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Abstract

We define a class of “algebraically characterizable” random matrices. These are random matrices
for which the Stieltjes transform of the limiting spectral measure is an algebraic function. The famous
semi-circle law for Wigner matrices and the Marcenko-Pastur law for Wishart matrices are special cases.

The practical utility of this definition can be succinctly summarized: if a random matrix is shown
to be algebraic then its limiting spectral measure can be computed using a simple root-finding algo-
rithm. Furthermore, if the moments exist, then the corresponding moment generating function will be
differentiably finite so that we will often be able to enumerate them efficiently in closed form.

Algebraicity of a random matrix acts as a certificate of the computability of its limiting spectral
measure and moments. We specify the class of such random matrices by its generators and demonstrate
that the transforms of “free probability” that encode free additive and multiplicative convolution can
be expressed as bivariate resultants. We present a simple computational realization, a random matrix
“calculator” as it were, based on the “polynomial method” that finally allows researchers to harness the
power of free probability and infinite random matrix theory.

Key words Random matrices, stochastic eigen-analysis, free probability, algebraic functions, resul-
tants, D-finite series.

1. Introduction

We propose a powerful method that allows us to calculate the eigenvalue distributions of a large class of
random matrices. We see this method as allowing us to expand our reach beyond the well known special cases
such as the semi-circle law [27], the Maréenko-Pastur law [10], the McKay law [11] or their close cousins [4,14].
In particular, we encode transforms of the distribution as roots of a bivariate polynomial equation. Then
canonical operations on the random matrices become operations on the bivariate polynomials.

As a simple example, suppose we take the Wigner matrix, generated in MATLAB as:

G = randn(N)/sqrt(N); A = (G+G’)/sqrt(2);

whose eigenvalues in the NV — oo limit follow the semicircle law, and the Wishart matrix which may be
generated as:

G = randn(N,2*N)/sqrt(2xN); B = G*G’;

whose eigenvalues in the limit follow the Marcenko-Pastur law. These laws have Stieltjes transforms m4(z)
and mp(z) that are roots of the equations LA, (m, z) = 0 and LE,(m, z) = 0, respectively, where LA, (m, z) =
m?+zm+1and L2 (m,2) =m?z — (—=22+ 1) m + 2. The sum and product of the random matrices have
eigenvalue distribution in the N — oo limit whose Stieltjes transform is a root of the bivariate polynomial
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equations LAFEB(m,z) = 0 and LAB(m, 2) = 0, respectively, which can be calculated from L2 and LE,
alone as shown below.

To compute LA+5 | we use the algorithm in Table First, we obtain the polynomials L;“g (r,g)=r—g
and L (r,g) = (g — 2)r + 2 from LA and LB, using the conversions labelled I and II in Table @l Then we
compute L;‘;‘B(r, g) = Ll‘% H, Lg =g%>—(2+7)g—2+2r, using the definition of B, in the upper panel of
Table @ Finally, the polynomial LAYB(m,2) = m® + (z +2)m? — (=22 + 1) m + 2 can be obtained from
L;‘;‘B using the conversions marked I and IT in Table El
Similarly, to compute L{E we use the algorithm in Table @ First, we obtain the polynomials
Li(s,y) = ys* — 1 and LE(s,y) = (2+y)s — 2 using the conversion labelled IV in Table @l Then we
compute Lg,B (s,y) = Lg K LSBy = (4y +4y?+ y3) 52 — 4, using the definition of the X, operator in the
lower panel of Table @ Finally, the polynomial LAB(m, 2) = m*22 —2m3z +m? +4mz + 4 can be obtained
from Lg,B using the conversion labelled IV in Table Al

Figure [ plots the limiting eigenvalue distribution for the Wigner and Wishart matrices as well as their
sum and product. One does not have to stop there; in fact, so long as the limiting density is encoded by a
bivariate polynomial one has access to a whole catalog of transformations (see Tables Bl and ) on random
matrices for which the eigenvalue distribution in the N — oo limit can be computed from L2 and LZ,
alone.

In this article we demonstrate how by encoding probability densities as bivariate polynomials, and deriv-
ing the correct operational laws on this encoding, we can take advantage of powerful symbolic and numerical
techniques to compute these densities and their associated moments. In particular, for the example consid-
ered, algebraically extracting the roots of these polynomials using the cubic or quartic formulas would be of
no use. Our hope in presenting the software version of the catalog operations, encoded as a random matrix
“calculator” [12], alongside the mathematics is that readers will take the code as a starting point for their
own experimentation and develop additional applications of the theory on which our ideas are based.

2. Motivation

A random matrix is a matrix whose elements are random variables. Let Axy be an N x N symmet-
ric/Hermitian random matrix. Its empirical distribution function (e.d.f.) is given by

B Number of eigenvalues of Ay <

FAN 2.1
(v) . (21)
We are interested in the associated (discrete or normalized counting) probability measure
1
fan(@) = 25(3: — ), (2.2)
where A1, A2, ..., Ay are the eigenvalues (counting multiplicities) of Ay and §(-) is the Dirac delta function.

For a large class of random matrices, the empirical distribution function FA~ converges in distribution
almost surely (or in probability) as N — oo to a non-random distribution function F4. Denote the cor-
responding spectral measure by fa. This predicted spectral measure tends to very well approximate the
eigenvalue distribution of “large enough” random matrices. In other words, the histogram of the eigenvalues
of a random matrix normalized to have area 1 when averaged over many trials or for one large random
matrix will be well approximated by this limiting spectral measure.

The limiting spectral measure can be encoded using the transforms listed in Table[ll The Cauchy/Stieltjes
transform is the most fundamental. The R and S transforms play a role in the computation of the limiting
spectral measure of the sum and product of random matrices respectively. The moment and eta transforms
are minor variations of the Stieltjes transform. Canonical random matrix operations can be expressed explic-
itly as transformations of the first four transforms. We encode these implicitly by deriving the operational
laws on the appropriate bivariate polynomials.
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Figure 1: A representative computation using the random matrix calculator.
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3. Our Algebraic Framework

Notation 3.1 (Bivariate polynomial). Let L, denote a bivariate polynomial of degree Dy in u and Dy
mov:

Dy
Luv = Luv('7 ) = Cik W Uk = Z lj(v) . (31)
° =0

The scalar coefficients c;j, are real valued.

Remark 3.2 (Irreducibility). Unless otherwise stated it will be understood that L., (u,v) is “irreducible”
in the sense that the conditions:

e Ip(v),...,Ip,(v) have no common factor involving v,
b lDu (U) # 07
o discr,(v) #0,

are satisfied, where discr,(v) is the discriminant of L, (u,v) thought of as a polynomial in v.

We are particularly focused on the root “curves,” uq(v),...,up, (v), i.e.,
Dy
Ly (u,v) =lIp, (v) H (u—u;(v)).
i=1

Informally speaking, when we refer to the bivariate polynomial L, with roots u;(v) we are actually consid-
ering the equivalence class of rational functions with this set of root curves.

Remark 3.3 (Equivalence class). The equivalence class of L, (u,v) may be characterized as functions
of the form L, (u,v)g(v)/h(u,v) where h is relatively prime to L, (u,v) and g(v) is not identically 0.

A few technicalities (such as poles and singular points) that will be catalogued later in Section [T] remain,
but this is sufficient for allowing us to introduce rational transformations of the arguments and continue to
use the language of polynomials.

Definition 3.4 (Atomic probability density). Let f(x) be a probability measure of the form:

K
fla) =3 piole =),

where the K atoms at \; € R have (non-negative) weights p; subject to Y. p; = 1. We refer to f(x) as an
atomic probability density or atomic probability measure and say that f(x) € Patom- Here Patom denotes the
class of atomic probability measures.

Remark 3.5. The probability measure in (Z2) is an atomic probability density.
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Definition 3.6 (Algebraic density). Let f(x) be a probability measure. Consider the Stieltjes transform,
m(z), which is a complex valued function defined on z € C\ R as:

r—z

m(z) = / ! f(x)dx for z€ C\R. (3.2)

If there exists a bivariate polynomial L., such that L ,(m(z),z) = 0 then we refer to f(z) as an algebraic
density or algebraic probability measure and say the [ € Pqy. Here Payg denotes the class of algebraic prob-
ability measures.

Notation 3.7 (Region of support). Let Sa denote the support of fa(x). Let 8§ and Sy denote the
atomic and non-atomic components of the support, respectively. Thus Sa = S84 U Sy

Definition 3.8 (Positive semi-definite algebraic density). Algebraic densities supported over the posi-
tive real axis are referred to as positive semi-definite. We denote the class of positive semi-definite densities

by P;ig. Thus, if Sa C [0,00) then we say that fa(x) € Pjg.

Some examples of algebraic densities follow.

Example 3.9. An atomic probability density is an algebraic densily since its Stieltjes transform is of the

form:
m(z) = Z /\ipi -

i=1

Example 3.10. The Cauchy distribution, which is the probability measure:

1

f(I):m,

has a Stieltjes transform m(z) which is the zero of Ly, (m,z) = (22 +1)m? + 2zm + 1. Hence it is an
algebraic density.

It is often the case that algebraic densities, according to our definition, will also be algebraic functions
themselves. We conjecture that this is a necessary but not sufficient condition. We show that it is not
sufficient by providing the counter-example below.

Counter-example 3.11. The quarter circle law is the probability measure:

f(x):47—x2 for x €0,2].

™

Its Stieltjes transform given by:

4—2v—=22+4n (_2+7 V72+4) + 27
B 2 ’

m(z) =

is clearly not an algebraic function. Thus f(z) ¢ Paig.
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Let Ay, for N =1,2,... be a sequence of N x N random matrices with real eigenvalues. Let FAN denote
the e.d.f., as in (ZT]). Suppose FAN converges weakly to F4 almost surely (or in probability) as N — oo,
then we say that Ay — A. Denote the corresponding limiting probability measure by f4.

Notation 3.12 (Mode of convergence). When necessary we highlight the mode of convergence thus: if
Ay %% A then the convergence (in distribution) is almost surely; if An L. A then the convergence (in
distribution) is in probability. When the distinction is not made then it is to be assumed that the results hold
for both modes of convergence.

Remark 3.13. The element A above is not to be interpreted as a matriz. There is no convergence in the
sense of an oo X oo matriz. We associate with each A, a probability measure f4.

Definition 3.14 (Atomic random matrix). If fa € Patom then we say that Ay is an atomic random
matriz. We represent this as Ay — A € Mugom where Muiom denotes the class of atomic random matrices.

Definition 3.15 (Algebraic random matrix). If fa € Pag then we say that Ay is an algebraically
characterizable random matrixz (often suppressing the word characterizable for brevity). We represent this
as Ay — A € Mg where My, denotes the class of algebraic random matrices. Note that by definition,

Matom C Malg~

Remark 3.16. When we label a random matric An as algebraic, it is to be understood that we are charac-
terizing the sequence of random matrices Ay .

Remark 3.17. It will be assumed that the random matriz transformations operate on and produce well-
defined symmetric/hermitian matrices with real eigenvalues. The conditions will be obvious from context.
Thus, for example, the matric Cny = Any X By makes sense only if Anx or By or both are positive semi-
definite so that Cn = A}V/QBNA}V/2 or Cny = B}V/2ANB}V/2. Here A}V/2 denotes the symmetric square root
Of AN .

