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Recursive State Estimation for a Set-Membership
Description of Uncertainty

DIMITRI P. BERTSEKAS aAnND IAN B. RHODES, MEMBER, IEEE

Abstract—This paper is concerned with the problem of estimating the state
of a linear dynamic system using noise-corrupted observations, when input
disturbances and observation errors are unknown except for the fact that
they belong to given bounded sets. The cases of both energy constraints and
individual instantaneous constraints for the uncertain quantities are con-
sidered. In the former case, the set of possible system states compatibie
with the observations received is shown to be an ellipsoid, and equations for
its center and weighting matrix are given, while in the latter case, equations
describing a bounding ellipsoid to the set of possible states are derived. All
three problems of filtering, prediction, and smoothing are examined by
relating them to standard tracking problems of optimal control theory. The
resulting estimators are similar in structure and comparable in simplicity to
the corresponding stochastic linear minimum-variance estimators, and it is
shown that they provide distinct advantages over existing schemes for
recursive estimation with a set-membership description of uncertainty.

I. INTRODUCTION

HIS PAPER is concerned with the estimation of the

state of a linear dynamic system when there is un-
certainty in the initial state, disturbances in the system
dynamics, and errors in the measurement of the system
output. The most common approach to such problems is to
model the initial state as a random vector and the dynamics
and measurement noises as stochastic processes. Under
these circumstances, all information about the system state
at any time that is provided by the measurements of the
system output is contained in the probability density
function (or distribution function) of the state conditioned
on these measurements. This probability density function is
then used, explicitly or implicitly, to determine an estimate
of the system that is best in some prescribed sense.

In this paper, the uncertain quantities are not modeled
as random variables or stochastic processes, but are con-
sidered instead to be unknown except that they belong to
given sets in appropriate vector spaces. In this case, all
information about the system state that is provided by the
observations of the system output may be summarized by
the set of states consistent with both the observations
received and the constraints on the uncertain quantities.
The estimation problem then becomes one of characterizing
this set of possible states. This approach to the estimation
problem was first taken by Witsenhausen [1] in the frame-

Manuscript received April 30, 1970. Paper recommended by M. Aoki,
Chairman of the IEEE G-AC Stochastic Systems, Estimation, Identifica-
tion Committee. This work was supported in part by the Air Force Office
of Scientific Research under Grant AFOSR 69 1724 and in part by NASA
under Grant NGL 22 009(124). -

D. P. Bertsekas is with the Department of Electrical Engineering, Massa-
chusetts Institute of Technology, Cambridge, Mass.

I. B. Rhodes is with the Control Systems Science and Engineering
Laboratory, Washington University, St. Louis, Mo.

work of a more general problem. An ellipsoidal approxima-
tion algorithm with certain computational advantages was
later given by Schweppe [2], [3]. In this algorithm, the
observations are used to calculate recursively a bounding
ellipsoid to the set of possible states, under the assumption

- that the sets containing the initial condition and the input

and observation noises are, or can be approximated by,
ellipsoids. For related work also see [4]-[7].

Attention in this paper will be directed prxmarxly to the
case of a continuous-time linear dynamic system

i(t) = A@O)x() + B(t)u(t) (1)

to which there are avallable noise-corrupted measurements

"y = CO)x(t) + oft)

where x(t)e R" is the system state, u(t)e R" is an input
disturbance, and »(t) € R™ is measurement noise. The corre-
sponding results for discrete-time systems are summarized in
Appendix 1.

Two distinct types of contraints on the uncertain quanti-
ties will be considered. The first is the energy-type constraint

1

w()Q~ ' (t)ult)

to

[x(to) — xo]"¥ ™ '[x(to) — x,] +f

+ o'(OR™ ()(t) d

where x, is a given n vector, W, O(t), and R(t)
positive-definite matrices, and t, and t, are fixed
final times, respectively. For this constraint, we
the set of possible states at any time consisten
output observations is an ellipsoid whose center a;
ing matrix are generated by equations identica
associated with the best linear estimator (Kalmai
a certain stochastic estimation problem. We ex
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reduced to a combination of two tracking problems, one in
forward time and one with time reversed. This leads to an
estimator involving two systems, one operating in forward
time and one with time reversed, as in the corresponding
stochastic smoothing problem.

