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Recall: No-External-Regret

Learning
Algorithm

Strategies

𝑥(𝑡) ∈ 𝑋

Utility vectors

𝑢(𝑡)

Objective: sublinear (external) regret

𝑅(𝑇) ≔ max
ො𝑥∈𝑋 

෍

𝑡=1

𝑇

⟨𝑢(𝑡), ො𝑥 − 𝑥(𝑡)⟩ 

𝑋 = Simplex for normal-form games

𝑋 = sequence-form polytope for 
extensive-form games



No-Regret Algorithms for EFGs

Different conceptual approaches exist:

Conversion to a single simplex of 
convex combinations of vertices

Decomposition into local decision 
problem over actions at each 

decision point

Use general convex optimization 
tools (e.g., FTRL)

Exploits structure 

of problem and 
specific learning 
algorithm

Less specialized; 

general tool



No-Regret Algorithms for EFGs

Different conceptual approaches exist:

Conversion to a single simplex of 
convex combinations of vertices

Decomposition into local decision 
problem over actions at each 

decision point

Use general convex optimization 
tools (e.g., FTRL)

Exploits structure 

of problem and 
specific learning 
algorithm

Less specialized; 

general tool

Key question:

How to sidestep 
exponential size?

Main idea:

𝑅(𝑇) ≔ max
ො𝑥∈𝑋 

෍

𝑡=1

𝑇

𝑢 𝑡 , ො𝑥 − 𝑥 𝑡

Every point in the polytope is a convex combination of its 
finitely many vertices V ≔ 𝑣1, … , 𝑣𝑚 . So, operate a 
change of variable: learn the convex combination, not the 

points 𝑥(𝑡)

𝑅(𝑇) ≔ max
෡𝜆∈Δ(𝑉) 

෍

𝑡=1

𝑇 ⋮
⟨𝑢 𝑡 , 𝑣⟩

⋮
, መ𝜆 − 𝜆(𝑡)

Perf. of vertex



No-Regret Algorithms for EFGs

Different conceptual approaches exist:

Conversion to a single simplex of 
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of problem and 
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Less specialized; 

general tool

Key question:

What is the local 
feedback?

Main idea:

Run a local no-regret algorithm at each 
decision point to update your strategy.

”Process” the utility vector 𝑢(𝑡) (which is 
for the whole sequence-form strategy) 
and chop it up into local feedback for 
each decision point.



No-Regret Algorithms for EFGs

Different conceptual approaches exist:

Conversion to a single simplex of 
convex combinations of vertices

Decomposition into local decision 
problem over actions at each 

decision point

Use general convex optimization 
tools (e.g., FTRL)

Exploits structure 

of problem and 
specific learning 
algorithm

Less specialized; 

general tool

Key question:

What regularizers are 
easy to deal with?

Main idea:

The sequence-form polytope is a convex set. So, we can 
apply the FTRL algorithm in its general form, and that 
guarantees no-regret

𝑥(𝑡) = arg max
𝑥∈Q

⟨𝑈(𝑡), 𝑥⟩ −
1

𝜂
𝜑(𝑥) 



Kernelized MWU
Applies generically to a set of combinatorial

games. We will see this in a later class.



Counterfactual Regret 
Minimization



Idea: Minimize regret globally on the tree
by thinking locally at each decision point

CFR updates strategies in behavioral form…

…but is a no-external-regret algorithm for 
sequence-form strategies

 
Papercut 

Alert

Counterfactual Regret Minimization



Big Picture Idea:

A B
C

D E F

Local 
Learner

Local 
Learner

Local 
Learner

Local 
Learner

Local 
Learner

Local 
Learner

Each local 
learner is 

responsible for 
refining the 

behavior at their 
decision point 

Can locally use 
regret matching, 

multiplicative 
weights update, 

…



Local Training Feedback

Each local learner receives as feedback what is known as a 
counterfactual utility vector

This is constructed starting from the 𝑢(𝑡)



Recall: Learning in Normal-Form Games

Learning
Algorithm

0.6

0.3

0.1

-2.0

+1.4

-0.7

StrategyUtility vector



Recall: Learning in Normal-Form Games

CFR 
Learning

Algorithm

𝑏1

𝑏2

𝑏1𝑏3

𝑏1𝑏4

Strategy
(in sequence form)

𝑏1 𝑏2

𝑏3 𝑏4

Probabilities of actions chosen 
by local learners

Local 
Learner

Local 
Learner



Recall: Learning in Normal-Form Games

-2.0

+1.4

-0.7

-0.4

Utility vector
(for sequence-form 
strategy)

Strategy

𝑏1 𝑏2

𝑏3 𝑏4

-2.0
+1.4 𝑏1

𝑏2

𝑏1𝑏3

𝑏1𝑏4

Strategy
(in sequence form)

CFR 
Learning

Algorithm-0.7 -0.4

Main question: what utility 
to pass to the local learners?

