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Linear Systems
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Liquid Robotics

Liquid Robotics

𝐴 𝑥 = 𝑏

• Linear systems of equations are ubiquitous in computational science and often

arise from finite discretizations of partials differential equations.

• Consequentially, the ability to efficiently solve these systems is of great

importance, and research in this direction has become a fundamental part of

linear algebra in modern times.

• Techniques used to solve linear systems can be classified as direct and iterative

methods.

• Most direct methods [1] can be interpreted as variations of the famous Gauss

Elimination algorithm, which generates exact solutions at the cost of 𝑂(𝑛3) for

a dense 𝑛 × 𝑛 matrix.

• However, the matrices that arise from the discretization of physical systems

often possess special structures that can be utilized to devise more efficient

algorithms

1. Davis et al (2016)



Multigrid Algorithm

What’s a smoother?

An iterative method is called a smoother if  the high frequency components 
of  the error decay faster than low frequency components

Examples: Gauss Seidel, Weighted Jacobi, Successive Overrelaxation (SOR)
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Liquid Robotics

𝐴 𝑥 = 𝑏

 Developed over the last 25 years – Introduced in the 1970s [1,2]

 State of  the art for linear elliptic problems

 Possibility of  solving a linear system in a fixed number of  iterations

 Good introduction to multigrid methods  - Bramble Multigrid Methods 2019

1. Brandt 1973; 2. Brandt 1977

Fundamental Ideas

- High frequency components of  the error are removed in a few iterations

- Switching to a coarse grid makes the previously low frequency components, 
high-frequency components (“smooth becomes rough”)



Two-Grid Algorithm
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Key Ingredients :

1. Smoother

2. Restriction Operator

3. Prolongation Operator



V-Cycle Algorithm
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Liquid Robotics

Key Ingredients :

1. Smoother

2. Restriction Operator

3. Prolongation Operator



Multigrid for HDG
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Difficulty with HDG:

• Numerical trace defined on the edge space

• Finer meshes have edges that are not refinements of  the coarse mesh

Different approaches to resolve issue

1. Two-level multigrid scheme with a coarse space that consists of  a 

piece-wise linear conforming (CG) FEM space [1,2]

2. Homogeneous HDG multigrid proposed in [3]

1. Cockburn et al 2013; 2. Tan & Gopalakrishnan 2009; 3. Lu et al 2021

𝑀𝑙 - Edge space on refinement level 𝑙
𝑉𝑙
𝑐 - Conforming space of  the same porder on refinement level 𝑙



Injection and Restriction
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Convection-Diffusion Equation

As a sanity check, here we solve the equation, prolong the numerical trace to a finer mesh and reconstruct uh on this grid.

Then, we restrict the numerical trace from the finer grid back to the coarser grid and reconstruct the uh.



Numerical Results
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Test Case : Poisson equation with 𝑓 = 1 and homogeneous boundary conditions

The number of  iterations until convergence shoots up rapidly with resolution



Numerical Results
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Current Work

Lu et al 2021

Test Case : Poisson equation with 𝑓 = 1 and homogeneous boundary conditions

We see that the number of  iterations until convergence is almost constant for our implementation


