MODULARITY SEMINAR: PROOF OF THE LANGLANDS-TUNNELL
THEOREM

DANIEL HU

ABSTRACT. In these notes, we give the proof of the Langlands—Tunnell theorem.

These notes have been plagiarized to the highest order from Gelbart’s article [Gel97].

1. INTRODUCTION
Today we will prove the following theorem:

Theorem 1.1. Suppose F' is a number field and the irreducible representation
(o2 WF — GLQ(C)

has solvable image in PGLa(C). Then there exists a (unique) irreducible automorphic cuspidal
representation w(o) = @, T of GLa(Ar) such that trace(o(Frob,)) = trace(tr,) for almost
all v.

Here, W is the Weil group of F' and t,, is the Satake parameter of m,, defined to be the

element
Nl(wv) 0
tr = GLy(C
v < 0 N?(wv)> < 2( )

where p1, uo are the unramified characters of F,* inducing m, as a principal series.
Now, Theorem 1.1 lends easily to the following formulation of the Langlands—Tunnell the-
orem:

Theorem 1.2 (Langlands—Tunnell, automorphic version). Suppose o : Gg — GL2(C) is a
continuous, irreducible, two-dimensional representation whose image in PGLy(C) is solvable.
Suppose also that o is odd in the sense that

det(o (7)) = —1 (1.1)

(where T € Gq is the automorphism defined by complex conjugation). Then there exists an
irreducible automorphic cuspidal representation w(o) = ®p mp of GLa(Aq) which is of weight
1, central character det o, and such that for almost all p, m, = 7(p1, u2) is unramified with
trace(o(Froby)) = o1 (p) + ia(p).

Proof. Applying Theorem 1.1 to the case where F' = Q and o factors through Gg, there is
procured an irreducible representation m = m(o) with the correct local properties at almost
all primes. It remains to verify that m,, has the correct weight 1 and central character.
Namely, we want mo, = 7(1,sgn). Equivalently, we want o, = 1 @ sgn. But when viewed as
a representation of Wg, o is trivial on C*. Thus o, cannot be induced from a nontrivial
character of C*. Thus o, cannot be a two-dimensional representation, so it is the sum
of two characters p;, with p; ~ (t;,&;). Since oo is trivial on C*, it follows that ¢; = 0.
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On the other hand, the assumption det o(7) = —1 implies that o(7) is not a scalar, hence
o(1) ~ diag(—1,1), so moo = Ind 1 - sgn, as desired. O

Moreover, recall that there is a way to convert between normalized new forms and irre-
ducible cuspidal automorphic representations of GLa(Ag). So these theorems can be phrased
in terms of modular forms over Q whose Fourier coefficients satisfy certain congruence condi-
tions at the primes.

Corollary 1.3 (Langlands-Tunnell, classical version). Suppose o : Gg — GL2(C) is a con-
tinuous, irreducible, two-dimensional representation whose image in PGLy(C) is solvable.
Suppose also that o is odd in the sense of (1.1). Then there exists a normalized

F(2) = bpe®™* € 81(To(N), 1))

n=1

(for some N and 1), such that f is an eigenform for all the Hecke operators, and b, =
trace(o(Froby)) for almost all primes q.

At the end of the notes, we will use the Langlands—Tunnell theorem to complete the proof
that if p = 3, and if the mod p Galois representation pp 3 of the elliptic curve E over Q is
irreducible, then it is modular.

2. ABOUT THE PROOF OF THEOREM 1.1

Because any continuous representation o : Gp — GLg(C) factors through some finite
extension, it must be semisimple, its image in GLg(C) is finite, and its image in PGLy(C) is
one of the symmetry groups of a regular polyhedron in R3. The image of any such o is one
of the following:

A cyclic group C,, (iff ¢ is reducible);

A dihedral group D,, of order 2n (iff ¢ is induced from the nontrivial quadratic char-
acter on some Gy, for K/F a quadratic extension);

The tetrahedral group Ag;

The octahedral group Sy;

The isocahedral group As.

In Theorem 1.1, we only consider those representations which are both irreducible and solv-
able. So we are precisely interested in the dihedral, tetrahedral, and octahedral cases.

The proof will use several basic instances of Langlands functoriality for the global case.
Here, we recall the ones we need.

2.1. Automorphic induction for quadratic and cyclic extensions. Let K/F be a cyclic
extension of number fields of degree n. For all applications, we will only need the cases n = 2
or 3.