Remark 3.18 (Proof by construction). In this article we prove existence of the bivariate polynomial by

construction. Thus, if An — A € Maig, we assume that Léz is known.

4. Main Results

The ability to describe the class of algebraic random matrices and the technique needed to compute the
associated bivariate polynomial is at the crux our investigation. In the theorems that follow, we accomplish
the former by cataloguing random matrix operations that preserve algebraicity of the limiting spectral
measure.

4.1 Deterministic transformations

We first consider some simple deterministic transformations on an algebraic random matrix Ay that
produce an algebraic random matrix By.
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Theorem 4.1. Let Ay — A € Mai. Then,
1. By = (0 AN +qIN)/(rAn + sIy) — B € My, if {—s/r} ¢ S (see Notation [51),
2. Ay =X, nX, v then By = X, yXpn — B € My,
3. By =diag(A,,aln_y,) — B € M,
4. A, =diag(By,al,_n); By = B € My,.
5. By = (An)’ — B € My,
Here a, p, q, r, and s are real-valued scalars, n/N — ¢ > 0 asn, N — 0o and Iy is the N x N identity matriz.
Theorem EET11 leads to the useful corollary below.
Corollary 4.1. Let Ay — A € Ma. Then,
1. By = Ay — B e My, if {0} ¢ S5,
2. By =aAn — B € My,
3. By =An+aly — B e M,y,.

A simple extension of Theorem B3 shows that a block diagonal random matrix Cy constructed from
two algebraic random matrices Ay and By is also algebraic.

Theorem 4.2. Let Ay — A € Mug and By — B € Maz. Then, Cy = diag(A,,,By) — C € My,.
Here M =n+ N and n/N — ¢ >0 as n, N — oco.

4.2 Stochastic transformations

Definition 4.3 (Gaussian-like random matrix). Let Yy 1 be an N x L matriz with independent, iden-
tically distributed (i.i.d.) elements having zero mean, unit variance and bounded higher order moments. We
label the matriz Gy 1, = %YML as a Gaussian-like random matriz.

We can generate a Gaussian-like random matrix in MATLAB as G = sign(randn(N/L))/sqrt(L).Gaussian-
like matrices are labelled thus because they exhibit the same limiting behavior in the N — oo limit as “pure”
Gaussian matrices generated as G = randn(N/L) /sqrt(L).
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Definition 4.4 (Wishart-like random matrix). Let Gy 1 be a Gaussian-like random matriz. We label
the matrix W = G, 1, X GQV,L as a Wishart-like random matriz. Let cy = N/L. We denote a Wishart-like
random matriz thus formed by W n(cn). The limiting spectral measure of the Wishart-like random matrix
is the Marcéenko-Pastur law which is an algebraic density.

We now consider some simple stochastic transformations that “blur” the eigenvalues of Ay by injecting
additional randomness. We show that canonical operations involving an algebraic random matrix, Ay, and
Gaussian-like and Wishart-like random matrices produce an algebraic random matrix B .

Theorem 4.5. Let Ay — Ag./\/lalg. Then,
1. By =Ayny + GIL)NTLGLJV&B S Malg, if T 25T e Matom,

2. By = Ay x Wi (en) == B € May, if fa € P,

3. By = (A}\{Q + \/EGN,L)(A}\{Q +5GNL) 25 B e My, if fa € P

alg”

where A}\{Q denotes a an N X L matriz such that (A%Q)(A}\{Q)/ = AnN. Here s is a non-negative real-valued
scalar and cy = N/L — ¢>0 as N,L — oo.

Given two algebraic random matrices Ay and By, we can add and multiply them, provided we spin around
the eigenvectors of one of these matrices randomly, to obtain an algebraic random matrix Cy.

Theorem 4.6. Let Ay —= A € Mg, By L.Be Mg and Qn is an N x N Haar orthogonal/unitary
random matriz independent of Anx and By. Then,

1. CN:AN“FQNBNQ;VLCEM&]%
2. CN:ANXQNBNQ;VLCEMalg
Here multiplication makes sense only if the resulting matriz has real eigenvalues.

When both f4 and fp in Theorem EL0 are compactly supported, it is possible to strengthen the mode
of convergence to almost surely [9]. With careful analysis, we believe that it should be possible to derive
almost sure convergence when either or both of the densities are non-compact.

Definition 4.7 (Orthogonally/Unitarily invariant random matrix). If the joint distribution of the
elements of a random matriz Ay is invariant under orthogonal/unitary transformations, it is referred to as
an orthogonally/unitarily invariant random matriz.

If Ay (or By) or both are an orthogonally /unitarily invariant sequence of random matrices then Theorem
Ed can be stated more simply.
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Corollary 4.2. Let Ay Ny = Mg and By — B 2, Maig be a orthogonally/unitarily invariant random
matriz independent of An. Then,

1. Cy = Ay +By 20 € My,
2. Cn =ApN X BNL)OEMalg
Here multiplication makes sense only if the resulting matriz has real eigenvalues.

In the above corollary, the limiting spectral measure of Cy is computed from the limiting spectral mea-
sure of A and By by free additive and multiplicative convolution respectively. Thus we may readily infer
the properties of algebraic densities have under free additive and multiplicative convolution.

Corollary 4.3. Algebraic densities form a semi-group under free additive convolution.

Corollary 4.4. Positive semi-definite algebraic densities form a semi-group under free multiplicative con-
volution.

5. The polynomial method and algebraic varieties

For a canonical random matrix operation, the computation of the transformed bivariate polynomial L,
relies on manipulations between various bivariate polynomials. In this article, the important interconnected
bivariate polynomials will turn out to be:

e L .(m,z), where m(z) is the Stieltjes transform,
e L,(r g), where r(g) is the R transform and,

e L. (s,y), where s(y) is the S transform.

Each of the transforms encode information about the limiting spectral measure we are interested in. The
bivariate polynomials define each transform implicitly via the equation L, (u,v) = 0 . Moreover, each bi-
variate polynomial, say L,,,, can be obtained from another bivariate polynomial, say L,,, by a very simple
change of variables. The transformations between the polynomials, summarized in Table Bl is an important
component of our technique.

Definition 5.1 (Algebraic variety for algebraic random matrices). In algebraic terms, given polyno-
mials L L.,, and L, the algebraic variety, Vayg, is defined as the set:

mz’ rg’ sy’

Valg( Ly L, Lsy) ={a=[m,z,rg,s, y]T € CY L.,(m,z)= Lrg(r, g) = Lsy(s, y) = 0}. (5.1)



The polynomial method 10

Example 5.2 (Algebraic variety for the Wigner matrix). The limiting spectral measure of the Wigner
matriz is giwen by the semi-circular law:

Nowr

falz) = 2

for x € [-2,2]. (5.2)
The Stieltjes transform, m(z), of this density is a zero of the bivariate polynomial L, = m?+mz+1. The
R transform r(g) is a zero of the bivariate polynomial L;“g = r — g while the S transform s(y) is a zero of the

4 = s2y—1. The bivariate polynomial equations define an algebraic variety as in 1)

bivariate polynomial LS, =

Canonical random matrix transformations (summarized in Tables BIf) are mapped into transformations
of the algebraic variety. This transformation, though not explicitly described in terms of the variety, involves
a sequence of steps that are captured in the example considered. First, we compute the projection onto C?
for the (m, z) or (r,g) or (s,y) coordinates. Then we compute the transformation of the appropriate bivari-
ate polynomial in this coordinate system. Finally, use the relationship between the bivariate polynomials to
compute the algebraic variety defined in CS.

The key idea is that some random matrix transformations, say Ay —— By, can be most naturally
expressed as transformations of L:, — L2 : others as L;“g — Lr'% while some as Lg — Lg. Hence we
manipulate the bivariate polynomials to the form needed to apply the appropriate operational law (which
we shall derive) and then reverse the transformations to obtain the bivariate polynomial LZ,. Once we have

mz*
LE  the spectral measure and the associated moments can be readily computed.

6. Transform representations

6.1 The Stieltjes transform and some minor variations

The Stieltjes transform of the spectral measure f4(x) is given by

mA(Z):/x L ZfA(:zr)da: for € C\R. (6.1)
The Stieltjes transform as in () is well-defined for values of z € C\ S4; particularly, it is real valued for
z € R\ S4. If there are any atomic components in the region of support, i.e. Sfi = (), the Stieltjes transform
will have a pole at those values of z € Sﬁx C R. The Stieltjes transform is discontinuous at other values of
z € § though its real part is continuous and given by a Cauchy principal value integral. This discontinuity
is a consequence of the fact that

gli%hlm mA(z+i§):—£lirél+Im ma(z — i) for € S,

i.e. the Stieltjes transform is “double valued” in the region of support. The Stieltjes transform can also be
interpreted as an expectation with respect to the spectral measure f4(x) such that

mA(z):EX[ ! ]

r—z

A natural consequence of this interpretation is that for any invertible function h(x) continuous over Sy, the
Stieltjes transform m4(z) can also be written in terms of the random variable y = h(z) as:

ma(z) = Ex [%] _ By [W] (6.2
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where h(~1(zx) is the inverse of h(x) with respect to composition i.e. h(h{~"(z)) = x. Equivalently, the
expectation with respect to the measure on y can be expressed in terms of the measure on x as

apt] - m =]

The well-known Stieltjes-Perron inversion formula [1] can be used to recover the probability measure from
the Stieltjes transform:

falz) = %Eli%L%mA(x—l—if). (6.4)

In a portion of the literature on random matrices, the Cauchy transform is defined as:

ga(z) = / L fy(@)de.

z—x
The Cauchy transform is identical to the Stieltjes transform, as defined in (&), except for a sign change:

ga(z) = —ma(z). (6.5)

6.2 The moment transform

When the spectral measure f4(x) is compactly supported, the Stieltjes transform can also be expressed
as a “multipole” series expansion analytic about z = oo as:

O i o MA
mA(z):—/S Z%j}l(m)d:vz—%—zzjil, (6.6)

A j=0 j=1

where M JA are the associated moments. The ordinary moment generating function, p4(2), is a power series
analytic about z = 0 defined as

pa(z) = ZMJA 29, (6.7)
=0

where M§' = 1. The moment generating function, referred to as the moment transform, is related to the
Stieltjes transform as:

z z

pa(z) = —2ma (1) | (6.5)

Equivalently, the Stieltjes transform can be written in terms of the moment transform as:

mAz) = s (1) | (6.9)

z

The eta transform, introduced by Tulino and Verdu in [22], is a minor variation of the moment transform.
It and can be written in terms of the Stieltjes transform as:

na(z) = ~ma <—1) | (6.10)

z z

while the Stieltjes transform can be written in terms of the eta transform as:

ma(z) = —na (—1) | (6.11)

z
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6.3 The R transform

The R transform is defined in terms of the Cauchy transform as:

ra(x) =g V() - 1, (6.12)

where 91(4—1> (z) is the functional inverse of g4 (z) with respect to composition. It will often be more convenient

to use the expression for the R transform in terms of the Cauchy transform given by:
ra(g) =z(g) — - (6.13)

The R transform can be written as a power series whose coefficients, K JA, are known as the “free cumulants”.
For a combinatorial interpretation of free cumulants, see [18]. Thus the R transform is the (ordinary) free
cumulant generating function:

ralg)=>_ Kigh (6.14)
j=1

6.4 The S transform

The S transform is relatively more complicated. It is defined as:

_l—l—z

- T (2) (6.15)

s4(2)

where T 4(z) can be written in terms of the Stieltjes transform m(z) as:
1
YTalz)=——-ma(l/z) - 1. (6.16)
z

This definition is quite cumbersome to work with because of the functional inverse in ([@IH). It also places
a technical restriction (to enable series inversion) that Mj* # 0. We can, however, avoid this by expressing
the S transform algebraically in terms of the Stieltjes transform as shown next. We first plug in T 4(2) into
the left-hand side of (EIH) to obtain

sa(Ta(z)) = %é)(z) z.

