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We offer a model for a mobile ad-hoc random network, in which nodes that randomly located
in a D dimensional space, have a distance-dependent transition probability to all other nodes.
The model is examined in a simple mean-field like fashion. By treating the different paths in the
network independently, the percolation phase transition is recovered. The critical behavior of the
link length in the network above a critical point, as well as maximal link length below, are found in
an approximated way. These results are compared to numerical simulation of the model, and show
qualitative agreement. Furthermore, the model serves as a starting point to a short discussion on
an Ising model network of the same type, and its critical behavior is calculated in the same way.

I. INTRODUCTION

Mobile ad-hoc random networks (MANET) are net-
works of wireless devices that can self-organized to ex-
change information without a relying on the existing of a
fixed communication infrastructure[1]. The rapid growth
of personal mobile devices with wireless capabilities have
brought much interest in the recent decade to the design-
ing and analyzing of communication protocols for such
networks|[2].

The basic principal of MANET is that if the density of
stations in the network is sufficient, a particular station
can rely on all other stations to serve as relay stations
between itself and a remote and distanced station. With-
out any preexisting knowledge on the network structure,
information packets percolate though the network until
they reach their destination. This leads to a phase tran-
sition in the network[3]: at low densities the network is
divided into clusters, and communication is restricted.
Above a critical density there is one infinite cluster in
the system, and communication is therefor guaranteed.

The phase transition in ad-hoc random networks was
studied both numerically and analytically. Two main
models are considered: percolation on a lattice and fixed
radius[4, 5]. In the percolation model all stations resides
on a square lattice, connected by bonds with probability
p. For a two dimensional lattice on a square lattice the
(bond) percolation critical probability is p. = 0.5 [6].
The fixed-radius models have a deterministic and fixed
transmission length, and the locations of the stations is
uniformly distributed in the system (Fig. 1).

Understanding the properties of the network is im-
portant to the design of the network, and the behavior
around the phase transition is of special practical im-
portance. The critical density allows for communication
with the lowest energy consumption per transmission,
and is thus preferable. On the other hand, at the critical
point the number of stations participating in the link is
the largest and, in fact, diverges. Hence, property such
as the minimal number of hops is interesting both from
the engineering point of view, and behaves in a critically
non-trivial way. It should be noted that while the phase
transition itself has been the focus of several studies, the
specific behavior around the critical point did not get as

much attention.

We suggest in this paper a new model for mobile ad-
hoc random networks, that is more physically reasonable
and hopefully still computationally tractable. As in the
radius fixed model, we consider nodes uniformly placed in
a D dimensional space. However, instead of limiting the
transmission to a fixed radius, with a binary transmission
probability, we allow for the transmission probability to
vary smoothly as the distance increases, as illustrated in
Fig. 1.

In Sec. II the model is presented, and shown to exhibits
a phase transition at a critical point. In Sec. III the crit-
ical behavior of the network is examined, and critical ex-
ponent for the average minimal number of hops above the
critical point, and maximal transmission length below it
are calculated approximately. Comparison to numerical
simulations in 2 and 3 dimensions, in focus of Sec. IV.
Section V is a detour from the MANET to the classi-
cal physical problem of the Ising model, where a similar
model can be applied to calculate the critical exponent
of physical properties (heat capacity, correlation length,
etc.). Finally, conclusions and future prospects are pre-
sented in Sec VI.

II. THE MODEL

Let us consider a model of N stations, located at ran-
dom positions r; in a D dimensional space. The prob-
ability of transmission between points r; and r; is in a
Gaussian shape, and given by:

P(i, j) = exp[—(r; — 1;)*/1%], (1)

where [ is an effective radius of transmission in the sys-
tem. The communication in the network is via the flood-
ing scheme, where each node that receives a message re-
transmits it, as long as maximal number of hopes in any
given path is less than K,,.. This can be achieved, for
example, by attaching a counter to each message that
decreases by one with each retransmission. The proba-
bility of establishing a link between two nodes, i and j at
distance d from each other is a sum of the contribution of
all path of K ,.x hops or less. For simplicity, the different
paths are assumed to be independent. The probability
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FIG. 1. Different model for ad-hoc random
networks: Lattice model. Red line indicate con-
nection between nodes. In the lattice model
nodes are located on a square lattice, while in
the fixed radius model they are spread in space.
The model described in this paper is of a ran-
dom connection of randomly placed nodes

of establishing a link through a specific path of length
K is given by averaging over all possible locations of the
K — 1 intermediate station (Appex. A):

