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Ultracold bosons in optical lattices are interesting physical systems in which precision experiments
meet theoretically tractable examples of strongly-correlated many-body states. The Bose-Hubbard
model is a very successful theoretical treatment of many systems that have been realized experi-
mentally to date. In this paper, we examine how the critical properties of the Bose-Hubbard model
correspond to the properties of the Landau-Ginzburg free energy expansion studied extensively in
class. With the correspondence of the two systems in hand, we examine the phase diagram of the
model under the mean-field approximation and how coupling to a gauge potential affect the phase
boundaries.

Starting with the realization of Bose-Einstein
condensation[1, 2] and Fermi degeneracy[3] in atomic
gases, one goal of atomic physics has been observing
the emergent phenomena of complicated many-body
physics in ultracold systems. This is a particularly
attractive goal due the relative simplicity and tunabil-
ity of atomic interactions, and the ability to realize
calculable systems[4]. An important long-term goal of
atomic physics is to make contributions to the micro-
scopic understanding of many-body interactions and
phase transitions beyond those described by Landau’s
symmetry-breaking theory. A particularly important
model in both atomic physics experiments and con-
densed matter physics–one that manages to connect to
both Landau-Ginzburg theory and physics beyond this
approach–is the Bose-Hubbard model. This paper aims
to develop a basic understanding of the predictions of
this model and how they relate to both Landau-Ginzburg
theory but also physics beyond this paradigm.

BOSE HUBBARD MODEL AND
LANDAU-GINZBURG EXPANSION

The Landau-Ginzburg description of universal behav-
ior across phase transitions is based on the statistics of a
non-relativistic order parameter field[5]. In class, this de-
scription took the form of a phenomenological expansion
of the free energy density in terms of the order-parameter.
However, in experimental realizations of quantum phase
transitions–especially in atomic physics where a major
experimental goal is quantum simulation of many-body
phenomena–the physics is instead motivated by a micro-
scopic description of the interacting particles[6].

An important model of interacting many-body sys-
tems that is microscopically realizable in atomic physics
experiments with ultracold bosons in optical lattices is
the Bose-Hubbard model. We wish to examine the
implications–specifically the phase diagram and critical
properties of thermodynamic variables–of this model of
interacting systems. To begin with, we wish to reconcile
the microscopically-motivated, Bose-Hubbard descrip-

tion with the phenomenological description of Landau-
Ginzburg theory covered in class.

The Bose-Hubbard model is commonly written in a
second-quantized formalism that reads:

H = −t
∑
〈ij〉

â†i âj +
U

2

∑
i

n̂i(n̂i − 1)− µ
∑
i

n̂i (1)

Here we have the following free parameters determined
by the microscopic details of the system–the hopping en-
ergy t, the interaction energy U; and the global chemical
potential µ.

In optical lattice systems, this Hamiltonian is derived
from the first-quantized equivalent that includes the trap
and lattice potentials as well as kinetic energy and a two-
body, s-wave contact interaction term[6, 7]:

H =
∑
i

[
~p2
i

2m
+ V0 sin2(~k · ~xi) + Vtrap(~xi)

]
+

1

2

4πh̄2as
m

∑
i6=j

δ3(~xi − ~xj) (2)

The second-quantized version is obtained by projecting
this Hamiltonian onto bosonic field operators: ψ̂(~x) =∑
i b̂iwi(~x − ~xi),where wi(~x − ~xi) are Wannier func-

tions of the ith band, a basis wavefunction that diag-
onalizes the momentum and lattice contributions to the
Hamiltonian[6]. The Bose-Hubbard model is obtained by
restricting the sums to atoms in the lowest vibrational
band of the lattice and to nearest neighbor interactions.

Since the trap potential usually has little curvature
over over the separation of two lattice sites, and our in-
teractions are local, we can combine the trap potential
with the local chemical potential in (1) and thus repre-
sent the constants as:

t =

∫
d3x w∗1(~x− ~xj)

(
p2

2m
+ V0 sin2(~k · ~x)

)
w1(~x− ~xi)

U =
4πh̄2as
m

∫
d3x |w1(~x)|4

µ = µlocal + Vtrap
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Now with microscopic justification of the terms in (1),
we proceed with connecting this type of lattice model–
different from the spin systems solved in class because
of the non-local hopping contribution–to the Landau-
Ginzburg free energy expansion in order to analyze the
phase diagram of this model.