This can be rewritten in terms of m(z) using the relationship in (EIG) as:

1 zm(1/z)
—m(1)z) 1) = IR
sal zm( /2)=1) m(l/z) + 2
or, equivalently:
m(z)
- 1) = —F———. 1
sa(=zm(z) = 1) = (617)
We now define y(z) in terms of the Stieltjes transform as y(z) = —zm(z) — 1. Tt is clear that y(z) is an
invertible function of m(z). The right hand side of {@I1) can be rewritten in terms of y(z) as:
m(z m(z
saly()) =~ ) (6.19)

y(z)  zm(z)+1°

Equation ([EIF) can be rewritten to obtain a simple relationship between the Stieltjes transform and the S
transform:

ma(z) = —ysa(y) (6.19)



The polynomial method 13

Noting that y = —zm(z) — 1 and m(z) = —y sa(y) we obtain that:

y=zysaly) —1

or, equivalently
y+1

ysaly)

z =

(6.20)

7. Bivariate polynomials

We define more formally six interconnected bivariate polynomials denoted by L,,,, Lg,, L, Ly, L,,,
and L,,. We assume that L, (u,v) is a bivariate polynomial of the form in ({II). The main protagonist of
the transformations we describe in this article is the bivariate polynomial L, which implicitly defines the
Stieltjes transform m(z) via the equation L _,(m,z) = 0. Starting off with this polynomial we can obtain

the polynomial L,, using the relationship in (E3) as

ng(g,z) = Lmz(_gvz)' (71)

Perhaps we should explain our abuse of notation. Given any one polynomial, all six polynomials exist. The
two letter subscripts not only tell us which of the six polynomials we are focusing on, it provides a convention
of which dummy variables we will use. The first letter in the subscript represents the transform; the second
letter is a mnemonic for the variable associated with the transform that we use consistently in our software
and this article. With this notation in mind, we can obtain the polynomial L,, from L,, using (EI3) as:

1
Lrg(rv g) = ng (Q,T + ;) . (72)
Similarly, we can obtain the bivariate polynomial Ly, from L,,, using the expressions in ([EI9) and @20) to

obtain the relationship
1

Ly =Ly, (—ys, y:}; ) . (7.3)
Based on the transforms discussed in Section Bl we can derive transformations between additional pairs
of bivariate polynomials depicted by the bidirectional arrows in Figure [ and listed in the third column
of Table Bl Specifically, the expressions in [E8) and (EII) can be used to derive the transformations
between L,,, and L, and L,,, and L,, respectively. The fourth column of Table H lists the MATLAB
function, implemented using its Maple based Symbolic Toolbox, corresponding to the bivariate polynomial
transformations depicted in Figure @l In the MATLAB functions, the function irreducLuv (u,v) listed in
Table [[l that ensures that the resulting bivariate polynomial is irreducible by clearing the denominator and
making the resulting polynomial square free.

Example: Let f(z) be an atomic probability measure:

f(z) = 0.55(z) +0.55(z — 1). (7.4)

The Stieltjes transform of f(z) is:

0.5 L 0.5
00—z 1-2’
which can be written as the solution to the equation:

m(z) =

m(0—2)(1—2)—0.5(1-22)=0,
thereby allowing us to identify the bivariate polynomial L, (m,z) as simply:

L.,(mz)=m(2z—22%) — (1 —22). (7.5)
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VI Legend

Stieltjes transform
Cauchy transform
R transform
S transform

oment transform
ta transform

(2)

gZ < > Ll’l’lZ < > (g)
s(y)

(2)

(2)

Figure 2: The six interconnected bivariate polynomials; transformations between the polynomials, indicated
by the labelled arrows, are given in Table El

3=
2=

We can obtain the bivariate polynomial ng(g, z) by applying the transformation in ([Zl) to the bivariate
polynomial L2 given by ([ZH) so that

Ly, (9,2) = —g(22 —22%) — (1 — 22). (7.6)

Similarly, we can just as easily obtain the bivariate polynomial Lrg(r, g) from L,, by applying the transfor-
mation in [ZZ). On doing so, we first obtain the intermediate function:

1 1\? 1
—qg 2<T—|——>—2<7’—|——) —(1—2(7’—!——))
g ) )
which on simplification gives us the bivariate polynomial:
— 2
Lrg(r,g) =—142gr°+(2-2g9)r (7.7)

The bivariate polynomial Ly (s,y) can be obtained from L,,, by applying the transformation in [Z3). On

doing so, we first obtain the intermediate function:

et -2 (57)) - (-7

which on simplification gives us the bivariate polynomial:

Lg(s,y)=(1+2y)s—2—2y. (7.8)

Table Bl tabulates all the bivariate polynomial encodings for the density in ([[ZZl), the semi-circle law and the
Marc¢enko-Pastur law.
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Transform Notation Utility
Stieltjes transform m(z) Encodes spectral measure
Cauchy transform g(z) Same as above (different sign convention)
R transform r(g) Sum of random matrices
S transform s(y) Product of random matrices
Moment transform w(z) Ordinary moment generating function
Eta transform n(z) Wireless communications

Table 1: Transforms of the limiting spectral measure.

Procedure MATLAB Code

function Luv = irreducLuv(Luv,u,v);

Simplify and clear the denominator | L = numden(simplify(expand(Luv)));
L = Luv / maple(’gcd’,L,diff(L,u));
Make square free L = simplify(expand(L));
L = Luv / maple(’gcd’,L,diff(L,v));
Simplify Luv = simplify(expand(L));

Table 2: Making L, irreducible.

L Bivariate Polynomials L Bivariate Polynomials

L., | m2z—-22%)—(1-22) Ly, || czm?—(1—c—2)m+1

Ly, || —9(22—22%) —(1-22) Ly, || cz®+(1—c—2)g+1

Ly || 14292+ (2-29)r Ly || (cg=1)r+1

Ly, || (1+2y)s—2—-2y Ly, (02y+1)s—1

L, || (=2+22)p+2-2 L,, quc—(zc—i—l—z)u—i—l

L, || 2z2+2)n—-2-2 Ly, || n°2c+(—zc+1-2)n—1
(a) The atomic measure in (ZZ). (b) The Marcenko-Pastur law.

H Bivariate polynomials ‘

L

L m?>+mz+1
L, || 9*—gz+1

L, r—g

L s2y—1

L pu22? —pu+1
L 222 —n+1

(¢) The semi-circle law.

Table 3: Bivariate polynomial encodings of some algebraic probability measures.



The polynomial method

Label Conversion

Transformation

MATLAB Code

function Lmz = Lgz2L mz(Lgz)
symsmgz
Lmz = subs(Lgz,g,-m);

function Lgz = Lmz2Lgz(L mz)
symsmgz
Lgz = subs(Lmz,m,-);

function Lgz = Lrg2Lgz(Lrg)
symsrgz

Lgz = subs(Lrg,r,z-1/g);

Lgz = irreducLuv(Lgz,9,2);

function Lrg = Lgz2Lrg(Lgz)
symsrgz

Lrg = subs(Lgz,g,r+1/g);

Lrg =irreducLuv(Lrg,,g);

Il L,,<=L

function Lmz = Lrg2Lmz(Lrg)
symsmzrg

Lgz = Lrg2Lgz(Lrg);

Lmz = Lgz2Lmz(Lgz);

function Lrg = Lmz2Lrg(Lmz)
symsmzrg

Lgz = Lmz2Lgz(Lmz);
Lrg=Lgz2Lrg(Lg2);

m

— —zm—1
Sy(2m+1' =m )

function Lmz = Lsy2L mz(Lsy)
symsmzsy

Lmz = subs(L sy,s,m/(z* m+1));
Lmz = subs(Lmz,y,-z*m-1);
Lmz = irreducL uv(Lmz,m,z);

function Lsy = Lmz2Lsy(Lmz)
symsmzsy

Lsy = subs(Lmz,m,-y*s);

Lsy = subs(Lsy,z,(y+1)/ly/s);
Lsy =irreducLuv(Lsy,s)y);

function Lmz = Lmyuz2L mz(Lmyuz)
symsm myu z

Lmz = subs(L myuz,z,1/2);

Lmz = subs(L mz,myu,-m*z);

Lmz = irreducL uv(Lmz,m,z);

function Lmyuz = Lmz2L myuz(L mz)
symsm myu z

Lmyuz = subs(Lmz,z,1/2);

Lmyuz = subs(L myuz,m,-myu*z);
Lmyuz = irreducLuv(Lmyuz,myu,z);

Vi L.<L

function Lmz = Letaz2L mz(L etaz)
symsm etaz

Lmz = subs(L etaz,z,-1/z);

Lmz = subs(L mz,eta,-z* m);

Lmz = irreducLuv(Lmz,m,z);

function Letaz = Lmz2L etaz(L mz)
symsmetaz

Letaz = subs(Lmz,z,-1/z);

Letaz = subs(L etaz,m,z* eta);

Letaz = irreducLuv(L etaz,eta,z);

Table 4: Transformations between the different bivariate polynomials. As a guide to MATLAB notation,
the command syms declares a variable to be symbolic while the command subs symbolically substitutes

16

every occurrence of the second argument in the first argument with the third argument. Thus, for example,
the command y=subs (x-a,a, 10) will yield the output y=x-10 if we have previously declared = and a to be
symbolic using the command syms x a.
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8. Algebraic operations on algebraic functions

Algebraic functions are closed under addition and multiplication. Hence we can add (or multiply) two al-
gebraic functions and obtain another algebraic function. We show, using purely matrix theoretic arguments,
how to obtain the polynomial whose zeros are the sum (or product) of two algebraic functions without
ever actually computing the roots. In Section [0l we interpret this computation using the concept of resul-
tants [21] from elimination theory.

Definition 8.1 (Companion Matrix). The companion matriz C,(,) to a monic polynomial

a(@)=po+pre+...+ap " 2"

is the n X n square matrix

0 —ao

1 e e e —ay
ca(m): 0 —az

0 1 —Qn—1

with ones on the sub-diagonal and the last column given by the negative coefficients of a(x).

Remark 8.2. The eigenvalues of the companion matriz are equal to the roots of a(x). This is intimately
related to the observation that the characteristic polynomial of the companion matrix equals a(x), i.e.,

a(z) = det(z I, — Cy(a)).

