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Abstract

The circle method is a powerful technique in analytic number theory for estimating
integrals over the circle R/Z. Often when dealing with a function f derived from a
number-theoretical object on R/Z the following will occur: (1) at reals α which are far
from all fractions of small denominator the value f(α) is relatively small, (2) at reals α
which are very close to a fraction of small denominator f(α) grows very large. When
dealing with such a situation it is often productive to split the integral into “major
arcs”: parts of the circle close to fractions of small denominator, and “minor arcs”:
parts of the circle far from all fractions of small denominator.

In this note, we give an exposition of an early application of the circle method:
namely, Waring’s Problem of finding the number of ways a number n can be expressed
as the sum of a fixed number s of k-th powers. In addition to being an exposition of
the circle method this note aims to give an introduction to several useful tools and
paradigms in analytic number theory such as inequalities for bounding exponential
sums and techniques for bounding integrals. The main proof exposition is based on
chapter 5 of Nathanson’s excellent book [Nat13], which is a simplification of the original
proof by Vinogradov [Vin28].

1 Motivation

A major topic in additive number theory is the following question: “Given a set A ⊆ N,
can every sufficiently large positive integer be expressed as the sum of a bounded
number of elements of A?” If the answer is positive we may be more ambitious and
ask “In how many ways can number n be represented as the sum of s elements from
A?” We say that the set A is an additive basis of order s if every sufficiently large
positive integer can be written as the sum of at most s elements from A.

Here are some famous examples of problems of this form:
• Lagrange’s four-square theorem states that all numbers can be written as the sum

of four squares. That is, the set of squares are an additive basis of order 4 [Nat13].
• Goldbach’s Conjecture states that the primes are an additive basis of order 2. This

remains an open question. However, using circle method techniques Helfgott proved
[Hel14] that the primes are an additive basis of order at most 3.

• Waring’s problem ([Woo23]), the focus of this paper, asks whether the set of k-th
powers is an additive basis of finite order. See [VW02] for a discussion of the best
known bounds of what the order is for each value of k.
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Our goal in this paper is to understand the following quantity:

Definition 1.1. For N, k, s ∈ N define rk,s(N) to be the number of (x1, x2 . . . , xs) ∈ Ns

such that
∑s

i=1 x
k
i = N .

To show that the k-th powers are an additive basis of order at most s it suffices
to show that rk,s(N) > 0 for sufficiently large N . We will show a much stronger
statement: a precise asymptotic formula for rk,s(N). Specifically our goal is to show:

Theorem 1.2. [Hardy-Littlewood] For any k, s ∈ N with s ≥ 2k + 1 we have

rk,s(N) = Θ(N s/k−1).

We say that f(n) = Θ(g(n)) if there are constants C1 and C2 such that C1g(n) ≤
f(n) ≤ C2g(n). To get a feel for why this size is intuitive, notice that |[⌈N1/k⌉]s| =
Θ(N s/k).

2 Preliminaries

We write a ⊥ b to denote that gcd(a, b) = 1. We write f(n) ≲ g(n) or f(n) ≤ O(g(n))
to denote that f(n) ≤ Cg(n) for some constant C, and we write f(n) < o(g(n)) means
limn→∞ f(n)/g(n) = 0. For x ∈ R we define [x] to be the set of all positive integers
less than or equal to x.

Now we develop some basic tools for bounding exponential sums. Exponential
sums play a central role in using analytic tools to control the behavior of combinatorial
objects. The most basic type of exponential sum is an exponential sum with “linear
phase”. Define e(x) = e2πix. A basic and important fact is (see [Gut22]):

Fact 2.1. Let a, b ∈ N. Then
b∑

n=1

e(n · a/b) = 0.

If α /∈ Q then for large enough N we expect [N ] ·α to be fairly uniformly distributed
on the circle R/Z. For α ∈ R, let ∥α∥Z denote the distance from α to the closest integer.
We have:

Lemma 2.2. Let α ∈ R. Then∣∣∣∣∣
N∑

n=1

e(αn)

∣∣∣∣∣ ≲ min
(
N, ∥α∥−1

Z
)
.

Proof. Note that |e(αn)| = 1 for each n ∈ {1, . . . , N}, giving the bound∣∣∣∣∣
N∑

n=1

e(αn)

∣∣∣∣∣ ≤ N

by the triangle inequality. On the other hand, note that the sum is a geometric series
and |1− e(α)| ≥ ∥α∥Z/5, so∣∣∣∣∣

N∑
n=1

e(αn)

∣∣∣∣∣ =
∣∣∣∣e(α)− e(α)N+1

1− e(α)

∣∣∣∣ ≤ 2

|1− e(α)|
≲

1

∥α∥Z
,

as required.
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Now we turn our attention to understanding exponential sums of with higher-order
polynomial phases. We have the following important theorem:

Theorem 2.3 (Weyl’s Inequality). Let α ∈ R and k ∈ N. Suppose f is a polynomial
of degree k with leading coefficient α. Then∣∣∣∣∣

N∑
n=1

e(f(n))

∣∣∣∣∣
2k−1

≲ N2k−1−k
∑

|d|≤k!Nk−1

min
(
N, ∥dα∥−1

Z
)
.

Proof. We proceed with induction on the degree of the polynomial. The base case
k = 1 holds by Lemma 2.2. Now assume the theorem holds for polynomials of degree
k − 1, that is, for polynomials f of degree k − 1 with leading coefficient α,∣∣∣∣∣

N∑
n=1

e(f(n))

∣∣∣∣∣
2k−2

≲ N2k−2−(k−1)
∑

|d|≤(k−1)!Nk−2

min
(
N, ∥dα∥−1

Z
)
.