Theorem 2.1. For each Hecke character x of K there is an automorphic representation
7(x) of GL,(AF) whose L-function L (s, ) equals the Hecke L-function L°(s,x). Moreover,
L3(s,m(x)) is entire (and hence m(x) is cuspidal automorphic) if x does not factor through
the norm map Ng/p (equivalently x is not fized by the action of Gal(K/F)).

For n = 2 and F' = Q, this follows from classical work of Hecke and Maass; for n = 2 or 3
and F' arbitrary, this is proved in [JL70] and [JPSS79]
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2.2. Symmetric square lifting from GL(2) to GL(3). Let A be the three-dimensional
representation of PGLy(C) determined by the adjoint action of PGL2(C) on the Lie algebra
of SLy(C), and denote the resulting three-dimensional representation

GL»(C) — PGLs(C) 2 GL3(C)
of GL2(C) by Ad.
Theorem 2.2. We have the following.

(a) To each cuspidal automorphic representation m of GLa(Ar), there exists an automor-
phic representation I1 of GL3(Ar) such that for almost all v,

I, = 1I,(Ad(0y)),

whenever m, = m, o 0y; equivalently, tr;, = Ad(tr,).
(b) The lift of m to GL(3) is cuspidal automorphic unless m is monomial, i.e. of the form
(o), with o induced from a Hecke character of some quadratic extension K.

See [GJT8].
2.3. Rankin—Selberg convolution for GL(3) x GL(3). We have the following.

Theorem 2.3. Given cuspidal representations = and ©' on GL(3), let LS (s, x ©') denote
the partial L-function
[ det( = (tr, @ tn)q~*) "
vgS
(a) L%(s,mx7') extends to a meromorphic function in C, satisfying a functional equation
as s+—1—s.
(b) L3(s,m x @) may be completed to an Buler product

Lsm}xw HLS?TUXTF

which is holomorphic on Re(s) > 1 except for a pole at s with Re(s) = 1 if and only
if |det()|*~! @ m ~ 7, the contragredient of m'.

See [JPSS81], [JPSS79], and [MgW89]. This gives us a way of relating = and 7 from
knowing the behavior of the L-functions.

2.4. Base change for GL(2). Arguably the most important incarnation of Langlands func-
toriality to the Langlands—Tunnell setting is the theory of base change lifting for GL(2)-
representations. We discussed this theory in last week’s lecture, and we restate the main
ideas here. First, fix FE a cyclic extension of the number field F', of prime degree.

Proposition—Definition 2.4. Suppose m = ®,m, is an automorphic cuspidal representation
of GLa(AF), and 11 = ®4,11, is an automorphic representation of GLo(Ag). Then I is a
base change lift of m, denoted BCg,p (), if for each place v of F', and w | v, the Langlands
parameter attached to 1L, equals the restriction to Wg, of the Langlands parameter o, :
WFU — GLQ(C) Of Ty
(a) BEwvery cuspidal representation m of GLa(Ar) has a unique base change lift to GLa(Ag);
the lift is itself cuspidal, except in the case where E/F is quadratic and 7 is monomial
of the form m (o), with o = Ind rOr/F-
(b) If two cuspidal representatzons 7w and 7 have the same base change lift to E, then
7'~ 71 @w for some character w of F*Np/p(Ap)\Ag.
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c cuspidal representation 0 2(Ag) equals g/p(m™) for some cuspidal m on
A dal IT of GLa(A Is BCg/ f dal
GL2(Ap) if and only if I1 is invariant under the natural action of Gal(E/F).

See [Lan80]. In the course of the proof, we will also need a version of base change for cubic,
but not necessarily Galois extensions. See below.

3. THE DIHEDRAL CASE

In the case where o : Wr — GL2(C) has dihedral image in PGL2(C), it must be a monomial
representation; that is, a representation Ind%Z 0g/r induced from the nontrivial quadratic
Hecke character 0, over E associated to some quadratic extension E /F. (It is pretty much
a group-theoretic fact that these conditions are equivalent, but I neither have a proof nor will

try).
Thus, this case reduces precisely to the statement of automorphic induction, Theorem 2.1.

4. THE TETRAHEDRAL CASE

We are given an irreducible representation o : Wrp — GL3(C), and wish to construct a
cuspidal representation m(c) of GLa(AF) such that trace(o(Frob,)) = trace(t,,) for almost
every v. Suppose that there is such a representation. For a cyclic extension E/F of number
fields, the base change lifting is defined by

BCg/p(n(0)) = W(Resmw/ga).

