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We consider anisotropic (3+1)D semimetals with linear electronic spectrum. Our purpose is to
investigate the influence of instantaneous Coulomb interaction on the anisotropy of the velocity. We
consider both weak and strong coupling limits. To analyze the system, we construct renormalization
group (RG) equations for the components of the velocity. We show that in the weak coupling limit
Coulomb interaction reduces initial anisotropy of the velocity. In the strong coupling limit, initial
anisotropy remains unchanged in the leading order.

PACS numbers:

Introduction. — After the experimental realization
of graphene, this material became very interesting and
popular from both experimental and theoretical point of
view. Near the Dirac points, electrons in graphene are
described by the relativistic Dirac equation, and thus
have linear spectrum. This fact makes the theory of
graphene somewhat similar to the Quantum Electrody-
namics (QED).

Another interesting example of systems with linear
electronic spectrum is (3+1)D Dirac semimetals [2–4].
These systems are even more similar to the conventional
(3+1)D QED. These are the systems we consider in this
work.

However, despite many common features, there is sig-
nificant difference between QED and condensed matter
systems with linear spectrum. In graphene and other
semimetals, the Fermi velocity is much smaller than the
speed of light, vF � c. This is the reason why the bare
Coulomb interaction can be considered as a static instan-
taneous interaction.

Another remarkable consequence of ’low’ Fermi veloc-
ity is that fine-structure constant α0 = e2/~vF , which
serves as a small parameter for the perturbation theory
in QED, can be of the order 1 in semimetals (in graphene,
for example, α0 ≈ 2.17). However, in condensed matter
systems, one need to take into account permittivity ε of
the material, and thus effective fine-structure constant
α = e2/ε~vF can be still a small number.

In studying semimetals, the one of the important ques-
tions is how the long-range Coulomb interaction renor-
malizes the Fermi velocity. This question has been con-
sidered in [1]. It was shown that in the weak-coupling
limit α � 1 energy spectrum is renormalized in the fol-
lowing way:

ω(k) = ±vF k
(

1 +
2e2

3πvF ε
ln(kmax/k)

)
, (1)

where kmax is the ultraviolet cutoff, which is of the order
of the period of the reciprocal lattice, and we put ~ = 1
from now on. It is clear from (1), that the Coulomb in-
teraction increases Fermi velocity, and fine-structure con-
stant α becomes even smaller. Alternatively, RG equa-
tion for α has the form

dα

d ln b
= − 2

3π
α2, (2)

with b = kmax/k. Thus, α = 0 is a stable fixed point.

Another interesting problem is to find the RG flow in
the anisotropic (3+1)D Fermi semimetals [3, 4]. This is
the question we consider in this work. Specifically, we are
interested in the renormalization of the ratio v1/v2, where
v1 and v2 are in-plane and out-of-plane components of
Fermi velocity. We consider both the weak-coupling and
strong-coupling limits.

In the weak-coupling limit,we derived explicit RG
equations for components of the velocity in one-loop ap-
proximation and showed that the Coulomb interaction
reduces the initial anisotropy.

In the strong-coupling limit, to derive RG equations is
much more subtle problem. Recent result showed that
one should expect critical point in this limit [5]. Unfor-
tunately, more work need to be done in order to derive
RG equations in that limit. However, we have managed
to show that in this case the problem can be reduced to
the isotropic case, and the Coulomb interaction does not
change the ratio v1/v2 in the leading order.

The model. — We follow the idea of [1] and con-
sider a system of (3+1)D two-component massless Dirac
fermions interacting through instantaneous Coulomb in-
teraction. The action has the form (with the partition
function Z =

∫
Dψ+DψDφeiS)
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S =

∫
dt

∑
j

∫
d3rψ+

j (r)

(
i
∂

∂t
+ iv1σx

∂

∂x
+ iv1σy

∂

∂y
+ iv2σz

∂

∂z
+ φ(r)

)
ψj(r) +

1

2

∫
d3k

(2π)3
εk2

4πe2
|φ(k)|2

 (3)

where ψj are two-component spinors of different flavors,
σi are Pauli matrices, v1 and v2 are components of the
Fermi velocity, ε is the permittivity of material, and φ
stands for scalar Coulomb field. In this notations, casual
Green functions in the Fourier space have the form:

Gij(ω,k) = −i〈ψi(ω,k)ψ+
j (ω,k)〉 =

=
δij

ω − v1(σxkx + σyky)− v2σzkz + iεsignω
=

=
ω + v1(σxkx + σyky) + v2σzkz

ω2 − v21(k2x + k2y)− v22k2z
δij , (4)

V0(ω,k) = −i〈|φ(ω,k)|2〉 =
4πe2

εk2
. (5)

However, we will use screened Coulomb interaction in
the random phase approximation (RPA) instead of the
bare Coulomb interaction V0. From the Dyson equation
V = V0 + V0ΠV , one has

V (ω,k) =
4πe2

εk2 − 4πe2Π(ω,k)
, (6)

where the polarization operator Π(ω,k) is given by (see
Fig. 1)

Π(ω,k) = −iN
∫

TrGjj(Ω,q)Gjj(ω + Ω,k + q)
dΩd3q

(2π)4
,

(7)
where N is the number of electron flavors and there is
no summation over j. The minus sign comes from the
fermionic loop. One can easily see, that simple rescaling
kz → v1kz/v2, qz → v1qz/v2 makes the integral isotropic,

FIG. 1: Polarization operator Π(ω,k) in the one-loop approx-
imation.

and the polarization operator can be found:

Π(ω,k) = − Nk̃2

12π2v2
ln

v1kmax√
v21 k̃

2 − ω2

, (8)

where k̃ = {kx, ky, v2kz/v1}. Though the calculation of
Π(ω,k) is rather cumbersome, it is standard, and we do
not present it here. Good examples of the calculation of
integrals with loops can be found, for example, in [6].

Result (8) is the straightforward generalization of the
result obtained in [1]. As we see, in the case of small
fine-structure constant and not so big N , screening be-
comes small and one can use bare Coulomb interaction,
V ≈ V0. However, the situation becomes totally different
in the large-coupling limit. In this case, the bare inter-
action is totally screened, and one ends up with what is
known as universal limit, V ≈ −1/Π. In this limit, the
effective interaction does not depend on the initial long-
range interaction at all. This situation can be realized
via either big fine-structure constant or large number of
flavors N . The last case is known as 1/N expansion [7].
In this case, one can express the answer as a series in
powers of 1/N .

In order to calculate the renormalization of the ve-
locity, we calculate the self-energy part in the one-loop
approximation (see Fig. 2 ):

Σ(ω,k) = i

∫
V (−Ω,−q)G(ω + Ω,k + q)

d3qdΩ

(2π)4
. (9)

In order to avoid strong ultraviolet divergence, we will
calculate δΣ(ω,k) = Σ(ω,k) − Σ(0, 0). Σ(0, 0) is a con-
stant which can be treated as a shift of chemical poten-
tial. Thus, it does not affect the renormalization of the
velocity.
The weak-coupling limit. — We consider the weak-

coupling limit first. In this case, V (ω,k) = 4πe2/εk2.

FIG. 2: The electron self-energy Σ(ω,k) in the one-loop ap-
proximation.
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Despite the calculation of the integral (9) is quite cum-
bersome, it is straightforward. For small energies and

momenta we have the result

δΣ(ω,k) =
e2

2πε

{( √
a

a− 1
+

√
a(a− 2) arctan

√
a− 1

(a− 1)3/2

)
(kxσx + kyσy) +

(
− 2

a− 1
+

2a arctan
√
a− 1

(a− 1)3/2

)
kzσz

}
ln
kmax

k
,

(10)

for a = v21/v
2
2 > 1, and

δΣ(ω,k) =
e2

2πε

{(
−
√
a

1− a
+

√
a(2− a)arctanh

√
1− a

(1− a)3/2

)
(kxσx + kyσy) +

(
2

1− a
− 2a arctan

√
1− a

(1− a)3/2

)
kzσz

}
ln
kmax

k
,

(11)

for a = v21/v
2
2 < 1.