- 1
P(i,j) = W/dDrl...dDrK,l

exp[—(r; —11)?/1?... — (vr_1 —1;)* /1]

where a = (V/N)Y/P is the average distance between
stations. The probability that at least one of the paths of
length K is successful equals to one minus the probability
to fail in all of the K-long chains. The total number of
K (ordered) chains is N(N — 1)...(N — K). Assuming
K < N, so that N!/K! ~ NX. Under the assumption
that the chains are independent, using the approximation
of the exponential function, exp(—a) ~ (1 — N’ka)Nk,
yields the following probability:

PG, jy=1-

1 NaAN dz,
o l(KH)/ (5) e

The probability to establish a link that has K,.x hops
or less equals:

Kmax

-Plink(Kmax) =1- H (1 - PK)
K=1

K, KD
_ % (Vl/a) i
=1 _exp{_ Kz::l (K +1)p/z P {_ (K + 1)z2} }

(4)

There are two different regimes in the problem: when
[ > a/+/7m = I, the series in the exponent in 4 diverges as
Kax — 00, and Py — 1. However, for [ smaller than
the critical transmission distance, the series converges
and there no guarantee for establishing a link. The two
regimes are illustrated in Fig 2, where Eq. ??Pftotal) is
plotted for different distances as a function of {/I., for
the limit K.« — oo.

One interesting property of the system is the distribu-
tion of the minimal value of K, .x, denoted by M, that
allows for a link between points at distance d. As d — oo
this property has sense only above the critical point. Be-
low the critical point, on the other hand, the question of
the maximal transmission length arises. The critical be-
havior of these quantities is discussed in the next section.
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FIG. 2. The probability to establish a link
between two points at distance d, according to
Eq. (4), as a function of the relative transmis-
sion length [/, and for different values of d.

III. CRITICAL BEHAVIOR: MINIMAL HOP
AND MAXIMAL RANGE

Denoting M as the minimal K, for which a link is
established, the probability distribution of M equals to
the probability to fail in all chains with less than M sta-
tions, multiplied by the probability to succeed in exactly
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Pminmax(M) = H (1 - Plink(k))Plink(M>7 (5)
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where Pk is given by Eq. 4. For large values of d the
probability Ppinmax can be approximated as a Gaussian
distribution (detailed derivation can be found in Appx.
B), with the following mean and variance:

1
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where a and 8 are connected to dimensionality D, aver-
age spacing a and transmission length [ by:

(6)

po
=17
B = D1In(xl?/a®)/2. (7)

Note that the variance does not depend on the distance,
and the minimal number of hops is linear in d. In the
vicinity of the critical point we can define the reduced
transmission length:

A:l;k. (8)

The critical behavior of the average minimal number of
hops in the d — oo limit, to leading order in A, equals:

_ o d g
f hwﬁA : (9)

In Fig 3 (M) is plotted as a function of A for different
distances. Both exact numerical evaluation of Eq. (5) and
the approximated Gaussian version are presented and are
in a good agreement for high values of d.

The second critical behavior that emerges in the sys-
tem is the divergence of the maximal transmission dis-
tance when approaching the critical [ from below. The
probability to establish a link is given by Eq. 4, and for
Kiax — 00 equals:

]Dlink(d) =1-

[ 2 :
exp

(ﬁl)KDe o Bz
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(K+1)P2 \ (

K+UM
(10)

The link probability has a maximum at d = 0, and
decreases to zero. A Gaussian function can be used to
approximate Eq. 10, and enables to extract the singular
behavior around the critical point. Expanding the sum
in the exponent of Eq. 10 to second order in d (Appx. C)
yields the following approximation:
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FIG. 3. The average number of minimal

hops required to establish a link between two
points at distance d, as a function of the re-
duced transmission length A. Calculation is
based both on numerical evaluation of Eq. (5)
in the dotted lines, and on the approximated
Eq. 6. Results plotted for d = 2I., d = 5. and
101..

where P(0) and d,.x are parameters of the model and
are summarized in Table I for different dimensionalities.
In three dimensions and higher, the maximal distance
remains finite as we approach the critical point, and di-
verges for lower dimensions. Fig. 4 illustrates the diver-
gence of dpyax, both for exact numerical estimation of
Eq. 4 and according to Table I. As A — 0 the Gaussian
approximation is justified.