Consider the bivariate polynomial L, as in (BI). By treating it as a polynomial in u whose coefficients

are polynomials in v:
Dll

Ly (u,0) = > 1i(0)w, (8.1)
j=0

we can create a companion matrix C!l, whose characteristic polynomial as a function of w is the bivariate

polynomial L. The companion matrix C%, is the D,, x D,, matrix in Table @

Ccu, MATLAB code
(1) oo :;?EZ;%E“ Ezg gltrllCilOdnoL?blio?mls;;\lf((’j(i‘(glggzi,li)uv,u));
u LDu = maple(’coeff’,Luv,u,Du);
0 “ly(v) /I, (v) Cu = sym(zeros(Du))+diag(ones(Du-1,1),-1));
: . for Di = 0:Du-1
o .. 1 b1 (v)/Ip, (v) egg(Di—i-l,Du) = -maple(’coeff’,Lt,u,Di) /LDu;

Table 5: The companion matrix C! , with respect to u, of the bivariate polynomial L, given by &II).

Remark 8.3. Analogous to the univariate case, the characteristic polynomial det(ul — CL ) = L, (u,v),
where the equality is understood to be with respect to the equivalence class of L. The “eigenvalues” (eigen-
functions to be exact) of C,,, are the roots of the algebraic equation L., (u,v) = 0; specifically we obtain the
algebraic function u(v).
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Definition 8.4 (Kronecker product). If A,, (with entries a;;) is an m x m matriz and By, is a n x n
matriz then the Kronecker or tensor product of A,, and B, denoted by A,, ® B,,, is the mn x mn matric
defined as:

a11Bn e a1nBn
Am ® B, =

aml‘Bn CLm'y;,Bn
Theorem 8.5. If o; and 3; are the eigenvalues of A,, and B,, respectively, then
1. a; + B is an eigenvalue of (A, @1,) + (I, @ By,),
2. a; 3 is an eigenvalue of A, @ By,

fori=1,....m,j=1,...,n.

Corollary 8.1. Let uy(v) be a root of the algebraic function Ll

companion matriz CUL. Let uz(v) be a root of the algebraic function L
the D? x D? companion matriz C2. Then

or equivalently an eigenvalue of the D} x D}

2, or equivalently an eigenvalue of

1. ug(v) = u1(v) +ug(v) is an eigenvalue of the matriz C33 = (Cul @ Ip2) 4 (Ip1 ® Ci2),

uv
2. uz(v) = uy(v)uz(v) is an eigenvalue of the matriz Cl2 = ClL @ Cl2.

Equivalently us(v) is the root of the algebraic function L3 = det(ul — C13).

We represent the binary addition and multiplication operators on the space of algebraic functions by the
symbols H, and K, respectively. Addition and multiplication are defined as in Table B Note that the
subscript ‘v’ in B, and X, provides us with an indispensable convention of which dummy variable we are
using. Table [ illustrates the B and X operations on a pair of bivariate polynomials. No human need try
and replicate these by hand. The D,, +1 x Dy +1 matrix T, lists only the coefficients ¢;; for the term ut vl
in the polynomial L, (u,v). Note that the indexing for i and j starts with zero.

Operation: L, L2 +—— L3 MaTLAB Code
function Luv3 = LlplusL2(Luvl,Luv2,u)
Cul = Luv2Cu(Luvl,u);

3 _ 71 2 = i ==
L3, =L B, L3, =det(ul — C!), where if %&1;1: 2*0123‘:2)
2Cu Ll =12 else
Cus — uv uv uv? Cu2 = Luv2Cu(Luv2,u);
uv

. Cu3 = kron(Cul,eye(length(Cu2 .
(CE%’ ® IDE) + (IDllx ® CE%’) otherwise. +kro(n(eye(¥ersgthg(0151)),()3)132;;_
end

Luv3 = det(u*eye(length(Cu3))-Cu3);
function Luv3 = LltimesL2(Luvl,Luv2,u)
Cul = Luv2Cu(Luvl,u);

Lﬁv = Llllv Xy L121v = det(U‘I - 033)5 where if (Luvl == Luv2)
u w2 - ) Cu3 = Cu2;
Cy = (Cuxlz) if Ly, = Ly, else
Gl = Cu2 = Luv2Cu(Luv2,u);
Ci3 = Cll ® Cl2 otherwise. Cu3 = kron(Cul,Cu2);
end

Luv3 = det(u*eye(length(Cu3))-Cu3);

Table 6: Formal and computational description of the H, and X, operators acting on the bivariate poly-
nomials L. (u,v) and L2 (u,v) where C'. and C!2 are their corresponding companion matrices
constructed as in Table l and ® is the matrix Kronecker product.
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uv

CV

uv

L, =v*v+u(l—v)+0?

—u2+u

L2

o=t (v¥=3v+1)+u(l+v)+0?

U —Uu

u? +1
3u? —u
u? +1

Llllv EElU L121V

Llllv XIU L121V

[«

NoWwW

N W ke W N =

Table 7: Examples of B and X operations on a pair of bivariate polynomials, L., and L2, .




The polynomial method

20

X
(A1/2 4 \/EG)/

where a,,, =1+ scm.

B Operation | Lia(m, 2) | MATLAB code
Deterministic Transformations
function LmzB = mobiusA (LmzA,p,q,r,s)
LA m—f.r —a |, symsmz
pA+ql ““Mobius"’ mz2\ B, s—fB.ray’ alpha= ((g-s*2)/(p-r* 2);beta=1/(p-r* 2);
rA+sI . o . . temp_pol = subs(LmzA,z,-alpha);
where a, = (q § Z)/(p T Z)’ temp_pol = subs(temp_pol,m,((m/beta)-r)/(s-r*apha));
and 8, =1/(p—r2). LmzB = irreducL uv(temp_pol,m,2);
1 . i A 2 1 function LmzB = invA(LmzA)
A Invert L (-2 —2°m, ) LmzB = mobiusA(LmzA 0,1,1,0);
””””””””””””””””””””””””””””””””””””””””””””” function LmzB = shiftA(LmzA dpha) |
“ e A
A+al Translate Linz(m, 2z — a) LmzB = mobiusA(LmzA 1,dpha0,1);
oA " Seale” Lins (2. 3) LB = oA mAAPA00.):
= alpha0,0,1);
Si £ A function LmzB = projectA(LmzA c,alpha)
A 0 “Projection/ reot A o symsmz
Size of B mb = (1-(1/c))* (1/(alpharz))+m/c;
0 ol Transpose”’ temp_pol = subs(LmzA,m,mb);
LA 1 1 1 m LmzB = irreducLuv(temp_pol,m,z);
mz | (1— Z) a—z ¢ < function LmzB = augmentA (LmzA c,alpha)
B 0 symsmz
A = " P Size of A mb = (1-(1/c))* (1/(alpha-z))+m/c;
0 ol Augmentation —  —sc<1 temp_pol = subs(LmzA,m,mby);
Size of B LmzB = irreducLuv(temp_pol,m,z);
Stochastic Transformations
A function LmzB = AplusWish(LmzA,c,p,lambda)
A—l—G,TG ‘“*Add Lina(m, 2 — o), symsmz
Atomic Wishart ' where o, = ¢ Zfl_l _p,}\/\,,-, , alpha = z-c*sum(p.* (lambda./(1+lambda* m)));
. =1 1+Aim temp_pol = subs(LmzA,z,z-alpha);
with Zz pi =1 LmzB = irreducL uv(temp_pol,m,2);
p function LmzB = AtimesWish(LmzA c)
o . LA «a m symsmzzl
A x W(c) Multiply mz TEY s ) alpha = (1-c-c*z1*m); temp_pol = subs(LmzA,m,m*alpha);
Wishart™’ ' temp_pol = subs(temp_pol .z,z1/alpha);
where a, » = (1 —c—cz m). tempJ)oI_ = subs(temp_pol,z1,z); % Replace dummy variable
’ LmzB = irreducL uv(temp_pol,m,z);
1/2 m function LmzB = AgramG(LmzAc,s)
(A2 +/sG) _ éz (—,a%nz—f—ams(c—l)), symsmz
““Grammian’’ Ay apha= (1+s*c*m); beta = alpha* (z* dphats* (c-1));

temp_pol = subs(subs(LmzA,m,m/alpha),z,beta);
LmzB = irreducL uv(temp_pol,m,z);

Table 8: Operational laws on the bivariate polynomial encodings (and their computational realization in
MATLAB) corresponding to a class of deterministic and stochastic transformations. The Gaussian-like

random matrix G is an N x L, the Wishart-like matrix W(¢) = G G" where N/L — ¢ > 0 as N, L — oo,
and the matrix T is a diagonal atomic random matrix.
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Operational Law MATLAB Code

function LmzB = squareA(LmzA)
mz

- N
LéZ(Qm\/E, \/E) Léz(—2m\/2,—\/2) Lmzl = subs(LmzA,z,sqrt(z));

Lmzl = subs(Lmzl,m,2*m*sqrt(z));
Lmz2 = subs(LmzA,z,-sqrt(z));

B Lmz2 = subs(Lmz2,m,-2*m*sqrt(z));
!
LB
mz LmzB = LiplusL2(Lmzl,Lmz2,m);
LmzB = irreducLuv(LmzB,m,z);
(a) LA, — LB, for A — B = A2
Operational Law MATLAB Code
Léz Lﬁz function LmzC = AblockB(LmzA,LmzB,c)
| | sSyms m z mu
LA (2 LB (-
i ¢’ )\ % mZ(l*c’ ) LmzAl = subs(LmzA,m,m/c);
LmzB1 = subs(LmzB,m,m/(1-c));
B
g LmzC = LiplusL2(LmzAl,LmzB1,m);
Lmz LmzC = irreducLuv(LmzC,m,z);

(b) LA, LA +—— LS, for A,B — C = diag(A, B) where Size of A/ Size of C — c.

Operational Law MATLAB Code
A LB
inz inz function LmzC = AplusB(LmzA,LmzB)
syms m zr g
A B
Ly, L
N\ e LrgA = Lmz2Lrg(LmzA) ;
H, LrgB = Lmz2Lrg(LmzB);
!
chg LrgC = LiplusL2(LrgA,LrgB,r);
|
LG LmzC = Lrg2Lmz(LrgC);
mz

() LA, LB, —— LS, for AB— C=A + QBQ'.

Operational Law MATLAB Code
LA LB
inz Ian function LmzC = AtimesB(LmzA,LmzB)
A I syms m z s y
sy sy
N\ / LsyA = Lmz2Lsy(LmzA) ;
X LsyB = Lmz2Lsy(LmzB) ;
l
LSC; LsyC = LitimesL2(LsyA,LsyB,s);
l‘
.C LmzC = Lsy2Lmz(LsyC) ;
mz
(d) LA, LB, — LS for A,B— C=Ax QBQ’.

Table 9: Operational laws on the bivariate polynomial encodings for some canonical random matrix trans-
formations. The operations H, and X, are defined in Table [@
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9. Operational laws on the bivariate polynomials

Tables Bl and @ summarize the random matrix transformations and the corresponding operational laws on
the bivariate polynomials. This demonstrates that the algebraicity of the limiting measures is preserved when
an algebraic random matrix is canonically transformed. Section [ details the proofs. We now highlight
the connection between the HH and X operations, resultants and free convolution of algebraic probability
measures.

9.1 The resultant connection

Definition 9.1 (Resultant). Given a polynomial
alx)=ap+arx+...+an " 4 a,a”

of degree n with roots oy, fori=1,...,n and a polynomial
bz)=bo+brz+ ...+ by 1™+ bpa™

of degree m with roots 3;, for j =1,...,m, the resultant is defined by:
Resx (a(z), b(x) —OX”B"HH i — ).

