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These are notes on talks given in “O-Minimality and Ax-Schanuel Seminar” which took place at
Harvard. Unfortunately for the reader, these notes are live-texed and so their quality is upper bounded
both by my (quite) limited ability to understand the material in real time and by my typing speed. With
that in mind, they are doubtlessly missing content/insight present in the talks and certainly contain
confusions not present in the talks. Despite all this, I hope that you can still find some use of them.
Enjoy and happy mathing.

The website for this seminar is |available here. If you take a look at these notes, and see any mistakes
or have any other sorts of improvements you want to suggest, feel free to send me an email. I think after
the first few talks, I quickly stopped understanding much of what was happening during the talks, so

there’s doubtless much which can be improved.

Contents
[1 Alexander Betts (1/31/2022): Overview 1
IL1.1 Classical transcendence theory| . . . . . . . . .. ... o Lo 1
[I.27 Ax-Schanuel for GII] . . . . . . . . . . 2
1.3 More Ax-Schanuel Theoremsl . . . . . . . . . . . .. . o 3
1.4 O-minimality] . . . . . . . . e 4
2 Alice Lin (2/7): O-Minimal Structures| 6
2.1 Model Theory|. . . . . . . . e 6
2.2 Definable vs. Basic definablel . . . . . . .. ... oo oo 7
[2.3  First order sentences and (basic) definable sets| . . . . . . ... ... ... 0L 8
2.4 _Definable functionsl . . . . . . . . .. 8
2.5 O-minimal structuresl. . . . . . . . . oL 8
[3 Katia Bogdanova (2/14): Calculus on O-Minimal Structures| 11
POLOZY| . o o e e e e e e e 12
B2 Differentiable definable functiond . . . . . . . . . .. ... o oL 13
3.3 Monotonicity theorem| . . . . . . . ... Lo 14
[4 Sasha Petrov (2/28): Cell Decomposition| 16

[5 Sam Marks (3/21): Dimension Theory| 19



https://people.math.harvard.edu/~tayou/Seminar.html
mailto:nivent@mit.edu

[6 Elliot Glazer (3/28): Elementary Extensions — I’m out of town|

[7 Yujie (4/4): O-Minimal Chow Lemmal)

7.2 Definable topological spaces| . . . . . . . . . . . o

7.3 Basic definable analytic spaces| . . . . . .. ... . o o

[7.4  Definable analytic space| . . . . . . . . .

[8 Si Ying (4/11): Pila-Wilkie Counting|

[9 Niven Achenjang (4/19): Reparametrisation of Definable Sets — notes here

(10 (4/26): Proof of Ax-Schanuel — I’m out of town|

{1 Daniel Fin ] ]
I11.1 Shimura Varieties and Definability| . . . . . . .. . . ... oo oo
[11.2 Weakly special subvarieties and Ax-Schanuel| . . . . ... ... o000

[12 Salim Tayou (5/9): Mixed Ax-Schanuel & Mordell-Lang|

(13 List of Marginal Comments|

Index
List of Figures

List of Tables

ii

23

23
23
24
25
26

26

30

30

30
30
31

34

39

40


https://www.overleaf.com/read/stxnkmfdsvxp

1 Alexander Betts (1/31/2022): Overview
Plan

e Transcendence Theory

e Ax-Schanuel for G},

e Other Ax-Schanuel Theorems

e O-minimal structures

Last semester we talked about this uniform Mordell stuff, and there was one part of the proof that we
had black boxed, showing certain subvarieties of abelian varieties are non-degenerate for the Betti map.
This semester, we’ll unpack the ingredients going into that proof, and then fill in this black box at the
end.

Some of this stuff goes back to a differential geometric argument of Ax. We won’t follow this approach.
A more modern approach is to use o-minimality and model theory. We’ll follow this approach instead.
The first few lectures will be on setting up on relevant model theory. Then we’ll prove the big technical

results we’ll need, and then finally prove a few flavors of Ax-Schanuel.

1.1 Classical transcendence theory

Question 1.1. Which complex numbers are transcendental?

Example. Both e and 7 are transcendental numbers. Unknown if they are algebraically independent

(over Q). A
Example. ((3) is known to be irrational, but unknown whether or not it’s irrational. A

There aren’t too too many general results in transcendence theory, but there’s a nonzero amount.

Theorem 1.2 (Lindemann-Weierstrass, 1885). Given aq,...,a, € Q which are linearly independent
over Q, their exponentials €™, ..., e*" are algebraically independent over Q.
Example. n =1,a; =1 = e transcendental. A

Example. log 2 transcendental. Else, take n = 1, a; = log 2 to deduce that 2 is transcendental. Similarly,

7 is transcendental (else take n = 1 and a; = 274). A
Conjecture 1.3 (Schanuel’s Conjecture). Given ag,...,a, € C linearly independent over Q, one
has

trdegg Q (a1, ..., €™, e%) > .

This would imply Lindemann-Weierstrass.
Example. a1 =1, as = 27w would imply that e, m are algebraically independent. A

In this seminar, we’ll talk about the function field analogue of this conjecture.



Theorem 1.4 (Ax’s theorem, '71). Let f1,...,fn € C[t1,...,tm] be Q-linearly independent modulo

constants. Let J be the Jacobian matriz J;; = g{f‘. Then,
J

trdegcc (.f17 e '7fn7exp(fl)7 s ,exp(fn)) 2n + rank J.

By the 10th talk, we’ll prove this.
There are many statements one might be referring to when they say “Ax-Schanuel Theorem.” Let’s

see of them.

1.2 Ax-Schanuel for G},

Let ¢ : C* — (C*)™ be the map (z1,...,2,) — (exp(21),...,exp(z,)) (this is the universal cover). Let
I' € C" x (C*)™ be the graph of ¢, i.e. T = {(z,y) : y = q(2)}.

Theorem 1.5 (Ax-Schanuel for G}). Let V.C C" x (C*)™ be an irreducible, closed algebraic subset
(of A% x G:iz,tc)- Let U be an irreducible analytic component of the intersection V N I‘H Suppose that the

second projection w(U) C (C*)™ is not contained in a translate of a proper subtorus. Then,
dimcV > dimc U +n

Apparently, this is equivalent to Ax’s theorem stated earlier.
Remark 1.6.

(1) One consequence of this is

Theorem 1.7 (Ax-Lindemann-Weierstrass Theorem). Suppose that Vi C C™ is an irreducible,

closed algebraic subset. Then, q(V1) (the Zariski closure of the image under the universal covering

map) is always a translate of a subtorus of (C*)™.

Proof. Let Vo = q(V1). We may assume wlog that V5 is not contained in a translate of a proper
subtorus of (C*)". Take V = V; x V&, an algebraic subvariety of C" x (C*)™. Note that U := VNI
is the graph of ¢|y,. Now, Ax-Schanuel gives

dimV =dimV; +dimV, > dimV; +n = dimVe >n = Vo = (C*)".

Ezample. Take n = 2 and V; = {(21, 22) : 321 = 422}. Then, q(V1) = {(21,22) € (C*)?: 2} = 23}

is already a subtorus. A

(2) Why does Ax-Schanuel imply Ax’s theorem?

Proof Sketch. Using some embedding theorem, it suffices to prove Ax’s theorem in the case that
fis--os fn € Clty,. .., tm] actually converse on some ball B C C™. Assuming this, let Uy C C™ be
the image of (fi,...,fn): B— C™, let Uy C C" x (C*)" be the graph of q|y,, let V = U; (Zariski

1T not algebraic since the exponential function isn’t



closure), and let U be the component of V NT containing U;. In order to apply Ax-Schanuel, we
need to know that the second projection 7(U) is not contained in a translate of a proper subtorus.

Suppose it were, and note that ¢(Uy) C w(U). We’d then get integers ay, ..., a, € Zs.t. exp (O a;fi)

is constant (any torus cut out by something like 27252 ... 2% = 1 and then cosets change that con-

stant). This implies that Y a; f; is constant, which violates the assumption that the f; are Q-linearly

independent modulo C.

So, Ax-Schanuel implies that dim V' > dim U + n. At the same time,

dlmV = tl"degc C(fla .. '7fn7exp(f1)7 L ,exp(fn))

and
dim U > dim Uy = rank J.

Last equality holds since Uy is the image of (f1,...,fn) : B — C". [ ]

Remark 1.8. rank J is the rank of (ng;' € Clty,..., tm]}) as a matrix with coefficients in C((¢1, . .., tmm))-

[¢]

(3) The inequality dimV > dim U + n from Ax-Schanuel is equivalent to
codim(U) > codim(V') + codim(T")

(note RHS is expected codimension of intersection of V. NT).

Slogan. U has at most the expected dimension, unless 7(U) is contained in a translate of a proper

subtorus.

Theorems of this kind fall under the heading of “unlikely intersections”

1.3 More Ax-Schanuel Theorems

What if we replace G}, with an abelian variety?
Let A/C be an abelian variety. Let ¢ : C9 — A(C) be the universal covering, and let ' C C9 x A(C)
be the graph of q.

Theorem 1.9 (Ax-Schanuel for Abelian Varieties, Ax '72). Let V C C9 x A(C) be an irreducible,
closed algebraic subset, and let U be an irreducible analytic component of the intersection V NI'. Suppose
that the second projection w(U) C A(C) is not contained in a translate of a proper abelian subvariety.
Then,
codim(V') > codim(U) + codim(T") .
=g

Part of what makes abelian varieties and torii special is that their universal covers have algebraic

structures. There are other sorts of varieties (non-group varieties) with this property, e.g. Shimura

varieties.



Let Ay be the moduli space of principally polarized abelian varieties of dimension g. On the level of
complex points, one has
Ag((c) = szg(Z)\Hg

where

H, := {g x g complex symmetric matrices T : Im(t) > 0}
is the Siegal (spelling?) wupper half space. Note that H, . Iﬁlg where Iﬁlg is the set of g x g
symmetric complex matrices. So here we have a space A, with universal cover H, with some algebraic

open ~ . A
structure (H, C H,). We need a few more ingredients to state an analogue of Ax-Schanuel.

Definition 1.10. We say V' C Hj is algebraic if it is of the form Vn H, for some algebraic VC ]ﬁlg.
There is a class of subvarieties of Ay, called the weakly special subvarieties.

Example. If L is a CM field of degree 2g,
{PPAVs A of dimension g w/ CM by 01} C A,
is a (weakly) special subvariety.

Apparently, this is 0-dimensional and all O-dimensional subvarieties will be weakly special. A

Example. If g, + go = g, then
{g-diml PPAVs A s.t. A= Ay x Ay for some g;-diml PPAVs A;, Ao}

is a (weakly) special subvariety in A,. A

Example. If moreover A, is a fixed go-dimensional PPAV, then
{[Al€e Ay : A= Ay x Ay for some [A1] € Ay, }

is a weakly special subvariety (and not actually special). A

Theorem 1.11 (Ax-Schanuel for Aj, Mok-Pila-Tsimerman '17). Let ¢ : Hy — A4(C) be the universal
covering map, and let I' C Hy x Ay(C) be the graph of q. Let VC ]ﬁlg x Ag(C) be an irreducible algebraic
subvariety, and let U be an irreducible analytic component of VNT. Suppose that the second projection

m(U) C Ay(C) is not contained in a proper weakly special subvariety. Then,
codim(U) > Codim(‘//\') + codim(T").