We begin as in [8] by noting the interaction and chem-
ical potential parts of the Hamiltonian, H0 below, are
easily diagonalizable in the occupation number basis with
eigenvalues:

ε(n) =
U

2
n(n− 1)− µn (3)

As a result, it is easiest to work in the interaction pic-
ture from time-dependent perturbation theory, but now
introducing a Wick rotation from inverse temperature to
a time-like parameter, τ as in, β = iτ/h̄. The interaction
Hamiltonian now reads: H1 = eτH0Ht

1e
−τH0 where Ht

1 is
the hopping term of the Hubbard model. Thus, we can
write down the partition function for (1) as:

Z = Tr

[
e−βH0

{
exp

[
i

∫ β

0

dβ H1(β)

]}]

Z = Z0

〈
Tτ exp

[
− 1

h̄

∫ βh̄

0

dτ H1(τ)

]〉
0

(4)

In addition, we enforce causality by adding the time-
ordering to the integral. We can now relate this expres-
sion to that for the free energy of the system by:

βF = − lnZ

= − lnZ0 − ln

〈
Tτ exp

[
− 1

h̄

∫ βh̄

0

dτ H1(τ)

]〉
0

(5)

This relation is now the starting point for all subsequent
approaches to calculating critical properties of the Bose-
Hubbard model. Equation (5) is, in general, not ex-
actly solvable; the complicating feature of H1 is that
it is not localized to a single lattice site, but acts acts
to couple two nearest-neighbor sites. This term can be
approximated in several ways, using perturbation the-
ory of field-theoretic treatments[9, 10], by variational
methods[6, 11], by scaling relations[8], and by Monte-
Carlo simulation[11]. In particular, this paper proceeds
with a mean-field approach to the model that allows an
initial understanding of the phases of the model and some
predictions for thermodynamic behaviors.

MEAN-FIELD TREATMENT

We begin by looking at the operator Ht
1–the hopping

Hamiltonian before transforming into the interaction pic-
ture. In the mean-field approximation, we define and as-
sume a uniform order parameter in the ordered phase.

Examining the Hamiltonian in the absence of hopping,
we see that for U > 0 the system should have an or-
dered state where the number of atoms per site is min-
imized. Using this intuition, we define a complex order
parameter, ψ =

√
n = 〈a†〉 = 〈a†〉[10]. Using this order

parameter, we can write:

Ht
1 = −t

∑
〈ij〉

â†i âj = −t
∑
〈ij〉

[(
〈â†i 〉âj + â†i 〈âj〉

)
− 〈â†i 〉〈âj〉

]
= −t

∑
〈ij〉

[(
ψâi + â†jψ

)
− ψ2

]
= −2dt

∑
i

[(
â†i + âi

)
ψ − ψ2

]
(6)

Since both terms generated by the substitution above
are first order or greater in ψ, we first search for a zeroth
order free energy per particle contribution. We see this in
the constant first term on the right hand side of equation
(5).

Fn = − 1

β
lnZ0 =

U

2
n(n− 1)− µn (7)

In addition, at zeroth order we have the stability condi-
tion δF ≤ 0, so we can provide an estimate for the area
in the µ-U parameter space where we have an ordered
phase and equation (7) is non-zero.

δF = Fn − Fn±1 ≤ 0, so:
µ+ ≤ Un
µ− ≤ U(n− 1) (8)

Thus, to zeroth order in the mean-field approximation
we have an ordered phase with integer lattice fillings at
all dimensions in the region: U(n− 1) ≤ µ ≤ Un. These
regions are shown as the areas below the straight lines
in figure 1 on the next page. Now let’s examine higher
order terms in ψ to see if this order persists.

We now extract terms of quadratic order in the order
parameter from equation (5). Examining the interaction
Hamiltonian, we notice one contribution of order ψ2 that
can be immediately calculated in the Landau-Ginzburg
expansion because it is diagonal in the occupation num-
ber basis that H0 is diagonal in.

βF = − lnZ0 + 2dNtψ2 . . .