Local 
Learner

Local 
Learner



Counterfactual Utilities

𝑏1 𝑏2

𝑏3 𝑏4

-2.0
+1.4

-0.7 -0.4

Local 
Learner

Local 
Learner

Give to each local learner the expected utility in the subtree
rooted at each action:

ෞ𝑢3 = −0.7

ෞ𝑢4 = −0.4

ෞ𝑢2 = +1.4

ෞ𝑢1 = −2.0 + 𝑏3 ⋅ −0.7 + 𝑏4 ⋅ (−0.4)



Regret bound

• Theorem: the regret cumulated by CFR can be bounded as

𝑅𝐶𝐹𝑅
(𝑇)

≤ ෍

𝑗

max 0, 𝑅𝑗
𝑇

• Therefore: if the local regret minimizers all have regret 𝑂( 𝑇) , then 
CFR has regret 𝑂( 𝑇) (where the 𝑂 hides game-dependent 
constants) 

Decision points Local regret cumulated by learner at j



Implementation details

• Producing 
strategies is easy: 
query all local 
learners and 
construct the 
sequence-form 
strategy



Implementation details
• When 

feedback 
arrives, 
construct 
counterfactual 
utilities. It can 
be done with 
a single 
bottom up 
traversal!



Further pushing performance

• Regret Matching+ at each decision point (see Lecture 5)

• Use alternation

• When computing average strategy, weigh strategy at time t by t:

ҧ𝑥(𝑇) ∝ ෍

𝑇

𝑡 ⋅ 𝑥(𝑡) 

CFR+: CFR with the following settings:



Advantages of CFR

…On the other hand, it converges to equilibrium at a 1/sqrt(T) rate, 
rather than e^(-T)

Compared to linear programming, CFR is significantly more 
scalable

CFR uses an approach local to each decision point (easier to 
parallelize, warm-start, etc.)

- [Brown & Sandholm, Reduced Space and Faster Convergence in Imperfect-Information Games via Pruning. ICML-17]
- [Brown & Sandholm, Strategy-based warm starting for regret minimization in games, AAAI 2016]
- …
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   x  ( t ) ∈ X


   u  ( t )


   R  ( T ) ≔     max   x ^ ∈ X   ⁡   ∑  t = 1 T  ⟨  u  ( t ) ,  x ^ −  x  ( t ) ⟩  


  X


  X


   R  ( T ) ≔     max   x ^ ∈ X   ⁡   ∑  t = 1 T   ⟨   u   ( t ) ,  x ^ −  x   ( t ) ⟩


  V ≔  {   v 1 , … ,  v m }


   x  ( t )


   R  ( T ) ≔     max   𝜆 ^ ∈ Δ ( V )   ⁡   ∑  t = 1 T   ⟨   (      ⋮    ⟨  u   ( t ) , v ⟩    ⋮ ) ,  𝜆 ^ −  𝜆  ( t ) ⟩


   u  ( t )


   x  ( t ) =   arg ⁡      max  x ∈ Q ⁡  ⟨  U  ( t ) , x ⟩ −  1 𝜂 𝜑 ( x )  


   u  ( t )


   b 1


   b 2


   b 1  b 3


   b 1  b 4


   b 1


   b 2


   b 3


   b 4


   b 1


   b 2


   b 3


   b 4


   b 1


   b 2


   b 1  b 3


   b 1  b 4


   b 1


   b 2


   b 3


   b 4


     u 3 ^ = − 0 . 7


     u 4 ^ = − 0 . 4


     u 2 ^ = + 1 . 4


     u 1 ^ = − 2 . 0 +  b 3 ⋅  (  − 0 . 7 ) +  b 4 ⋅ ( − 0 . 4 )


   R  C F R  ( T ) ≤  ∑ j    max ⁡   {  0 ,    R j   ( T ) }


  O (  T )


  O (  T )


     x -  ( T ) ∝  ∑ T  t   ⋅  x  ( t )  

