proof of Lemma 2.1 relies on the following preliminary estimate.
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Lemma 2.3. If1 < s < k/(167), then
B, o (—2 ) < exp(10ms®/k) + 2k*(4/5)".
e~Binb\ T 77— ) =

Proof. We let x ~ Bin(k) and y = = — k/2 ~ Bin(k) — k/2 throughout. We let z ~ N(0, kw/8). We

have
x s 2y — 1 s
E ; — | =E,(1+ —F7———
”Bm(’f><k+1—a;> y< +k/2+1—y>

2y s s
< Ey <1 + m) Lyy<kss + K°Plly| > k/3]

2y ° s k

Since for |y| < k/3,
2
2y < 2y + 8y ’
k/2+1—y) —k/2+1 " (k/2+1)2

and using (1 + z) < exp(z). we can continue the previous inequality as

< (142 8\ + 2k (4/5)"
= T k241 (Rj2 4 1)2) WISk

4sy 32sy?

§Eyexp<k+2+ 5 >+2ks(4/5)’f.

Now, let z1,..., 2 be i.i.d. N(0,1) random variables. Then,

1
Y~ g(sgnzl+"~+sgnzk).

Moreover, for any —k < ¢ < k,

2
Ele1 + -+ 2 [ sgn(z1) + - +sgn(zg) = {] = \/;5-

In particular, under this coupling of y, z1,..., 2, we have

3
Ble oo 11l =

Let 2 =21 + -+ + 2, so that z ~ N(0, k). Then, by the convexity of

4sy 325y
1) = (25 + 52 ).

and using Jensen’s inequality, we have
Eyf(y) =Eyz,.zf ()

. ) <\/§E[ | y1)

< E.f(vV7z/V38)

sV 2km 4sT
= Ewnn(o,1) €XP < o ¥ + 7w2>

- k P\ +2)2(k — sns)
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8rs  2ms?
sexp 5oty

< exp(107ms? /k). O
Finally, we can prove Lemma 2.1

Proof of Lemma 2.1. We may assume that 6 > 2000/k since the statement for § < 2000/k follows
from the statement for 6 = 2000/k. Also, note that § < log2. For any t € R, we have

Pb=7-a _ , Pb=7-a _ ,
Pzl supt——— >¢el"| < |A| sup Pz B La—
acA Pyl = 1] acA Py[b = 7]
Pfb =7 — ] \*
< |Alsup inf exp(—stn)Ez| | ——=———
GeAs>2 P[b = 7]
(]P’[Bin(k;) =1 — az]>s]
B PBin(k) = 1]

= |A|sup mf exp(—stn) HEx~Bm( k) [
i=1

x

1

< |A] ;gg exp(—stn) <Em~Bin(k) (7

In the last line, we have used that

T s £2 /2
Fo~Bin(k) [(m) ] - <Ex~Bi“<’“> [(k +1- :c>2]>

k2 (k — )

K
kz2+4(/<:+1)k(2€—k/2 >< >2 k>

k
’i‘ (k_zg +4(k:—|—1)}£2€—k/2) . (k:+1)(k—2€) >< >2_k>8/2
(
2

if k > 3. Therefore, by Lemma 2.3, we have
P;lb =7 — d NN
Py | sup -t~ 29 m]<,4-f st (EIMH <7>>
g o) S lherCsm e \ Ty

< 4] 2§s§illfl/f(167r) exp(—stn) <exp(107rs2/k) + 2k8(4/5)k>

< |A] inf exp(—stn) <exp(127rs2/k)>

2<s<k/(10logk)
- | Al exp —%—:) if @ <t < (logk)™t
| |A]exp _487r(ll€+gk)2) if (logk)™' <t <logk.

6



Here, the second case follows by plugging in s = k/(10log k) and simplifying, and the first case
follows from plugging in s = kt/24m which satisfies 2 < s < k/10log k by the restriction on ¢ and 4.
Finally, since
Pib=7—a "N\
0 <sup M < [ max (ngl) < k",
geA  Pglb =] e (%)

Pl—z—d] [t [ Pfi-i-d
acA  Pylb= 7] acA Pylb=17]

we have

—00

log k 1/logk 967 [k
g/ -—1—/ -+/ ne'™dt
1/logk /9676 /k —0o0

2
< e\/967r6/kn +/ |A|eXp _ kt_n net™dt
/9675 /k 481

/ Nz et
+ exp < — 7>ne "dt
1/logk 487 (log k)?

1/logk

1/logk
< exp (O( 5/k)n) + / ne "dt 4 1
/967 /k
< exp (O( 5/k)n) . O
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