Now let f be a polynomial of degree k with leading coefficient α. Note that∣∣∣∣∣
N∑

n=1

e(f(n))

∣∣∣∣∣
2

=

(
N∑

n1=1

e(f(n1))

)(
N∑

n2=1

e(−f(n2))

)
=

N∑
n1,n2=1

e(f(n1)− f(n2)).

We sum over [1, N ]2 by summing over all diagonals d = n2 − n1, where for each d the
possible range of values for n = n1 are [N1(d), N2(d)] ⊆ [N ]. Hence∣∣∣∣∣

N∑
n=1

e(f(n))

∣∣∣∣∣
2

=
N∑

n1,n2=1

e(f(n1)− f(n2)) =
∑
|d|≤N

N2(d)∑
n=N1(d)

e(f(n+ d)− f(n))

noting f(n + d) − f(n) is a polynomial of degree k − 1 with leading coefficient kdα.
Applying the Cauchy-Schwarz inequality k−2 times and the inductive hypothesis gives

∣∣∣∣∣
N∑

n=1

e(f(n))

∣∣∣∣∣
2k−1

≤ N2k−2−1

∑
|d|≤N

∣∣∣∣∣∣
N2(d)∑

n=N1(d)

e(f(n+ d)− f(n))

∣∣∣∣∣∣
2k−2


≲ N2k−2−1

∑
|d|≤N

N2k−2−(k−1)
∑

|d|≤(k−1)!Nk−2

min
(
N, ∥kdα∥−1

Z
)

= N2k−1−k

 ∑
|d|≤(k−1)!Nk−1

min
(
N, ∥kdα∥−1

Z
)

= N2k−1−k

 ∑
|d|≤k!Nk−1

min
(
N, ∥dα∥−1

Z
) ,

which completes the induction.

The following corollary is proved in [Nat13]

3



Alek Westover

Corollary 2.4. Let a ⊥ q, k ≥ 2. Then,

q∑
r=1

∣∣∣∣e(ark

q

)∣∣∣∣ ≲ q1−1/k+ε.

The following lemma, concerning integrals of exponential sums, will also be useful.

Theorem 2.5 (Hua’s Lemma). Fix N ∈ N. Define T (α) = TN (α) as
∑N

n=1 e(αn
k).

Then for any fixed ε > 0, ∫ 1

0
|T (α)|2j dα ≲ N2j−j+ε.

Proof. Fix ε > 0. We proceed by induction on j. When j = 1, the induction becomes∫ 1

0
|T (α)|2 dα =

∫ 1

0
T (α)T (−α) dα

=

∫ 1

0

N∑
n1,n2=1

e
(
α
(
nk
1 − nk

2

))
dα = N ≲ N1+ε.

Now assume the statement holds for some j < k, that is,∫ 1

0
|T (α)|2j dα ≲ N2j−j+ε.

Using the differencing technique as in the proof of Weyl’s inequality, we find

|T (α)|2j ≤ (2n)2
j−j−1

∑
|d1|≤N

· · ·
∑

|dj |≤N

N2(d1,...,dj)∑
n=N1(d1,...,dj)

e(p(n)),

where p(n) is a polynomial of degree k − j with leading coefficient k · · · (k − j + 1) ·
d1 · · · djα. Hence∫ 1

0
|T (α)|2j+1

dα =

∫ 1

0
T (α)2

J−1
T (−α)2

J−1 |T (α)|2j dα

= (2N)2
j−j−1

×
∑

|d1|≤N

· · ·
∑

|dj |≤N

N2(d1,...,dj)∑
n=N1(d1,...,dj)

∫ 1

0
T (α)2

j−1
T (−α)2

j−1
e(p(n)) dα.

Because 1 ≤ N1, N2 ≤ N , the sum is bounded above by the number of solutions of

2j−1∑
i=1

(
uki − vki

)
=

p(n)

α

where 1 ≤ ui, vi ≤ N . An analysis (which we have omitted) shows that the number of
solutions is ≤ N2j+ε; hence the estimate becomes∫ 1

0
|T (α)|2j+1

dα ≤ (2N)2
j−j−1 ·N2j+ε ≲ N2j+1−(j+1)+ε,

completing the induction.
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Another useful basic fact of calculus is:

Fact 2.6. For any m,n ∈ N,∫ 1

0
e(tm)e(tn)dt =

{
1 m = −n

0 else.

Now we present some more general tools for estimating sums. The following lemma
is often useful for estimating “convolutions against exponential functions”. In particu-
lar, one should think of u(m) as being an exponential function. The machinery devel-
oped above is well-suited for analyzing U(x) =

∑
m≤x u(m). The following lemma, an

analogue of integration by parts, lets us trade a complicated sum involving u(m) for a
nicer expression involving U(x).

Lemma 2.7 (Abel’s identity). Let U(x) =
∑

m≤x u(m) for some arithmetic function
u, and assume g has a continuous derivative on the interval [a, b]. Then

b∑
m=a+1

u(m)g(m) = U(b)g(b)− U(a)g(a)−
∫ b

a
U(x)g′(x)dx

Proof sketch. The following discrete version of the lemma is immediate: For any se-
quences fk, gk we have

b∑
k=a

fk(gk+1 − gk) +
b∑

k=a

gk+1(fk+1 − fk) = fb+1gb+1 − faga.