D |dmax P(0)
1 \/ﬁ exp(A™h) 1
2 exp(—l/Q))\—l/Q 1
NGEED)
exp[¢(D/2)—1](¢(D/2+1)—1)
> 2| =% T—explC(D/2)—1] 1 —exp(—1—((D/2+1))

TABLE I. maximal distance as a function of dimensionality
and density

In summary, the model described by Eq. (4) has sev-
eral interesting features. It captures a phase transition
from a network with a single infinite cluster to one with
many clusters. The phase transition can be associated
with either a critical density of stations, or with a criti-
cal transmission length. The critical transmission length
is find to be independent of the dimension. In 2D the size
of each cluster diverges as |l —I.|~'/2, and the number of
hops required in a link diverges in the same way.

The main approximation in deriving Eq. (4) was to ig-
nore the correlation between the different chains. Since
different paths share same stations, this assumption is
obviously wrong, and results in an exaggerated transmis-
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FIG. 4. Maximal transmission distance
a function of A. Calculated according to
Eq. (10)(dotted line) and the approximation in
Table I.

sion probability. At higher dimensions the assumption
should be more reasonable, while in the low dimensions
this calculation can serve as a upper bound on transmis-
sion probability. To estimate its validity, we compare in
the next section our results to numerical simulations.

IV. NUMERICAL SIMULATIONS

The model presented in Sec. II can be easily studied
numerically by using Monte-Carlo simulations. At each
iteration, stations are randomly placed in a L hyper-
cube. For simplicity, additional station is positioned at
the center of the cube, and is the first to send a message.
Messages propagate from station to its neighbors with
probability given by Eq. 1. Each station when receives
a message pass it along, while remembering the time (in
number of hops) it had first received the message.

We study both 2 and 3 dimensions, for network with
N = 500 stations. The maximal distance in the 3 di-
mensional case is then obviously shorter. Results are
based on averaging 200 realizations. The maximal hop-
ping number is set to be 500. It should be noted that
these parameters will not allow for an exact evaluation
of the behavior around the critical point: as number of
hops diverges neither the size of the system nor the max-
imal hopping number is enough to correctly capture the
behavior. Though general trends can indeed be observed.

By looking at the relative number of nodes that even-
tually received a message the phase transition is apparent
for both dimensions(Fig. 5). The location of the critical
point agrees with the calculation in 3 dimensions, but
less so for the 2d case. In two dimensions it is difficult
to decide on the exact location of the critical point, due
to finite size effects of the system and the divergence of

transmission length below the critical point. The criti-
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FIG. 5.  Monte-Carlo simulation for the suc-
cess rate at transmitting above 3a, as a function
of the relative transmission length, {/a. The
black line represents the estimated critical point

cal behavior of dyay, illustrated in Fig. 4, is plotted in
Fig. 6 and show some resemblance to a divergent like
behavior. However, not knowing the critical point, it is
even more difficult to estimate the specific functional de-
pendence. Finally, the average minimal number of hops,
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FIG. 6. Monte-Carlo simulation for dmax as
a function of the relative transmission length,
l/a. dmax is related to the maximal transmis-
sion length by Eq. (11).

M, is considered. On average, it should depend linearly
on the distance d, and OM/9d is the diverging ”gain”
of the system. Though not shown here, simulations sug-
gest that there is indeed a linear dependence between



M and d. Using linear fitting, the proportionality term
is extracted and plotted in Fig. 6 for different values of
transmission length. Finite size effects are even of more
importance in this case, as the validity our analytical
model in Eq. 6 is for the large d limit.
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FIG. 7. Monte-Carlo simulation for the aver-
age ratio between number of hops and physical
distance, as a function of the relative transmis-
sion length, [/a. dmax is related to the maximal
transmission length by Eq. (11).