− ln

〈
exp

[
2dt

h̄

∫ βh̄

0

dτ
∑
i

eτH0

(
â†i + âi

)
ψe−τH0

]〉
0

Examining the third term above, we want to expand the
interaction terms out to second order in ψ2. Because we
are expanding the cumulants of the interaction Hamilto-
nian, only connected (diagonal) terms will contribute to
the expansion:〈

H2
1

〉c
0

= (2dt)2βψ2
∑
i

〈
(â†i âi + âiâ

†
i )
〉

0
+O(ψ4)
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= (2dt)2Nβψ2

(
n

Fn − Fn−1
+

n+ 1

Fn+1 − Fn

)
+O(ψ4)

= (2dt)2Nβψ2

(
n

U(n− 1)− µ
+

n+ 1

µ− Un

)
+O(ψ4)

So the Landau-Ginzburg expansion of the free energy per
particle for the Bose-Hubbard interaction reads:

Fn =

(
U

2
n(n− 1)− µn

)
+2dt

(
1 +

2dtn

U(n− 1)− µ
+

2dt(n+ 1)

µ− Un

)
ψ2 +O(ψ4)

Now, we investigate how including such higher order
terms of ψ changes the order we found in all dimensions
at zeroth order approximation.

According to Landau-Ginzburg theory, minima in the
free energy correspond to phase transitions so we look for
a transition and find one corresponding to:

1 +
2dtn

U(n− 1)− µ
+

2dt(n+ 1)

µ− Un
= 0 (9)

Solving the resulting quadratic equation for µ in terms
of U:

µ± =
1

2
[U(2n− 1)− 2dt]±1

2

√
U2 − 4dtU(2n+ 1) + 4d2t2

(10)

FIG. 1. Phase boundaries of the superfluid to insulator transi-
tion. The straight lines represent the zeroth order mean-field
approximation, and the lobed structures the second-order ap-
proximation. The plateaus of different densities in the insu-
lating phase are indicated.

The resulting mean-field prediction for the phase di-
agram of the Bose-Hubbard model is shown in Figure
1. In experiments with ultracold bosons in optical lat-
tices, various radial distances from the trap center expe-
rience different local chemical potentials due to the defi-
nitions of this parameter on page one. Thus in an opti-
cal lattice at appropriate interaction energies, there can

be several density plateaus that simultaneously exist in
the trap. This structure has been experimentally verified
both through precision spectroscopy of the lattice[12],
and more recently directly observed in a quantum gas
microscope[13]. In addition, notice that although we
were able to map the Bose-Hubbard interaction onto a
Landau-Ginzburg model, there is no lower critical dimen-
sion for this phase transition.

BOSE-HUBBARD MODEL COUPLED TO A
VECTOR GAUGE FIELD

Now, we consider a simple generalization of the Bose-
Hubbard model to one that is coupled to a vector gauge
field. Engineered microscopically-varying gauge poten-
tials are a recent addition to the many tools available
to atomic physicists to simulate many-body physics in
ultracold atomic gases[14]. In this section, we use the
same microscopic formulation explained in the first sec-
tion to derive a Bose-Hubbard model coupled to a gauge
potential.

We include the addition of a gauge degree of freedom in
our microscopic description of the system via the Hamil-
tonian:

H =
∑
i

[
~(pi − q ~A)2

2m
+ V0 sin2(~k · ~xi) + Vtrap(~xi)

]

+
1

2

4πh̄2as
m

∑
i 6=j

δ3(~xi − ~xj) (11)

As written, this addition has made the calculation of
the tunneling matrix element much harder, but we
can perform the so-called "Peierls substitution" by the
transformation[15]:

~k → ~k′ = ~k − q ~A

h̄
(12)

As discussed in ref. [15], this substitution modifies the
time evolution of the system and gives rise to an addi-
tional phase factor in the direction in which ~A points.
Following the argument in the appendix of ref. [7], we
interpret this phase as a geometrical phase given by:

γ(C) =
q

h̄

∮
C

~A · d~r (13)

In view of the microscopic justification of the terms in the
Bose-Hubbard Hamiltonian, we see that this additional
phase factor does not effect the value of the interaction
energy or chemical potential, but there is a non-zero con-
tribution to the tunneling given by:

t =

∫
d3x w∗1(~x− ~xj)e

− 2πqi
h̄

∮
C
~A·d~x

(
p2

2m

+V0 sin2(~k · ~x)
)
w1(~x− ~xi)e

2πqi
h̄

∮
C
~A·d~x
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t = e
2πqi
h̄

∫ ~xi
~xj

~A·d~x
∫
d3x w∗1(~x− ~xj)