This can be extended to the continuous version of the lemma using standard techniques
in calculus; we omit the proof, see [Nat13] for a proof.

Finally, a trivial but extremely useful fact is:

Fact 2.8 (Triangle Inequality).
∣∣∣∫ b

a fdt
∣∣∣ ≤ ∫ b

a |f | dt.

Lemma 2.9 (Dirichlet’s Approximation Theorem.). Let α ∈ R. Then for all Q ≥ 1,
there exists some a/q ∈ Q, a ⊥ q, and 1 ≤ q ≤ Q such that |α− a/q| ≤ 1/(qQ).

Proof. Consider the residues {qα mod 1}Qq=1 and the integers {⌊qα⌋}Qq=1. The pigeon-
hole principle implies that there exist two distinct q1, q2 ∈ {1, . . . , Q} such that

|(q1α− q2α) mod 1| < 1

Q
.

But
(q1α− q2α) mod 1 = (q1 − q2)α− (⌊q1α⌋ − ⌊q2α⌋),

so combining the two previous equations implies∣∣∣∣α− ⌊q1α⌋ − ⌊q2α⌋
q1 − q2

∣∣∣∣ < 1

Q(q1 − q2)
.

Choosing a = ⌊q1α⌋ − ⌊q2α⌋ and q = q1 − q2 gives the desired result.
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3 The Circle Method

Now we show how to formulate the problem of estimating rk,s(N) analytically, so that
we can apply the powerful tools developed in Section 2. Throughout the entire rest of
the paper we fix a sufficiently large integer N . Define P = ⌈N1/k⌉ and

F (α) = FN (α) =
P∑

n=1

e(αnk).

The polynomial F (α)s is a sum of many terms of the form e(α(nk
1 + · · · + nk

s)). The
quantity rk,s(N) is precisely the coefficient of e(αN) in this sum. We can extract this
using the orthogonality relations for exponential functions described in Fact 2.6:

rk,s(N) =

∫ 1

0
F (α)se(−αN)dα.

We cannot hope to actually compute this integral. Instead we will use our tools for
understanding exponential sums to get precise asymptotics for this integral. The crux
of the circle method is the decision to decompose the integral into contributions from
major arcs and minor arcs. For q ∈ [P 0.01]1, a ∈ [q], a ⊥ q define

M(q, a) =
{
α ∈ [0, 1] | |α− a/q| ≤ 1/P k−0.01

}
,

M =
⋃

q≤P 0.01

⋃
a∈[q],a⊥q

M(q, a).

We call M the major arcs. The minor arcs are the left over parts of [0, 1]:

m = [0, 1] \M.

We remark that the major arcs have small total measure, but will end up contributing
the leading term to rk,s(N).

4 Minor Arcs

We start by bounding the minor arcs. The minor arcs turn out to contribute only a
low-order term to rk,s(N). Informally this is because the exponential sum F (α) is small
when α is far from being a fraction with small denominator. The following theorem
formalizes this intuition.

Theorem 4.1. ∫
m
F (α)se(−αN)dα < o(N s/k−1).

Proof. For any α ∈ [0, 1] by Dirichlet’s approximation theorem (Lemma 2.9) there
exists integer q ∈ [P k−0.01] and a ∈ [q], a ⊥ q such that∣∣∣∣α− a

q

∣∣∣∣ ≤ 1

qP k−0.01
.

1The constant 0.01 here is somewhat arbitrary; we found it clearer to explicitly chose a valid constant
than to carry around another variable.
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Because α ∈ m we must have a ̸= 0. Also we must have q > P 0.01. Applying Weyl’s
Inequality (Theorem 2.3) gives:

F (α) ≲ P 1+ε−0.01/2k .

Now applying Hua’s Lemma (Theorem 2.5) and the triangle inequality gives:∫
m
F (α)se(−αN)dα ≤ sup

α∈m
|F (α)|s−2k ·

∫ 1

0
|F (α)|2kdα

< o(N s/k−1).

5 Major Arcs

Define

v(β) =
N∑

m=1

1

k
m1/k−1e(βm),

S(q, a) =

q∑
r=1

e(ark/q).

We will show that if α is in the major arc M(q, a) then F (α) is v(α− a/q) · S(q, a)/q
plus a small error term. Eventually we want to show that the contribution of the Major
arcs to the integral constitutes the highest order term. To start we estimate v, S.

Proposition 5.1. We have |S(q, a)/q| ≲ q−1/k+ε and if |β| ≤ 1/2, then |v(β)| ≲
min(P, |β|−1/k).

Proof. In Corollary 2.4 we have already shown |S(q, a)/q| ≲ q−1/K+ε. By the triangle
inequality we have

|v(β)| ≤ N ·N1/k−1 ≲ P.

If |β| ≤ 1/N then P ≲ |β|−1/k. All that remains to be shown is that if |β| > 1/N then
v(β) ≲ |β|−1/k. Let M = ⌊|β−1|⌋. Then M ≤ 1/|β| < M + 1 ≤ N.