Thus, to look for candidates for 7(c), we look among cuspidal 7 for which BCg,p(m) =
W(RGSMW/Z o).

First, we need our extension E. Consider the solvable group A4 exhibiting the composition
series A4 > Dy > 1. Since Ay/Dy ~ 7/37Z, the inverse image of Dy in Wr under the map
Wp — Ay C PGLy(C) is a normal subgroup of index 3, hence the Weil group of a cubic
extension E of F. We have the following diagram:

1 > Wg >y Wg » Gal(F/F) —— 1

Lo |

1 D2 > A4 Z/?)Z — 1

Thus, the resulting representation op : Wg — GL2(C) is dihedral, i.e. monomial. Let
m(og) be the automorphic cuspidal representation of GL2(Ag) attached to this monomial
representation. This is invariant under the action of Gal(E/F); indeed n(og)” = 7(o}) =
m(og). So by Proposition-Definition 2.4, m(cg) will be BCp,/p(m;) for exactly three classes
of cuspidal representations 7; of GLa(AF), each related to each other by a twist w o det where
w is a character of F*Ng,p(Ap)\Ap ~ Gal(E/F), i.e. mj ~m ® w o det.

Recall that the central character of m(o) is to be deto. On the other hand, the central
character w; of each m; above "base change lifts” to the central character of 7(og), which is
detop = (deto) o Np/p. Since each w; = ijQ if m; = m; ® w o det, exactly one of these m;
has central character det o; we call this m,s(0). We claim that this is the desired (o).

Write mps(0) = ®ymy. Then for each v, m, = (o)) for some o] : Wg, — GL2(C). We
wish to prove that o], = o, for almost every v. By construction,

(0B)w = Res%?; ol = Res%&u Op. (4.1)
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There is nothing to prove when v splits completely in E, so we assume that E,,/F, is cubic
and unramified.
If Frob, is a Frobenius element of Gal(E,,/F,), we suppose (up to conjugacy) that

oy(Froby,) = <68) l?) and o, (Frob,) = (C(;) ;)

for some a,, by, ¢y, d,, € C*. Since o, is completely determined by where it maps the Frobenius
conjugacy class, it will suffice to prove that these are conjugate. But since o, and o), have the
same restriction to Wg,,, and Frob? € Wg, , we must have o, (Frob,)? conjugate to o/ (Frob,)>.
In particular, for some pair of cube roots of 1, say & and &', either

¢y = &ay and d, = &b,
or else.
co = &by and dy, = Eay.

We claim now that & = ¢2. Indeed, mps(0) was chosen so that wy () = deto. Since this
implies det o/, = det 0,,, we must have &£/ =1, i.e. ¢ = ¢2

To complete the proof, it will suffice to prove that & = 1. For now, let us assume the
following;:

Claim 4.1. Adoo) = Adoo,.

Since the kernel of Ad : GLy(C) — GL3(C) is precisely the group of scalar matrices, it
follows that o, (Frob,) and o/, (Frob,) must differ by some scalar A # 0. Thus

Say 0 . . Aa, O
( 0 5251; 1s conjugate to 0 Moy

If (Aay, Aby) = (€ay,E%b,), then A = & = €2 = 1 because £ is a cube root of unity. On the
other hand, if (Aay, Ab,) = (£2by, £ay), then A2 = 1. If A\ = —1, then the image of

a, 0\ (a, O 1 0
o= () = (5 ) o o)
in PGL2(C) is of order 6. But A4 has no elements of order 6, contradiction. Thus A = 1, and

we are done!

4.1. Proof of Claim 4.1. Observe that Adoo : Wr — GL2(C) is a monomial representation;
that is, there is a character 6 of Wg not invariant under Gal(E/F) such that

Adoo = Indjro.

By Theorem 2.1 in the case n = 3, we have Ado associated to a cuspidal automorphic
representation of GL3(Af), call it IT;. On the other hand, m,s(c) has a symmetric square lift
to GLa(Af), call it IT], which is almost everywhere associated to the Langlands parameter
Ad o o],. Moreover, this IT} is also cuspidal.

Lemma 4.2. The Rankin-Selberg L-function L(s, 11} x II1) on GL(3) x GL(3) has a pole at
s=1.