(
p2

2m

+V0 sin2(~k · ~x)
)
w1(~x− ~xi)

For simplicity, we restrict the problem now to two di-
mensions and assume the symmetric gauge for the vector
potential. In addition, we define the phase factor to be
2πγi as such to be uniform in two dimensions. With the
given microscopic derivation of the new elements of the
Bose-Hubbard model, we write out the Hamiltonian for
the model coupled to a gauge degree of freedom:

H = −te2πγi
∑
〈ij〉

â†i âj +
U

2

∑
i

n̂i(n̂i− 1)−µ
∑
i

n̂i (14)

We see the gauge degree of freedom enters the Hamilto-
nian through the field, γ and luckily only modifies the
part we were forced to handle perturbatively in the sec-
ond section.

As a side note, it appears this Hamiltonian is the sub-
ject of current research and intense interest particularly
in atomic and condensed matter physics because it is
thought to describe states of the fractional quantum Hall
type[14, 16–18]. We thus proceed to gain understand-
ing for how the presence of the γ field modifies the order
demonstrated in the second section.

Once again, since the phase factor only effects the hop-
ping term, we can begin with the same zeroth-order pre-
diction for the phase diagram as in the second term. The
next step is to examine the interaction term and look for
next-leading-order contributions. Begin with assuming γ
is small so that we can expand the phase factor out to
quadratic order. Then recalling equation (5) we see for
zeroth-order in γ and second-order in ψ we recover the
same phase diagram for the superfluid to insulator tran-
sition. The first order contribution in γ averages to zero,
so to next order we have a term:〈

H2
1

〉c
0

= (4t)2βψ2

(
(2πγi)2

2!

)∑
i

〈
(â†i âi + âiâ

†
i )
〉

0

= (4t)2Nβψ2
(
−2π2γ2

)( n

U(n− 1)− µ
+

n+ 1

µ− Un

)
Combining this leading order correction to the free energy
expression in the last section we see up to order γ2 and
ψ2:

Fn =

(
U

2
n(n− 1)− µn

)
+4t

(
1 +

4tn

U(n− 1)− µ
+

4t(n+ 1)

µ− Un

)
(1− 2π2γ2)ψ2

We see that to this order the coupling to the gauge field
does not change the shape of the µ-U phase diagram.
However, we see that there is another way that this func-
tion can become singular:

∂F

∂ψ
= 0⇒ γ =

1

4π2
(15)

Indicating possible interesting behavior at large γ corre-
sponding to large flux per lattice site.

Examining the literature on such a topic[16, 19] we
see that in high flux regimes the shape of the superfluid-
insulator phase diagram does in fact change. However,
the critical behavior observed in these systems is associ-
ated with topological structures such as vortices[14, 20],
much like the phase transitions studied in class asso-
ciated with the XY model, and two dimensional melt-
ing problems[5]. Theoretical and experimental studies of
such transitions are ongoing because one of the most im-
portant outstanding problems in physics is the origin of
a particular type of topological excitation, the ν = 5/2
fractional quantum Hall state.

SUMMARY AND OUTLOOK

In conclusion, we have demonstrated the mean-field
phase diagram of the Bose-Hubbard model, shown how
such a model–with an interaction unlike the spin mod-
els covered extensively in class–corresponds to a Landau-
Ginzburg description, and how to include effects in the
Bose-Hubbard model like coupling to a gauge degree of
freedom. In addition, we have discussed how the Bose-
Hubbard model coupled to a gauge field also can lead to
the interesting physics of topological charges, especially
fractional quantum Hall states.

[1] K. B. Davis, M. O. Mewes, M. R. Andrews, N. J. van
Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle,
Phys. Rev. Lett., 75, 3969 (1995).

[2] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E.
Wieman, and E. A. Cornell, Science, 269, 198 (1995),
http://www.sciencemag.org/content/269/5221/198.full.pdf.

[3] B. DeMarco and D. S. Jin, Science, 285, 1703 (1999),
http://www.sciencemag.org/content/285/5434/1703.full.pdf.

[4] I. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys.,
80, 885 (2008).

[5] M. Kardar, Statistical Physics of Particles (Cambridge
University Press, 2007) ISBN 9780521873420.

[6] D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and
P. Zoller, Phys. Rev. Lett., 81, 3108 (1998).