Now we use the telescoping decomposition (Lemma 2.7). Let f(t) denote the first
term: 1

k t
1/k−1. Let u(t) = e(βt) and let U(t) =

∑
m≤t e(βm). By our bound on

exponential sums with linear phases (Lemma 2.2) we know |U(t)| ≲ |β|−1. Using the
triangle inequality in Lemma 2.7 gives∣∣∣∣∣

N∑
m=M+1

f(m)u(m)

∣∣∣∣∣ ≲ |β|−1/k. (1)

We do a trivial bound for the first M terms:∣∣∣∣∣
M∑

m=1

f(m)u(m)

∣∣∣∣∣ ≤ M · max
m∈[M ]

|f(m)u(m)| ≲ |β|−1|β−1|1/k−1 ≲ |β|−1/k.
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Combined with (1) this gives the desired bound:

v(β) =
N∑

m=1

f(m)u(m) ≲ |β|−1/k.

Theorem 5.2. Let α ∈ M(q, a) with q ∈ [P 0.01], a ∈ [q], a ⊥ q. Then,∣∣∣∣F (α)− S(q, a)

q
· v(α− a/q)

∣∣∣∣ ≤ O(P 0.02).

Proof. Define β = α− a/q. Our goal is to show that the following difference is small:

F (α)− S(q, a)

q
v(β) =

P∑
m=1

e(αmk)− S(q, a)

q

N∑
m=1

1

k
m1/k−1e(βm)

=
P∑

m=1

e(mk(α− a/q))e(mka/q)− S(q, a)

q

N∑
m=1

1

k
m1/k−1e(βm)

=
N∑

m=1

u(m)e(βm), (2)

where

u(m) =

{
e(am/q)− (S(q, a)/q)k−1m1/k−1 m is a k-th power

−(S(q, a)/q)k−1m1/k−1 else.

This decomposition is productive because the sums U(t) =
∑

m≤t u(m) are well con-
trolled, and because the “convolution” of (2) can be controlled with the telescoping
technique (Lemma 2.7).

Now we show that U(t) is controlled. First, observe that for any y,

y∑
m=1

e(amk/q) =

q∑
r=1

e(ark/q) |{m ∈ [y] | m ≡ r mod q}|

= S(q, a) · (y/q +O(1))

= yS(q, a)/q +O(q).

Thus,

U(t) =
∑

m≤t1/k

e(amk/q)− S(q, a)

q

∑
m≤t

1

k
m1/k−1

= t1/k
S(q, a)

q
+O(q)− S(q, a)

q
(t1/k +O(1))

= O(q).

Now using this bound on U(t) we apply Lemma 2.7 to (2):∣∣∣∣∣
N∑

m=1

u(m)e(βm)

∣∣∣∣∣ ≤ |e(βN)U(N)|+
∣∣∣∣2πiβ ∫ N

1
e(βt)U(t)dt

∣∣∣∣
≲ q + |β|

∫ N

1
qdt

≲ q + |β|Nq. (3)
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Finally, because α ∈ M(q, a) we have β ≤ 1/P k−0.01 = P 0.01/N. Using this in (3) gives:∣∣∣∣F (α)− S(q, a)

q
v(β)

∣∣∣∣ ≲ P 0.02.

Now we use the form of F (α) determined in Theorem 5.2 to bound the integral of
F (α)se(−Nα) over the major arcs. We have:

Theorem 5.3. Let

S(N,Q) :=
∑
q≤Q

∑
a∈[q],a⊥q

(S(q, a)/q)se(−Na/q),

and

J∗(N) :=

∫ P v−k

−P 0.01−k

v(β)se(−Nβ)dβ.

Then ∣∣∣∣∫
M
F (α)se(−Nα) dα−S(N,P 0.01)J∗(N)

∣∣∣∣ ≤ o(N s/k−1).

Proof. Let α ∈ M(q, a) and define β = α− a/q. Let

V = V (α, q, a) = (S(q, a)/q)v(β).

Trivially |S(q, a)| ≤ q so |V | ≲ |v(β)| ≲ P by Proposition 5.1. Let F = F (α); Trivially
|F | ≤ P . By Theorem 5.2 we have |F − V | ≤ O(P 0.02). Thus,

|F s − V s| = |(F − V )(F s−1 + F s−2V + · · ·V s−1)| ≲ P s−1+0.02.

Observe that
µ(M) ≤ P 0.02µ(M(q, a)) ≤ P 0.02/P k−0.01.

Thus, ∫
M
|F s − V s| dα ≲ µ(M) · P s−1+0.02 ≲ P s−k−1+0.05 < o(N s/k−1).

Now we use this to bound the desired integral:∫
M
F (α)se(−Nα) dα =

∫
M
V (α, q, a)se(−Nα) dα± o(N s/k−1)

=
∑

q≤P 0.01

∑
a∈[q],a⊥q

∫
M(q,a)

V (α, q, a)se(−Nα) dα± o(N s/k−1).

Now we manipulate the main term to be of the form claimed in the theorem. For q ≥ 2,
we have∫

M(q,a)
V (α, q, a)se(−Nα) dα =

∫ a/q+P 0.01−k

a/q−P 0.01−k

V (α, q, a)se(−Nα) dα

=

∫ P 0.01−k

−P 0.01−k

V (β + a/q, q, a)se(−N(β + a/q)) dβ

= (S(q, a)/q)se(−Na/q)

∫ P 0.01−k

−P 0.01−k

v(β)se(−Nβ) dβ

= (S(q, a)/q)se(−Na/q)J∗(N).
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For q = 1 there are only two arcs M(1, 0) and M(1, 1). Their total contribution is
J∗(N). Combining our bounds on the integral over each arc M(q, a) gives:∫

M
F (α)se(−Nα) dα =

∑
q≤P 0.01

∑
a∈[q],a⊥q

(S(q, a)/q)se(−Na/q)J∗(N)± o(N s/k−1)

= S(N,P 0.01)J∗(N)± o(N s/k−1).