Above, codim(I") = (9).

For the uniform Mordell stuff, the real theorem we need is a version of Ax-Schanuel for the universal

abelian variety over A . That will be stated towards the end of this seminar.

1.4 O-minimality

Definition 1.12. A structure on R consists of, for each n, a family D,, of subsets of R™ — called the

definable subsets — which satisfy the conditions



(1) 0 € D,,, D,, is closed under binary U, N, complements and coordinate permutations.
(2) IfV; e Dn1 and V5 € Dn27 then V3 x V5 € Dn1+n2~

(3) If V€ D,, and m: R®™ — R"~! is one of the projections, then (V) € D,,_1.

(4) The diagonal in R? should be definable.

Definition 1.13. A structure is compatible with field operations if the graphs
{(amy,z) eER3:z+y= z} and {(:r,y,z) eR®:zy = z}

of addition and multiplication are definable (i.e. € Ds3). Moreover, a structure compatible with field
operations is o-minimal just when D; consists exactly of the finite unions of open intervals and single

points.

Example. A semialgebraic subset of R™ is a subset cut out by finitely many polynomial inequalities

and equations, or it’s a finite union of such subsets. e.g.
{(z,y,2) eR*:2=2"+5 and z <y < z— 123z}

is a semialgebraic set. If we take D,, = {semialgebraic subsets of R"}, then this defines a structure called
Raig. In fact, this is o-minimal. The most subtle thing to check is condition (3) of being a structure.
That this holds is a theorem of Tarski-Seidenberg. A

Example. Given some functions f; : U; — R (with U; C R™), there is a smallest structure on R making
the graphs I'; of these definable. e.g. take Rycry an to be the structure generated in this many by all
real analytic functions R™ — R. This structure is not o-minimal. Note that Iy, ) C R? is definable, so
7Z x 0 = Lginz) N {y = 0} is definable in R2. Projecting, we see that 7Z C R is also definable, but this
is not a finite union of points and intervals. AN

Principal Example. A restricted analytic function is a function f : [0,1]™ — R which extends to
an analytic function on an open neighborhood of the cube. Let Ran cxp be the structure generated (the

graphs of) by
o |, X
e all restricted analytic functions
ecxp:R—-R

Fact. R,y exp i 0-minimal

“Whenever, in practice, anyone is working with an o-minimal structure, they’re working with this

one.”

Example. Consider exp : C — C*. Viewing C =2 R? and C* C R?, is the graph of this function definable
in Rgp exp? The graph of the whole function will never be definable in a o-minimal structure (think sin
issue). However, there is a fundamental domain F' C C for exp s.t. F' and the graph of exp |r are both
definable in R,y exp. You can take F' = {z € C : im(z) € [0, 27]}. A

Unclear to

me if the o

is captial or

not




What does o-minimality give you?

Theorem 1.14 (O-Minimal Chow theorem). “Closed C-analytic subsets (of C™?) which are definable

in an o-minimal structure are algebraic.”

(Talk 7)

Theorem 1.15 (Pila-Wilkie Counting Theorem). “If X C R" is definable in an o-minimal structure,

then all but very few of the rational points in X lie on semi-algebraic curves.”

(Talk 8/9)

2 Alice Lin (2/7): O-Minimal Structures

Notation 2.1. N={0,1,...}. Also, for a set S, P(S) denotes its power set.

Definition 2.2. A structure (M, (D),),en) consists of a set M and for each n € N, a collection D,, C
P(M™) of subsets of M™ s.t.

(1) 0 € D,, and D, is closed under finite intersections, unions, complements, and permutation of

coordinates in M™
(2) For any n > 1, the diagonal A is an element of D,
(3) closure under products, i.e. X; € D,,, implies X1 X X2 € Dy, 4n,
(4) Closed under projection M+t — M™ via any of the (n + 1) projections.
The sets in D,, are called the basic definable sets of (M, (D,,)).

Example. Let k =k be a field. For n € N, let D,, C P(k™) be the constructible subsets of k" (i.e. finite
unions of open subsets of closed subvarieites of A}). Then, (k, (D)) is a structure. Property (4) here

is a special case of Chevalley’s theorem. A

Example. Take M = R and let D,, C P(R™) be the collection of semialgebraic sets. Then, (R, (D,))
forms a structure. Property (4) is the Tarski-Sedenberg theorem. A

Example. Given arbitrary D% C P(M™), there will be a minimal structure (M, (D,,)) generated by this
choice. A

2.1 Model Theory

We won’t go too deep into model theory in this seminar, but let’s at least get a taster.

Definition 2.3. A signature o consists of two sets (R, )nen and (Fy)nen, where R € R, is called an

n-ary relation symbol, and f € F, is called an n-ary function symbol.

Definition 2.4. Given a signature o, a o-structure is the choice of an underlying set M, and for each

R € R,, a choice of subset [R]p; C M™ of tuples satisfying the relation, and for each function symbol [Being an

f € Fp, a function fM : M™ — M. element of
[R] s is the
6 definition of
satisfying

the relation,

if ’m under-



Given a o-structure M, one can define a structure (M, (D,,)) generated by the graphs of all f¥ and
[R] s as basic definable.

Example. Let k be a field, and consider the signature o, = {+, x,cx} with +, x both 2-ary function
symbols and ¢y (for A € k) a 0-ary function symbol. One can naturally make k into a og-structure where
+ is addition, x is multiplication, and ¢y is the constant A € k.

If k = k, the structure generated by this oj-structure consists precisely of the constructible sets. A

Example. Consider Uﬁ {+, X, ex, <} with +, x, ¢y as before and < a 2-ary relation symbol. Then, R
naturally has a oy -structure where e.g. [<]gr = {(z,y) € R? : # < y}. Now, the structure (R, (Dy),) this

gives is the structure of semi-algebraic sets. A

2.2 Definable vs. Basic definable

Example. Consider the structure on R generated by the graphs of +, X, i.e. by

{(z,y,2) :x+y =2} and {(x,y,2):2y=2z2}.

A priori, we don’t know if singletons like {0}, {e} are basic definable in this structure. Earlier, they were
forced to be basic definable by the inclusion of the c)’s.

Question 2.5. What can we find to be basic definable?

We know {0} C R is basic definable since it’s the additive identity, i.e. {0} = pry (T'y N {(x,y,z)}) C
R. A similar process shows that {1} C R is basic definable, using that 0 is basic definable (in order to
get to R*). One can take things further and show that {n} is basic definable for n € Z, {r} is for r € Q,

and in fact all varieties over QQ in R™ are basic definable.
Exercise. All intervals with Q N'R end points are basic definable as are {a} for « € QN R

However, {7} is not basic definable in this structure. This is a little unsatisfying, so we extend from
‘basic definable’ to ‘definable’. A
Notation 2.6. Pick some W C M™ x M™. For a point y € M", let W, € M™ be the fiber above .

Fix some ambient structure.

Definition 2.7. A subset V C M™ is definable when there exists some m € N, a basic definable set
W C M™*" and a point y € M™ such that V' = W,,.

Slogan. Definable subsets are fibers of basic definable sets

Remark 2.8. Taking a fiber of y in W is the same thing as intersecting WN{y} x M™ and then projecting.
Hence, if you had the singletons {y} to begin with, then definable = basic definable. We will see in a
second that definable sets also form a structure, so in fact definable sets are the structure obtained by

adding in the singletons. o

Here are some properties of definable sets

e every basic definable set is definable



e definable sets are closed under intersection, union, complement, etc. In other words, if D!, are the
definable sets in M™, then (M, (D!)),) defines a structure.

By the previous remark, this structure is the same as the minimal structure generated by D,, + all

the singletons.

2.3 First order sentences and (basic) definable sets

In practice, a set will be basic definable if it is specified by a first order sentence, i.e. conditions on
elements of basic definable sets along w/ connectives (e.g. and, or, not, €,3,V, =), relations (e.g. <),
and functions (e.g. +, X).

What we're calling basic definable sets in M™ will corresponds to what (in Model theory) are called

“sets of M™ which are o-definable without parameters in a 1st order interpretation of a o-structures.”

Example. Say W C M?,U C M are basic definable. Then,
Vi={veM|vgU and Jwe M : (v,w) e W}

is basic definable. A

Example (How to use V). Say U,V are basic definable and W C U x V is basic definable. Then,
{ueU|YweV: (uv)eW}

is basic definable. Take negations to see above condition is v € V : (u,v) € W, and then define this set

using complements and projections. A

2.4 Definable functions

Definition 2.9. Let U,V be definable sets. Then, f : U — V is called definable if its graph I'y C U xV
is definable.

Lemma 2.10. Definable sets and functions form a category.
Lemma 2.11.
o (pre)images of definable sets under definable functions are definable.

e Definable is determined componentwise in the sense that f = (f1, f2) : U — Vi x Va is definable iff
f1, fo are definable.

e You can glue definable functions

e If a definable function is a bijection, then it has a definable inverse

2.5 O-minimal structures

O stands for ‘Order’.



Definition 2.12. Let R be an ordered field. A structure on R is called compatible with the ordered

field operations if
(1) addition and multiplication functions R?> — R are basic definable.
(2) the set [<]g :={(z,y) : x <y} C R? is basic definable.
Lemma 2.13. Say we have a structure compatible with the ordered field operations. Then,
(i) {0}, {1} are basic definable
(ii) [-1]: R — R is basic definable
(iii) ()" : R* — R is basic definable
(iv) All polynomial maps R™ — R™ with R coefficients are definable (but not necessarily basic definable)

(v) For alla <b (a,b € RU{*o0}), the open interval
la,bj={x € R:a <z <b}

is definable.

We use this strange (French) notation since (a,b) looks like a point in R?.

Definition 2.14. A structure on R compatible w/ the ordered field operations is called O-minimal if

every definable set of R = R! is a finite union of points and intervals.

Sounds like it can be quite hard just to prove that a particular structure is O-minimal. That being

said, someone has done this work for us.
Example. R,;, generated by x,+, < (really, their graphs) and singletons in R is O-minimal. A
Example (Wilkie '96). Rexp generated by R, and the real exponential exp : R — R is O-minimal. A

Example (Denef, van der Dries '88). R, generated by R,;, and graphs of overconvergent real analytic

functions [0,1]” — R is O-minimal. A

Example (van der Dries, Miller ’94). Rgy exp generated by Rexp and Rg, is O-minimal. This is non-
trivial. A

Non-example. sin(x) is not definable in any O-minimal structure on R. The main issue is the zeros of

sin(z) form an infinite union of isolated points.
Example. (z,y) — max(z,y) is definable in Ry;4. Think of this as piecewise projection maps AN

Theorem 2.15 (Definable choice). Let f : U — V be a surjective definable map (in an O-minimal
structure). Then, there exists a definable splitting g : V — U so that f o g=idy.