V. REVISITING THE ISING MODEL: HIGH
TEMPERATURE EXPANSION

Summing over different paths in the random network
was simplified by using the specific form of Gaussian
shaped transmission probability. A different system in
which a summation over all paths is required is the high
temperature expansion of the Ising model[7]. Apply-
ing the same type of transitions in this different con-
text yields an approximation for an Ising model with
quenched disorder.

This simple generalization of the Ising model includes
two modifications. First, the points are located randomly
over all space, with uniform distribution. Second, inter-
actions are not limited to nearest neighbors but instead
exist between all of the spins, according to the following
Hamiltonian:

BH = J(|r; —x;))00;, (12)

2]

where r; and o; are the position and spin of the i*" par-
ticle, respectively, and J(r) is the strength of the inter-
action between two spins at distance r.

We aim to reconstruct the high temperature series ex-

pansion of the Ising model. The partition function reads:

7 = tr[exp(— Zexp ZJ |r; —rj])oio;
{‘71
= Z H [cosh(J(|r; — rj]) + 040 sinh(J(|Jr; — rj])]
{oi} ©J

(Jri =)

—Hcosh
X ZH [1 4+ tanh(J

{oi} 4

= Zo Z H [1+tijoi05], (13)
{oi} 1.3

where we denote t;; = tanh(J(|r;—r,|)), and Z, is a non-
singular function that does not effect the critical behavior
of the model. The remains of the partition function is a
sum over all possible combinations of 1 and t;;0,0;. The
only way such a combination does not average out to
zero, is in the case there are even number of appearance
of the 7 and the j points. Hence, it is a some over all
possible loops, or combinations of loops. This is the same
argument as in the regular high temperature expansion
77

(Iri —rj]))oio;].

A. Single loop weight

In the Ising model each loop contributes a weight of ¢!,
where [ is the length of the loop. In the random lattice
model each lattice configuration would result in a differ-
ent weight, and the quenched average weight of a loop is
calculated instead.

For convenience, we would like that ¢;; to have the
same form as in ad-hoc network:

tij = exp[—(r; —r;)%/20%], (14)
for which the averaging over the quenched disorder is an
equivalent calculation to the one in Eq. 2. However, the
specific type of interaction is not particularly important,
and the same calculation can be extended approximately
to a much larger class of interactions. Generally, For a
given loop with vertex on points 1... K, the averaged
weight equals:

_tllth 1,il —Htanh

=V K / HdDri tanh J([r; —ripaf),  (15)
=1

(Jrs —ri1]))

where T(K) denotes the averaged loop weight, and V is
the volume of the system. Since the system is invariant
under translations, T' can be written as an integral in
Fourier space as well:

qu K

(16)




where  J(q) is the Fourier transform  of
tanh J(|r; — ri1]):
J(q) = /dDrtanh J(|r|)ear. (17)

Let us assume a single length scale in the problem, de-
noted by l. The interaction J is then written as :
J = BJof(|r]|/l), where f is an arbitrary function, and S
is the inverse temperature. The corresponding J(q) has
the form: J(q) = (P J(ql)

() =v [ = (0) [avalsiao

ZD
_ <V> /queKloguJ(qa)]), (18)

Assuming that around the critical point K is large, we
can expand the exponent to second order. From symme-
try, there is no dependence on q:

log([J(al)]) = A(B) — B(B)¢*,

T(K) = <l‘j/j>K/quAK exp(—K Bg?)

| 2n bz s gip\* (19)
~ |KB V)
Denoting a critical length 1. = [V/(NA)]'/P, and a re-

duced length A = (I —I.)/l., the average weight has the
same form as in the Gaussian model:

T(K)=TO)N"KK=P2a 4+ \)"KP (20)

The weight of a loop is then the same as if the starting
point was Eq. (14).