The resultant is given by the determinant of the Sylvester matrix formed using just the coefficients of
the associated polynomials. For our purpose, the H, and X, operations can be expressed in terms of
resultants. Suppose we are given two bivariate polynomials L and LZ . By using the definition of the
resultant and treating the bivariate polynomials as polynomials in u whose coefficients are polynomials in v,
it can be shown that:

LS (t,v) = L, By L, = Resy, (L, (t — u,v), LS, (u,0)), (9.1)

and

LS (t,v) = LA, K, LB = Res, (u u LA ' (t/u,v), LB (u,v)) , (9.2)

where DZ is the degree of L7} with respect to u. Fast algorithms for computing the resultant are available
through Maple s resultant command In Maple, the computation LS, = L2 B8, L2 may be performed as:

LuvC = subs(t=u,resultant(subs(u=t-u,LuvA),LuvB,u));
The computation LS, = LA X, LB can be performed via the sequence of commands:

DuA = degree(LuvA,u);
LuvC = subs(t=u,resultant(simplify(u~Dul*subs(u=t/u,LuvA)),LuvB,u));

There is an explicit connection between resultants and the free convolution of algebraic probability measures.

9.2 Connection with free convolution

First, a quick word on “freeness” and “free probability”. There is a whole mathematics of free probability
emerging as a counterpart to classical probability. Some good references are [9,26]. These references and
even the name “free probability” are worthy of some introduction.

We begin with a viewpoint on classical probability. If we are given probability densities fx and fy for
random variables X and Y respectively, and if we know that X and Y are independent, we can compute the
moments of X +Y, and XY, for example, from the moments of X and Y.



The polynomial method 23

Free additive convolution farp = faB fp | LEP = LB LY

Free multiplicative convolution || faxp = fa® fp | La*P = L{ K LY

Table 10: Free convolution of two algebraic probability measures can be expressed as the resultant of a pair
of bivariate polynomials.

Our viewpoint on free probability is similar. Given two random matrices, Ay and By with limiting
spectral measures f4 and fp, we would like to compute the limiting spectral measure for Ay + By and
AnNBy in terms of the moments of f4 and fp.

Of course, (suppressing the subscript N for brevity) A and B do not commute so we are in the realm of
non-commutative algebra. Since all possible products of A and B are allowed we have the “free” product,
i.e., all words in A and B are allowed. (We recall that this is precisely the definition of the free product in
algebra.) The theory of free probability allows us to compute the moments of these products in the limit
of large matrices so long as at least one of A or B has what amounts to eigenvectors that essentially are
uniformly distributed with Haar measure. Speicher’s work [19] places these moment computations in an
elegant combinatorial context.

Consequently, the limiting spectral measure of the sum of two “free” random matrices is obtained by
the free additive convolution of the individual limiting spectral measures. Similarly, where the product has
real eigenvalues, the spectral measure of the product of two “free” random matrices is the free multiplicative
convolution of the individual spectral measures. It turns out that the free convolution of algebraic probability
measures is also an algebraic probability measure. The convolution can be expressed as a resultant of the
appropriate bivariate polynomial as summarized in Table For additional examples see [17].

10. Proofs

We now prove the operational laws on the bivariate polynomials and the associated mode of convergence.
The continuous mapping theorem, stated below, follows from well-known facts about the convergence of
probability measures [3].

Theorem 10.1 (Continuous mapping theorem). Let Ay — A. Let fo and S denote the corre-
sponding limiting spectral measure and the atomic component of the support, respectively. Consider the
mapping y = h(xz) continuous everywhere on the real line except on the set of its discontinuities denoted
by Dp. If D, NSy = 0 then By = h(Anx) — B. The associated non-random d.f., FP is given by
FB(y)=FA (h<_1>(y)). The associated probability measure is simply its distributional derivative.

10.1 ANI—>BN:(pAN+qIN)/(TAN+SIN)

Here we have h(x) = (px + r)/(qx + s) which is continuous everywhere except at © = —s/r for s and
r not simultaneously zero. From Theorem [Tl unless fa(x) has an atomic component at —s/r, By — B.
The Stieltjes transform of fp can be expressed as:

rT+s
pr+q—z(rz+s)]|

mB(z):Ey[ ! }:EX[ (10.1)

y—z
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Equation ([Tl can be rewritten as

_ rets _ 1 re+s
mB(Z)_/(p—rz)x—l—(q—sz)fA(x)dx_p—rz/:E—i—%fA(I)dI' (10.2)

With some algebraic manipulations, we can rewrite [[IL2) as

mB(z>—@/“”“m)d:c—ﬂz@/ v fA<x)d:c+s/

x4+ o, x4+ o,

p— fA(a:)da:>

_ 8. (T/fA(x)d:c—razfﬁasz;(x)da:—l-s/x_:azfA(x)d:c>.

where 8, =1/(p—rz) and o, = (¢ — sz)/(p — r z). Using the definition of the Stieltjes transform and the
identity [ fa(z)dx =1, we can express mp(z) in ([I3) in terms of ma(z) as simply

(10.3)

mp(2) = B+ (B 5 — Braz)ma(—az). (10.4)
Equation ([[d) can, equivalently, also be rewritten as

mp(z) — B, r

—ay) = . 10.5
mA( a) Bzs— L1 ( )
Equation ([IIH) can be expressed as an operational law on L7 as simply:
LB (m,z) =LA ((m —B.7)/(B.5 — Bt o), —aw). (10.6)
This proves that By — B € M. O

10.2 A, =X, vX, v, A, — By =X (X, n

Here X,, v is an n x N matrix, so that A, and By are n x n and N x N sized matrices respectively.
Let ¢y = n/N. When ¢y < 1, By will have N — n eigenvalues of magnitude zero while the remaining n
eigenvalues will be identically equal to the eigenvalues of A,,. Thus, the e.d.f. of By is related to the e.d.f.
of A, as

N —n n
By — _ An
FoM (@) = ——To,00) + 3 F77 (2)
— (1 — CN)I[O,oo) +cN A (ac)

(10.7)

where Ijg o) is the indicator function that is equal to 1 when z > 0.

Similarly, when ¢y > 1, A, will have n — N eigenvalues of magnitude zero while the remaining N
eigenvalues will be identically equal to the eigenvalues of By. Thus the e.d.f. of A, is related to the e.d.f.
of By as

n—N N
FAn(.I) = TI[O’OO) + ;FBN (I)

1 1
—(1-— )1 B (g),
< CN) [0,00) + ()

Equation ([[ILY) is simply (1) rearranged; so we do not need to differentiate between the case when ¢y < 1
and cy > 1.

(10.8)
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Thus, as n, N — oo with cy = n/N — ¢, if FA» converges in distribution almost surely (or in probability)
to a non-random d.f. F4, then FB~ will also convergence in distribution almost surely (or in probability)
to a non-random d.f. F'B related to F'4 by:

FB(z) = (1 - ¢)Ijp 00y + c F*(2). (10.9)

From (), it is evident that the Stieltjes transform of the limiting spectral measures is related as:

mA(z)——<1—l>§+%mB(z). (10.10)

c
Rearranging the terms on either side of ([ILI0) allows us to express mp(z) in terms of m4(z) as:
1—
mp(z) = ——— + cma(z). (10.11)
z

Equation ([ILI) can be expressed as an operational law on L%  as simply:

1\1 1
LB (m,z) = L4, ( — <1 — —) —+-m, z> (10.12)
C

c |z

Thus By — B € M. O

10.3 Matrix Subspace Augmentation/Projection

Consider the statement of Theorems EZ13 and EETl4. By defining ¢ = n/N we can easily derive, as we
did above, that m4(z) can be written in terms of mp(z) as simply

c o —z

ma(z) = <1 - 1) L % ma(2). (10.13)

This allows us to express L2 (m, z) in terms of L (m, z) using the relationship in (L) as simply

LB (m,2) =LA, ( - <l - 1) ! + 1m,z). (10.14)
c a—z ¢

This proves that By — B € M. O

Here we have h(z) = 2% which is continuous everywhere. From Theorem [} unless f4(z) has an atomic
component at —s/r or s and r are simultaneously zero, By — B. The Stieltjes transform of fp can be
expressed as:

mp(z) = By {y%z] — Ex Lc? L Z} (10.15)
Equation ([[LTH) can be rewritten as:
mp(z) = 2—\1/2 / I_;\/EfA(x)dx - % / %ﬁfA(x)dx = %mA(\/E) — 2—\1/Em,4(—\/§). (10.16)

Equation ([ILIH) can be expressed as an operational law on the bivariate polynomial L2 as simply:

LB, (m.2) = LA, (2my/z, V2) B Lk, (~2my/z, V2). (10.17)

This proves that By — B € M. O
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10.5 Ay+—By=Ay+G yT, Gy

We prove that By =5 B € Mg by constructing LB, using the following theorem by Marcenko-

Pastur [10] and Silverstein [15].

Theorem 10.2. Assume that Gy 1, is an N x L Gaussian-like random matriz. Let Ay 2% Abean N x N
symmetric/Hermitian random matriz and T, 25 T be an L x L diagonal atomic random matriz respectively.
If Gn.1, Ay and Ty are independent then By = An + GIN)LTLGN_,LgB, as cy = N/L — ¢ for
N, L — oo,. The Sticltjes transform, mp(z) of the unique spectral measure fp satisfies

mp(z) = ma <z - c/ %) (10.18)

Let Ty be an atomic matrix with d atomic masses of weight p; and magnitude \; for i = 1,2,...,d. From
Theorem LA mp(z) can be written in terms of m4(z) as simply

d

mB(z)—mA<z—cZ$:ﬂ;(z)>. (10.19)

i=1

where we have substituted fr(z) = Z'Z:l pi0(z — X;) into (IIY) with >, p; = 1.
Equation (ITJ) can be expressed as an operational law on the bivariate polynomial Léz as simply:

Ly, (m,2) = Ly, (m, z — ap). (10.20)
where a,,, = CZ?:I pi Ai/(1 + X\;im). This proves that By =% B ¢ Mg O

10.6 AN'_)BN:AN XWN(CN)

We prove that By =5 B € Mg by constructing LB, from L2, using the following theorem by Bai and
Silverstein [2,15].

Theorem 10.3. Assume that W (cn) is an N x N Wishart-like random matriz. Let Ay 25 A be an

N x N random Hermitian non-negative definite matriz. If W (cn) and Ay are independent, then By =

An x Wy(en) 22 B as ey — c. The Stieltjes transform, mp(2) of the unique spectral measure fp satisfies
falz)dx

ma(z) = {1—c—czmp(@)}z— 2z (10-21)

By rearranging the terms in the numeration and denominator, (ILZI]) can be rewritten as

mp(2) ! /T fald) (10.22)

= 1—C—CZmB(Z) _1icicsz(z)

Let ap,» =1 —c—czmp(z) so that (ILZA) can be rewritten as

1 falz)dx

= . 10.23
M) = | ) (10.23)
We can express mp(z) in ([[IL2ZJ) in terms of m4(z) as simply
1
mp(z) = ma(z/am,z)- (10.24)

O,z
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Equation [Z4) can, equivalently, also be rewritten as
ma(z/m,z) = Qm . mp(2). (10.25)

Equation ([ILZH) can be expressed as an operational law on the bivariate polynomial L2 as simply:

L5, (m, 2) = Liy, (.- m, 2/t 2). (10.26)

This proves that By == B € Mg O

10.7 Ay — By =AY+ /sGn1)(AY + /5GrL)

B

A . . .
mz from L2 using the following theorem by Dozier

We prove that By == B € Mg by constructing L
and Silverstein [6].

