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Entanglement renormalization group techniques for tensor network models enable efficient
local representations and the simulations of a broad class of quantum state. Furthermore,
they provide a tractable framework for analyzing the behavior of quantum information and
entanglement dynamics in these systems. In this note we review and provide intuition for
the multiscale entanglement renormalization ansatz (MERA), and discuss its application to
classifying topological phases of matter. We then use MERA to reproduce recent results on
the universality of the topological entanglement entropy.

I. INTRODUCTION

Tensor networks can be understood as an
extension of classical techniques for solving
isotropic spin lattice models under the relax-
ation of translation invariance [1], and enable
efficient classical representations of many-body
states which are generated by local dynamics.
These methods have therefore gained traction for
their applications in practical numerical simula-
tion, as well as for providing tractable models
of quantum information dynamics in many-body
physics [2].

The simplest example of a quantum state
which can be represented as a tensor network
is the matrix product state, which represents a
state with finite correlation length and loosely
speaking corresponds to the ground state of a
local gapped Hamiltonian; this relationship is
known to be exact in 1D [3, 4]. On the other
hand, it is often useful to consider critical mod-
els corresponding to gapless ground states, which
exhibit qualitatively different behavior. For in-
stance, while the matrix product state structure
enforces a strict exponential decay of correlators,
gapless states are generically observed to result
in power law decay [2].

The multiscale entanglement renormaliza-
tion ansatz (MERA) addresses these issues
by extending decimation-inspired techniques, in
particular the density matrix renormalization

∗ lcui@mit.edu

group (DMRG) algorithm, in a process known
as entanglement renormalization to describe a
broader class of states [5]. In addition, these
methods scale efficiently in higher dimensions,
providing a useful analytic and computational
framework.

Notably, these methods also provide an ef-
fective model for quantum phases of matter
which can be distinguished by their entangle-
ment structure. For instance, while matrix prod-
uct states must obey area law entanglement scal-
ing, MERA generically exhibits a logarithmic
divergence, reproducing the properties of many
gapless states [2]. In addition, topological phases
of matter, which do not correspond to a tra-
ditional order parameter, are characterized by
certain patterns of long-range entanglement and
ground state degeneracies [6]. MERA thus en-
ables the efficient simulation of models of these
phases, offering insights into methods of classifi-
cation [7, 8].

In this note we provide an overview of ten-
sor network methods, first building intuition by
reviewing matrix product states and the clas-
sification of gapped 1D phases in Section II.
We then introduce the entanglement renormal-
ization coarse-graining procedure in Section III
which allows us the construct the MERA frame-
work. Then, in Section IV we consider the appli-
cation of MERA to describe topological phases,
with a focus on reproducing recent results re-
garding the universality of the topological entan-
glement entropy. Finally, in Section V we discuss
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connections to broader issues and potential for
future work in this direction.

II. PRELIMINARIES

A. Matrix product states

We begin by reviewing the 1D matrix product
state formalism. For any state |ψ⟩ on a multipar-
tite system of qudits with local dimension q and
subsystem A, recall the Schmidt decomposition
guarantees a representation of |ψ⟩ of the form

|ψ⟩ =
∑
i

ai |i⟩A ⊗ |i⟩A , (1)

where the sets {|i⟩A} and {|i⟩A} form orthonor-

mal bases on A and A respectively, and
∑
|ci|2 =

1. This is equivalent to the statement that the
reduced states on A and A have the same spec-
trum and entropy. For any 1D system with linear
geometry and bounded bipartite Schmidt rank,
it is possible to decompose the state via a ma-
trix product state construction. In particular,
suppose there exists constant b such that for any
m ∈ [n], |ψ⟩ can be written in the form

|ψ⟩ =
b∑

i=1

ai |i⟩[m] |i⟩[m+1,n] . (2)

Then we can write |ψ⟩ in a matrix product state
form as a product of tensors

|ψ⟩ = A
(1)
i1,q′1

A
(2)
i1,i2,q′2

. . . A
(n)
in−1,q′n

(3)

=
∣∣∣A(1)A(2) . . . A(n)

〉
, (4)

where except for the first and last site each
tensor is of dimension qb2. This corresponds to
a chain of n tensors connected by bonds repre-
senting the contracted virtual indices, and dan-
gling legs representing the physical indices as in
Figure 1.