Example (Audience). Consider {(z,22)} 2 R. This has a section since we can talk about positivity.
A

View R = RU {+o00} as a basic definable subset of R?. Specifically, take R = (R x {0}) U {(0,+1)}.
Note that [<]z C R* is basic definable.



Lemma 2.16. Let V be definable, and consider some definable U C V x R.
(1) Let Vi C 'V be the set of points y € V s.t. the fiber U, has a minimal element c(y). Then,

o V] is definable
e c: Vi — R is definable

(2) Let Vo CV be the pointsy € V s.t. Uy, contains an open interval. Fory € Vs, let la(y), b(y)[ denote

the first mazimal (under inclusion) open interval in U,. Then,

o V5 is definable
e a,b: Vo — R are definable

Proof. (1) Define

Wy :={(y,c) € Vi x R | c is minimal element of U, }
={(y,e) €V xR|(y,c) €U and A € R: (' <c and (y,¢) € U)}

This is defined by a first order sentence, so Wi is definable. Projecting tells us that V; is definable. Also,
W7 is the graph of ¢, so ¢ is definable.
(2) Consider

Wy = {(y7a,b) EVxR |a <b and Ja,b[C Uy}
This is definable since the condition is the first order sentence
a<band fcc R:(a<c<band (y,c) U).

Projecting onto the first coordinate shows that V5 is definable. To show that a, b are definable functions,

we consider the tower

Wy =—— {(y,a,b) EVXR2|a<b and Ja, b[C Uy}
W; {(y,a)|...}

Jw

Vs {yl...}

Note that the fibers of 7 are the sets W , of possible left end points of intervals in U,. This fiber W; ,
has a least element a(y) (by O-minimality), so the function a : Vo — R is definable (by (1) with R
in place of R). To see that b is definable, note that the fibers Wy (, ) of w12 consist of possible right
endpoints of intervals starting at a. Since U, looks like a finite number of intervals and some points, it
has a greatest element ¥ (y,a). Thus, b’ is definable (by (1) with greatest in place of least). Finally,
define b(y) := b'(y, a(y)) which is visibly definable. |

10



Proof of Definable Choice. Replace U with I'y C U xV C R™ x V, using that I'f S Uisan isomorphism.
Second, we induct on n via
R'"XV - R" XV —»... 5V

to see that it suffices to let n = 1. Now, define V5 as the points in V' s.t. U, contains an interval, and we
define V; := V' \ V5. Since all fibers are nonempty, fibers above V; must consist of finitely many points.

Thus, we can defined the splitting s : V' — R as the piecewise function

c(y) ifyeV

L(a(y) +b(y)) if y € Vo and a,b finite
s(y) = qby) —1 if yeVo,a=—00,b#

a(y) +1 if y€Vs,a# —00,b=00

0 if yeVso,a=—00,b=00

3 Katia Bogdanova (2/14): Calculus on O-Minimal Structures
Outline

(1) Topology on O-Minimal structures

(2) Calculus on O-Minimal structures

(3) Monotonicity theorem (if there’s time)

Recall 3.1. A structure is a set M and, for all n € N, a collection D,, C P(M™) of subsets of M™ so
that

(1) O,M™ € D,, and D,, is closed under finite intersection, union, complements, and permutation of

coordinates
(2) For all n > 1, the diagonal A € D,
(3) For any V; € D,,, and Vo € D,,,, we have V1 x Vo € Dy, 41,
(4) For V € D, 41, any projection w(V') € D,
Elements of D,, (for any n) are called basic definable sets.

Recall 3.2. “Fibers of basic definable sets are definable”
We call V. .C M™ a definable set if there is some m € N and a basic definable set W C M™% along

with some point y € M™ s.t. V = W, is the fiber over y. The definable sets form another structure on
M.

Recall 3.3. If U,V are (basic) definable sets, a function f : U — V is called (basic) definable when its
graph I'y C U x V is (basic) definable.
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Recall 3.4. Let R be an ordered field. A structure on R is said to be compatible with the ordered

field operations if
(1) addition and multiplication +, x : R x R — R are basic definable; and
(2) [<]r:={(z,y) € R* : & <y} is basic definable.
Moreover, a structure compatible with the field operations is called o-minimal if every definable set in
R (i.e. every element of D;) is a finite union of points and open intervals.
3.1 Topology

Setup. Fix an ordered field R along with an o-minimal structure on it. We give R the order topology,
i.e. the topology with basis consisting of open intervals Ja,b[= {x € R: a < z < b}. We then give R" the
product topology, so it has a basis consisting of sets of the form Jay,bi[x ... X]ay, b,[. Finally, any subset

V C R" is given the product topology.
Lemma 3.5.

(1) Let f: A— R™ be a definable function (i.e. its graph Ty is definable), with A C R"™. Then, A and
f(A) are definable.

(2) Let V C R™ be definable, and choose some definable U C V. Then, the interior int (U), the closure
clos (U), and the boundary OU = clos (U) \ int (U) (all three in V') are definable.

(8) Say f :U — V is definable. Then,
{z € U : f is continuous at x}

is definable.

Proof. (1) Write A = m(I'y) and f(A) = m2(I'¢) as projections of the graph.
(2) We will describe both the closure as a first order formula, and this will suffice to show that it is
definable:

clos(U) ={(z1,.-,2n) EV YY1,y Uns 215520 (Y1 <1 < 21,00y Yn < Tp < 2n) = (F(ug,...,u,) €

Now, the interior of U is the complement of the closure of the complement of U, so it is definable. Finally,
the boundary is the difference between the interior and the closure, so it is definable.
(3) Let ¢(z,y) be a formula defining f. Then,

/

{xeU| fiscont. at z} = {a = (ar,...,am) €U | Va1, .., 2ms 215y 200, b1y ooy b 2 (0(a,0) Az < by < 20) = (3, ..

In words, f is continuous at a if for any open W around f(a), there’s an open contained in f~1(W). W

Definition 3.6. X C R" is called definably connected if X is definable and X is not the disjoint

union of two nonempty open definable subsets of X.

Lemma 3.7.
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(1) The definably connected subsets of R are the ) and those of the form ]a,b|, [a,b], ]a,b], [a,b] for
a,b e R with a <b.

(2) The image of a definably connected set by a definable continuous map is definably connected.

Question 3.8 (Audience). Can you give an example of a definable set which is definable connected but

not connected?

Answer (Assuming I heard correctly). This is hard to find. For the reals R, definable connected =
connected, but these can differ for bigger fields. Sounds like if you have a field R with infinitesimal
elements (those between 0 and 1/n for all n € N»1), then the set of infinitesimals will be open, and it’s

possible that something like [—1, 1] is definably connected but not connected.

Corollary 3.9 (Definable Intermediate Value Theorem). If f : [a,b] — R is definably continuous
(i.e. definable and continuous) with f(a) < 0 < f(b), then there exists ¢ € [a,b] such that f(c) = 0.

Proposition 3.10. Let f : [a,b] — R be a definably continuous function. Then, f attains a maximum

and a minimum.

Proof. Without loss of generality, we may assume clos (f([a, b])) = [0, c] for some ¢ € R. We want to show
that ¢ € f([a,b]), so suppose the contrary. Then, for any s €]0,c[, we know f~1([s,c[) is a nonempty
definable closed set. Thus, this preimage has a minimum, which we call ¢g(s). Then, g :]0,c[— [a,b]
is definable (can write the condition that a value is a minimum as a first order formula) and weakly
increasing. Now, let m € [a,b] be the supremum of the image of g, so g(s) — m as s — ¢. Thus,
fg(s) — f(m) as s — ¢. By definition of g, we have fg(s) > s which implies f(m) > ¢ and so in fact
f(m) = ¢ (in particular, c € R C R). [ |

3.2 Differentiable definable functions

Definition 3.11. We define a norm | - | : R* — R as
x ifx>0
|| := when n = 1.
—x ifx <0
When n > 1, we use |z| = max; {|z;|} for x = (z1,...,2,) € R"™.

Definition 3.12. For U C R"™ an open, definable and f : U — R™, we say that f is differentiable at
x = (x1,...,2,) € U with partial derivatives y1,...,y, € R™ when for any ¢ > 0 (¢ € R), there exists
d >0 (6 € R) so that

f(@') = f(z) — Zyn(m; —x,)| <elx’ — x| forany ' € U with |2/ —z| <.

Similarly, we say that f is continuously differentiable at x if it is differentiable on an open neighborhood

V of x and its partial derivatives are continuous functions on V.

Lemma 3.13. Let U C R™ be a definable open, and let f: U — R™ be a definable function. Fix k € N.
Then
UR = {xeU]| [ isk times continuously differentiable at x}
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is a definable subset of U. Furthermore, the k-fold partial derivatives of f are all definable functions
U® — Rm,

Proof for k=1. Let W = {(z,y) € U x R"*™ : f is differentiable at = w/ partial derivatives y}. This
set is definable since it can be described using first order formulas. Now, U’ := (W) is the set of points
where f is differentiable, so the set of such points is definable. At the same time, W is the graph of the
partial derivatives of f, so these partial derivatives are also all definable. Finally, U!) = int (U’) C U, so
UM is also definable. |

Theorem 3.14 (Rolle’s theorem). Let f : [a,b] — R be definable, and continuously differentiable on
la,b[. Then, there exists ¢ €]a,b[ so that f'(c) = W

Proof. If f(a) = f(b) = 0, we take ¢ to be a maximum of the function. Then, f’(c¢) = 0. Else, set

fla) = f(b)

g(a) = (@) + 25—

(x —a)

and note that g(a) = 0 = g(b). Hence, get cs.t. ¢’(¢) = 0 which issosay f'(c) = [f(b) — f(a)] /(b—a). N

Question 3.15 (Audience). Is there a good example of a fact from classical analysis that doesn’t carry

over directly to this context?

Answer. The fact that the reals are archimedean (e.g. no real less than 1/n for all n) doesn’t hold in
general. We've also seen that the sin function can’t exist in an o-minimal structure; this will mean that

lot’s of differential equations aren’t solvable and lots of infinite series don’t converge.

3.3 Monotonicity theorem

Definition 3.16. We'll say f :]a,b[— R is strictly monotone if it is either constant, strictly increasing,
or strictly decreasing. We will say it is locally monotone at a point = €]a, b[ if there’s an open around
that point on which is is strictly monotone. It will be locally monotone on the whole interval if it is

locally monotone on each point.