5.1 Singular Integral

We are interested in controlling the contribution of J∗(N) to the main order term.
Recall that

J∗(N) :=

∫ P 0.01−k

−P 0.01−k

v(β)se(−Nβ) dβ .

Recall from Proposition 5.1 that v(β) ≲ β−1/k, so that the expression v(β)e(−Nβ)
becomes negligibly small for large β. In fact, it turns out that expanding the range of
integration to a constant length changes the value of the integral only negligibly. Let
us introduce the following integral.

Definition 5.4. The integral

J(N) =

∫ 1/2

−1/2
v(β)se(−βN) dβ

is called the singular integral for the Waring’s problem.

As we discussed, we expect J(N) ≈ J∗(N) since the contribution of |β| > P 0.01−k

should be small compared to J∗(N). Indeed, we have the following lemma.

Lemma 5.5.
|J∗(N)− J(N)| < o(N s/k−1).

Proof. We have

|J(N)− J∗(N)| =

∣∣∣∣∣
∫
P 0.01−k≤|β|≤1/2

v(β)se(−Nβ) dβ

∣∣∣∣∣
≲
∫ 1/2

P 0.01−k

|v(β)s| dβ

≲
∫ 1/2

P 0.01−k

β−s/k dβ

≲ P (k−0.01)(s/k−1)

< o(N s/k−1).

We will need the following lemma.
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Lemma 5.6. Let α and β be real numbers such that 0 < β < 1 and α ≥ β. Then

N−1∑
m=1

mβ−1(N −m)α−1 = Nα+β−1Γ(α)Γ(β)

Γ(α+ β)
+Oβ(N

α−1)

where the implied constant in Oβ(·) depends only on β (and Γ denotes the usual Γ
function).

Proof. For large N it is natural to try to bound the sum on the left side by an integral,
i.e. trying to establish bounds of the form

N−1∑
m=1

mβ−1(N −m)α−1 ≈
∫ N

0
xβ−1(N − x)α−1 dx.

Indeed, the main term on the right is precisely the value of this integral. Let

g(x) = mβ−1(N −m)α−1

which is positive and continuous on (0, N). Then∫ N

0
g(x) dx =

∫ N

0
xβ−1(N − x)α−1 dx

= Nα+β−1

∫ 1

0
tβ−1(t− t)α−1 dt

= Nα+β−1B(α, β)

= Nα+β−1Γ(α)Γ(β)

Γ(α+ β)

where B(α, β) is the Beta function.
Notice that

g′(x) = g(x)

(
β − 1

x
− α− 1

N − x

)
.

Now if α ≥ 1, then g′(x) < 0, so g is decreasing and thus∫ N

1
g(x) dx ≤

N−1∑
m=1

g(x) ≤
∫ N−1

0
g(x) dx .

We now simply bound

0 <

∫ N

0
g(x)dx−

N−1∑
m=1

g(m)

<

∫ 1

0
g(x) dx

=

∫ 1

0
xβ−1(N − x)α−1 dx

≤ Nα−1

∫ 1

0
xβ−1 dx

=
Nα−1

β

= O(Nα−1) (4)

11
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as desired. So let’s assume now 0 ≤ α < 1. Now α+ β < 2 and g has a local minimum
at

c =
(1− β)N

2− α− β
∈ [N/2, N)

(by inspecting g′(x)). Moreover, g(x) is strictly decreasing on (0, c] and strictly increas-
ing on [c, n), so we can repeat the bound similar to (4) separately on these intervals
and add them up. For (0, c] (where g is decreasing), we have

⌊c⌋∑
m=1

g(m) <

∫ c

0
g(x) dx

and

⌊c|∑
m=1

g(m) ≥
∫ [c]

1
g(x) dx+ g([c])

>

∫ c

1
g(x) dx

>

∫ c

0
g(x) dx− Nα−1

β

where we used
∫ 1
0 g(x) dx < Nα−1

β from (4).
Similarly, for [c,N) where g is increasing it follows that

N−1∑
m=[c]+1

g(m) <

∫ N

c
g(x) dx

and

N−1∑
m=[c]+1

g(m) ≥
∫ N−1

[c]+1
g(x) dx+ g([c] + 1)

>

∫ N−1

c
g(x) dx

>

∫ N

c
g(x) dx− Nβ−1

α

where we used the bound
∫ N
N−1 g(x) dx < Nβ−1

α which is obtained identically to∫ 1
0 g(x) dx < Nα−1

β after reversing the direction x → N − x and swapping α and
β.

All in all we have

0 <

∫ N

0
g(x) dx−

N−1∑
m=1

<
Nα−1

β
+

Nβ−1

α
≤ 2Nα−1

β

which finishes the proof.

Armed with this technical result, we can prove the main result of this section.
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Theorem 5.7. If s ≥ 2, then

J(N) = Γ

(
1 +

1

k

)s

Γ
( s
k

)−1
N s/k−1 +O(N (s−1)/k−1) .

