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The compaction of DNA by active loop extrusion has been found to explain several key features of
genome folding. While simple to state, the vanilla loop extrusion model has proven rather difficult
to analyze analytically and most current progress has been done with simulations. Here I extend the
current models with a Fokker-Planck based formulation which allows for a low-density expansion
with a closed form solution. This formulation may provide a novel basis for investigation of several
phenomena of relevance to gene regulation and chromosome folding in the future.

I. INTRODUCTION

Nuclear DNA folds into loops with a distribution that
is determined by the steady state ensemble of loop ex-
truding factors which bind and unbind to the polymer
[1]. Simulations using the interplay of extrusion barriers
and motor-motor collisions have provided explanations
for both the kilobase loop structure for chromosomes in
interphase [2] and the megabase loops for mitotic chro-
mosomes during cell division [3, 4].

Despite its predictive power in simulations, theoreti-
cal studies of the steady state ensemble has remained
limited. A related process called the totally asymmet-
ric simple exclusion processes (TASEP) has been studied
extensively [5]. However, a key difference is that the dis-
persion in loop extrusion seems to be primarily driven by
unbinding and rebinding rather than dispersion in hop-
ping events as is the case for the TASEP [6]. To my
knowledge, the TASEP with binding and rebinding has
not been investigated.

Direct study of loop extrusion with binding and re-
binding has so far relied on simple approximations to
investigate the emerging polymer structure. For exam-
ple, quenched polymer averaging has lead to a contact
probability distribution and mean square separation in
models with non-interacting loop extruders and no bar-
riers or assumptions of complete jamming and no barriers
[6-8]. Similarly, studying a single motor lead to derivable
statistics even for the non-equillibrium polymer dynam-
ics regime [9].

Most work in the field seem to rely on the vanilla LEF
model [10]. This one dimensional model posits that LEFs
extrude bidirectionally and deterministically, with two
heads acting independently to reel in DNA (fig. 1A). This
means that the dispersion ariseses solely from unbinding
and collisions. Unbinding occurs after an exponentially
distributed time where both heads dissociate from the
DNA into the solvent (fig. 1B). Upon hitting a barrier—
or another extruder—the head which collided stalls while
the other head keeps extruding (fig. 1C). Further ex-
tensions include asymmetric extrusion [11]—where only
one head is extruding at a given moment— and bypass-
ing/moving barriers [12].

While conceptually simple, the vanilla LEF model has
provided surprisingly difficult to solve. Past analyti-
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FIG. 1.  Graphical depiction of the vanilla loop extrusion
model and its three assumptions. A: Diagram of extrud-
ing factors (LEFs) bound to DNA which processively extrude
loops. The bottom row depicts the loops in an arch-diagram
where each arch represents the two heads of a single extruder.
The first assumption is that, upon binding, loop extruding
factors (LEFs) extrude deterministically at a fixed rate. Dis-
persion therefore arises soley from binding/unbinding and col-
lisions. B: The second assumption of the model is that un-
binding occurs after an exponentially distributed time. C:
The third assumption is that collisions with other LEF heads
or barriers stalls the heads independently.
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cal studies have relied on combinations of dilute/dense
regime limits to arrive at simple emergent properties
of the system. In the dense regime, Goloborodko et
al. showed that the dynamics reduce to the stochastic
growth, splitting, and decay of loop anchors and were
able to arrive at range of interesting results [10]. Under
the simplifying assumption of no nested loops—with no
assumptions on the density—Banigan and Mirny were
able to arrive at a simple first-order kinetic approxima-
tion for the number of extruders in loops, child loops, and
unbound LEFs to estimate compaction fractions. Assum-
ing no LEF-LEF collisions, exact results for the average
position of extruder heads has been derived for the vanilla
LEF model on a 1D lattice [13] and for a diffusive-type
LEF on a continous domain [14, 15].

Here I formulate a novel perspective on the vanilla LEF
model based on a Fokker-Planck formalism. Instead of
modelling the whole system of extruders, I focus on calcu-
lating the position of a single head relative to the load-
ing site. Collisions are included to lowest order in the



barrier density. This reduced description allows for the
derivation of the full time-dependent distribution of head
positions, providing a novel approach to calculate vari-
ous single-LEF and multi-LEF observables with collisions
included.

II. FOKKER-PLANCK BASED FORMULATION
OF THE VANILLA LOOP EXTRUSION MODEL

We seek to calculate the density p(x,t) of heads which
make it to position z at time ¢ conditioned on them load-
ing at time ¢ = 0 at position = 0. The extruders are
assumed to unbind at rate  and we shall normalize the
distribution to 1 at ¢ = 0 such that the total probability
of being a given distance from the origin is exponentially
decaying with time due to unbinding

/OO p(z,t)de = e . (1)
0

We assume a deterministic propagation at velocity v
which together with the unbinding process yields the
Fokker-Planck equation

(0 4+ v0y) p(x,t) = —ap, (2)

wich just propagates the initial condition p(z,t) = §(t)
forward along the curve x = vt, leading to an exponen-
tially decaying delta function in the absence of collisions

p(a,t) =0(t — x/v)e . (3)

Collisions with other extruders and barriers alter this pic-
ture, making p a sum over densities with various numbers
of barriers in front of them.

In steady state, we expect the rate of collisions from
extruders to be uniform and equal to the extrusion speed
times the extruder density on the DNA vp. We introduce
the density s, (z,t) to denote the heads with n extruders
right in front of it. All states can unbind from the DNA
but only the sy state can extrude. Collisions occur at the
same rate for all states and lead to a degree of stalling
one higher s, (z,t) = s,11(x,t). The degree is lowered
by unbinding of opposing heads with the unbinding rate
na.

