
A Generalization of the Forest Fire Model as an Epidemics Dynamics Model

Quan Manh Nguyen
Massachusetts Institute of Technology, 77 Massachusetts Ave., Cambridge, MA 02139

(Dated: May 20, 2023)

I review previous research on the forest fire model and a renormalization group treatment. I
formulate an epidemic model as a generalization of the forest fire model, begin to construct a
renormalization group (RG) treatment, and present some numerical simulation of the model.

I. INTRODUCTION

The forest-fire model was formulated in [1] and [2]
on a grid in any dimensions. The dynamics includes a
tree growth probability p from an empty site, an igni-
tion probability f from a tree site, the spreading of fire
from one site to its von Neumann nearest neighbors, and
a burning site becoming an empty site in the next time
step.

In the first few years, the model was touted as a prime
example of a class of phenomena called self-organized
criticality (SOC). An SOC does not have a precise def-
inition, but roughly happens when the dynamics of the
system drives the system towards the critical point, or
the critical behavior exists independently of the initial
conditions and over a wide range of parameter values,
so no tuning of the parameters is needed [3, 4]. SOC
was proposed to explain the apparent prevalence of crit-
ical phenomena in nature, including the magnitudes of
earthquakes, forest fires, or neuronal avalanches. Criti-
cal here means that several observables have a power law
distribution, without a length scale. In the paper that
coined the term [5], the authors introduced the sandpile
model, which, although does not describe real sandpiles
[6], was proven to display criticality [7].

To facilitate analytical study of the forest fire model,
in [8] and [9], Loreto and colleagues developed a block
Renormalization Group (RG) scheme for the model in
one and two dimensions in the double time scale separa-
tion θ = f/p → 0 and p → 0.

However, in the following years, many results called
into questions the validity of the preceding works. In [10,
11], intensive numerical simulation asserts that the forest
fire model may not be critical after all. In other fields,
the criticality of many SOC systems is still controversal
[12–14].

Despite these doubts, the forest fire model is still an
interesting model that can guide us towards an under-
standing of the spatial and temporal evolution of various
phenomena in nature. In particular, it was soon realized
(for example [15]) that the forest fire model provides a
natural model for the spread of an epidemic. A tree cor-
responds to a susceptible individual, a burning site corre-
sponds to an infected individual, and an empty site cor-
responds to a newly recovered individual with temporary
immunity (in this paper we call it an immune individual).
The ignition probability corresponds to the arrival of an
infected individual to the community, or the transmis-

sion of the disease from animals to an individual. Here,
the spread of the disease from an infected individual to
a neighbor is not immediate, but with a probability q1
each time step. A fire corresponds to an outbreak.
The organization of the paper is as follows. In section

II, I introduce some important observables in the forest
fire model and establish a connection between the forest
fire model and epidemics dynamics. In section III, I re-
view the real space renormalization group scheme for the
forest fire model. In section IV, I present the first steps
towards extending the scheme to the model of epidemics
dynamics. I present some of my numerics for the epi-
demics dynamics model in section V. Finally, I discuss
some future research direction in section VI.

II. FOREST FIRE AND EPIDEMICS
DYNAMICS

A. Parameters and Observables of the Forest Fire
Model

In the forest fire model as defined above, the dynam-
ics do not depend on the absolute time scale 1/p or 1/f ,
but depend on θ = f/p. A cluster is defined as. The
tree growth would increase the density of trees on the
lattice, making it a site percolation system, until a fire
burns down a cluster. Numerical simulations made in the
1990s is that the distribution of clusters with s sites is
P (s) ∼ s−τ and average cluster radius scale is R ∼ θ−ν .
The fractal dimension of clusters D is defined by s ∼ RD.
The distribution of the time it takes to burn one clus-
ter of size ξ is T (ξ) ∼ ξz. Since ξ ∼ R, T (ξ) ∼ θ−ν′

where ν′ = νz. In the limit T (ξ) ≪ 1/p, there is no
new tree popped up during the burning of a cluster, so
we can think of each cluster burning as an individual
event. Even though these scaling relations appear to
break down when simulations explored smaller values of
θ, a block renormalization group approach is still an in-
teresting tool to explore this and related model, as well
as to understand the limits of RG.

B. Connection to the Epidemics Model

In epidemics modeling, we mainly care about the num-
ber of infected individuals as a function of time, the num-
ber of immune individuals, the number of casualties, etc.
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We also care about the distribution of outbreak size s:
real life data was analyzed in [16], where it appears that
the model in 3 or 5 dimensions would give a more accu-
rate scaling exponent, even though definitive conclusions
were lacking.

To better model the dynamics of an epidemic, I gen-
eralize the forest fire model by including a probability q2
of disease spreading to a diagonal neighbor (a cell that
share one vertex with the infected cell) and a probability
r of an infected cell becoming an immune cell (the forest
fire model fixes r = 1). I will construct an RG scheme
with this generalization. In my simulations, I also include
a probability s of death, after which the cell becomes in-
active. From simulations, I extract the percentage of the
population in each state, as well as a visualization of the
spatial and temporal dynamics.