Proof. Let us make the dependence of J on s explicit and denote

J(N) = Js(N) =

∫ 1/2

−1/2
v(β)se(−Nβ) dβ

for s ≥ 1. We will now compute this integral by induction on s. Recall that

v(β) =

N∑
m=1

1

k
m1/k−1e(βm)

so that

v(β)2 = k−2
N∑

m1=1

N∑
m2=1

(m1m2)
1/k−1e

(
(m1 + · · ·+ms)β

)
so that

J2(N) = k−2
N∑

m1=1

N∑
m2=1

(m1m2)
1/k−1

∫ 1/2

−1/2
e
(
(m1 + · · ·+ms −N)β

)
dβ

= k−2
∑

m1+m2=N
1≤m1,m2≤N

(m1m2)
1/k−1

= k−2
N−1∑
x=1

x1/k−1(N − x)1/k−1 .

Thus we can apply Lemma 5.6 with α = β = 1/k and obtain

J2(N) = k−2
N−1∑
x=1

x1/k−1(N − x)1/k−1

=
Γ(1/k)2

k2Γ(2/k)
N2/k−1 +O(N1/k−1)

=
Γ(1 + 1/k)2

Γ(2/k)
N2/k−1 +O(N1/k−1)

which establishes the base case of induction (s = 2).

13
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Now assume s ≥ 2 and the result holds for s. We have

Js+1(N) =

∫ 1/2

−1/2
v(β)s+1e(−Nβ) dβ

=

∫ 1/2

−1/2
v(β)v(β)se(−Nβ) dβ

=

∫ 1/2

−1/2

N∑
m=1

1

k
m1/k−1e(βm)v(β)se(−Nβ) dβ

=
N∑

m=1

1

k
m1/k−1

∫ 1/2

−1/2
v(β)se

(
− (N −m)β

)
dβ

=
N∑

m=1

1

k
m1/k−1Js(N −m)

=
Γ(1 + 1/k)s

Γ(s/k)

N−1∑
m=1

1

k
m1/k−1(N −m)s/k−1

+O

(
N−1∑
m=1

1

k
m1/k−1(N −m)(s−1)/k−1

)
. (5)

We can now apply Lemma 5.6 again twice: to the main term (with α = s/k and
β = 1/k) and to the error term (with α = (s− 1)/k and β = 1/k) to obtain

N−1∑
m=1

1

k
m1/k−1(N −m)s/k−1 =

Γ(1/k)Γ(s/k)

kΓ((s+ 1)/k)
N (s+1)/k−1 +O(N s/k−1)

(for the main term) and

N−1∑
m=1

1

k
m1/k−1(N −m)(s−1)/k−1 = O(N s/k−1) .

Combining this with (5) gives

Js+1(N) =
Γ(1/k)Γ(s/k)

kΓ((s+ 1)/k)

Γ(1 + 1/k)s

Γ(s/k)
N (s+1)/k−1 +O(N s/k−1)

=
Γ(1 + 1/k)s+1

Γ((s+ 1)/k)
N (s+1)/k−1 +O(N s/k−1)

(where the implicit constants depend on k and s). This finishes the inductive step.

Corollary 5.8.

J∗(N) = Γ

(
1 +

1

k

)s

Γ
( s
k

)−1
N s/k−1 ± o(N s/k−1) .

Proof. By Lemma 5.5 we know that J(N), J∗(N) differ by a most o(N s/k−1). In
Theorem 5.7 we have computed a formula for J(N). Combining these results gives the
desired formula for J∗(N).
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5.2 Singular Series

Now that we have computed the singular integral it remains to compute S(N,P 0.01)
and then we will understand the leading term behavior of rk,s(N). Define

AN (q) =
∑

a∈[q],a⊥q

(S(q, a)/q)se(−Na/q),

and also define the singular series

S(N) =
∑
q≥1

AN (q).

We claim that S(N) is a good estimate for S(N,P 0.01). Recall that in Proposition 5.1
we showed (via Weyl’s inequality) that for any ε > 0:

S(q, a)/q ≲ q−1/K+ε,

where the implied constant depends on ε,K. Thus,

AN (q) ≲ q · q−s/K+sε.

Recall that we are considering s ≥ 2K + 1. Thus, for some constant η > 0 we have

AN (q) ≲ 1/q1+η. (6)

Thus, S(N) converges absolutely, and also S(N) ≤ O(1). We now deduce:

S(N)−S(N,P 0.01) =
∑

q>P 0.01

AN (q) (7)

≲
∑

q>P 0.01

1/q1+η (8)

≲ P−0.01η. (9)

To conclude the analysis we will show that S(N) is a positive constant dependent only
on k, s. By our analysis of S(N) − S(N,P 0.01) this will imply that S(N,P 0.01) is a
positive constant as well.

It is straightforward to show that AN is multiplicative, i.e.,

Lemma 5.9. If q ⊥ r then AN (qr) = AN (q)AN (r).

Proof. First we show that

S(qr, ar + bq) = S(q, a)S(r, b). (10)

Any number m ∈ [qr] can be expressed uniquely as xr + yq for x ∈ [q] and y ∈ [r].
Thus, utilizing the fact that e(z) = 1 for any integer z we have

S(qr, ar + bq) =
∑

x∈[q],y∈[r]

e

(
(ar + bq)(xr + yq)k

qr

)
(11)

=

q∑
x=1

e(a(xr)k/q)

r∑
y=1

e(b(yq)k/r). (12)
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But of course
{
(xr)k mod q | x ∈ [q]

}
=
{
xk | x ∈ [q]

}
and

{
(yq)k | y ∈ [r]

}
={

yk | y ∈ [r]
}
, so (12) is equal to S(q, a)S(r, b).