Notably, since the total bond dimension is
upper bounded by the product of the bond di-
mensions of the corresponding contracted ten-
sors, applying a fixed-depth local circuit on the
system can increase the bond dimension by at

most a constant factor. Thus states which are
prepared via a series of local interactions can be
efficiently simulated in this manner, with com-
plexity scaling as O(nq). In addition, we re-
mark that for a sufficiently generic system, i.e.
with chaotic time-dependent dynamics the typi-
cal bond dimension is equal to the maximum.

A(0) A(1) A(2) A(n)...

FIG. 1: Matrix product state representation of
a state on n qudits

We can apply a transfer matrix method to an-
alyze the behavior of correlation functions. Con-
sider an operator O and the two point correlator

⟨ψ| O0Or |ψ⟩ . (5)

We can then define the corresponding transfer
matrix at the site 0:

T
(0)
O =

b∑
i,j=1

OijA
(0)
i ⊗A

(0)
j . (6)

Furthermore, we denote by T (k) the transfer ma-
trix associated to site k, with O = 1. Then in
the thermodynamic limit the two point correla-
tion function can be written as

Tr
[
T∞T

(0)
O T (1) . . . T (r−1)T

(r)
O T∞

]
. (7)

It is clear that this quantity scales as the product
of the largest eigenvalues of the A(k), and there-
fore is either constant for special cases or decays
exponentially in r.

B. Density matrix renormalization group

We now describe the DMRG algorithm,
which is the basis for a set of variational numer-
ical methods for obtaining the low-energy solu-
tions of a system. While this technique was de-
veloped independently of other tensor network
methods, it can be naturally understood within
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the matrix product state framework [9, 10]. Re-
call the variational problem of finding the ground
state is given by

argmin
A(k)

〈
ψ(A(k))

∣∣H ∣∣ψ(A(k))
〉〈

ψ(A(k))
∣∣ψ(A(k))

〉 . (8)

For a given k, we define the tensors Hk, Ik such
that〈
ψ(A(k))

∣∣∣H ∣∣∣ψ(A(k))
〉
=

〈
A(k)

∣∣∣Hk

∣∣∣A(k)
〉
, (9)〈

ψ(A(k))
∣∣∣ψ(A(k))

〉
=

〈
A(k)

∣∣∣ Ik ∣∣∣A(k)
〉
.

(10)

Note that for physical |ψ⟩, there exists a repre-
sentation of ψ such that Ik is simply the iden-
tity. It is thus possible to obtain an approxi-
mate local solution by starting with a physical
ansatz which captures a truncated spectrum of
the Hamiltonian and applying a greedy approach
which iterates over k, assigning

A(k) ← argmin
A(k)

〈
A(k)

∣∣∣Hk

∣∣∣A(k)
〉
. (11)

Furthermore, by combining adjacent tensors to
obtain coarse-grained sites before minimizing,
then using the singular value decomposition
(SVD) to split apart the resulting tensor, it is
possible to gradually increase the bond dimen-
sion and resolution of the approximation.

C. Classification of gapped 1D phases

Recall that classical phase transitions corre-
spond to nonanalytic behavior of the free energy
density in the thermodynamic limit, producing
divergence in the correlation length. In the quan-
tum case, we are typically interested in the be-
havior of low-energy states for a given class of
Hamiltonians, whose measurement statistics are
described by the entanglement dynamics of the
system and may also exhibit a diverging correla-
tion length in certain cases.

In 1D, tensor network methods enable the
complete classification of symmetry-protected-
topological (SPT) phases in gapped quantum

systems [11], i.e. periodic systems which fea-
ture a finite energy gap between the ground state
and the lowest excitation energy in the thermo-
dynamic limit. Note that the transition corre-
sponds physically to a point in phase space with
a gapless spectrum.

We distinguish local SPT phases from plain
topological phases, which are defined as an
equivalence class over the region of the Hilbert
space which can be accessed by smoothly de-
forming the Hamiltonian for a fixed time t, or by
applying a fixed-depth quantum circuit. In the
absence of additional structure, all matrix prod-
uct states are thus in the same phase as the prod-
uct state |0⟩⊗n, and are therefore in the “trivial”
phase.