The second type of constraint that is considered is the
more practically important case where the uncertain
quantities are constrained at each instant of time to lie in
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an ellipsoid, i.e. ‘T’i‘"‘f" S
[x(to) = X6l ¥~ '[x(to) — xo] < 1

WO Yty < 1

vOR(o(r) < 1.

In this case the set of states consistent with the observed
output and these constraints is not an ellipsoid and it is not,
in general, easily characterized by a finite set of numbers.
However, an ellipsoidal bound to it can be determined by
bounding the instantaneous constraints by an energy
constraint and using the results derived for that constraint.
The resulting estimator is similar to that proposed by
Schweppe [3], but it has two important advantages: first,
the gain matrix does not depend on the particular output
observations received and is therefore precomputable;
second, it reduces to a constant system as the final time
becomes infinite. In all other respects it is comparable to that
proposed by Schweppe.

In the next section we formulate more precisely an
estimation problem with an energy constraint on the
uncertain quantities. The filtering, prediction, and smooth-
ing problems are then examined, in turn, in Sections I1I-V.
Section VI contains a formulation of the estimation problem
with instantaneous constraints on the uncertain quantities.
A bound on the set of possible states for this problem is
derived in Section VII, and the behavior of the resulting
estimator as the final time becomes infinite is examined in
Section VHI.

I}. FORMULATION OF THE PROBLEM WITH ENERGY
CONSTRAINTS

In this section we formulate a general estimation problem
involving a continuous-time linear dynamic system and a
combined energy constraint on the uncertain quantities.
This problem includes as special cases the filtering, predic-
tion, ahd smoeothing problems.

Problem I: Consider the linear continuous-time dynamic
system

) = A@O)x(t) + B(t)u(t) (1
to which there are available noise-corrupted measurements
z(t) = pt) + o(t) = C()x(t) + o(t) )

where x(t)e R" is the system state, u(t)e R" is the input
disturbance, w(t}e R™ is the measurement noise, and the
matrices A(t), B(t), and C{¢) have the appropriate dimensions.
The initial state x(t,) and the disturbances u(-) and »(-)
are assumed unknown except that they satisfy the energy
constraint

Ty

[x(t0) = x:¥ ™ xto) = 0] + | (0@ 0t

to

+ 0RO dt <1 (3)

where x, is a given n vector ¥, Q(t), and R(t) are given
positive-definite symmetric matrices, and t, and ¢, are
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3 fixed initial and final times. Let ¢ be an arbitrary time in

[to, t1], let T be a fixed real number, and let Z(t) denote the
measured system output function up to time ¢, i.c.,

Z(t) = {(z(s), s):5 € [to, 1]}. ‘(4)

Find the set X{t + T1t) of possible system states x(t + T)at
time ¢t + T that are consistent with the constraint (3)and the
output function Z(t) observed up to time ¢.

If T=0 this problem is usually called the filtering
problem, if T > 0 it is called the prediction problem while
if T < 0it is called the smoothing problem. These problems
are considered in turn in-the next three sections. We begin
with the filtering problem. »

II1. FILTERING PROBLEM WITH ENERGY CONSTRAINTS

Given an observed output function Z(1) = {(z(s), 5):5 €
[to, t]}, we have, by definition of X(#jt), that £ € X(f|¢) if and
only if there exist a vector x(t,) and functions #(- ) and »( -)
defined on [t,, t] such that

[x(to) — xo] ¥~ 1[x(to) — o] + f w(5)Q™ H(shuls)

+ V()R s)rfs)ds < 1 (5

x()=2¢ ©6)
and, from (2),

o(s) = z(s) — CYs)x(s),

where x( - ) is the trajectory of the system (1) corresponding
to the initial state x(t,} and the input disturbance u(-).
Notice that the integration in the constraint (5) is from ¢, to
t, whereas that in the original constraint (3) is from ¢, to the
final time ¢,. These two constraints are entirely consistent
and, insofar as the determination of X(jt) is concerned, they
are equivalent, since it is possible that all the available
disturbance energy has been used during the interval [¢yt].
Substitution of (7) into (5) immediately gives that & e X(#}t)
if and only if there exist a vector x{t,) and a function a(-)
defined on [t,, £] such that e acr

JE uxt) <1 ®)

subject to the system (1) and the constraint (6), where
JE t;u, x(ty)] is defined by .