Theorem 3.17 (Monotonicity Theorem). Let f : ]a,b] — R be definable. Then, there exists a
—~—

I
partition
a=aqy<a1 <--<ap=>
of I s.t. flla;,a;sy| 18 continuous and strictly monotone for all @ < n.
Corollary 3.18. For all ¢ € [a,b], both limits lim f(z) and lim+ f(z) exist in R.
r—c— r—cC

Note 1. There was some discussion about whether a,b above can be in R or if they need to lie in R.

We will prove this theorem using two lemmas.
Lemma 3.19. There exists a subinterval of I on which f is strictly monotone.

Lemma 3.20. If f is strictly monotone, then f is continuous on a subinterval of I.
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Proof of Theorem [3.17 assuming both lemmas above. Let A := {x €la,b[| f is continuous and locally
strictly monotone at x}. This is definable by usual first order argument. Now, ]a,b[\A is definable and
finite; otherwise, there will be a subinterval J Cla,b[\A (by O-minimality). By the above lemmas, we’d
then get a subinterval of J s.t. f is continuous and strictly monotone, contradicting the definition of A.

We may assume that A =la,b[ as well as that f is locally constant or locally increasing or locally

decreasing. In the first case, for any point xg €]a, b, consider
s(xo) :=sup{x | xg <z <b and f is constant on [z,b]}.

Then, s(zg) = b (otherwise contradict locally constant assumption), so f is constant on [zg,b[. One can
similarly show that f is constant on ]a, z¢] so it’s constant on all of ]a, b].

A similar argument works in the other two cases. |

This just leaves proving Lemma and [3:20]

Proof of Lemma[3.20 We need to show that f is continuous on a subinterval of I. Assume that f is
strictly increasing. Then, f(I) is infinite (since I is), so it must contain some interval K C f(I). Now,
choose ¢,d € K with ¢ < d and let ¢, d’ be their preimages. Then, f is continuous on |/, d’[. This follows

quickly since we’re working in the order topology. ]

Proof of Lemma[3.19 Let A(I) := {(:z:,y) cl?:z< y} For x € {=,<,>}, similarly define A.(f) :=
{(z,y) € I*: f(z) * f(y)}. We want to find a subinterval I’ C I such that A(I') C A,(f) for some
* € {=,<,>}. We will in fact prove a more general statement. Note that I2 = A_(f) UAS(f)UA(f),
so it suffices to prove Lemma [3.21] below. |

Lemma 3.21 (O-minimal pigeonhole principle). Let Si,...,S, C R? be definable and assume
I C S1U---US,. Then, there exists k and a subinterval I' C I s.t. A(I') C Sj.

Proof. First define
Ap :={z € I| 32 >z such that ]z,2'[C (Sk)s}-

Since the S;’s cover I2, we conclude that there exists some fixed k s.t. Aj contains an interval J C I.

Now, consider the function

g: J — R
r — sup{z’ €I|z’ >z and |z,2'[C (Sp)e}

We claim that there exists a bounded interval I’ C J and an element d > sup(!’) such that g(x) > d for
any © € I'. Once we have this claim, for any x, 2’ € I’ with < 2/, we’ll have 2’ < d and so |z, 2'[C (Sk).,
ie. (x,2') € Sg, so A(I') C Sk.

To prove the claim, define A:={y e J |Vz € J: (x <y) = g(x) < ¢g(y)}, and then break into two

cases

(1) First suppose there’s an interval J” C A. Then, for any ¢ € J’, we have g(c) > ¢ so there exists
d,d €]e,g(c)[. Take them so that d < d’ and define I’ := J'N]e,d’[. For any = € I’, we get that
g(x) > g(c) (by definition of A) and g(c) > d (so g(x) > d). This proves the claim in this case.
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(2) Alternatively, suppose there’s an interval J' C J\ A. Then, for any ¢ € J', there exists z1 €]inf J’, ¢[
such that g(x1) > g(c) (since ¢ ¢ A). Repeating let’s us find an infinite sequence

x> > -+ >infJ with g(xip1) > g(z;) > -+ > g(c) > ¢

This tells us we have an infinite, definable set, so O-minimality ensures that there’s an interval
I' Clinf J', ¢ such that for all x € I, g(z) > g(c) > ¢. Take g(c) = d and we win. |

4 Sasha Petrov (2/28): Cell Decomposition

Let (R, <) be a totally ordered field.

Setup. Fix some O-minimal structure (D,, C R"™),>1 on R. Recall that this means, among other things,

that Dy consists of finite unions of points and intervals.
Note that the ‘building blocks’ of Dy are points and intervals. We want to make sense of something

similar for higher dimensional definable sets.

Definition 4.1. For all integers m > 1, and all (¢1,...,t,) € {0,1}™, there is a class of (¢1,. .., tm)-cells

in D,, defined inductively via

(1) (0)-cells are singletons {a} C R and (1)-cells are (open, nonempty) intervals Ja,b[C R (note a,b €
R=RU{-00,+})

(2) For every m > 1, an (i1, .., tm,0)-cell is anything of the form I'y € R™™!, where f : X — R is a

definable, continuous function on a (i1, ..., ty)-cell X C R™.

Similarly, an (¢1, ..., tm, 1)-cell is anything of the form
{(z,y) e R" x R|z € X and fi(z) <y < falz)}

where X C R™ is an (t1,...,tm)-cell and f1, fo : X — R functions satisfying fi; < f2 on all of
X. Here, we require each f1, fo to either be a definable, continuous function or to be a constant

functions with value +oo.
Think: the dimension of an (t1,. .., ty)-cell is Zj L.

Example. A (0,0)-cell is the graph of a function from a point, so a (0,0)-cell is a point (a,b) € R2.
A (1,0)-cell is the graph of a (continuous, definable) function on an interval.
A (0,1)-cell looks like a point cross an interval: {a}x]b, c[

A (1, 1)-cell is the interior of a region bounded by the graphs of two functions on an interval A

Warning 4.2. The notion of being a cell is sensitive to the choice of coordinates. For example, if you
take a (1,1)-cell and then swap the coordinates on the ambient R? (do like a diagonal reflection of the

picture) the result will likely no longer be a (1, 1)-cell.
Remark 4.3.

e A cell C is open (in the order topology) iff it is of type (1,1,...,1).
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open

o Every cell is locally closed, i.e. C C C (= closure of C').

e For any non-open cell O, there exists a coordinate projection 7 : R™ — R™~! so that 7|c : C =

7(C) is a bijection onto its image, and 7(C) C R™ ! is a cell.

(I think) get this by projecting along some coordinate where a 0 appears int he cell type.

Definition 4.4. A cell decomposition

(1) of R! is an expression
R'=CiU---UCy

where each C; is a cell.

(2) of R™*! (for m > 1) is a decomposition R™1 = C; U--- U Cy where each C; is a cell and s.t.
{m(C1),...,m(Cn)} form a cell decomposition of RmEl where 7 : R™T1 — R™ is forgetting the last
coordinate.

We extend this definition

Note 2. Sasha drew an example of a cell decomposition of R?, but I don’t have something to draw with...

so exercise: come up with an example
Our main goal is to establish a structure theorem for arbitrary definable sets, so we should probably

state what sort of structure we would like.

Definition 4.5. Let A C R™ be definable. We say a cell decomposition R™ = Cy LI - - LU Cy partitions
AifA=C; U---UC;, forsome 1 <ip <--- <ip <N.

Our goal is to prove the following result

Theorem 4.6. Let Aq,..., Ay C R™ be definable subsets. Then, there exists a cell decomposition of R™

which partitions each A;.

The proof will be inductive, and so we will find it useful to name the various statements we’ll induc-

tively make use of

(CD,,) Let Ay,..., A C R™ be definable subsets. Then, there exists a cell decomposition of R™ which

partitions each A;.

(PCy,) For AC R™ and f: A — R both definable, there exists a partition of A s.t. f is continuous on

every cell in A

(UF,,) Fix A C R™ definable. Consider projection 7 : R™ — R™~! and assume that A is finite over
R™~1 in the sense that #A4, < oo for all z € R™~! (4, = n~!(x) N A). Then, A is uniformly
finite over R™ ! in the sense that there’s some k € N s.t. #A, < k for all .

Remark 4.7.

2In particular, for any i, j, we have 7(C;) = m(C;) or n(C;) Nw(C;) =0
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e (CD,) follows from the definition of o-minimality.

e (P(C4) follows from the monotoncity theorem Recall, this said that for definable f :]a,b[— R,
one can choose a partition a = ag < - -+ < a, = b of the domain s.t. f is continuous and monotone

on every |a;, ;1]

e It’s not hard to show that (CD,,4+1) = (PC,,) by applying the former to the graph I'; of a
function f: A — R (with A C R™).

How will the proof go? We already know (C'D;) and (PC4). We will prove
(PCw) + (CDyy) = (UFy41) and (PCh,) + (CDpyt1) + (UFmy1) = (CDmt1), (PCmt1)

Proof of (UF3). E| We will assume that R is uncountable since this simplifies the proof and suffices for
our applications. Say we have A C R? s.t. m: A — R is finite.
We will say that

e (a,b) € R x R is normal if there exists intervals I, J in R s.t. (a,b) € I x J and (I x J)NA =0 or
(I x J)yNn A =T} for some continuous f : I — R.

e a € R is good if for all b, the point (a,b) € R? is normal.

We let G C R denote the set of good points, and we let B = R\ G be the complement.

We first remark that G is definable. I missed the argument, but sounded like the main point is that
being the graph of a function can be checked e.g. using the vertical line test and that a function being
continuous is a definable condition.

Next, we claim that B is finite. If not, there’s an interval I C B by O-minimality. Let X,, =
{zr € R:#A, =n} which is definable (can express this using an n-variable formula). By assumption,
R =|],>0Xn. We ultimately want to show that X,, = 0 for m > 0. Define functions

fi<fo<-<fn:A—=R

s.t. for any © € X, {fi(x),...,zn(xz)} = A,. These are all definable functions. Now we use our
assumption that R is uncountable (so I is as well). If each X, is finite, then their union R would be at
most countable; thus, there must be an n s.t. X, NI contains an interval J. Now, (PCy) for f1,..., fn
on J tells us that, after shrinking J, all f1,..., f, are continuous.

At this point, we have an interval J C B consisting solely of bad points. Over it, we have the
continuous functions f; < fo <--- < f, : J — R. Now, for any b € J, we can draw small disjoint boxes
around each f;(b) in order to see that (a,b) must be good for all @ € R. Thus, J C G, a contradiction.
Thus, B must in fact be finite.