Putting all this together leads to a coupled set of
Fokker-Planck equations

(0r + v0z)s0(x,t) = —(a + vp)so(x,t) + asi(x,t),

Osn(2,t) = — ((n+ L)a +vp)sp(z, 1)
+vpsp—1(x,t) + (n+ Daspr1(x,t), (4)

with n = {1,...}. From this one can systematically
expand in the barrier density vp to include higher and
higher degrees of stalled states. While this system of
equations may perhaps be solvable in full, here I was
able to derive useful results by focusing on only the first
two terms in this hierarchy of stalled states.

III. LOW DENSITY APPROXIMATION WITH
ARBITRARY BARRIER DISTRIBUTION

We assume that stalled states with more than one bar-
rier in front are neglilible. This is exact if collisions are
with only static barriers as they can only lead to col-
lisions for the moving s¢ state. If moving barriers are
present it would amount to a low-density approximation
for extruder-extruder collisions. To include both bar-
rier and extruder collisions we allow for an arbitrary rate
of stalling yb(x) where b(x) is a dimensionless function
which can include both other extruders and static barri-
ers. Upon stalling, the head may recover at rate v which
may be different from the unbinding rate a. Denoting
the stalled density by si(x,t) = s(z,t) and the free-
moving density by so(x,t) = f(z,t), the Fokker-Planck
equations for deterministic propagation and conversion
between them becomes

(O +00;) f(x,t) = — (@ +b(2)) f(2,t) + us(z,t), -
Os(x,t) = — (a+u)s(x, t) + vb(x) f(z,t), (6)

These systems of equations may be solved by taking a
Laplace transform 9, — —z in which case eq. (6) becomes

7b(x)

mf(%s)v (7)

s(x,z) =

which may be substituted into eq. (5) to obtain a first
order differential equation for f

a+z a+z

v a+u+zg

0.f(e.) = - ( b)) £(2.2). 8)

The solution to the full system of equations is obtained by
solving eq. (8) for f(z,t) and substituting it into eq. (7)
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9)
where I defined the cumulative barrier function B(z) =
o b(z). The full density is the sum of s and f

p(z, Z) = S(xaz) + f(x’ Z) )
7b(x)

a+z
= 1 B ———— —
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To invert the Laplace transform, we first focus on invert-
ing f which may be expressed as a convolution in the
time coordinate

V1B(z)
a+u—+z
(10)
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FIG. 2. Comparison of theoretically calculated densities with simulation. A: Simulated free density, B: Theoretically calculated
free density using eq. (14) C: Conditional density for the horizontal section marked by a dotted line in A,B. D-F: Same as A-C
but for the stalled density using eq. (15) for the theoretical calculation. Length are in units of the lattice spacing and time is
in units of the lattice spacing divided by v. Parameters were pstan = 0.05 — v = 0.02, punstan = 0.01 — v = 0.004, oo = 1/1000.
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and I; is the modified Bessel function of the first kind.
Taking the convolution in eq. (11) leads to the inverse
Laplace transform
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where (Fy is the confluent hypergeometric function.
From eq. (7) we may now obtain s(x,t) from the con-
volution

iz (t) * f(x,t),

S(0t) =)0 (¢ — ) erali— et 25
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The full distribution for the density of extruders now
follows by adding eq. (14) and eq. (15)

p(x,t) =0 (t - E) e—ot= IR | e (uta)(t=$)—ag - 25
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s(z,t) =L [L(x)} ¢

(15)

Figure 2 shows eq. (14) and eq. (15) plotted against
Monte Carlo simulations. We see that the model fol-



lows the simulations very well. To compare against sim-
ulations, I assumed a simple system of uniform barrier
density b(z) = 1. The simulations were performed fol-
lowing only the right head of an extruder loaded on a
lattice at the origin. Each timestep, the head could stall
with probability pstan if it was freely moving or it could
unstall with a probability punstan if it was stalled. The
head was allowed to move forward every timestep if it
was unstalled.

IV. CONCLUSION

The calculations presented in this short communica-
tion constitutes a possible avenue to extend the currently
available analytical results for the vanilla LEF model.
Here I demonstrated how the single head distributions
may be obtained, but from a same-time convolution of
eq. (16) with itself, the loop size distribution would fol-
low. Furthermore, various moments may be derived from
the Laplace transform in eq. (10) and the correspond-

ing solution with = also transformed. Setting z = 0 in
eq. (10) would give the time-averaged density of extrud-
ers which may be of interest in calculating extruder head
positions.

These are interesting and useful quantities which may
help provide new mechanistic understanding across sys-
tems. For example, the LEF cohesin has been hypoth-
esized to act as an agent bringing genes and enhancer
regions together to activate transcription [16, 17]. If this
was the case, arrival times of cohesins between the en-
hancer locus and the gene would be directly related to
the frequency of activation of the gene these would be
possible to calculate from the moments of some of the
quantities presented in this communication. Another in-
teresting use is in the modeling of cohesin loading ex-
periments where it is possible to measure the 1D posi-
tion of extrusion heads arising from a loading site [18]
or from Hi-C contact maps around loading sites which
has revealed unique features of contacts which might be
predictable from this theory [19]. These interesting fu-
ture avenues may now be possible to investigate with the
Fokker-Planck based formalism presented here.
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