JI& £ u, x(to)] 2 [x(to) — x0]"¥ ™ *x(to) = ¥o]

g <s<t U

+ _r u(s)Q ™ (s)uls) + [2(s) — Cls)x(I'R™*(s)[z(s)
— Cls)x(s))ds. (9)

It is clear that there exist #( - ) and x(t,) satlsfymg (6) and @®)
if and only if

J*E, £] & min J(E, t;u, X{to)} < 1 (10)
s()
subject again to the system (1) and the boundary condition

(6). We remark that, for the purposes of the minimization
indicated in (10), the vector x{to) is not chosen separately
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but is considered specified by the (unconstrained) choice of
u( - ) and the system (1) with the single boundary condition
(6), viz., x(t) = &. It should be clear that this leads to a
simpler minimization problem than would be obtained if
x(t,) were somehow chosen separately and u(-) chosen
subject to the constraint that it transfer the system between
state x(t,) at time 0 and state & at time t. To emphasize the
fact that x(t,) is considered to be determined by the system
(1) with boundary condition (6) and the unconstrained
choice of control #«(-), we henceforth delete the explicit
dependence of J upon x(ty) and write J[¢, t;ux(t,)] as
J[E t;u]. In fact, the minimization indicated in (10) subject
to the system (1) and the boundary condition x(t) = & is
simply the tracking (or servomechanism) problem in which
time is reversed. In other words, the cost J[E, ¢; u] is to be
minimized and the system (1) is viewed as starting at state
£ at time ¢t and running backwards to time t,. The problem
of characterizing the set X{t|t) of states at time ¢ consistent
with the energy constraint (3) and the observed output
function Z(t) = {(z(s), s):s € [to, ]} has thus been reduced to
the following tracking (or servomechanism) problem of
optimal control theory.

Problem I' : Consider the linear system (1) with boundary
condition x(t) = & Consider also the quadratic cost
functional J[E, t; 4] defined by (9), where ¥, Q(s), and R(s)
are symmetric positive-definite matrices, x, is a given
n vector, and z(-) is a given m-vector-valued function
defined on [t,, t]. Find the set X(¢¢) of all states E at time ¢
for which

JHE, t] £ min J[E, t;u] < 1. (10)

As noted above, Problem 1’ is simply the standard
tracking problem of optimal control theory in which the
system operates in reverse time. The solution to the tracking
problem is well known (see, €.g., [8]), and we need only make
the appropriate identifications to obtain the solution to
Problem 1. The relevant results are summarized in the
following proposition.

Proposition 1: The solution to Problem 1’, and therefore
the solution to Problem 1 in the filtering case, is the ellipsoid
X(t|t) given for all t € [ty, t,] by

X(te) = {€:[& — 20T K@[E — 2] < 1 - 8@} (11)

where the n x n positive-definite matrix K{(t) is the solution
to the Riccati equation

K(s) = —A'(5)K(s) — K(s)A(s) — K(s)B(s)Q(s)B(5)K(5)
+ C(s)R™Y(s)C(s) (12)
with boundary condition
K(to) = (13)

The n vector X(t|t) is the solution to the linear differential
equation

2(sls) = AE)HSs) + K~ ()C(HR™*(s)(z(s)
- Q)x(sis)] (14)
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with boundary condition
£(tolto) = x4 1%)

and the positive real number §%(¢) is given by
o) = f [z(s) — C(s)R(sI)T R~ (s){2(s) — C(s)%(sls)] ds. (16)

Since the matrix K(¢) is positive definite for all ¢ > ¢,, the
ellipsoid X{(f|t) may also be expressed as

X(dt) = {§:[& — )Z'(OE ~ #dn)] < 1 - &%)} (17)

where the n x n positive-definite matrix X(t) is given for all
t > t, as the solution to the Riccati equation

£(s) = A(5)E(s) + E(s)4'(s) = E(S)C ()R~ (s)C(s)E(s)
| + BB (s) | (18)
with boundary condition
E(to) = (19)

We remark that the weighting matrix X(¢) of the ellipsoid
X(tt) does not depend on the particular observed output
and therefore may be precomputed using the Riccati
equation (18) with boundary condition (19). The center
%(t]t) of the ellipsoid and the scalar §%(t) both depend on the
particular output measurements and are computed on-line
using (14)+16). The existence and positive definiteness of
X(t) for all te[ty,t,] is guaranteed by the existence and
positive definiteness of the matrix K(t) associated with the
tracking problem. Furthermore, the observed output must
correspond to some permissible x(to), #(-), and o(-) and
thus X(t|t) must contain at least one point; consequently, it
follows from (17) that 8%(t) must be less than or equal to
unity.