B. Critical behavior: Free energy, Heat Capacity
and correlation length

Following the standard high temperature expansion,
the free energy per particle f = SH/N = log(Z)/N
equal to the sum over all possible non-intersecting loops
with their corresponding weights. The number of non-
intersecting loops of size K equals to the number of
ways to choose K points out of N in a specific or-
der, up to a cyclic permutation, and choice of direction:
NU/(N —1—1)!l/2l. We note that while in the regular
Ising model it is difficult to count the exact number of
non-intersecting loops, here the term ”non-intersecting”
is defined more loosely: a loop can intersect herself in real
space as long as each vertex appears only once. Following
Eq. TK, the singular part of the free energy reads:

1 N!
foing = 37 XK: (N - K — 12K

N=EK=P2(1 4+ K21

In the limit N — oo:

1 _D/2—1 KD
fsing =3 ;K (1 + /\) . (22)

This form of the partition function is only valid for A < 0,
and can be approximated to leading order in A as:

1 e KDA
fsing = 5 Z m (23)
K

The free energy converges for all values of \. The heat
capacity is calculated by the second derivative of the free
energy:

1 o~ KD
C= b} Z KD/2—1
K
~ \P/2-1 Dodxﬂ (24)
=~ N LD/2-1"

To leading order in A we get the following dependence
on dimensionality:

A—1/2 D=1
N D=2

C x 12 D3 (25)
Al D >4

Hence the only critical exponent different from zero is
observed in D = 1.
Another property which is easy to compute is the cor-

relation function between two spins, located at points k
and k':

(orok') = %tr[exp(—ﬁHﬂ =

1
= Z 010}, €Xp ZJ(\ri —r;|)oi0;
(2]

{oi}
Zy
z {Z} 7k g(l + 1j0i05). (26)

As before, the singular part of the correlation function is
a sum of all combination of 1s and ¢s. In this case, only
paths between points k and k&’ contribute, weighted by
their probabilities along the path, T}, ;. The weight in a
path with exactly K steps equals:

T(d,K)=N"¥ (1+ NP exp(—d?/KI?).(27)

KD/2

The number of path of length K connecting point & to
point k" approximately N¥, where there is no ambiguity
in the direction or order of these paths. Hence, the total
contribution to the correlation function is:

(0O = 3 K2 2 exp {
K

_p2
2K 12

+ K)\] (28)

For D > 2 the series converges, and at exactly the crit-
ical point the correlation decreases algebraically as r? 1,
while for two and one dimensions the limiting behavior
is more difficult to obtain. In comparison to the known
parameters of the Ising model, the above results for heat
capacity and correlation length are not very satisfied.



VI. CONCLUSIONS

We constructed a mean-field like calculation to perco-
lation in a network with quenched disorder. The network,
constructed of transmitting stations in the first part, or
Ising spins in the last section, was made of nodes located
randomly in a D-dimensional space, and connected to all
other nodes with certain probability. This simple model
qualitatively captures a lot of the critical behavior of the
phase transition in the network, including dependence on
dimensionality, divergence of the correlation length and
the minimal number of hops, etc.

Applying this specific model to an Ising ferromagnet,
which had been studied extensively yields little benefit:
no new insight was gained, and the critical exponents

are not accurate. It is unclear though if the quenched
disorder of the model has any effect, and is related to the
different from the theoretical result. At least in the high
dimensional limit assuming independent loops should be
valid.

The mobiel network analysis, on the other hand, we
believe to be of bigger importance: though the phase
transition in that context is known, it was shown that
the behavior of interesting properties around the criti-
cal point is non-trivial. The model presented, though
inaccurate, gives an intuition that might lack in the less
physical models such as the lattice percolation or fixed
radius networks. A better understanding of the critical
behavior can lead to a more well-designed communication
systems.
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theory for mathematicians,

Appendix A: Link probability

A simple way to prove the link probability that has K —
1 intermediate station, given by Eq. (2) is by induction.
Let us assume that the probability for K hopes is given
by Eq. 2. The probability for K + 1 hopes equals to the
probability to go from the starting station to a random
station (P;(i,7)), times the probability to go from that
station to from that point to the destination in exactly
K hopes (Pk(r,j)):

. 1 . .
Prera(ind) = 5 [ 5P Pacr, )
2KD/2

(K +1)P2VEV

KD 1

Dyer_ (Ti—T)?  (rj—1)°
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K 1ypr vE v el
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Appendix B: Approximating the average minimal
link