Theorem 10.4. Assume that Gy 1, is an N x L Gaussian-like random matriz. Let Ay 2% A be an N x N
symmetric/Hermitian random matriz independent of Gy, An. Let A}V/Q denote an N x L matriz. If s is
a positive real-valued scalar then By = (A}V/2 + \/EGJ\LL)(A}V/2 +V5Gnz) 5B, as ey = N/L — ¢ for
N, L — oo. The Stieltjes transform, mp(z) of the unique spectral measure fg satisfies

o fa(z)dx
mp(z) = /Z{l-i—ScmB(Z)}—%—i-s(c—l)' (10.27)

1+scmp(z

By rearranging the terms in the numerator and denominator, (LZ7) can be rewritten as

B {14+ semp(2)} fa(x)dx
ma(z) = / x—{1+scmp(z)}(z{1+scmp(z)} + (c—1)s)’ (10-28)

Let ay, = 1+semp(z) and By, = {1+scmp(2)}(z {1+scmp(2)}+(c—1) s), so that 8 = a2, z2+am s(c—1).
Equation [IZY) can hence be rewritten as

mp(z) = an Ja(z)dx (10.29)

Using the definition of the Stieltjes transform in (BII), we can express mp(z) in [IL29) in terms of m4(2)
as simply

mp(z) = o ma(Bm)

; (10.30)
= ammalag, z+ am(c—1)s).
Equation ([I30) can, equivalently, be rewritten as
1
ma(a?, z + am(c—1)s) = a—mB(z). (10.31)

Equation ([[II3T) can be expressed as an operational law on the bivariate polynomial L, , as simply:

LB (m,2) = LA (m/am, a® 2 4+ ap, s(c — 1)). (10.32)

This proves that By ~ B € Mg O
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Let Cn be an N x N block diagonal matrix formed from the n x n matrix A, and the M x M matrix
Bys. Let ey =n/N. The e.d.f. of Cy is then simply:

FOV = ¢y FA 4 (1 —cy) FBY,

Let n, M — oo and n/N — c. If FA» and FB™ converge in distribution almost surely (or in probability) to
non-random d.f.’s F4 and FB respectively, then FC~ will also converge in distribution almost surely (or in
probability) to a non-random d.f. F¢ given by:

FC =c¢FA 4 (1—¢)FB. (10.33)

The Stieltjes transform of the spectral measure fc can hence be written in terms of the Stieltjes transforms

of the measures f4 and fp as:
me(z) =cma(z) + (1 —c¢)mp(z) (10.34)

Equation ([IL34) can be expressed as an operational law on the bivariate polynomial L2 (m, z) as simply:

Ly, = L, (@2) Bm Ly, (Lz) : (10.35)
c 1—c¢

This proves that Cy — C' € M. O

10.9 Ay, By+— By = Ay + QyByQly

We prove that Cy —— C' € M, by constructing LS, from L2 and LZ  using the following theorem by
Voiculescu [23].

Theorem 10.5. Let Ay L5 A and By L5 B be N x N hermitian random matrices. Let Qn be a Haar
distributed unitary/orthogonal matriz independent of Ay and By. Then Cy = Anx + QnByQly 2, 0.
The associated spectral measure fo is the unique probability measure obtained by the free additive convolution
of the measures fa and fg. Thus fc = foH fp where B denotes free additive convolution which is linearized
by the R transform so that

relg) =ralg) +r5(9)- (10.36)

Equation ([IL30) can be expressed as an operational law on the bivariate polynomials L;“g and Lfg as simply:

cC _ 1A B
LS =LAB, LE (10.37)

If L,,, exists then so does L,, and vice-versa. This proves that Cy L. B € May and shows that the
free additive convolution of algebraic probability measures produces an algebraic probability measure. Thus
algebraic densities form a semi-group under free additive convolution. O

10.10 Ay, By +— By = Ay x QuByQy

We prove that Cy —— C' € M., by constructing LS, from L2 and L2, using the following theorem by
Voiculescu [24,25].
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Theorem 10.6. Let Ay L, A and By L. B be N x N hermitian random matrices. Let Qn be a Haar
distributed unitary/orthogonal matriz independent of Ay and By. Then Cy = Ay X QNBNQ;V NS} if
Cn has real eigenvalues. The associated spectral measure fc is the unique probability measure obtained by
the free multiplicative convolution of the measures fa and fg. Thus fc = fa W fp where W denotes free
multiplicative convolution which can be expressed in terms of the S transform as

sc(y) = saly) + sB(y). (10.38)

A

Equation [I38) can be expressed as an operational law on the bivariate polynomials Lg, and Lf;, as simply:

cC _ 1A B
LS =LA R LE (10.39)

If L,,, exists then so does L, and vice versa. This proves that By 2.Be Mg and shows that the free
multiplicative convolution of algebraic probability measures, where defined, produces an algebraic proba-
bility measure. Thus positive semi-definite algebraic densities form a semi-group under free multiplicative
convolution. |

11. Interpreting the root curves of the bivariate polynomial

Consider a bivariate polynomial L2 . Let Dy, be the degree of L (m,z) with respect to m and Ix(z),
for k=0,...,Dy, be polynomials in z that are the coefficients of m*. For every z along the real axis, there
are at most D, solutions to the polynomial equation LA, (m, z) = 0. The roots of the bivariate polynomial
L#, define a locus of points (m,z) in C x C referred to as a complex algebraic curve. Since the limiting
density is over R, we may simply focus on real values of z.

For each z € R, there will be D, values of m “almost always” except at values of z corresponding to
singularities of L (m,z). A singularity occurs at z = zq if:

e There is a reduction in the degree of m at zy so that there are less than Dy, roots for z = z3. This
occurs when Ip_ (29) = 0. Poles of L2 (m, z) occur if some of the m-solutions blow up to infinity.

e There are multiple roots of LZ at zq so that some of the values of m coalesce.

The singularities constitute the so-called exceptional set of LA (m, z). Singularity analysis, in the context
of algebraic functions, is a well studied problem [8] from which we know that the singularities of L2, (m, 2)
are constrained to be branch points.

A branch of the algebraic curve L (m,z) = 0 is the choice of a locally analytic function m;(z) defined
outside the exceptional set of L3 (m,z) together with a connected region of the C x R plane throughout
which this particular choice m;(z) is analytic. These properties of singularities and branches of algebraic
curve are helpful in determining the atomic and non-atomic component of the spectral measure from Lﬁlz.
We note that, as yet, we do not have a fully automated algorithm for extracting the limiting spectral measure
from the bivariate polynomial. Development of efficient computational algorithms along the lines described
would be of great benefit.

11.1 The atomic component

If there are any atomic components in the limiting spectral measure, they will necessarily manifest
themselves as poles of L, (m,z). This follows from the definition of the Stieltjes transform in (EII). As
mentioned, the poles are located at the roots of Ip,_ (z) which may be computed in Maple as:

> Dm := degree(LmzA,m);
> 1Dmz := coeff (LmzA,m,Dm);
> poles := solve(1Dmz=0,z);
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We can then compute the Puiseux expansion about each of the poles at z = zy. This can be computed in
Maple using the algcurves package as:

> with(algcurves):
> puiseux(Lmz,z=pole,m,1);

For the pole at z = zp, we inspect the Puiseux expansions for branches with leading term 1/(zp — z). An
atomic component in the limiting spectrum occurs if and only if the coefficient of such a branch is lesser
than or equal one. This constraint ensures that the branch is associated with the Stieltjes transform of a
valid probability measure.

Of course, as is often the case with algebraic curves, pathological cases can be easily constructed. For
example, more than one branch of the Puiseux expansion might correspond to a candidate atomic component,
i.e., they might have weights with the prescribed conditions. In our experimentation, whenever this has
happened it has been possible to eliminate the spurious ones by matrix theoretic arguments.

Sometimes it is possible to encounter a double pole at z = zy corresponding to two valid weights. In
such cases, empirical evidence suggests that the branch with the largest coefficient (less than one) is the
“right” Puiseux expansion. A argument for picking the “right” atomic weight, based purely on the theory
of algebraic curves might be easily answered by experts.

11.2 The non-atomic component

The probability measure can be recovered from the Stieljtes transform by applying the inversion formula
in @3). Thus, given the bivariate polynomial L2 & we can compute all D,, roots along z € R (except at
poles or singularities). The non-atomic component of the spectral measure is simply the imaginary part
of the “right root” normalized by w. In MATLAB, the D, roots can be computed using the sequence of
commands:

The limiting spectral measure can be, generically, be analytically expressed nicely when Dy, = 2. When
using root-finding algorithms, for Dy, = 2,3, the “right root” can often be easily identified; the imaginary
branch will always appear with its complex conjugate. The density is just the scaled positive imaginary
component. In MATLAB, the command imag(roots(sym2poly(Lmz)))/pi will often suffice (except at
poles).

V\;hen D,, = 4 onwards, except when L4 is bi-quadratic, there is no choice but to manually identify
the “right root” among the numerically computed D, roots. When the underlying spectral measure is
compactly supported, the boundary points will be singularities of the algebraic curve. In particular, when
the probability measure is compact and the boundary points are not poles, they occur at points where some
values of m coalesce. These points are the roots of the discriminant of L2 . computed in Maple as:

mz?’

> PossibleBoundaryPoints = solve(discrim(LmzA,m),z);

We suspect that “nearly all” compactly supported algebraic random matrices will exhibit a “square root”
behavior near boundary points at which there are no poles; this would extend the results in [16]. In the
generic case, this will occur whenever the boundary points correspond to locations where two branches of
the algebraic curve coalesce.

Irrespective of whether the encoded probability measures is compactly supported or not, the —1/z be-
havior of the real part of Stieltjes transform (the principal value) as z — +o0o helps identify the correct
root. In our experience, while multiple root curves might exhibit this behavior, invariably only one root will
have an imaginary branch that, when normalized, will correspond to a valid probability measure. Why this
always appears to be the case for the operational laws described is a bit of a mystery to us.

Example: Consider the Marcenko-Pastur density encoded by L,,, given in Table The Puiseux ex-
pansion about the pole at z = 0 (the only pole!), has coefficient (1 — 1/¢) which corresponds to an atom
only when ¢ > 1 (as expected using a matrix theoretic argument). Finally, the branch points at (1 & /c)?
correspond to boundary points of the compactly supported probability measure. Figure plots the real
and imaginary parts of the algebraic curve for ¢ = 2.
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(a) Real component. The singularity at zero corresponds to an atom of weight 1/2. The branch points
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== Extraneous root
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(b) Imaginary component normalized by w. The positive component corresponds to the encoded probability
measure.

Figure 3: The real and imaginary components of the algebraic curve defined by the equation L, ,(m, z) = 0,
where L, = czm? — (1 — ¢ — z) m + 1, which encodes the Maréenko-Pastur density. The curve is
plotted for ¢ = 2. The —1/z behavior of the real part of the “right root” as z — oo is the generic
behavior exhibited by the real part of the Stieltjes transform of a valid probability measure.
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12. Enumerating the moments and free cumulants

In principle, the moments generating function can be extracted from a Puisuex expansion of the algebraic
function L;‘Z about z = 0. When the moments of an algebraic probability measure exist, there is additional
structure in the moments and cumulants that allows us to enumerate them efficiently. For an algebraic prob-
ability measure, we conjecture that the moments of all order exist if and only if the measure is compactly

supported.