Now, we claim that x — #A, is locally constant on G. Fix some a € G. Around each point in the
fiber A,, we can fix a small box whose intersection with A is the graph of f;. Thus, for b near a (b in the
intersection of the projections of these boxes), we have #A4, > n. We need to deal with the possibility

31 had a hard time following this proof, so these notes may be less than helpful
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that #A4;, > n. The function g : J — R given by g(z) = min {A; \T'y, U---UTy, } is definable (with
domain consisting of nearby points with > n + 1 preimages). The domain must be definable. If a & J,

then  — #A, = n in a neighborhood of a, so we're happy. If a € J, things are more annoying. Can can

pick some b < a s.t. g is continuous monotone on ]b,a[ by Theorem [3.17, If y := lim g(z) € R, then
r—a~

(a,y) is not normal, a contradiction. [ ]
Proposition 4.8. (PCy,) + (CDy,) + (UFpmt+1) = (CDmy1)

Proof. Fix Ay, ..., A C R™*L. Consider
OmA={(x,y) € R" x R|y e d(A.)}.

Note that each 0,,A1,...,0, A are finite over R™. By uniform finiteness, there is some N s.t. for all
¢=1,...,k and any = € R™, one has #(0,,A¢). < N. For convenience, define Y := 9,, A1 U--- U, Ay,
and let X,, = {x € R™ : #Y, = n}. Consider functions

fr1 < fn2 <+ < fan : Xn — R such that {fn1(x),..., fan(2)} =Y.

Also introduce the constant function f,g = —oo. Let

Crij={r € R™| fij(x) € (Ar)z} and Dy, ;= {x € R" |[fi; (%), fi,j+1(2)[C (Ar)z} .

These are keeping track of the potential boundaries/interiors of our cell decomposition. Now, (CDy,) +
(PCm) applied to Cy; j, Dy j and fi; gives a cell decomposition R™ = By U--- U By. If I've not
completely lost myself, the cells inbetween the graphs of the f;;’s should contained completely in A, or
be disjoint from A, (for any particular ¢), and this can be used to show that the cells bounded by these
graphs (and the cells giving the boundaries) give a cell decomposition partitioning Ay, ..., Ag. |

This leaves proving (PCy,+1). We don’t have time to give all the details, but one of the key ingredients
is the following lemma

Lemma 4.9. Let X be a topological space, and say f : X x R — R is a function s.t. for all (z,r) € X X R,

both f(x,—) is continuous + monotone and f(—,r) is continuous. Then, [ is continuous.

Question 4.10 (Audience). You mentioned at one point some applications of this you wanted to mention.

Could you if there’s time?

Answer. For example, I think it follows from this that if you take the C-points of an algebraic variety,
then this has a triangulation.

(there was some further discussion of alternate proofs of this fact, but I didn’t bother typing any of

it down)

5 Sam Marks (3/21): Dimension Theory

Note 3. Roughly 12 minutes late and sitting in a less than ideal spot, so these notes will be even worse
than usual...
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Fix a totally ordered field R with a given o-minimal structure.

Definition 5.1. If C'is a (i1, ..., 4,)-cell in R™, then dim C := iy +---+1,. If X C R™ is definable, then
dim X := max {dimC : C C X is a cell}.

Finally, dim § = —co.

Recall 5.2. A cell decomposition of R™ is a finite partition of R™ into cells {A} such that {m(A)} is a

cell decomposition of R*~1.
Recall 5.3. If A;,..., Ay C R™ are definable, there exists a cell decomp of R™ adapted to them.
(there was another recall here that I missed)

Recall 5.4. A (i1, ...,4,)-cell is open iff it has maximal dimension (i.e. iy = --- =4, = 1). Furthermore,
. ~ open .
if C C R™ is a cell, there is a coordinate projection 7o : R* — RI™C st 7o = ¢ ¢ RI™C,

Observation 5.5. Say X C R™ is definable. Then,
(1) dimX =n <= X contains an open cell

(2) dimX =0 < X is nonempty and finite

this comes from the decomposition theorem.

Lemma 5.6. If C C R" is an open cell and f: C — R™ is a definable injection, then f(C) contains an

open cell.
(Note that both n’s above are the same)

Proof. Induct on n. If n = 1, then C infinite = f(C) infinite = f(C) contains an interval.
Now suppose n > 1. By cell decomposition and piecewise continuity, we can reduce to the case of
f:C — D C R"™ with D a cell and f continuous. Futzing with cell decompositions, we may assuming
further that f(C) = D.

We want to show that D is an open cell. If not, we can find a coordinate projection 7p : D = D' C
R"~!. Since C is open, it contains some Bx]a,b[ with B a box in R"~1. Let g : Bx]a,b[— R""! be
composition of the relevant functions. Fixing some ¢ €]a, b[, the image of g(—,c) : R*~! x R"~! contains
some box in R"~!. I didn’t follow, but fixing the other coordinate and applying the inductive hypothesis

once more, you can contradict injectivity. [

Corollary 5.7. Let X, Y C R" be definable. Then,

(1) If f: X — Y is a definable injection, then dim X < dimY. In particular, if f is a bijection, then
dim X =dimY.

(2) dim(X UY) = max{dim X,dimY}

Proof. (1) Suffices to prove the claim about injections. By cell decomposition theorem, we can reduce to
open ~
C — D with C, D cells and C " R"™. Consider a homeomorphic coordinate projection mp : D — D' C

RI™ D - Consider composition
~ 7y P pdim D
C—D—D CR .

20



If dim D < dim X, we get a closed injection R1™P « RIm X Adding this to the above composition,
the obtained map C — RY™X contradicts the previous lemma (image can’t contain an open cell), so
dimX <dimD <dimY.

(2) Let d = dim(X UY). Let C C X UY be a d-dimensional cell. Consider suitable coordinate
projection ¢ : C = C' C R%. Note that C = (C N X) U (C NY) and apply coordinate projection,
so (CNX)U(CNY) = 1c(CNX)Ure(CNY). Taking a cell decomposition of C’; at least one of
mc(CNX), 7c(CNY) must contain an open cell. Wlog say C’ N 7w (X) contains an open cell. Then,

d=dimmc(CNX)=dim(CNX)<dmX <dim(XUY) =d,

SO we win. ]

Proposition 5.8. Let X C R™ x R" be definable. For —oo < d < n, set
X(d):={a€e R™|dimX, =d} C R™.

Then, X (d) is definable and

dim (Xx () =dim | | J {e}UX, | =dimX(d) +d.
aeX(d)

Proof. First suppose that X is an (i1, ...,4p4m)-cell. Let 7 : R™ x R™ — R™ be the natural projection.
By definition of cells, we automatically get that 7(X) C R™ is a (i1,...,%;)-cell, and that X, C R" is
an (fyt1,- -, bman)-cell for any a € 7(X). In this case, X(d) is either 7(X) (if d = éppy1 + - + tnan)
or empty.

From the definition of cell decompositions, one sees that X (d) will be a union of cells in R™. The

general result then follows from the result for cells. ]

Corollary 5.9.

(1) If X C R™ x R" is definable, then

dim X = max (dim X (d) + d)
0<d<n

(2) Let f: X — R™ be definable (X C R™). Then, for 0 < d <n, the set
X¢(d) :={a € R™:dim f~'(a) = d}
is definable and dim f~' (X¢(d)) = dim X¢(d) + d.
(8) If f: X =Y is definable, then dim f(X) < dim X

(4) If X,Y are definable, then dim(X x Y) =dim X + dimY

Proof. (1) Note X = Uy<g<,, Xx(a), 50 its dimension is the maximum of dim Xx(g) = dim X (d) + d.
(2) Apply the proposition to the (transpose of the) graph {(f(z),z):z € X} C R™ x R™.
(3), (4) both follow from (2). [ |
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Proposition 5.10. Let X C R"™ be definable. Let 0X := clos(X) \ X be the frontier of X. Then,
dim(0X) < dim X, so dimclos (X) = dim X.

Before the proof, first a lemma.

Lemma 5.11. Let w: R™ — R be projection onto the first coordinate. Then,
Si=A{z € R|0(Xy) # (0X).}

is finite.

Proof. We can equivalently write
S={zreR|clos(X;) < clos(X),}.

Let B := {(al, ey Gp_1,b1, . by) € R | gy < by for all i}, so B parameterizes boxes in R"~!.
Given z € B, let B(z) C R"! be the corresponding box. Consider also the ‘incidence set’

T:={(x,z) € Rx B|clos(X;)NB(z) =0 but clos(X),NB(z)#0}

s/ \B.

Note that the left map is surjective by definitions. If x € S, then T, is nonempty and in fact contains
an open cell (perturb the box witnessing the disagreement), so dim T, = 2(n — 1). On the other hand, if
z € B, then T, C S C R is finite. Else, by o-minimality, it must contain an interval I C S, but

0 = clos (X,) N B(z) D X, N B(z) forall x €.

This means that (I x B(z)) N X = @ which in turn means that (I x B(z)) Nclos (X) = 0 (since I x B(z)
is open), a contradiction.

Thus, dim S +2(n — 1) =dimT < dim B 4+ max,dim7T, =dimB =2(n—1) = dimS =0,s0 S is
finite. |

This just leaves us with the proposition...

Proof of Proposition[5.10 We want to show that dim(0X) < dim X. We induct on n. If n = 1, then 90X
is finite (since X a finite union of intervals and points). To keep life simple, let’s only write out the case
n=2.
Let S1, Sy be the sets of bad points in each copy of R, coming from the two projections X C R? = R.
Convince yourself that
(0X) C (0X)s, U(0X)s,.

Both of these pieces have dimension < 1. For example,

0X)s, = |J {a}x 0X)a= |J {2} x9(X,) = dimd(X,) < dim X,
x€R\S1 r€R\S1

(last ineqality by induction) [ |
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6 Elliot Glazer (3/28): Elementary Extensions — I’'m out of town

7 Yujie (4/4): O-Minimal Chow Lemma

(I'm not 100% sure, but I think we’re implicitly working with Ry, exp throughout this talk?)

7.1 Affine Version

Recall 7.1 (Classical Chow Lemma). If X is a proper complex algebraic variety, and Y C X is a closed

complex analytic subvariety, then Y is algebraic.

Theorem 7.2 (affine O-minimal Chow, Peterzil-Starchenko). Let Y C (A™)*™ be a closed analytic
subvariety whose underlying set is definable. Then, ) is algebraic, i.e. Y = Y®" for an algebraic subvariety
Y C A",

Remark 7.3. O-minimal Chow == usual Chow (exercise). °

Remark 7.4. There is a proof of Theorem which uses an analyticity criterion of Bishop + usual Chow.

We will not go over this. o

Instead, we will give a different proof making use of the following lemma.
Lemma 7.5. Any definable holomorphic function f: C" — C is algebraic.

Proof. Induct of n. First say n = 1. One can use the Casorati-Weierstrass theorem from complex analysis
to show that an entire definable function f : C — C is algebraic. Now say n > 1 and assume the lemma
for n — 1. Decompose C" = C x C"~! and consider coordinates (z,w) € C x C*~!. Then, for each fixed

w, f(z,w) is a polynomial in z by the n = 1 case. Now, recall the following lemma

Lemma 7.6. Let f:U — V be a definable map with finite fibers. Then, the sets
Voi={veV:#f (v)=n}
are definable. Hence, the size of the fibers are uniformly bounded.
This implies that deg, f(z,w) is uniformly bounded in w. Thus, for some N, one may write

k

N ak
f(z,w):Z k(O,w)%.
k=0 ’

Y
~

z

The partial derivatives above are definable functions C"~! — C and hence algebraic by the inductive

hypothesis. |

Proof of Theorem[7.3 We first fix some notation. Let P" := (P")*", choose some C" C P", and denote
its complement P!, the plane at infinity. We induct on dim¢ Y := d.