The probability that a specific Kyax = M would be
chosen equals to the probability to fail in all chains with
less than M stations time the probability to succeed in
exactly M equals:

Pminmax(M) = H (]. - PK)PM

= exp(=S5(M — 1)) — exp(=5(M))
=> F(K
k=1

1 2\ KD/ &2
FE) = e 5nyore (a2> Pl ye
(B1)
In order to get an analytical solution in this regime, let

us look at the case where d > [. This is the limit where
a large number of hops is required:

1 d2 KD wl?
r= g [ ()
1 K?+K—a?

e {5K‘l} (B2)

Where we denote 8 = DIn(nl?/a?)/2, and o? = d?/I?B.
We can get the most of this trend by developing F' around
K = «. The solutions of the equations K2 + K — o?
assuming o >> 1 are: o —1/2:

(K—a+1/2)(K+a—1/2)
)= G o K |
eXp [26(123_/21/2 — a)] (BS)

And S equals:

M
S=> F(a,dK)~ P~ 2515)(/)[2_ ") ZeXp 20K)
k=1
= yexp(—28(c — M —0.5)), (B4)

where we denote 1/v = \/ED[l — exp(—28)].
To conclude, the probability of establishing a link for
Kopax = M is:

Pink (M) =1 — exp(yexp(—28(a — M — 0.5))).(B5)
The probability that Ky.x = M would be the minimal
link is equal to:

Prinmax(M) = exp (—y exp[—28(a — M — 0.5)])

— exp (—yexp[—28(a — M + 0.5)])(B6)

The most probable minimal number of hops can be
derived from (B6):

a-Pminmax(]\4)
oM

u—a—l—l—%log@a[)mﬁ)

|pr=p =0

(B7)

We can approximate the deviation from the most prob-
able number of hops by developing the log probability to
second order, and assuming a gauss model:

1
\/(log Pminmax (N))N

_ sinhp exp [ exp(B)
T 982 exp(f) P 2sinh 8

(B8)

The Gaussian model works well for small values of 3,
however for large values we get a square shape behavior,
and the approximation fail. For practical reasons, if the
deviation is less than one its exact value is less important.
It is interesting to see that there is no dependence on the
distance, at least within in the approximation.

In summary, the minimal K,y is normally distributed
with the following parameters:

u—a—*—l—%log(QaDmﬁ)

_ sinhp exp(f)

262 exp(B) P (52Sinhﬁ>
d

V]

B = DIn(nl?/a*)/2

o =

Appendix C: Approximating dmax

The link probability to connect two points below the
critical point, can be approximated as by the following
form: Pi,k(d) = P(0)exp (
dmax as the "maximal” distance. The fact that we don’t
have any linear term in the distance comes form the fact

that the first derivative of P, with respect to d equals
zero. Developing it up to second order yields:

Where we denote

max

Piink ~ exp [In(1 — exp(—5(0)))
—1—1 In(1 — exp(—5(0)))"d?]

o'} 1 ﬁl DK
=2 (K +1)P/2 (a)

lc:l

- (wp)m ting ()] -1

In(1 — exp(—S5(0)))" =
S mey (%fl)
1 —exp(—S(0)

exp(5(0))
1 —exp(5(0))

() o ()] -1} e

— 2exp(5(0))



where Lig(x) is the polylogarithm function. Looking
around the critical transmission length [ ~ [, we get:

. n
S(O) ~ LID/2 <n> —1

o _ew(s0)
1 —exp(5(0))
where Lis(z) = ((x) for x = 1 if |s| > 1. For D > 2 we
get:

€2+ -1 (C2)

S(0) ~ ¢(D/2) — 1

e __ep(S(0)

max = T2 een(S(0)) (C(D/2+1)-1) (C3)

In the two dimensional case, D = 2:

S(0) ~ —log |\ —1
452, = exp(1) (¢(2) — 1) A (1)

max
And finally in the one-dimensional case, D = 1:

5(0) ~ /A2 —1
s = exp(1) (C(3) — 1) exp(A7H). (C5)