[7] J. J. Sakurai, Modern Quantum Mechanics (Revised Edi-
tion), 1st ed. (Addison Wesley, 1993) ISBN 0201539292.

[8] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S.
Fisher, Phys. Rev. B, 40, 546 (1989).

[9] B. Bradlyn, F. E. A. dos Santos, and A. Pelster, Phys.
Rev. A, 79, 013615 (2009).

[10] D. van Oosten, P. van der Straten, and H. T. C. Stoof,
Phys. Rev. A, 63, 053601 (2001).

[11] F. E. A. dos Santos and A. Pelster, Phys. Rev. A, 79,
013614 (2009).

[12] G. K. Campbell, J. Mun, M. Boyd, P. Med-
ley, A. E. Leanhardt, L. G. Marcassa, D. E.
Pritchard, and W. Ketterle, Science, 313, 649 (2006),
http://www.sciencemag.org/content/313/5787/649.full.pdf.

http://dx.doi.org/10.1103/PhysRevLett.75.3969
http://dx.doi.org/10.1126/science.269.5221.198
http://arxiv.org/abs/http://www.sciencemag.org/content/269/5221/198.full.pdf
http://dx.doi.org/10.1126/science.285.5434.1703
http://arxiv.org/abs/http://www.sciencemag.org/content/285/5434/1703.full.pdf
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://books.google.com/books?id=1WlFhiz5UjwC
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://www.amazon.com/exec/obidos/redirect?tag=citeulike07-20&path=ASIN/0201539292
http://www.amazon.com/exec/obidos/redirect?tag=citeulike07-20&path=ASIN/0201539292
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevA.79.013615
http://dx.doi.org/10.1103/PhysRevA.79.013615
http://dx.doi.org/10.1103/PhysRevA.63.053601
http://dx.doi.org/10.1103/PhysRevA.79.013614
http://dx.doi.org/10.1103/PhysRevA.79.013614
http://dx.doi.org/10.1126/science.1130365
http://arxiv.org/abs/http://www.sciencemag.org/content/313/5787/649.full.pdf


5

[13] J. F. Sherson, C. Weitenberg, M. Endres, M. Cheneau,
I. Bloch, and S. Kuhr, Nature, 467, 68 (2010).

[14] Y. J. Lin, R. L. Compton, K. Jimenez-Garcia, J. V.
Porto, and I. B. Spielman, Nature, 462, 628 (2009).

[15] D. R. Hofstadter, Phys. Rev. B, 14, 2239 (1976).
[16] A. S. Sørensen, E. Demler, and M. D. Lukin, Phys. Rev.

Lett., 94, 086803 (2005).
[17] M. Aidelsburger, M. Atala, S. Nascimbène, S. Trotzky,

Y.-A. Chen, and I. Bloch, Phys. Rev. Lett., 107, 255301
(2011).

[18] J. Struck, C. Ölschläger, M. Weinberg, P. Hauke,
J. Simonet, A. Eckardt, M. Lewenstein, K. Seng-
stock, and P. Windpassinger, ArXiv e-prints (2012),
arXiv:1203.0049 [cond-mat.quant-gas].

[19] M. Niemeyer, J. K. Freericks, and H. Monien, Phys. Rev.
B, 60, 2357 (1999).

[20] C. Wu, H.-d. Chen, J.-p. Hu, and S.-C. Zhang, Phys.
Rev. A, 69, 043609 (2004).

http://dx.doi.org/10.1103/PhysRevB.14.2239
http://dx.doi.org/10.1103/PhysRevLett.94.086803
http://dx.doi.org/10.1103/PhysRevLett.94.086803
http://dx.doi.org/10.1103/PhysRevLett.107.255301
http://dx.doi.org/10.1103/PhysRevLett.107.255301
http://arxiv.org/abs/1203.0049
http://dx.doi.org/10.1103/PhysRevB.60.2357
http://dx.doi.org/10.1103/PhysRevB.60.2357
http://dx.doi.org/10.1103/PhysRevA.69.043609
http://dx.doi.org/10.1103/PhysRevA.69.043609

	Critical Phenomena of the Bose-Hubbard Model in Ultracold Atoms
	Abstract
	Bose Hubbard Model and Landau-Ginzberg Expansion
	Mean-Field Treatment
	Bose-Hubbard Model Coupled to a Vector Gauge Field
	Summary and Outlook
	References