Definition 12.1 (Algebraic power series). Let R[[x]] denote the ring of formal power series in x with
real coefficients. A formal power series v € Rl[u]] is said to be algebraic if there exist polynomials in u,
Py(u), ..., Pp,(u), not all identically zero, such that

Po(u) +P1(U)U+...—|—PDV(’U,)’UDV = 0.

The degree of v is said to be Dy.

Definition 12.2 (D-finite generating functions). Let v € R[[u]]. If there exist polynomials po(u), . .., pa(u),
such that

pa(u)o® + pa_1 (u)o @D + 4 py ()™ + po(u) =0, (12.1)
where v9) = div/du?. Then we say that v is a D-finite (short for differentiably finite) power series. The
algebraic function, v(u), is also referred to as a holonomic function.

Definition 12.3 (P-recursive coefficients). Let a,, for n > 0 denote the coefficients of a D-finite power
series v. If there exist polynomials P, ..., P, € Rn| with P, # 0, such that

P.(n)ante + Pec1(N)apie—1 + ...+ po(n)a, =0,

for all n € N, then the coefficients a,, are said to be P-recursive (short for polynomially recursive).

Theorem 12.4 (Stanley [20]). Let v € R[[u]] be an algebraic power series of degree Dy. Then v is D-finite
and satisfies an equation [Z)) of order Dy .

Proposition 12.5. If fao € Pag, and the moments exist, then the moment and free cumulant generating
functions are algebraic power series. Moreover, both generating functions are D-finite and the coefficients
are P-recursive.

Proof: If fa € Paig, then L7, exists. Hence sz and L;“g exist, so that pa(z) and r4(g) are algebraic power
series. By Theorem [[2Z4 they are D-finite; the moments and free cumulants are hence P-recursive. O

There are powerful symbolic tools available for enumerating the coeflicients of algebraic power series.
The Maple based package gfun is one such example [13]. From the bivariate polynomial L Luz0 We can obtain
the series expansion up to degree expansion degree by using the command:

> with(gfun):
> MomentSeries = algeqtoseries(Lmyuz,z,myu,expansion_degree,’pos_slopes’);

The option pos_slopes computes only those branches tending to zero. Similarly, the free cumulants can be
enumerated from L, using the command:

> with(gfun):
> FreeCumulantSeries = algeqtoseries(Lrg,g,r,expansion_degree,’pos_slopes’);
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For computing expansions to a large order, it is best to work with the recurrence relation. For an algebraic
power series v(u), the first number_of terms coefficients can be computed from L, using the sequence of
commands:

> with(gfun):

> deq := algeqtodiffeq(Luv,v(u));

> rec := diffeqtorec(deq,v(u),a(n));

> p_generator := rectoproc(rec,a(n),list):
> p_generator (number_of_terms) ;

Example: Consider the Marcenko-Pastur density whose bivariate polynomials are listed in Table @
Using the above sequence of commands, we can enumerate the first five terms of the moment generating
function:

wz)=1+z+(c+1)2> + (3c—|—cz—|—1)z3—|— (6cz—|—c3—|—60—|—1)z4—|—0(2").
The moment generating function is a D-Finite power series and satisfies a second order differential equation:

—z4ze—1+(—z—ze+ 1) p(z)+ (2302 —22%c—22c+2—22° —|—z3) diu(z) =0,
z
with initial condition p(0) = 1. The moments, M, = a(n), themselves are P-recursive satisfying the
recursion:
(—20—|—02 —|—1) na(n)+((-2—-2¢)n—3c—3)a(n+1)+B+n)a(n+2)=0
with the initial conditions, a (0) = 1,a (1) = 1. The free cumulants can be analogously computed.

What we find rather remarkable is that for many complicated random matrices, it is often possible
to enumerate the moments in closed form even when the limiting spectral measure cannot. The linear
recurrence satisfied by the moments may be used to analyze their asymptotic growth. When using the
sequence of commands described, sometimes more than one solution might emerge. In such cases, we have
often found that one can identify the correct moments by checking for the positivity of even moments or the
condition p(0) = 1. More sophisticated techniques might be needed for pathological cases. It might involve
verifying that the coefficients enumerated correspond to the moments a positive probability measure.

13. A natural encoding for free convolution

We recall that classical convolution can be expressed entirely as formal power series operations involving
the moment generating function. The exponential and ordinary moment generating functions are, with a
suitable transformation, simply the Laplace and Stieltjes transforms of the probability measures. Classical
additive convolution corresponds to the product of the (formal) exponential moment generating functions.
Classical multiplicative convolution corresponds to the coefficient-wise (or Hadamard) product of the (formal)
ordinary moment generating functions.

Differentiably finite formal power series are closed under multiplication and Hadamard product. More-
over, if the exponential generating function is D-finite then so is the ordinary generating function. Rational
generating functions correspond to probability measures for which the generating function can be written
in closed form. They are trivially D-finite. Classical convolution is thus most naturally encoded in the
transformations of the linear differential equations satisfied by the Laplace (or Stieltjes) transform. This
statement rings particularly true when the transforms cannot be written in closed form.

For free convolution, however, D-finiteness is not the right structure. This is because holonomic functions
are closed under functional inversion only when they are algebraic (or rational). The R and S transforms,
obtained by a functional inversion of the Stieltjes transform, are key ingredients of free convolution (see The-
orems [[ILA [[H). Hence, even when the ordinary moment generating function is D-finite, the free cumulant
generating function (the R transform) will not be — unless it is also algebraic . When the measures being
convolved are algebraic, free convolution will also manifest itself as a transformation of the linear differen-
tial equations satisfied by the generating functions. Rather, the most natural encoding of free convolution
appears to be in the transformations of algebraic equations that the generating functions satisfy.
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14. Some applications

14.1 The Jacobi random matrix

The Jacobi matrix ensemble is defined in terms of two independent Wishart matrices W1 (c1) and Wa(c2)
as J = (I+ Wa(c) Wi (c1))™!. The subscripts are not to be confused for the size of the matrices. Listing
the computational steps needed to generate a realization of this ensemble, as in Table [}, is the easiest
way to identify the sequence of random matrix operations needed to obtain L; . We first start off with

Transformation Numerical MATLAB code Symbolic MATLAB code
Initializati % Pick n, cl, ¢2 % Define symbolic variables
nitralization Nl=n/cl; N2=n/c2; syms m ¢ z;
A =1 Al = eye(n,n); Lmzl = m*(1-2)-1;
G1 = randan(n,N1)/sqrt(N1);
As=Wi(c1) x A1 || W1 = GI*G1% Lmz2 = Antimerism(Lmz1,cl);
A2 = WI*AT;
Az =Ag? A3 = inv(A2); Lmz3 = invA (Lmz2);
G2 = randan(n,N2)/sqrt(N2);
Ay =Ws(ca) X Az W2 = G2*G2’; Lmz4 = Antimerism(Lmz3,c2);
A4 = W2*A3;
As=A,4+1 A5 = A4+ Lmz5 = shiftA(Lmz4,1);
Ag=Ag" A6 = inv(A5); Lmz6 = invA(Lmz5);

Table 11: Sequence of MATLAB commands for generating a numerical realization, Ag of the Jacobi ensemble.
The functions used to generate the corresponding bivariate polynomials symbolically are listed in
Table

A, =1. The bivariate polynomial that encodes f1, applying the definition of the Stieltjes transform in (GI),
is simply:
Li,(m,z)=(1—z)m—1. (14.1)

For Ay = Wy(c1) X Ay, we can use ([ILZH) to obtain the bivariate polynomial:
LZ,(m,z)=zcim® — (—c1 —z+ 1) m+ 1. (14.2)
For A3 = A;', from ([[ILH), we obtain the bivariate polynomial:

Zem? +(crz+z—1)m+1. (14.3)

Lin,(m,z) =z
For Ay = Wy(c2) x As. We can use ([[ILZH) to obtain the bivariate polynomial:
Li,(m,z) = (ex 22+ e z) m?> 4+ (c1z+2z—1+c)m+ 1. (14.4)
For As = A, + 1, from ([IH), we obtain the bivariate polynomial:
L?nz(m,z) = ((z - 1)2 c1te (z— 1)) m? + (c1(z=1)+2z—24co)m+1. (14.5)
Finally, for J = Ag = A5_1, from (ILH), we obtain the required bivariate polynomial:
L), (m,z) = LS, (m,z) = (c12+ e =262 — 2 + e 22) m?

+(—1—|—22—|—01—3clz—|—20122+022—20222)m—022—01+2+clz. (14.6)

Using matrix theoretic arguments, it is clear that the random matrix ensembles Ags, ... Ag are defined only
when ¢; < 1. There will be an atomic mass of weight (1 — 1/c2) at 1 whenever ¢; > 1. The non-atomic
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Figure 4: The limiting spectral measure (solid line), fa,(x), given by [[Z) with ¢; = 0.1 and ¢o = 0.625
is compared with the normalized histogram of the eigenvalues of a Jacobi matrix generated using
the code in Table [l over 4000 Monte-Carlo trials with n = 100, N3 = n/c¢; = 1000 and Ny =
n/ca = 160.

component of the spectral measure will have a region of support, S~ = (a—,a4). The limiting spectral
measure of each of these ensembles can be expressed as:

VE—a )@ —a)
fa.(z) = fora_ <z <a 14.7
f ( ) 21 12 ((E) +> ( )
for i = 2,...,6, where a_, a; , where the polynomials lo(x) are listed in Table The moments for
L k) | o |
Ay Tl 1+ a)?
1
As z2c _
' (1 F /c1)?
A 122 + con 14+ c1+c2—ciea+2v/c1 +c2 —ciea
(1-c)?
2 _cl+2 - +2 —
As er(z— 1) + ea(w — 1) cf —cl+2+co—cica£2Vc1 +c2 —cica
(1——c1)?
. - 1—c1)?
A 3., _9 2 _ 3 2 (
6 | (az+a3cr c1z? —cox? 4 cp 2?) P diita-aatilaTa-nn

Table 12: Parameters for determining the spectral measure using ([[Z1).

the general case when ¢; # ¢y can be enumerated using the techniques described; they will be quite messy.
Instead, consider the special case when ¢; = ¢co = ¢. Using the tools described, the first four terms of the

moment series, p(z) = py(z), can be computed directly from L}{z as:

1 o/1 1 3 1\ 4, (1 5, 3 1 5 1\ 4 ( 5 5 5 5 5 1\ , _ -
S (el Zeaz — e — — -2 =2 2oy = O (£5).
Hiz) 2+(80+4)Z+<16C+8)Z+<320+16C ¢ %)t e T et TOE)
The moment generating function satisfies the differential equation:
—3z42+zc+ (=627 + 2% +102 4 25% —22%¢c —4) p(2)
. - . d
+ (24 —52% —2z%c+ 822 4242 4228 — 42— 2302) —pu(z)=0, with p(0) = 1.

dz
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The moments, a(n) = M, themselves are P-recursive and obtained by the recursion:
(—2c+02+1+ (—2c+c2+1) n) a(n)+ ((—5+2c—c2)n—11+20—c2)a(n+1)+(26+8n)a(n+2)
+ (=16 —4n)a(n+3) =0, with a(0) =1/2, a(1) =1/8¢c+1/4, a(2) =3/16c+ 1/8.