III. RENORMALIZATION GROUP FOR THE
FOREST FIRE MODEL

In this section, we review the renormalization scheme
for the forest fire model detailed in [9]. In the course-
graining step, a cell at scale (k + 1) is composed of bd

cells at scale k, where d is the dimension of the lattice.
The parameters p and θ are renormalized to find the fixed
point and the critical exponents near the fixed point. As
we will see, the author made a number of approximations:
they ignored the correlation in the occupation probabil-
ity for nearby sites, and they determined that probability
by the mean field densities of empty, green, and burning
trees ρ = (ρ0, ρ1, ρ2) respectively. To calculate those,
they assert that in the late time limit, the mean field
densities at scale k are in the stationary state dictated
by the master equations in d dimension with scale k pa-
rameters [17].

ρ′0 = (1− p)ρ0 + ρ2 (1)

ρ′1 = (1− f − 2dρ2)ρ1 + pρ0 (2)

ρ′2 = (f + 2dρ2)ρ1 (3)

where ρ′ is the density in the next time step, and is set
equal to ρ to find the stationary state.
We will begin with RG in one dimension to build in-

tuition, then proceed to RG in two dimensions which
involves more approximations.

A. Forest Fire: RG in one dimension

Consider a scheme with b = 2. The authors defined
the configurations at scale k that correspond to an empty
site, a tree site, or a burning site at scale (k+1). A tree
site at scale (k + 1) is spanned by tree sites at scale k,
while an empty site is not spanned. A burning site at
scale (k+1) is spanned by tree sites and has at least one
burning site at scale k. These definitions ensure that the

FIG. 1. Definition of states of a site in scale (k + 1).

FIG. 2. Renormalization for p and θ in one dimension.

connectivity of tree sites and the spread of burning sites
are preserved (see figure 1).

A parameter at scale (k+1) is the probability of tran-
sition between configurations at scale (k + 1), hence can
be calculated from the total probability of transitions
between the corresponding configurations at scale k (see
figure 2).

p(k+1) = W1p
(k) +W2p

(k) +W3

(
p(k)

)2

(4)

f (k+1) =
(
f (k)

)2

+ 2f (k)(1− f (k)) (5)

where Wi is the probability of configuration i (in figure
2) at scale k given an empty site at scale (k + 1). These
renormalization equations assumed that fire spreading
and tree growth are not interacting, corresponding to the
time scale separation p ≪ θν

′
mentioned before.

The weight Wi of each configuration is assigned by as-
suming neighboring sites have uncorrelated probabilities,
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FIG. 3. Renormalization for p and θ in two dimensions.

which means

W1 = W2 =
ρ
(k)
1

ρ
(k)
0 + 2ρ

(k)
1

(6)

W3 =
ρ
(k)
0

ρ
(k)
0 + 2ρ

(k)
1

(7)

For d = 1, the fixed point of the RG is p∗ = 0, θ∗ =
0, ρ∗ = (0, 1, 0), with the linearized RG equations(

p′

θ′

)
=

(
1 0
0 2

)(
p
θ

)
(8)

There is one marginal and one relevant parameter. The
relevant parameter θ has eigenvalue 2, thus a critical ex-
ponent ν = log b

log λ2
= 1.0. Subsequent calculations show

that τ = 1 and z = 1, readers can refer to [9] for de-
tails. As mentioned before, with ν′ = 1 the above RG is
only valid in the p ≪ θ limit. In this limit, the critical
exponents fit with the exact calculations in [18].

B. Forest Fire: RG in two dimensions

The structure of the renormalization procedure re-
mains the same in two dimensions. The biggest difference
lies in the definition of tree sites at scale (k + 1). We
want the definition to preserve the connectivity of tree
clusters. For simplicity, the authors of [9] chose the left-
right spanning condition, i.e. a tree site at scale (k + 1)
is spanned by tree sites at scale k in the horizontal di-
rection. They claimed that different conditions, such as
requiring spanning in both directions, converges to the
same results with larger b (they only calculated b = 2, 3)
and has the same general features of the flow diagram.

For d = 2, following detailed calculations in [9], we ob-
tained the fixed point p∗ = 0, θ∗ = 0, ρ∗ = (2/3, 1/3, 0),
with the linearized RG equations(

p′

θ′

)
≈

(
1.0 0
0 2.6

)(
p
θ

)
(9)

The critical exponents can be calculated as ν ≈ 0.73,
z ≈ 1.11, and D ≈ 1.7, τ ≈ 1.19.
Many connected configurations were not accounted for

properly by the b = 2 RG. Therefore, the authors per-
formed a b = 3 RG with more complicated calculations
and accounted for more connected configurations. They
got ν ≈ 0.65 and z ≈ 1.02. A calculation of the fractal
dimension gives D = 2, leading to τ ≈ 1.16. These criti-
cal exponents improve on the b = 2 RG when compared
to numerical results at the time, for example [19].