(Step 1) The boundary 9Y = Y\ Y C P" ! is definable and has real dimension < 2d — 1 since
dimg (0)) < dimg Y = 2d.

(Step 2) There is a linear projection 7 : C* — C? s.t. the restriction 7y : J — C? is proper.
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Proof. First note that every point of P"~! gives a linear projection C* —» C"~!. Since d < n, this
implies that dimg(9)) <2d —1<2(n—1) — 1 < 2n — 2 = dimg P"~ 1. Hence, there must exist a
projection C® — C"~! s.t. each fiber L has bounded intersection with Y. This gives a projection

Y — C™ ! which is proper. By Remmert’s proper mapping theorem, its image will be a closed

)
definable analytic variety. Iterate to go down to C?. B | From au-
dience dis-
(Step 3) The locus Yy C Y, where 7y : Y — C? is not étale, is a closed algebraic subvariety of C" cussion,
(Yo =Y5") sounds like
. . . . . . . one should
Proof. Yy is analytic and definable (locus where fiber size is non-generic). Since dim Yy < dim ),
. . . . . only need
the induction hypothesis tells us that ) is algebraic. |
the usual
(Step 4) Y is algebraic. version of
Remmert’s
Proof. Decompose C* = C"~? x C%, and recall we have 7y : Y — C% Let N := detmy. Let theorem,
7 : C" — C4 be the coordinate projection, and let Z := 7(Yy) C C%, a closed algebraic subvariety. |and not an
Consider function o-minimal
F: ci\z™ — Sym"crd . .
version of it

z — 71'3_,1(,2).

Note that F' is a holomorphic, definable map. Since 7y is finite, F' is locally bounded around
73", Hence, the pullbacks of coordinate function on Sym” C—¢ along F' extend to holomorphic
functions C¢ — C. By Lemma these functions are algebraic, and so Y\ Yy is algebrai so Y

is as well. |

7.2 Definable topological spaces
Definition 7.7. An S-definable topological space (S some O-minimal structure) M is
e a topological space M
e a finite open covering | JV; D M
e homeomorphisms ¢; : V; = U; C R" s.t.
(1) The U; and the pairwise intersections U;; = ¢;(V; N'V;) are definable
(2) The transition functions ¢;; := ¢, o ;' : U;j — Uj; are definable

The collection {(V;, ¢;)} is called a definable atlas. A morphism of definable topological spaces
f: M — M’ is a continuous map f such that for any 4,7, the composition

-1

o (Vin V) 2 vy Lvy 2L

is definable.

4Sounds like this means the elementary symmetric functions
5If I'm not too confused by what’s been said (which I very possibly am), potentially )\ Vo is the fiber product of C¢
and C"~¢ over CN*1 (with the maps to CN*! given by elementary symmetric functions)
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Example. Let X be a real algebraic variety. Consider X (R) with the Euclidean topology. This carries

a canonical R,,-definable topological space structure by covering by finitely many affine varieties. A

Example. Let X be an (affine) complex algebraic variety. Then, X (C) = (Resc/z X) (R), and so X(C)
has a definable topological space structure by the previous example. We call this canonical R,j.-definable

topological space structure the definabilization of X, denoted X9¢f. A

Let Topg denote the category of S-definable topological spacesﬂ and let Varc denote the category of

algebraic varieties over (CEI We have a diagram of functors

(—)det
Varc Topg

(—>E“N %
p

To

(The above is over C. There is a similar picture over R)

7.3 Basic definable analytic spaces

We identify C" = R?".
Given a definable open U C C™, we set

definable holomorphic functions
ﬁCn(U) = { U_C }

If T am following the discussion, this will be a sheaf for a Grothendieck topology where covers are finite

definable covers. Consider I C Ocn (U) some finitely generated ideal.
Notation 7.8. Let X = |V(I)| denote the (definable) topological space of V (I).

There is a sheaf &y /10y on U which is supported on X. We define Ox := (Oy/I0y) |x, and we call
the data (U C C",I) a basic definable analytic space.

Remark 7.9. This data has an associated locally C-ring definable space (X, @x). This is a definable
topological space X equipped w/ a locally C-ringed sheaf &x on the definable site X. This is the site
with

e objects: definable open subsets of X
e morphisms: inclusions
e covers: finite open covers by definable open subsets
0]

Definition 7.10. A morphism between basic definable analytic spaces (X Cc C C C") — (Y C
V C C™) consists of a

e definable holomorphic map U — V pulling Iy back to Ix

6Yujie used the notation S-TopSp instead
"Yujie used the notation AlgVar /C
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e a morphism (X, Ox) — (Y, Oy) as locally C-ringed definable spaces coming from U — V
The corresponding category is denoted S-BasicDefAnSp/C.

There is an analytification functor
(=)™ : S-BasicDefAnSp/C — AnSp/C.

This sends X to the analytic space cut out by I on U.

Notation 7.11. We let Mod(&x) denote the category of &x-modules, and we let Coh(0x) denote the

full subcategory of coherent &'x-modules.

Theorem 7.12. Let X be a basic definable analytic space. Then,
(=)™ : Coh(X) — Coh(X?")

is faithful and exact.

Corollary 7.13. The forgetful functor S-BasicDefAnSp/C — (locally C-ringed definable spaces) is fully
faithful.

Note 4. My laptop’s at 8%, so potentially it will die before the talk is over...

7.4 Definable analytic space

Definition 7.14. A locally C-ringed definable space (X, Ox) is an (S-)definable analytic space if
locally it is the locally C-ringed definable space associated to some basic definable analytic space. The
category of such objects is denoted S-DefAnSp/C; this is a full subcategory of the category of locally
C-ringed definable spaces.

We have functors
e (—)™: S-DefAnSp/C — AnSp/C
e (=)™ :Coh(X) — Coh(X?) when X is a definable analytic space. This is faithful and exact.

Theorem 7.15 (Definable GAGA). Let X be an algebraic space. Then,
(—)% . Coh(X) — Coh(X %/

is fully faithful and exact. Moreover, it’s (essential) image is closed under subobjects and quotients.

Corollary 7.16 (O-minimal Chow). Let X be an algebraic space, and let Y C X% be a closed,
definable analytic subspace. Then, Y is algebraic, i.e. ) =Y %7,

8 Si Ying (4/11): Pila-Wilkie Counting

Two part talk. Today the part of the talk not using O-minimality.
Let X be a definable subset of R".
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Notation 8.1. We let X?& denote the union of all connected semialgebraic subsets of X of positive

dimension.
Warning 8.2. X?% may not be semialgebraic, and may not even be definable.
(Sounds like ‘semialgebraic’ means definable in R,,)

Example. Consider
X ={(z,y,2) ER*: 2 =2Y and =,y € [2,3]}.

This is definable in Reyp, but X alg js the infinite union of the (disjoint) curves z = z¥ where y € Q, so it
not definable. A

Our next goal is
Theorem 8.3 (Pila-Wilkie Theorem).

(Version 1) Let X C R™ be definable. Then, for all € > 0, there exists a constant c¢(X,€) such that
forall T > 1,
#(X = X)(Q,T) = N(X = X, T) < ¢(X,e)T*

where (X — X*9)(Q,T) :={P € (X — X9)(Q) : H(P) < T}. Here, H is the naive height on Q",
i.e. I think this
H <a1 a") = max {|a;|, |b:|} is the defini-

a"'.,bn t‘
10on

(every fraction in lowest terms)

(Version 2) Let Z C R™ x R™ be definable. Then, for every e > 0, there’s a ¢(X,e) and definable
W(Z,e) C Z so that

(1) W, C (Z,)"9 for ally € R™
(2) For allT > 1, N(Zy, —W,,T) < c(Z,e)T*° for ally € R™

In version 2, think of Z as a family over R™ (the second factor of R™ x R™). If I'm following, Version

2 is giving a uniform bound for the number of non-algebraic points of small height for definable families.
Remark 8.4 (Audience). In the previous example, most points in X are... o

The main workhorse will be

Lemma 8.5 (Main Lemma (I)). Let Z C (0,1)" x R™ be definable with fiber dimension k < n. Let
e > 0. Then, there exists d(e,k,n) € N and K(Z,¢e) constant such that for all y € R™,

Zy(Q,T) is contained in the union of at most K(Z,e)T* hypersurfaces of degree d.

Note that d = d(e,k,n) and K = K(Z,¢) are both independent of y € R™.
(to be covered next time)

Warning 8.6. The role of n,m have been swapped a couple times during the talk, so potentially I will
have them backwards at some parts in my notes. Noticing any such typos is left as an exercise for the

reader
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There’s a second version of the main lemma which we will state. Before this, we need a new definition.

Definition 8.7. A k-cylinder of degree d contained in R™ is an intersection

ﬂ 7. (H,) where S={oc C{l,...,n}:#o=k+1},
oes

H, is a hypersurface of degree d in R¥+!, and 7, is the projection from R™ — R? = R¥*+1 (using the

chosen coordinates).

Lemma 8.8 (Main Lemma (IT)). Let Z C (0,1)™ x R™ be definable with fiber dimension < k (< m?).
Let e > 0. There exists d = d(n, k,e) and constant ca(Z,€) such that

Z,(Q,T) is contained in a union of at most co(Z,e)T* k-cylinders of degree d.

This follows from Main Lemma (I), it sounds by applying (I) to each projection m,(Z,). It is version
(IT) that we will use in this talk.

Proof of Theorem[8.3 Version 2, assuming Lemma[8.8 Observe that if C = AU B with A, B definable
and we know the theorem for A, B, then we can conclude it for C ﬂ Furthermore, since  — +x~! doesn’t
change heights of points, we may assume that Z C (0,1)" x R™ as required for Lemma Now we
proceed by induction on k, the maximal dimension of the fibers of Z — R". First say £k = 0. From
Sasha’s talk, there exists a uniform bound C' for the # of points in each fiber, so #7,(Q,T) < C for all
y € R™

Now say k > 0 and the theorem holds for families with fibers of dimension < k — 1. Choose a fiber

X := Z, and consider cases.

(Case I: k =m) Consider the setﬂ
7m(X) = subset of C'-smooth points of X of dimension m

of points on X which are regular of dimension m. In other words, these are points for which there
exists an open ball U C R™ containing = s.t. U N X is a (definable) C'-manifold of dimension m.
Note that @ € 7,,(X) == 3 open ball in R™ contained in X which forces z € X?% (since open

balls are semi-algebraic). Now,
A:={(z,y) € (0,1)™" xR" : z € r,,(Z) }

is a definable set. The complement Z — A has fiber dimension < mm so we can apply induction to

it, and then win (since the theorem obviously holds for A as A, C Z;lg).