To find the renormalization of the spectrum, we use
the Dyson equation in the form G−10 = G−1 + Σ. The
spectrum is determined by the poles of the Green func-
tion G. We see that interaction keeps the spectrum
nearly linear and just renormalizes the velocity (at least,
this is correct for not exponentially small momenta,
k > kmax exp (−2π/α)). In the isotropic limit a → 1,
both formulas (10) and (11) reproduce the result (1).

In order to proceed further, let us write RG equations
for the components of velocity. For that purpose, we need
to integrate self-energy part in the shell from kmax/b to
kmax. This leads to the following RG equations

dv1
d ln b = e2

2πε

( √
a

a−1 +
√
a(a−2) arctan

√
a−1

(a−1)3/2

)
dv2
d ln b = e2

2πε

(
− 2
a−1 + 2a arctan

√
a−1

(a−1)3/2

) (12)

for a > 1, and
dv1
d ln b = e2

2πε

(
−
√
a

1−a +
√
a(2−a)arctanh

√
1−a

(1−a)3/2

)
dv2
d ln b = e2

2πε

(
2

1−a −
2a arctanh

√
1−a

(1−a)3/2

) (13)

for a < 1. One can reformulate these equations in terms
of the running coupling constants v1(q) and v2(q). This
approach means that we consider v1 and v2 at the mo-
mentum scale q. All one need to do is just to substitute
d ln b = −d ln q in (12) and (13).

It can be easily derived analitically, that in both cases
a > 1 and a < 1 the ratio v1/v2 goes to 1. This statement
is confirmed by the numerical calculation (see Fig. 3).
Thus, the Coulomb interaction reduces the anisotropy in
the weak-coupling limit in (3+1)D.

The strong-coupling limit. — To calculate the RG
equations in the strong-coupling limit is much more dif-
ficult problem. Unlike (2+1)D case [7], in (3+1)D polar-
ization operator Π(ω,k) contains the ultraviolet cutoff

FIG. 3: RG flow of the ration v1/v2 in the weak-coupling
limit e2/2πε = 0.3. Blue line corresponds to the initial veloc-
ities v1 = 2.4, v2 = 1.1. Black line corresponds to the initial
velocities v1 = 1.1, v2 = 3.4. In both cases, the Coulomb
interaction reduces the anisotropy.

kmax explicitly (see (8)). This fact makes it more diffi-
cult to construct RG equations.

However, we can find the anisotropy flow in the lead-
ing 1/N order even without RG equations. In order to do
that, one need to remind that in the strong-coupling limit
effective interaction is given by the polarization operator
only, V (ω,k) = −1/Π(ω,k). The polarization operator
is determined by the electron Green functions (see (7)).
That means that eventually self-energy part Σ(ω,k) is
determined by electron Green functions only. Now, one
can simply rescale all of the z-components of the mo-
menta in all Green functions and to reduce the calcula-
tion of Σ to the isotropic case. As a consequence, interac-
tion does not change the ratio v1/v2 in the leading order
in 1/N expansion.
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Our result agrees with the calculation for anisotropic
graphene [8]. However, it was shown in [8] that next-
order terms in 1/N expansion lead to the reduction of the
anisotropy in (2+1)D case. That is what we expect for
(3+1)D case too, as this result agrees with our calculation
for the weak-coupling limit. Nevertheless, this statement
need to be carefully verified in the future.

Conclusion. — In this work we investigated the in-
fluence of the Coulomb interaction on the anisotropy in
the 3D Dirac semimetals. We considered both weak- and
strong-coupling limits. In the weak-coupling limit, we
constructed RG equations and showed that the Coulomb
interaction reduces the initial anisotropy of the compo-
nents of the velocity. In the strong-coupling limit, we
showed that in the leading order in 1/N expansion, the
interaction does not change the initial anisotropy.

As a possible extension of this work, we plan to explore
strong-coupling limit in detail. Specifically, we plan to
construct RG equations for that case to the higher or-

der terms in 1/N expansion. It will allow us to under-
stand whether interaction reduces or increases the initial
anisotropy in the strong-coupling limit.

I am grateful to Justin Song for the idea for this project
and for multiple useful discussions.
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