It should be noted that the linear differential equation (14)
with initial condition (15) describing the center %(t|t) of the
ellipsoid X{(¢/¢) and the Riccati equation (18) with boundary
condition (19) for its weighting matrix are precisely those
specifying the Kalman filter for the stochastic minimum-
variance estimation problem involving the linear system (1)
and the observations (2), where the initial state is a random
vector with mean x4 and covariance W, the noises u( -} and
(- ) are uncorrelated white zero-mean stochatic processes
with covariances

cov [u(z), u(t)] = Q(1)3(t — )
cov [o(1), o(7)] = R(1)o(t — 7)

and the initial state is uncorrelated with u(t) and o(t) for all t.
Thus, there is a one—one correspondence between filtering
problems where the uncertain quantities satisfy an energy
constraint and stochastic filtering problems of the form
given above. This is not altogether surprising in view of the
fact that we have reduced the former problem to a linear
least-squares optimal control problem, and there is a well-
known correspondence between such problems and linear
least-squares stochastic estimation (filtering) problems [9].
Notice, however, that the correspondence used in this case
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is not the usual one involving the adjoint equation, but
rather a second possible correspondence that is valid when
conditions are such that the solution to the Riccati equation
is positive definite.

IV. PREDICTION PROBLEM WITH ENERGY CONSTRAINTS

The solution to the prediction problem follows closely
that for the filtering problem given in the preceding section.
In fact, the prediction problem may be formally reduced to a
filtering problem by suitably changing the weighting
matrix R(s), as we now show.

Given te[tyt; — T] and given an observed output
function Z(t) = {(z(s), s):s € [t,, t]} it follows by the defini-
tion of X(t + T|t)that& e X(t + T|¢)if and only if there exist
a vector x(t,), a function u( - ) defined on [ty,t + T], and a
function #( - ) defined on [¢,, t] such that

t+T
Lx(to) — xoJ¥~ '[x(to) — xo] + j w(5)Q \(shu(s) ds

to

+ f ‘ V(R (sh(s)ds < 1 (20)

to

xt+T)=§ @1

and
o(s) = z(s) — Cls)x(s), (22)

Substitution of (22) into (20) yields that & € X(t + T]t) if and
only if there exist a vector x(t,) and a function u( - ) defined
on [t,,t + T] with the property that

JJEt+ T;ul<1

subject to the system equation (1) with boundary condition
x(t + T) = &, where J,[E,t + T ;u] is defined by

Jil& t + T u] = [x(to)— x0)"¥ ™ [x(to) — x,]

to<s<t.

t+T t
+ [ weeeus ds + [ 0

— C(s)x(s)] R~ (s)[z(s) — Cls)x(s)] ds. (23)
If Ry (s)is defined over [t,,t + T]by

R Ys), to<s<t
0, t<s<t+T.

Ri'(s) = {

The expression (23) for J,[&, t + T; u] becomes

(24)

Ji[E, ¢+ Tiu] = [x(to) — xo)¥ ™ [x(to) — xo]

+T
+ f u(s)Q ™ M(s)u(s) + [z(s)

— C&)x(s)I Ry (s)[z(s) — CAs)x(s)] ds,

which is identical to that for J[E,t + T;u, x(t,)] given by
(9), when R™(s) is replaced by R '(s). We remark that the
matrix R~ !(s) defined by (24) is nonnegative definite rather
than positive definite, while the matrix R™'(s) in (3) has
been assumed: positive definite. It is easily seen, however,
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that Proposition 1 still holds for R~ !(s) nonnegative definite,
since the solution of the equivalent tracking problem
(Problem 1) requires-only that the weighting matrix R~ (s)
on output deviations in the cost functional (9) be nonnega-
tive definite. Hence no difficulty is created in what follows
by the nonnegative definiteness of the matrix Ry (s).