Moreover, within this framework, protected
symmetries completely decompose the space of
allowed unitary transformations into commuting
blocks, and can therefore be absorbed into the
virtual bonds [2]. The symmetries of the A(k)

tensors therefore completely determine the SPT
phases in 1D [12].

III. MULTISCALE ENTANGLEMENT
RENORMALIZATION ANSATZ

While matrix product states and their coun-
terparts in higher-dimensions provide a simple
model for many physical systems of interest, they
are limited by their ability to model only strictly
local correlations. MERA addresses this issue by
parameterizing different length scales in the sys-
tem via entanglement renormalization, in which
successively coarse-grained layers are applied on
top of a D-dimensional state to produce a D+1-
dimensional tensor network. We can visualize
this for the 1D case as in [2]:

|ψ⟩ = , (12)

where rectangles U and triangles V denote uni-
tary and isometric transformations respectively:

U †U = 1, V †V = 1, (13)
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where reading top-down, the input of each trans-
formation has the same virtual dimension b, and
each degree of freedom which is coarse-grained
out can be interpreted as inputting the product
state |0⟩ to produce the state |ψ⟩ on n qudits at
the bottom.

Alternatively, given |ψ⟩, the unitary transfor-
mations can be interpreted bottom-up as disen-
tangling operations necessary for to produce ten-
sors with fixed bond dimension in the decima-
tion process [13]. Moreover, as this dimension
is a constant which does not scale with the size
of the system, these can be efficiently computed
via SVD and store information about correla-
tions between different coarse-grained sites.

Recall that matrix product states feature a
constant number of virtual bonds at each point
in the boundary of a region A, and therefore area
law entanglement

SA ∼ b[A]. (14)

On the other hand, the tree structure of MERA
requires O(log |A|) bonds between any connected
subregion and the rest of the system, resulting in
a logarithmic divergence

SA ∼ b log |A|. (15)

Furthermore, it is possible to obtain power law
scaling for two-point correlation functions by
considering the recursion depth needed to entan-
gle two sites is given by ∆ ∼ log r, and using
the fact that Ok commutes with any unitary or
isometry operations from which the site k on the
bottom layer is not fed into. The behavior of
correlators is therefore controlled by the typical
magnitude of the largest eigenvalue λ via

⟨ψ| O0Or |ψ⟩ ∼ λlog r/c = rc log λ. (16)

MERA thus reproduces the qualitatively correct
scaling for the critical gapless system.

IV. TOPOLOGICAL PHASES IN MERA

We now turn to the application of MERA to
describe states with non-trivial topological or-

der, which necessarily exhibit long-range entan-
glement. Recall that topological phases can be
defined as an equivalence class with respect to
circuits of constant depth corresponding to the
natural time scale t. Then a state is in the trivial
phase if it is possible to reach the product state
fixed point under the renormalization group ac-
tion sending

l→ l/c∆(t). (17)

Otherwise, we observe that the remaining entan-
gled degrees of freedom in the top tensor are pre-
cisely those that are topological, representing a
type of “non-trivial fixed point”. In the case of
the translation-invariant states such as the toric
code, this statement is exact [13, 14].

A. Topological entanglement entropy

It is often useful to discuss the presence of
topological order in arbitrary states, without ref-
erence to an explicit Hamiltonian. One pro-
posal for the characterization of generic topolog-
ical phases is the topological entanglement en-
tropy, which describes a constant correction to
the area law scaling expected in local gapped
systems [15, 16]:

SA ∼ b[A]− γ + . . . , (18)

where γ > 0 is a constant identified with the
topological entanglement entropy and the . . .
terms vanish in the thermodynamic limit.

While computing the exact value relies on
knowledge about the microscopic dynamics of
the system, it is possible to approximate γ by
explicitly computing the entropy of finite subre-
gions and canceling out contributions from the
boundaries. For example, consider the annulus
construction illustrated in Figure 2, for which
the TEE is given in terms of the three subre-
gions A,B,C:

2γ = SAB + SBC − SB − SABC (19)

= I(A : C|B). (20)

This definition yields the same value as Eq. 18
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in the limit as the size of the regions goes to
infinity. We remark that the value computed us-

A

B

B

C

FIG. 2: Illustration of annulus construction

ing this construction is in general not a topolog-
ical invariant, as it can change spuriously under
the application of a fixed-depth circuit. Further-
more, a positive value may be obtained for some
states in the trivial phase [17, 18]. In the follow-
ing section we discuss a recent result regarding
the universality of γ and produce a different ar-
gument supporting this conclusion using MERA.