Now, observe that if c ⊥ q then c ≡ ar+ bq mod qr where a ⊥ q, b ⊥ r. Using this
to re-parameterize the sum in the definition of AN (qr) gives

AN (qr) =
∑

a∈[q],a⊥q

∑
b∈[r],b⊥r

(
S(qr, ar + bq)

qr

)s

e

(
−(ar + bq)N

qr

)
. (13)

Using (10) in (13) we get AN (qr) = AN (q)AN (r).

Define For prime p, define

χN (p) = 1 +
∞∑
h=1

AN (ph).

We now show that S(N) can be decomposed in terms of the χN (p)’s via the following
product formula:

Lemma 5.10. S(N) =
∏

p χN (p).

Proof. This follows from the multiplicativity of AN (q).

Thus, it suffices to lower bound the χN (p)’s. For positive integer q letMN (q) denote
the number of x1, . . . , xs ∈ [q] such that

xk1 + · · ·+ xks ≡ N mod q.

There is a simple formula for χN (p) in terms of MN :

Lemma 5.11.

χN (p) = lim
h→∞

MN (ph)

ph(s−1)
.

Proof. Note that 1
q

∑
q∈[q] e(am/q) is 1 if m ≡ 0 mod q and 0 otherwise. Thus, we can

express MN (q) as

MN (q) =
∑

x1,...,xs∈[q]

1

q

q∑
a=1

e

(
a(xk1 + · · ·+ xks −N)

q

)
(14)

=
1

q

q∑
a=1

S(q, a)se(−aN/q) (15)

=
1

q

∑
d|q

∑
a∈[q/d],a⊥q/d

S(q, ad)se(−adN/q). (16)

It is easy to see that

S(qd, ad) =

qd∑
r=1

e(adrk/(qd)) = d
∑
r∈[q]

e(ark/q) = dS(q, a).
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Using this in (16) gives:

MN (q) = qs−1
∑
d|q

AN (q/d). (17)

Using this formula in the case of q = ph gives:

1 +

h∑
j=1

AN (pj) =
∑
d|ph

AN (ph/d) = ph(1−s)MN (ph).

Thus,
χN (p) = lim

h→∞
ph(1−s)MN (ph).

Lemma 5.12. There exists a constant p0 depending only on k, s such that∏
p>p0

χN (p) ∈ [1/2, 3/2].

Proof. Using (6) we have

|χN (p)− 1| ≤
∞∑
h=1

|AN (ph)| ≲
∞∑
h=1

1/ph(1+η) ≲ 1/p1+η.

Thus, there is a constant c such that χN (p) ∈ [1 − c/p1+η, 1 + c/p1+η]. The product
1/ζ(s) =

∏
p(1−p−s) is known to converge for all s > 1. Thus, taking sufficiently large

p0 we can make
∏

p>p0
(1± cp−1−η) as close to 1 as desired.

Thus, to lower bound S(N) it suffices to show that for each p < p0, the value χN (p)
is bounded away from 0. By Lemma 5.11 it is equivalent to show that for sufficiently
large h the equation

xk1 + · · ·+ xks ≡ N mod ph

has at least Ω(ph(s−1)) solutions. Notice that we have taken the Warring’s problem over
the integers and in a certain sense reduced it to the problem modulo prime powers!
Fortunately the problem is substantially simpler modulo prime powers.

Let p be a prime and write k = pτk0 where k0 ⊥ p. Define

γ =

{
τ + 1 p > 2

τ + 2 p = 2.

Our strategy for lower bounding χN (p) is to demonstrate the existence of one solution
and then “amplify” that solution to many solutions.

First we prove a variant of the Hensel lifting lemma discussed class:

Lemma 5.13. Let m ⊥ p. Suppose that xk ≡ m mod pγ for some integer x. Then,
for any h > γ there exists an integer y such that yk ≡ m mod ph.

17
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Proof. We proceed by induction. We are given the base case. We assume that for some
h > γ there is an integer x0 such that xk0 ≡ m mod ph−1. Now we aim to solve the
equation modulo ph. We consider solutions of the form x0+λph−τ−1. In order for this
to be a solution we need

0 mod ph ≡ (x0+λph−τ−1)k−m ≡ −m+xk0+kxk−1
0 λph−τ−1+

(
k

2

)
xk−2
0 (λph−τ−1)2+· · · .

Because h ≥ γ + 1 and using the definition of γ (which is different for even and odd
primes) we have that

kp2(h−τ−1) ≡ 0 mod ph, p(h−τ−1)k ≡ 0 mod ph.

Thus, we have

(x0 + λph−τ−1)k −m ≡ xk0 −m+ kxk−1
0 λph−τ−1 mod ph. (18)

We chose x0 such that xk0 −m ≡ 0 mod ph−1, thus z =
m−xk

0

ph−1 is an integer. Further-

more, νp(kp
h−τ−1) = h− 1. Assume that νp(x

k
0 −m) = p− 1; if it is instead at least p

then we can just use x0 as our solution. Then, dividing (18) by ph−1 we have:

λxk−1
0 ≡ k−1

0 z mod p.

Finally, observe that x0 ⊥ p because x0 ≡ m mod p and m ⊥ p. Hence, x0 is also
invertible and we can solve for λ. Thus, there is some λ such that (x0+λph−τ−1)k ≡ m
mod ph, concluding the proof.

Now we use this “lifting” lemma to amplify a single solution to many solutions.

Lemma 5.14. Suppose that there is some solution a1, . . . , as to
∑s

i=1 a
k
i ≡ N mod pγ

with at least one ai having ai ⊥ p. Then

χN (p) ≥ 1/pγ(1−s) > 0.