Notice that many of the issues with this approach in
two dimensions is reminiscent of the usual Kadanoff’s
real space RG approach in equilibrium systems, such as
the difficulty in accounting for all interactions.

IV. RENORMALIZATION GROUP FOR THE
EPIDEMICS MODEL

In this section, we present the first calculations to-
wards constructing an RG for the epidemics model with
parameters (f, p, q1, q2, r) (we set the death rate s = 0
for simplicity). We work in the same limit as in the for-
est fire model: assume that an individual turning from
immune to susceptible is rare compared to the spreading
of an outbreak. We consider coarse-graining with b = 2.
Note that any next-nearest neighbor spreading is renor-
malized to 0 when we do the coarse-graining, so we don’t
need to worry about those coefficients. We can also ig-
nore q2: in one dimension this term doesn’t exist, while
in two dimensions we will see that q2 has an attractive
fixed point at 0, in addition to our expectation that q2
should be significantly smaller than q1.
At scale (k + 1), we define a susceptible individual as

configurations with susceptible individuals spanning hor-
izontally at scale k, and an infected individual as config-
urations with at least one infected individual at scale k.
With these definitions, the renormalization equations for
f and p are the same as in the forest fire model. Hence,
we only need to consider the renormalization of r and
q1. These parameters characterize how different the dy-
namics is from the forest fire model: if r ≫ q1, infections
cannot spread; if r ≲ q1, infections spreads effectively,
similar to fires in the forest fire model. Smaller r only
leads to longer lifetime of infections.

The master equations with these approximations in d
dimensions are:

ρ′0 = (1− p)ρ0 + rρ2 (10)

ρ′1 = (1− f − 2dq1ρ2)ρ1 + pρ0 (11)

ρ′2 = (f + 2dqρ2)ρ1 + (1− r)ρ2 (12)
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FIG. 4. Renormalization for r and q ≡ q1 in one dimension.

In the following, we will only present the renormal-
ization equations for q2 and r in terms of the relative
weights. We will not substitute the stationary equation
in due to complicated algebra and lack of time. The cal-
culations of the fixed point and critical exponents can be
completed in a future work.

A. Epidemics: RG in one dimension

Because the infection does not spread automatically,
whether an infection can spread at scale (k+1) depends
on if the scale-k configuration has an infection adjacent
to the border. The renormalization is shown in figure 4.

B. Epidemics: RG in two dimensions

FIG. 5. Renormalization for q2, r, and q1 in two dimensions.

First we show that q2 is irrelevant. The only configu-
ration at scale k that corresponds to a q2-spread at scale
(k + 1) is in the upper left of figure 5. The relative
weight W f,c conditioned on the site being a burning site
is smaller than 1, hence the renormalization equation is

q
(k+1)
2 = W f,cq

(k)
2 with eigenvalue smaller than 1. Be-

cause of this, we can take q2 to be very small, ignoring
its contribution to the renormalization fo q1.
There are 12 configurations contributing to the renor-

malization of r and even more configurations for q1. Here

FIG. 6. Population breakdown as a function of time.

FIG. 7. A snapshot of the animation after the transient. Red
cells are the infected, yellow cells are the susceptibles, and
white cells are the immunes.

we only show two configurations for each, displayed in the
lower left and the right of figure 5 respectively.

V. NUMERICAL

We present some numerical results of the epidemic
model. We did not focus on cluster size, instead focused
on population and visualization.
Below are figures from a run in a 200× 200 lattice for

1000 time steps, with parameters shown in the first plot
6. We can see that after a transient, the populations of
immunes and susceptibles are roughly stable at 0.37 and
0.62 respectively, while infection comes in regular small
waves. In the snapshot 7, we can see fragmented infection
fronts compared to the fire fronts in the forest fire model,
as q1, q2 < 1 in this model.
For a bigger simulation in a 500 × 500 lattice with

θ = p = 0.01, r = 0.2, q1 = 0.4, q2 = 0.2, and r = 0, the
infection front is less well-defined, as are the clusters.

VI. DISCUSSION

This project leaves open the calculation of RG for
the epidemic model following the scheme presented here,
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something that can be completed in future work. More
insightful simulations should also be carried out to fur-
ther understand this model and its validity when com-
pared to real world epidemic data. The code and the al-
gorithm for simulation can be optimized; currently run-
ning the aforementioned big simulation takes about an
hour and saving the animation takes several hours.

An example for an area of improvement is to restruc-
ture the simulation to be able to extract the cluster size

efficiently, so that we can find the critical exponents nu-
merically.
Another interesting direction would be to model the

effect of quarantines. A particular implementation could
be as follows: every time an infected individual arrives
(or an ignition occurs, in the forest fire language), the
transmission coefficients q1 and q2 in an m×m area cen-
tered on the infected are decreased by a factor of, say,
2. The outbreak peaks and the number of deaths can be
compared to the simulations without quarantines.
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