Thus the prediction problem, that of characterizing
X(t + Tt), has been reduced, by the appropriate definition
of R !(s), to a tracking problem. This tracking problem is,
in turn, equivalent to the filtering problem of Section III
over the interval [t,,t + T]. The solution of the prediction
problem is thus given by Proposition 1 with, of course, ¢
replaced by t + T and R7”'(s) replaced by Ry!(s). The
solution may, however, be expressed more conveniently by
substituting the expression (24) for R; !(s) into the equations
corresponding to (14)(19) under the indicated identifica-
tions, and splitting the interval [t,,¢ + T] into the two
intervals [to, ¢] and [t,¢t + T)]. The following proposition
then follows after some straightforward manipulations.

Proposition 2: The solution to Problem 1 in the prediction
case, is the ellipsoid X(t + TIt) given for all te[ty,t, — ¢t}
by '

Xt + Tio) = {E:[E — 2t + TIOIZ"'(¢t + TIo)
x [ — 2+ TI] <1 — 6%}

where the n x n positive-definite matrix X(t + T|t) is given
by

Tt + Tit) = @t + TPt + T¢t)

+ J.HT(I)(t + T, 5)B(s)Q(s)B'(s)®'(t + T,s)ds (25)

where ®(t, 5) is the transition matrix corresponding to the
matrix A(t) and the matrix X(t) is given as the solution of the
Riccati equation (18) with the boundary condition (19).
The n vector (¢t + T]t) is given by

£ + Tie) = ®(t + T, 0)%(te) (26)

where the vector %(f|t) is the solution of the linear differential
equation (14) with the boundary condition (15), and the
positive scalar term 8%(t) is given by (16).

Thus the solution to the prediction problem may be
readily obtained from the solution to the filtering problem.
The center of the ellipsoid X(¢ + Tt) is obtained from the
center of the ellipsoid X(f¢) simply by multiplying the latter
by the transition matrix ®(t + T,t) as indicated in (26).
The weighting matrix of the ellipsoid X(t + Tlt) is easily
obtained from that of X(fjt) simply by propagating the
former through the system as indicated in (25), while the
scaling term 1 — §(¢) does not change since no measure-
ments from t to ¢t + T are available. These, of course, are
precisely the operations that are performed to obtain the
solution to the stochastic prediction problem from that of
the stochastic filtering problem. Thus, as in the filtering case,
there is a one—one correspondence between prediction
problems where the uncertain quantities satisfy an energy
constraint and stochastic prediction problems of the type
indicated in the preceding section.
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V. SMOOTHING PROBLEM WITH ENERGY CONSTRAINTS

The solution to the smoothing problem follows similar
lines to that of the filtering and prediction problems. As in
the corresponding stochastic smoothing problem, however,
the solution is slightly more complicated in that two
dynamic systems, one operating in forward time and the
other in reverse time, are required for a solution.

Given T > 0,te[t, + T,t,] and an observed output
function Z(t) = {(z(s), s):s € [to, £]}, it follows directly from
the definition of X(t — Tit) that & € X(t — T¢t) if and only if
there exist a vector x(t,), a function «( - ) defined on [¢,, t],
and a function o( - ) defined on [t,, t] such that

JEt—T;ul + L[t — T;u] < 1 27N

where J[E,t — T;ulis given by (9), J,[&,t — T, u]is defined
by ‘

t

L&t - Tl =

-

. u(s)Q ™ (shu(s)
+ [2(s) — CXEI'R™()[z(s) — Cls)xels)] ds (28)

and x(-) is the trajectory of the system (1) under the input
u( - ) with boundary condition

x(t—-T)=§&. . (29)

Thus a necessary and sufficient condition for £ € X(t — T}t)
is that there exists u( - ) defined on [t,, £] such that

m(@?' (JI&.t — Tsu] + L&t — T;up < 1. (30)

Since, for fixed £ and t — T, J[E, ¢t — T; u] depends only on
the portion of «( -} defined over [t,,t — T] and J,[&,t —
T;u] depends only on the section of u(-) defined on
[t — T,t], we may write (30) as

min J[E,t — T;u] + mi?Jz[i,t -T;ul <1l (31)
u(} u( .