Proof. Without loss of generality let as ⊥ p. Fix h > γ. For each i ∈ [s− 1] there are
ph−γ distinct choices for xi mod ph such that xi ≡ ai mod pγ . Fixing any such choice
of xi’s we will have that

aks ≡ N −
s−1∑
i=1

xki mod pγ .

By assumption as ⊥ p. Thus, we can apply Lemma 5.13 to deduce that

yk ≡ N −
s−1∑
i=1

xki mod ph

also has a solution y. Thus, MN (ph) ≥ p(h−γ)(s−1). Using this in Lemma 5.11 gives
the desired bound on χN (p).

Finally, we demonstrate the existence of a solution to conclude the desired lower
bound on χN (p).
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Lemma 5.15. For any p we have:

χN (p) ≥ 1/pγ(1−s) > 0.

Proof. By Lemma 5.14 it suffices to demonstrate the existence of a single solution. If
N is divisible by p then we set one of the variables to 1 and our new goal is to find
s− 1 k-th powers summing to N − 1 modulo pγ . Thus we may assume without loss of
generality that N ⊥ p.

First we consider the case that p ̸= 2. Let g be a primitive root modulo pγ , i.e., an
element with order ϕ(pγ) = (p − 1)pγ−1 = (p − 1)pτ ; it is well known that primitive
roots exist. Let m = gr be an arbitrary element of (Z/pγZ)∗. Then, m is a k-th power
mod pγ if and only if there exists v such that

kv ≡ r mod ϕ(pγ).

Recall our decomposition k = k0p
τ . Let d = gcd(k0, p− 1). The congruence becomes

pτd · (k0/d) ≡ r mod dpτ ((p− 1)/d).

This congruence clearly has a solution if and only if r ≡ 0 mod pτd. Thus, the number
k-th power residues modulo pγ is

ϕ(pγ)

dpτ
= (p− 1)/d.

Let s(N) denote the smallest s such that
∑s

i=1 x
k
i ≡ N mod pγ has a solution; this

is well defined because trivially s(N) ≤ N . Let C(j) denote the set of all congruence
classes N modulo pγ such that N ⊥ p and s(N) = j. Observe that the sets C(j) are
closed under multiplication by k-th powers. Thus, if C(j) is non-empty then it contains
at least (p− 1)/d elements. Let n be the largest integer such that C(n) is non-empty;
this is well defined as C(1) is the set of k-th powers, which is non-empty. Let j < n
and let N be the smallest integer such that N ⊥ p and s(N) > j. Since p is odd it
follows that N − i ⊥ p for at least one of i ∈ {1, 2} and that s(N − i) ≤ j. Then,
setting variables to 1 we have

j + 1 ≤ s(N) ≤ s(N − i) + 2 ≤ j + 2.

Thus, s(N − i) ∈ {j, j − 1} . This implies that no two consecutive sets C(j) are
nonempty for j = 1, . . . , n, and so the number of nonempty sets C(j) is at least
(n+ 1)/2. Since the sets C(j) are pairwise disjoint we have:

(p− 1)pτ = ϕ(pγ) =
∑

j∈[n],C(j)̸=∅

|C(j)| ≥ n+ 1

2

p− 1

d
.

Thus,
n ≤ 2dpτ − 1 ≤ 2k − 1.

Hence s(N) ≤ 2k − 1.
Now consider the case p = 2. Recall that we are assuming N ⊥ 2, which was

achieved by potentially setting one variable to 1. If k is odd then the k-th powers can
make any odd residue, and so we have a solution. If k is even then s ≥ 2k+1 ≥ 2τ+2−1.
Thus, appropriately setting variables to either 0 or 1 will suffice to find a solution.
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Corollary 5.16. S(N,P 0.01) = Θs,k(1).

Proof. We have shown in Lemma 5.12 that there is a constant p0 such that
∏

p>p0
χN (p) ∈

[1/2, 3/2]. By Lemma 5.15 we have that for all primes p < p0, χN (p) ≥ pγ(1−s). Using
(9) to relate S(N,P 0.01) to S(N) and using Lemma 5.10 to relate S(N) to

∏
p χN (p)

we have:

S(N,P 0.01) ≥ S(N)− o(1) ≥
∏
p

χN (p) >
1

2

∏
p<p0

χN (p),

which is a positive constant bounded away from zero.

5.3 Conclusion

Now we combine the analysis of major arcs and minor arcs, in particular combining our
separate analyses of the singular series and singular integral to deduce the theorem:

Theorem 1.2. [Hardy-Littlewood] For any k, s ∈ N with s ≥ 2k + 1 we have

rk,s(N) = Θ(N s/k−1).

Proof. As discussed we have

rk,s(N) =

∫ 1

0
F (α)se(−αN)dα.

We decompose the integral into the major and minor arcs. For the minor arcs we have
by Theorem 4.1 that ∫

m
F (α)se(−αN)dα < o(N s/k−1).

For the major arcs we have by Theorem 5.3 that∣∣∣∣∫
M
F (α)se(−Nα) dα−S(N,P 0.01)J∗(N)

∣∣∣∣ ≤ o(N s/k−1).

By Corollary 5.8 we know J∗(N) = Θs,k(N
s/k−1).

By Corollary 5.16 we know S(N,P 0.01) = Θs,k(1). Combining all these results gives

rk,s(N) = Θs,k(N
s/k−1).
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