B. Universality in MERA

It was recently shown in [19] using Markov
state techniques and the strong subadditivity
of mutual information that for a broad class of
models exhibiting topological order, the topolog-
ical entanglement entropy cannot decrease under
the application of a local circuit which is shallow
compared to the natural length scale of the sys-
tem. We provide an alternative argument which
reproduces this result for reference states which
can be described by MERA.

Recall that for a given |ψ⟩ and fixed ∆0 with

∆0
<∼ ∆(t), (21)

we have that under the entanglement renormal-
ization group action, we obtain a coarse-grained
representation

|ψ⟩ = V†(|ψ̃⟩ ⊗ |0⟩), (22)

where V denotes the composition of the unitary
and isometric transformations in the process and
|ψ̃⟩ by definition contains the same topological
information as |ψ⟩. The topological phase is
therefore generated by the choice of V.

Now let γ0 denote the topological entangle-
ment entropy of |ψ̃⟩, as defined in Eq. 19, and
γ′ denote that of |ψ⟩. In addition, recall that
the entanglement entropy of a region in a tensor
network state can be expressed in terms of the
spectrum over the bonds connecting it to the rest
of the system. Then the difference produced by
applying V† is given by

∆γ =
∑
VAB

S(b′)+
∑
VBC

S(b′)−
∑
VB

S(b′)−
∑
VABC

S(b′).

(23)
We observe that this quantity is always nonnega-
tive from a simple application of the principle of
inclusion and exclusion, and moreover it is zero
under the assumption that the spatial separation
between A and C is much larger than ∆0. With
Eq. 21, we thus reproduce the desired result for
states which can be described via MERA.

We remark that many states of interest which
exhibit topological order are known to admit
an exact representation, including the toric code
and the quantum double model [13]. Moreover,
it is known in 2D, that any translation invari-
ant stabilizer code with local generators and code
distance linear in the system size can be decom-
posed into a finite number of copies of the toric
code [20], extending this result to a large class of
states.

V. DISCUSSION

In this paper we have outlined methods for
analyzing a broad class of quantum systems,
which are obtained by extending renormalization
group techniques from classical lattice models.
In addition, we have shown the power of these
models in studying the behavior of non-trivial
topological phases of matter. We emphasize that
our argument for the topological entanglement
entropy holds only for states which can be ex-
actly represented in MERA form. Furthermore,
in practice, the topological entanglement entropy
is difficult to compute for large regions as it re-
quires obtaining the full reduced spectrum, and
developing robust methods to characterize quan-
tum phases remains an active area of research.



6

[1] D. Perez-Garcia, F. Verstraete, M. M. Wolf, and
J. I. Cirac, Matrix product state representations,
(2006), arXiv:quant-ph/0608197.

[2] J. C. Bridgeman and C. T. Chubb, Hand-waving
and interpretive dance: an introductory course
on tensor networks, J. Phys. A 50, 223001
(2017).

[3] M. Fannes, B. Nachtergaele, and R. F. Werner,
Finitely correlated states on quantum spin
chains, Comm. Math. Phys. 144, 443 (1992).

[4] M. B. Hastings, An area law for one-dimensional
quantum systems, J. Stat. Mech. 2007, P08024
(2007).

[5] G. Vidal, Class of quantum many-body states
that can be efficiently simulated, Phys. Rev.
Lett. 101, 110501 (2008).

[6] Z.-C. Gu, Z. Wang, and X.-G. Wen, Classifica-
tion of two-dimensional fermionic and bosonic
topological orders, Phys. Rev. B 91, 125149
(2015).

[7] Z.-C. Gu, M. Levin, and X.-G. Wen, Tensor-
entanglement renormalization group approach
as a unified method for symmetry breaking and
topological phase transitions, Phys. Rev. B 78,
205116 (2008).

[8] R. König, B. W. Reichardt, and G. Vidal, Ex-
act entanglement renormalization for string-net
models, Phys. Rev. B 79, 195123 (2009).

[9] S. R. White, Density matrix formulation for
quantum renormalization groups, Phys. Rev.
Lett. 69, 2863 (1992).

[10] F. Verstraete, T. Nishino, U. Schollwöck, M. C.
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