(Case II: k < m) In this case we can apply Lemma Again consider X = Z, some fiber. Lemma
tells us that X(Q,T) is contained in some union of ¢;(Z,&)T%/? many k-cylinders. We want a

8Take c(C,¢) = c¢(A, ) + ¢(B,e) and W(C,e) = W(A,e) UW(B,¢)

9Si Ying used the notation reg,, (X), but that takes longer to type

101f it had dimension m, you’d get a fiber containing an open cell, but open cells contain C'-smooth points of maximal
dimension
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uniform bound on the number of non-algebraic points of X (Q,T) N (a k-cylinder). This will be of
the form c3(Z,£)T/?, so we win by taking ¢(Z,¢) = ¢1(Z,¢)c3(Z, €).

Note that real hypersurfaces of degree d in R¥*! are parameterized by P¥(R) where v = (k+cll+d) —1.
If T heard correctly, we claim we can embed this semi-algebraically inside some T C RP for some p
sufficiently large. Recall S = {0 : |o| = k + 1} and say #S = ¢q. For t € T, let (¢,) correspond to

the k-cylinder L(t,) of degree d. Define
Y ={(z,y,t) : mo(x) € L(t,) for all o € S} C R™ x (R" x RP9).
Note that X, 4 has (fiber) dimension < k. Set
7' ={(z,y,t): (z,y) € Z} CR™ x R"™ x RV,

and note that it has the same fibers as Z did. Furthermore, Z’ N ¥ has fiber dimension < k. If
it had fiber dimension < k, we could apply induction and win. Note if we had a Pila-Wilkie type
result for this family Z’ N Y, then we’d be the uniform bound on non-algebraic points we wanted,

and so win.

Consider the subsets

Al = {(x,y,t) S Z/ ny ‘ x ¢ Tk(Z,mE)y»t}
A2 = {(x,y,t) ezZ'ny ‘ T grk(zl)y»t}
Az = {(x,y,t) €Z'n% ‘ T grk(z)y,t}

Note that each of these will have fiber dimensions < k — 1. Hence, we can apply the inductive
hypothesis to each of them. Now, let B = (Z' NX)\ (A1 U A2 U A3), so (z,y,t) € B means that =
is regular in Z’, %, Z' N Y. Hence, there is some A C R™ s.t. ANZ, ,, ANY, ;, AN(Z'NX),, are
all C''-manifolds of dimension k. If we shrink A further, we may assume that these three sets all
coincide. Now, a point z € ANX, ; must be algebraic since X was defined algebraically. Therefore,

(z,y,t) € (Z' N x)ale, ]

This still leaves the problem of proving the main lemma. The key to its proof is the existence of a ‘uni-
form r-parameterization’. Say X C (0,1)" is definable and dim X = k. Then, an r-parameterization

is a set S of functions ¢ : (0,1)F — X s.t.
(1) each ¢ is C(7);
(2) U, im(p) = X; and

(3) for all p € S,
PRGIES

for all & = (aq,...,qn) With |a| =a1 + -+ a, <7

(Some bound on partial derivatives)
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The main idea for making use of such a thing is to say that

det (@(X)(O‘)> =0 <= it lies on a hypersurface
P,

(Above, (z1,...,7,) @ =2 ... x%). An r-parameterization will give an upper bound for the (absolute
value of the) determinant. Say ¢(z) € Z(Q,T). Then also det € £7Z with S < T1°l. So a sufficiently

small upper bound will actually force the determinant to be 0.

9 Niven Achenjang (4/19): Reparametrisation of Definable Sets

— notes here
10 (4/26): Proof of Ax-Schanuel — I'm out of town

11 Daniel ... Fill in later

Note 5. bish minutes late

11.1 Shimura Varieties and Definability

Definition 11.1. A connected Shimura datum is a semisimple group G/Q and a G(R)"-conjugacy

class  of homomorphisms h : Re /Gy — G s.t.
(1) The only characters of R¢/rGyy, in Lie(G)c are 2/Z,1,Z/2
(2) adh(i) is a Cartan invariant on G&
(3) G has no factor H where h is trivial
Fact.
o K := Stabgg)+(h) C G(R)™ is always a maximal compact subgroup
e O~ G(R)"/K is a hermitian symmetric domain
e ) depends only on G&d
Think of € as a generalization of the upper half plane.

Lemma 11.2. There exists a canonical parabolic P C G¢ w/
PO NGR)" =K

such that the induced map
Q — (G/P)(C) =:

(note Q1 = G(C)/P(C) since C algebraically closed) is a semi-algebraic holomorphic open embedding. We
call Q a compact dual.
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In particular, Q2 is a semi-algebraic subset of 0.

Let T' be an arithmetic subgroup of G(R)* w/ torsion-free image in G24(R).

Theorem 11.3 (Baily-Borel). S :=T'\Q is naturally a quasi-projective variety over C. We call this the

Shimura variety attached to our Shimura datum.
Notation 11.4. We let ¢ : Q2 — S denote the natural quotient map, and let D C Q x S be its graph.
Note that ¢ is not definable in an o-minimal structure, e.g. since it has infinite fibers.

Proposition 11.5 (Borel). There is an explicit semialgebraic ¥ C Q such that some union of finitely

many G(Q)-translates of ¥ forms a fundamental domain F for I' ~ Q. This ¥ is called a Siegel set.

(All that matters from above is that there exists a semi-algebraic fundamental domain, if I'm following

audience discussion)

Warning 11.6. Above, ‘fundamental domain’ really means something like ¢ : 3 — S is quasi-finite and

its closure isn’t too bad.
Proposition 11.7 (Klingler-Ullmo-Yafaev). The restriction g : £ — S is definable in Ry, ezp-

Example. Say G = SLy, so G® = PGL,. Take

b b
h(a + bi) = <“b ) — K = {(“b > N 1} = Stabgr, =) (i),
— a — a

where SLo(R) acts on the upper half-plane H in the usual way. Hence, 2 = H. One can show that P is
the Borel (upper triangular matrices?) so Q= P{ parameterizes lines in C?. Finally, the map Q — Qis
the natural inclusion. Further note that S here parameterizes elliptic curves with I'-level structure, and

S0 it a quasi-projective variety. To form a fundamental domain in this case, one can start with
1
Y=<z€C:|Rez| < 3 and Imz >t for small enough ¢.

Finally, ¢ : ¥ — S here is taking the j-invariant j(z) = j(e?"**). Note that, restricted to 3, €27%* is
definable; the real parts of the parameters are restricted, so you get restrict sin, cos functions (the an in
Ran,exp) and the imaginary parts just give real exponentials (the exp in Rayexp). The j(—) part of this

is a convergent power series, and that suffices for definability in Rapn exp? A

11.2 Weakly special subvarieties and Ax-Schanuel

Definition 11.8. Say we have (G',Q) — (G, ) and injection of Shimura data (G’ — G inducing map
2 — Q). Say
((G"), ) = (Hy, Q) x (Hz, Q).

Let x2 € Q. The image of 1 x {z2} in S =T\ is called a weakly special subvariety.

Proposition 11.9 (Deligne). Let Y be a smooth, irreducible algebraic variety over C, and say we have
an algebraic map Y — S. Assume I' ~ Q is a free action (so m1(S) =T'). If the image of m(Y) in

T = m1(S) is not Zariski dense in G, then the image of Y in S lies in a proper weakly special subvariety.
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Definition 11.10. An irreducible algebraic subvariety of 2 x S is an irreducible component of
XNn(@©Qx89),

where X C 0 x S is an algebraic subvariety.

Theorem 11.11 (Mok-Pila-Tsimerman). Let X C Q x S be an algebraic subvariety. Let U be an
irreducible component of X N D (recall D C Q x S is the graph of ¢ : Q@ — S). If dim X < dimU 4 dim S,
then

pro(U) lies in a proper weakly special subvariety.

Note above that (these all say that the dimension of the intersection is bigger than expected)
dim X <dimU +dim S <= codimU < codim X 4 codim D <= dimU > dim X — dim D,

and that dim D = dim S.

Proof. May assume that X is irreducible (take component containing U). By replacing I" with a finite-
index subgroup, we may assume that it is torsion-free and that it acts on €2 freely. Now, we induct on
the type

(Q,X,0) := (dimQ,dim X — dim U, dim U)

of a triple. We will inductive by increasing the first two (i.e. dimQ,dim X — dimU), but decreasing
dimU.
e First say dim {2 = 0.
It’s always been points.
e Say dimU = 0.
Points are always weakly special.
e dimU = dim{ is as big as possible.
Both U and D are irreducible, and they have the same dimension, so D = U C X. Hence, the

fibers in X over S each contain a I'-orbit. From the Shimura datum setup, I" is Zariski dense in G.
Combining this with the fact that X is algebraic, one can show that the fibers over pry : X — S
are everything 2 x {s}. Since X — S (as D — 5), we conclude that X = x S.

e Time to induct.

Take the definable set
I:={geGR)" |dim(gXNDN(FxS))=dmU}.
Note that for 4 € ', we have
YXNDN(FxS)=y(XNDny Y FxS8)) 2yvUny Y (FxS9)),

so the dimension equality holds as soon as U Ny~1F x S # (). We would like to apply Pila-Wilie

counting, but first we’ll need a couple facts.
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Lemma 11.12. For all g € I, the volume of
gXNDN(FxS)

is uniformly bounded.

Proof Sketch. Klingler-Ullmo-Yafaev showed X " H;izl Ji, where the J; have volume (1, 1)-forms

w; s.t. fJA w; < oo and Z?:l w; dominates the Kéihler form on Q (after restricting both to 37), so
it suffices to show gX N D N (X x S) projects to

Jp= ] Ji forany I {1,...,d} with #I =dimU
el

with uniformly bounded finite fibers. This follows from definability. ]

Fact. A result of Hwang-To + the dimU > 0 case = vol(U N B(R)) (B(R) a hyperbolic ball of

radius R around some fixed point in U) grows exponentially in R.

The above shows U Ny~1F x S has uniformly bounded volume, so you need exponentially many to
cover U N B(R). Hence, N(I,T) will grow polynomiallyﬂ in T, so Pila Wilkie (theorem will
tell you that I contains an irreducible semi-algebraic real curve C' w/ one non-identity v € T".

Remark 11.13 (Me trying to follow audience discussion on above). Since F is a fundamental domain,
we can cover UNB(R) using sets of the form UNy~1F xS with v € I'. Each v with UNy~1(FxS) #
gives an integral point of I. By above, need exponentially (in R) many such v to cover U N B(R).

This should translate to into a polynomial lower bound for N(I,7") somehow... o
Assume cX # X for some ¢ € C. Two cases

— First assume U C c¢X.