We can similarly compute the recursion for the free cumulants, a(n) = K, 11, as:

nc?a (n) + (12 +4n)a(n+2) =0, with a(0) = 1/2, a(1) = 1/8¢.

14.2 Random compression of a matrix

Proposition 14.1. Let Ay — A € Pa,. Let Qn be an N x N Haar unitary/orthogonal random matriz.
Let B, be the upper n X n block of QNANQ;V. Then B,, — B € Py as n/N — ¢ for n, N — oo.

Proof. Let Py be an N x N projection matrix:
Py=Qy|" Q
N = N Oan N

By definition, Py is an atomic matrix so that Py — P € M, as n/N — ¢ for n, N — oo. Let ﬁN =
Py x Ax. By TheoremEE2A By — B € M, Finally, from Theorem EI12, we have that B,, — B € M.
O

The proof above provides a prescription for computing the bivariate polynomial, L2 | explicitly as a function
of LA, and the compression factor c. For this particular application, however, one can use first principles [19]
to derive a more direct relationship in terms of the R transform:

r5(9) =ralcg).

This translates into the operational law:

L3 (r.g)=Li(r.cg). (14.8)

Example: Consider the atomic matrix Ay half of whose eigenvalues are of magnitude one while the remain-
ing are of magnitude zero. Its limiting spectral measure is given by (). From the bivariate polynomial,
Ll‘% in Table @ and ([[XR), it can be show that the limiting spectral measure of B,, is encoded by:

L, = (—20z2+20z) m? —(—2c+4cz+1—-22)m—2c+2,

where n/N — ¢ and n, N — oco. Poles occur at z = 0 and z = 1. The leading terms of the Puiseux
expansion of the two branches about the poles at z = z; are:

{( z— 20 +1—2c> 1 20—2}

—2c+4c? 2c z—z9 —142¢f"

It can be easily seen that when ¢ > 1/2, the Puiseux expansion about the poles z = z; will correspond to
an atom of weight wo = (2¢ — 1)/2c¢. Thus the limiting spectral measure is:

2¢c—1 1y (z—a")(ay —x)

2c—1
fB(x)—max( 2¢ 70)5(50)—’_; 2zc — 2 cx?

Ita_ o ]+ max (770) 5z —1), (14.9)

where ay = 1/2 4+ v/ —c? + ¢. Figure compares the theoretical prediction in ([Z) with a Monte-Carlo
experiment for ¢ = 0.4. From the associated bivariate polynomial:

szE(—2c+20z)p,2+(z—2—2cz+4c)p,—20+2,
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Figure 5: The limiting spectral measure (solid line) of the top 0.4N x 0.4N block of a randomly rotated
matrix is compared with the experimental histogram collected over 4000 trials with N = 200.
Half of the eigenvalues of the original matrix were of magnitude one while the remainder were of
magnitude zero.

we obtain two series expansions whose branches tend to zero. The first four terms of the series are given
by:

11
L4 2+ 1022+¥z3+0(z4), (14.10)

and

3

c—1 c¢—1 (c=1)(=2+¢c) 5 (c—1)(Bc—4)
+ z— z° =
c 2c 4c 8c
respectively. Since ¢ < 1, the series expansion in ([ZI) can be eliminated since x(0) = [ fpdz = 1. Thus
the coefficients of the series in (IZI0) are the moments of the algebraic probability measure fg. A recursion
for the moments can be readily derived using the techniques developed earlier.

22+ 0 (24, (14.11)

14.3 A Wishart random matrix with spatio-temporal correlations

Proposition 14.2. Assume A, = A € P&Ig, By - B ¢ Pdlg and Gy, is an n X N (pure) Gaussian

random matriz. Let X, n = A711/2Gn NBl/Q. Then C,, = X,, NXn N 2.0e Pdlg

Proof. Let Y, n = GunBY’, T = Yo nY, yand Ty =Y, Y, n. Thus G, = A, xT,, = A/ *T, A,/
The matrix T,,, as defined, is invariant under orthogonal/unitary transformations, though the matrix Ty
is not. Hence, by Corollaryﬂ:z, and since A,, = A € Mg, Cn — C € My, whenever T,, — T € M.

From Theorem B2, T,, — T € My, if TN ~Tc¢ Maig. The matrix ’f‘N = B1/2Gn NGn NBl/2 i

clearly algebraic by application of Corollary EE2 and Theorem ETl since By is algebraic and Gm NG, N S
algebraic and unitarily invariant. Recall that the limiting density of W (c¢,,) = G, vGy v is given by the
Marcenko-Pastur density. O

From a computational standpoint, the above proof provides a prescription for computing the bivariate
polynomial LY using the following sequence of commands:

%hhh Assume LmzA and LmzB are given
> syms m z
> LmzW = c*z*m"2-(1-c-z)*m+1; %%%J% Encoding of the Marcenko-Pastur density
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> LmzWt = transposeA(b,c);

> LmzTt = AtimesB(LmzWt,LmzB);
> LmzT = transposeA(LmzTt,1/c);
> LmzC = AtimesB(LmzA,LmzT);

In statistical applications, n is interpreted as the number of variables (spatial dimension) while N is the
number of measurements (temporal dimension). The matrices A,, and By then model the spatial and tem-
poral covariance structure of the collected data. The “data availability parameter”, ¢, is (roughly speaking)
the ratio of the number of variables to the number of measurements. Thus the techniques developed allow
us to easily predict (and compute) the limiting spectrum for arbitrary algebraic spatio-temporal covariance
structures as a function of the data availability parameter.

Example: Assume the limiting spectral measures of A,, and By is given by:

falz) = fp(x) =0.50(z —2)+0.55(x — 1). (14.12)

The Stieltjes transform:
0.5 0.5

2—z+1—z’

ma(z) =mp(z) =

is a zero of the bivariate polynomial:

Using the sequence of commands above, we can obtain the bivariate polynomial that encodes the limiting
spectral measure of C,,. This is given by:
4

c 2:}: e} j—1_k—1
Lmz - [Tlllz] 'km z I
j

j=1k=1
where:
r —18c+ 18¢? 18¢c—9 4 0 ]
—108c? +36¢c+72¢®  —112¢c+ 18 + 1302 —18 +54c 4

o 64c? +64ct —128¢  T2c—324c? +288¢3  224¢? —112¢  36¢

Tome = 0 64c2 — 2563 +192¢*  360c% — 2162 1122

0 0 192¢* —128¢3  144¢3

0 0 0 64 c*

Figure plots the limiting spectral measure of C,, for different values of the data availability parameter.
Note how as ¢ — 0, the limiting spectral measure will have two equally weighted atoms at 1.5 and 3. Figure

compares theory with experiment for ¢ = 0.25. Using the sequence of commands described, we can
enumerate the first four terms, parameterized by ¢, of the moment generating function:

L9 45 45\ , (675 243 , 243\ 4 (3555 , 1377 4 3555 1377>4 5
”C(z)_l+4z+(8 et 8>Z +<16 ctTg et 16>Z < 6 St e Ot T )P TOE)
Note how the moments explicitly capture the impact of the data availability parameter, ¢, on the limiting
distribution. This is remarkable, since, for this particular example, it is just not possible to express the

spectral measure in closed form.
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(a) The limiting spectral measure of C,, for different values of c. When ¢ = 0.001 it means that there are
roughly 1000 times as many temporal measurements as there are spatial observations and so on.
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(b) The theoretical limiting spectral measure (solid line) for ¢ = 0.25 is compared with the normalized
histogram of the eigenvalues of C), collected over 4000 Monte-Carlo trials with n = 100 and N = 400.

Figure 6: A Wishart random matrix, C,,, with spatio-temporal correlations. The spatial and the temporal
covariance matrices have limiting eigenvalue distribution given by ([[ZI12).
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Figure 7: Additive convolution of equilibrium measures corresponding to potentials V;(x) and Va(x).

14.4 Free additive convolution of equilibrium measures

Equilibrium measures are a fascinating topic within random matrix theory. They arise in the context of
research that examines why very general random models for random matrices exhibit universal behavior in
the large matrix limit. Suppose we are given a potential, V(x), then we consider a sequence of Hermitian,
unitarily invariant random matrices Ay, the joint distribution of whose elements are of the form:

P(AN) xexp(—NTrV(Ay))dAny,

where dAy =[], j (dAN)ij. The equilibrium measure, when it exists, is the unique probability measure
that minimizes the logarithmic energy (see [5] for additional details). The resulting equilibrium measure
depends explicitly on the potential V(z) and can be explicitly computed for some potentials. In particular,
for potentials of the form V(z) = t %™, the Stieltjes transform of the resulting equilibrium measure is an
algebraic function [5, Chp. 6.7, pp. 174-175]. In terms of the notation introduced earlier, the equilibrium
measure will always be an algebraic probability measure. Hence we can formally investigate the additive con-
volution of equilibrium measures corresponding to two different potentials. For V;(x) = 22, the equilibrium
measure is the (scaled) semi-circle law encoded by the bivariate polynomial:

LQZ =m’>+2mz+2.
For Va(x) = o, the equilibrium measure is encoded by the bivariate polynomial:
LS, =1/4m®> + m2® + 2* +2/9V3.

Since Ay and By are unitarily invariant random matrices, if Ay and By are independent, then the
limiting spectral measure of Cy = Ay + By can be computed from L, and LZ,. The limiting spectral
measure fo(z) is simply the free additive convolution of f4 and fp. The MATLAB command LmzC =

AplusB(LmzA,LmzB) ; will produce the bivariate polynomial:
LS, =—9m* —54m’z + (=108 2° — 36) m® — (722 + 722) m — 722% — 16 V/3.

Figure [[Z4 plots the equilibrium measure for the potentials Vi(z) = 22 and Va(x) = 2 as well as the

free additive convolution of these measures. The interpretation of the resulting measuring in the context of
potential theory is not clear. The matrix Cx will no longer be unitarily invariant so it might not sense to
look for a potential V3(z) for which fo is an equilibrium measure. The tools and techniques developed in
this article might prove useful in further explorations.



The polynomial method 41

14.5 Other applications

There is often a connection between well-known combinatorial numbers and random matrices. For exam-
ple, the even moments of the Wigner matrix are the famous Catalan numbers. Similarly, if W (¢) denotes
the Wishart matrix with parameter ¢, other combinatorial correspondences can be easily established using
the techniques developed. For instance, the limiting moments of W (1) — Iy are the Riordan numbers, the
large Schréder numbers correspond to the limiting moments of 2W y(0.5) while the small Schréder numbers
are the limiting moments of 4W y(0.125). Combinatorial identities along the lines of those developed in [7]
might result from these correspondences.

We have successfully extended the techniques developed in this article to characterize a much broader class of
random matrices. In forthcoming work we describe how to modify these techniques to compute the limiting
distribution of the eigenvalues of commutators of algebraic random matrices, the singular values of the sums
of algebraic rectangular random matrices and the eigenvectors of the sums and products of algebraic random
matrices.

Documented MATLAB implementation of the polynomial method is available via the RMTool package [12]
from http://www.mit.edu/ raj/rmtool/; the examples considered in this article, along with many more,
appear there.
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