By Theorem 2.3, we are completely done if we prove this.
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Proof. We claim that for almost all places v,
L(s, (T1})y x (T1)) = L(s, (T ) X (TT1)u).
This suffices, because then L(s,II] x II,) = L(s,II; x II;) after ignoring nonzero terms.
However, the RHS has a pole at s = 1 by Theorem 2.3, so the LHS does too, and thus
I3 ~ 1I1;.
For almost every v we have
L(s, (IT"), x (II),) = L(s, (Ad o ¢,) ® (Ad 0 6,,)).
Since Ad o ¢ is induced from 6 on E, we have
Ad(Gy) = @ Indyy"™ 0"

wlv
Hence, if 3, = Res%g” Ad(oy), X!, = Res%ﬂ’ Ad(o)), we get

Ad(e,) ® Ad(7,) = D Indy ™ (0, © %)

w|v

and
Ad(}) @ Ad(3,) = P Indy (05" @ 33,)

wlv

(This comes from the reciprocity relation o ®Ind% ¥ ~ Ind%(Res% ¢ ®X).) So since ¥, ~ ¥/,
(see (4.1)), we indeed have

L(s, (I"), x (IT),)

L(s,(Ado o)) ® (Adooay))
L(s,(Adoo,) ® (Adoay))
L

(5, (D), x (ID),),

and we are done. O

®
®

The proof of this case is due to Langlands [Lan80].

5. THE OCTAHEDRAL CASE

Consider the group S; which contains A4 as a normal subgroup of index 2. As before,
consider the diagram The resulting representation o : Wr — GL2(C) is tetrahedral. Since

1 s Wg s Wg » Gal(E/F) —— 1

L |

1 A4 > S4 Z/QZ — 1

we have just proved 1.1 for that case, let m(og) be the automorphic cuspidal representation
of GL2(Ag) attached to this monomial representation. This is invariant under Gal(E/F). So
m(og) will be BCg/p(m;) for exactly two classes of cuspidal representations 7;, each related
to each other by a twist wodet where w is a character of F*Ng,p(Ag)\Ag ~ Gal(E/F). We
will have w; = ijQ, but the issue here is that now w? = 1, and thus w; cannot be determined
by its central character!

Instead, we appeal to a version of base change for cubic, non-Galois extensions:
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Proposition 5.1. If L is a cubic not necessarily Galois extension of F, then each auto-
morphic cuspidal representation © of GLa(Ap) has a base change lift 11 on GLa(Ap), i.e.
I = BCyp,p(m) is automorphic, and for almost every place v of F', and a place w of L divid-
ing v, m, = my(0y) implies I, = my,(Resy,, /r, 0v)-

Now, introduce L/F as the cubic, non-Galois subextension of K/F fixed by a 2-Sylow
subgroup (of order 8) of Ss. More precisely, L is the fixed field of all elements of Gal(K/F)
that map to this chosen subgroup. Then if M is the composition in K of L and E (the
quadratic Galois extension chosen above), we have the tower of fields:

Notice that o7, is monomial, so m(o) exists.
Lemma 5.2. There exists a unique index i = 1,2 such that BCp p(m;) = n(oL).
Proof. By Proposition 5.1, BCL/F(TQ') exists for ¢ = 1,2. By transitivity of base change,
BCM/L(BCL/F(TH)) = 7(om).
Since BCr,/(m;) have the same quadratic base change to M, it follows from Proposition-Definition 2.4
that
BCp p(m2) =~ BCpr/p(m) @ war/L-
The representations BCp,p(m;) are distinct for i = 1,2, for if

BCpr,p(m) ~BCpp(m) @ war/L,

then by [Lan80, Lemma 11.7], 7 is a monomial representation. This would imply BCy/1(BCpr (7)) =
m(oar) is not cuspidal. But the image of o3 in PGL2(C) is S5 ~ D3, which means that o,
is irreducible, i.e. 7(opr) is cuspidal. Thus, BCyp(m1) and BCy p(m2) are the two cuspidal
representations of GLa(Af) that yield 7(oas) upon base change to M. Since we also have
BCyy/r(m(oL)) = m(on), it must be that 7(or) = BCp/p(m;) for exactly one 4, as desired. [

The aforementioned m; will be our candidate mps(0). Write mps(0) = ®,7m(0),) as before.
One proves exactly as in the tetrahedral case (but without having to take a lift to GL3(C))
that the non-existence of an element of order 6 in Sy implies o, ~ o/, for almost all v.

The octahedral case is due to Tunnell [Tun81].
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