Then, UN X NecX. Note X, cX are irreducible and distinct, so dim(X NeX) < dim X. Apply
inductive hypothesis to (2, X NeX, U).

— Now assume U ¢ cX

Take X# to be the Zariski closure of CX. Since U ¢ ¢X, the irreducible component U# of
X#N D containing U is bigger than U (since it contains CU D c¢U # U), and so has dimension
dimU# = dim U +1 (also dim X# = dim X +1). Apply inductive hypothesis to (2, X7 K U#).

Still need to handle the case where ¢X = X for all ¢ € C'. This is where one uses the existence of

~v. Note that v stabilizes X and generates an infinite subgroup (y) of T' (since I" torsion-free).

Claim 11.14. This implies the theorem.
Proof Sketch. Let M := be the Hilbert scheme of X. Define

A= {(z,5,m) € QxS xM:(z,s) € X, N D and dim, & (X,, N D) >dimU}.

1'When relating things to heights, you take log’s at some point, and this is why we have polynomially here instead of
exponentially.
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The definability of ¢ and o-minimal Chow will tell you that

T:= U pry(X;mND) C S

m’s in A

is algebraic. If this were contained in a proper weakly special subvariety, we’d be done, so suppose
it is not. Hence, its monodromy must be Zariski dense in G (by theorem of Deligne). One can prove

that for very generam m € My = prg(A), X,, cannot be preserved by infinite subgroup of . W

12 Salim Tayou (5/9): Mixed Ax-Schanuel & Mordell-Lang

Goal. Explain where in the proof of Mordell-Lang there is a use of the mixed Ax-Schanuel theorem.
Recall 12.1. Fix some g > 2 and ¢ > 3. Everything below over Q
e Let My be the moduli space of genus g curves

e Let A, be the moduli of PPAVs of dimension g

Ay — Ay is the universal family

Cy — M, is the universal family

Jac(Cy/My) — M, is the universal Jacobian

e Have quasi-finite Torelli morphism t: My, — A, defined so as to fit into the diagram

Jac(Cy/My) —— Ay
L
M, ——— A,.
e Choose suitable height functions h : Ay(Q) — Rx>o and hy, : My(Q) — Rxo.
To prove uniform Mordell one wanted to
e bound points with large height s € My(Q), P € Cy,s(Q) where h(P) > hy, (s)
e bound points with small height, those like above but where h(P) < hy, (s)
To do this, one need some non-degeneracy coming from C, in order to obtain a height inequality.

We’ll focus on this non-degeneracy thing.

Recall 12.2. Let 7 : A — S be an abelian scheme (e.g. S = A,). Let A C S be a contractible analytic

open subset. For any s € A, one has

Hy(As,R) — Hy(As,C) =H_; 0®Ho, 1 — H_1,

12complement of countably many algebraic subvarieties
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with the above composition an R-linear isomorphism onto the holomorphic tangent space of A,. Quoti-

enting by the lattice Hy (As, Z), one obtains (real analytic) isomorphisms
R?9/779 = T% = Hy (A, R)/ H1(As,Z) — H_1,0 /Hi(As, Z) = As.
This same construction can be done in families (over a contractible base). One gets
Aa = V/Hi(Ap,Z) = T? x A

and the induced projection
ba : Ax — T?
is the Betti map. Some properties:
e For A € T?9, b=1(A) is complex analytic

e For any X C A algebraic irreducible and any z € X*™(C), the Betti rank at x
rankg (dbx ) < max(2g,2dim X).

The generic rank is

rankg (dby) := mer)?gz((c) rankg (dbx ).

We say X is non-degenerate if its generic rank is 2 dim X.

Theorem 12.3. Let

DMI.Ag Xs...XsAg—>Ag Xs...XsAg:Z.Ag(m)

(m+1) factors m factors

be the Faltings-Zhang map sending (Py,...,Pp)— (P — Py,..., Py — Py). Then,

(1) For any m > dim(C,) = 1+ dim(My), Dy, (Cg(m+1)) is non-degenerate inside A,™.

(2) For any m > dim S, the generic rank of dbgn)|c<m> is 2dim(Cém)) (assuming there is a section
g9
S —Cs=Cyxm, S)

Theorem 12.4. Let 7 : A — S be an abelian scheme. Choose X C A dominating S and assume

v 8 — Ay is quasi-finite. Assume

(a) dim X > dim S

(b) There exists s € S so that X generates A,

(¢) For any non-isotrivial abelian scheme A’ C A— S, A+ X ¢ X
Then,

(1) DA(Xm+D) is non-degenerate for all m > dim X

(2) X js non-degenerate for any m > dim S
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Remark 12.5. Theorem implies Theorem by applying it the S = My and X = C, sitting in its
Jacobian (reason for requiring a section in (2) of Theorem [12.3). o

Let’s try doing some further reduction. Let Ax be the translate of an abelian variety by a trosion

section which contains X, and which is minimal for this property.

Theorem 12.6. For any ¢, rank(db|x) < 2¢ if and only if there exists an abelian scheme B C Ax — S

of relative dimension gg s.t. for the quotient

AX *M)B AX/B - ? AQ*QB

| | !

S S Ag—gs>

one has dim (v o pp(X)) < £ —gg.

Remark 12.7. Suppose for a minute that Ay = A (e.g. if condition (b) of Theorem holds). If X has
dim X < 2/, then the condition of Theorem is satisfies with B = 0. o

We'll late show that Theorem implies Theorem

Theorem 12.8. A closed irreducible Z C A is called a generically special subvariety of Sg type
(Sg = subgroup?) if there exists some covering S — S so that there is an abelian subscheme B’ C A’ :=

A xg S along with a torsion section o’ : 8" — A’ and a constant section oy : S — A" such that
Z=p(B +0" +0)) where p: A — A.

Above, if we have C' x S" C A’ the largest trivial abelian subscheme and ¢’ € C'(C), then a section of the

form 8" = ¢ x 8" ¢ A’ is called a constant section.

Notation 12.9. For any Y C A, we let (Y)g , denote the smallest generically special subvariety of Sg
type of A, vy =75 (rs(Y)).

Definition 12.10. Say t € Z, and let X C A, be a closed and irreducible. The tth degenracy locus is
Xty = Jy
Y
with Y ranging over positive-dimensional irreducible closed subvarieties of X with dim (Y') g, —dim 75 (Y) <
dimY +t. For t = 0, we write X9 := X4¢9(0).
Fact. X is degenerate if X9 = X.

Theorem 12.11. For ¢ < dim X, generic rank < 20 <= X99(¢ — dim X) is Zariski dense in X .
Proof. Let H, be the Siegel upper half space, and let X, = C9 x H,. Consider the diagram
R +—— X, —— H,
lu J/’LLG

Ay —— Ay
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Let X C u~(X) be an irreducible component, and let d = dim X. For ¢ € {1,...,d}, define
Xege = {E € X : rank(dbz < 2¢ and (%) € X”"((C)} .

Then,
X490 — d)yN X5(C) C u(X o).

Suppose not, so there’s some Z € X with u(Z) € X%9(¢ — d) N X*™(C) and rank(dbz) > 2¢. Then, there

exists Y C X containing z = u() s.t.
dim (Y)g, —dimn(Y) <dimY + ¢ —d.

Choose Y C u~(Y) with Z € Y*™(C). Then,

T T

rank(dg)a ) < rank(dgi )+ 2(dim X — dimY),

SO
20 —2(d — dimY) < rank(dbg ;) — 2(dim X — dimY’) < rank(db ..

Let <)~/>S be the irreducible component of u™*((Y) 4 ;) containing z. Then,
9

rank(bipy )z = 2(dim ()5, — dimm(Y)) < 20 = 2(d —dimY) < rank(dbs )z,

Sg
a contradiction. Thus, X9°9(¢ — d) N X*™(C) C u(X~2¢). Note that this means that if X9 (¢ — dim X)
is Zariski dense, then so it u()~(<2g), so the generic rank is < 2/.

Next, we want to show that if the generic rank is < 2¢, then there exists some nonempty open
U C X*™(C) s.t. u(U) C X99(¢ — d) (so X9 (¢ — d) contains an analytic open set and hence is Zariski
dense). This will finish the proof, and is where we need mixed Ax-Schanuel.

Note that Xy, = C9 x Hy has an embedding A5, — 2?29 into some algebraic variety (can embed
H, — a certain flag variety, and then P?Qg will be the total space of a suitable vector bundle over that

flag variety) and this embedding is semi-algebraic. To set up Ax-Schanuel, we make some definitions

Definition 12.12.

(1) Y C X4 is irreducible algebraic <+ Y is an irreducible component of (Xag N W) for some
algebraic W C ??gg.

(2) Y C A, is bi-algebraic if it is algebraic and any (one) irreducible component of u(Y") is algebraic.
(8) For Z C Ay, we call Z%aT the smallest bi-algebraic subvariety that contains Z

Proposition 12.13 (Gao). Say B C Ay and Ay/p = 7~ *(B). Then, the generically special subvareities
of Sg type in Ay p are exactly the irreducible components of Ay;p N F with F an irreducible bi-algebraic
subvariety s.t. B C w(F).

Consequently, <Y>Sg 18 an trreducible component of.Ag/ﬂ(y)ﬁYbiZ” and hence dim <Y>Sg—dim m(Y) =
dim Y¥Zar — dim 7 (Y')b1Zar,
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Theorem 12.14 (Mixed Ax-Schanuel). Let Z bea complex analytic irreducible subvariety of the graph
of u C Xog x Ay. Let Z = prAg(Z), Then,

dim ZZ%" — dim Z > dim Z%7".
Remark 12.15. If Z C Xag is irreducbie analytic, then
dim ZZ%" — dim (u(Z)Z‘”> > dim Z + dimu(Z)biZM,

This follows mixed Ax-Schanuel by considering Z x u(Z) < Xog x Ag. o
Back to the problem at hand... say = € X<2[ and set r = b(Z) € R?9. Then,

dimg (b‘l(r) N )?)E > 2(d — 0)

for some analytic open U 3 . Recall Xo, = R29 x H, and note b=*({r}) = {r} x H,, so b= ({r} N X has
an analytic irreducible {r} x W C X (containing #). Let
—~\ Zar
Y:u({r}xW) C A,.
By Ax-Schanuel,
——\ Zar — .
dim ({’I‘} X W) +dimY > dim({r} x W) + dim Y**Za",

Note WZar — yybiZar UG(’W)MZM C W(Y)biZar.
Note 6. Laptop dying. Will shut down in a matter of minutes.
Claim 12.16. ({r} x W)Zar = {r} x WZar

This is because...
dim({r} x W)Z*" < dim W#*" < dim (Y)g,

Theorem 12.17. X99(t) is Zariski closed in X for all t.

(We won’t prove this)
We claim that Theorems [I2.11] + [[2.17] together imply Theorem [T2.6]
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