The minimization of J[&,t — T;u] is simply the tracking
problem with time reversed that was obtained in Section I11
(with, of course, t — T replacing t). The minimization of
J,[E,t — T;u] is just a tracking problem in forward time
fromt — Ttot. Since t was chosen arbitrarilyin [t, + T, t,],
we may therefore use Proposition 1 and the standard
results on tracking problems to write down a complete
characterization of X(t — Ti|t), and therefore give a com-
plete solution to the smoothing problem with energy
constraints. , ’

Proposition 3 : The solution to Problem 1 for the smooth-
ing case is the ellipsoid X(t — T|¢t)givenforallte(ty + T, ¢4]
by

Xt — Tty ={&:[§ — 2t — T)/K(t — T)[E — *(t — T)]
+[§ — &t — T'Ky(t — TIE — 2t — T)]
<1-6%t—T)— 8t — T (32

where the n x n positive-definite matrix K(t — T) is given
by the solution to the Riccati equation (12) with initial
condition (13) and the n x n nonnegative-definite matrix
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K,(t) satisfies the Riccati equation

Ki(s) = — A'(s)K5(5) — Kafs)A(s)
+ Ky (5)B$)Qs)B (5)K(s) — C()R™(s)Cs)  (33)

with terminal boundary condition
K1) = 0. (34)

The nvector 2(t — T)is the solution to the linear differential
equation (14) with initial condition (15), the n vector
X,(t — T) satisfies

22(5) = A($)2,(5) — K5 ()CR™(s)
[2(5) — CAs)%H(s)]  (35)
with the terminal boundary condition v
5HH=0 (36)
and the positive scalar terms 6*(t — T), 63(t — T) are given

by

t—T
ot —T)= j [z(s) — C)%()I'R™(s)[2(s)

to

— C(s)x(s)] ds

1

o3t —T) =f [2(s) — Q)25 () R™ () [2(s)

t—T
— C(5)%,(5)] ds. (38)
Alternatively the ellipsoid (32) can be written as
Xt — Tt) = {§:[& — #¢ — TIOVE" ¢ — T)
& - &t~ TYI < 1=} (39)

where the n x n positive-definite matrix X(¢t — T)is given as
the solution of the equation

£(s) = [4(s) + B(s)Q(s)B (s)K(s)]E(s)
+ Z(5)[A(s) + BS)QS)B()K(E) — Bs)Qs)B(s) (40)
with the boundary condition _ »
() = K@) (41)

The n vector %(t — T¢) is the solution of the differential
equation

dx(sit) = $(s|t) = A%(s|0)
ds

+ B(s)Q(s)B'(s)K(s)[%(s]t) — %(s)] (42)
with the boundary condition :
o= @

and the scalar term 6%(t) is given by
5%(t) = Jq [2(s) — CEOHHIR™'($)[zls) — QRGN ds  (44)

where K(s) and %(s) are given for all s by (12) and (14) with
boundary conditions (13) and (15).
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Proof: Equations (32)~(38) follow directly from the
reformulation of the problem as two tracking problems, one
in forward time and one in revetse time, with common
boundary condition x(t = T) = §. The equivalence of the
two expressions (32) and (39) for X(t — T|t) when X(t),
%(t — Tit), and 8%(z) are given by (40){(44) involves straight-
forward but tedious manipulations using the identifications

. Yt — TN=Kit—T)+ K,t — T)
L7t = T)2(¢ — Tit) = Kt — TH&(t — T)
+ Kyt — Tx,(t — T)

6% (t) + &(t — TIOE~ Yt — T)R(t — Tir)
= 6%t — T) + &(t — T)K(t — T)&(t — T
+ 83t~ T) + i'z(t — DKyt — T)Z,(t — T),

which as is readily seen by expanding out (32) and (39), are
sufficient for equality of the two expressions for X(t — T)¢).
The first two of these identifications are also used in [10]
where the corresponding stochastic smoothing result is
proved.

We remark that, as long as the system (1) is completely
observable from y(t) = C(t)x(t), the matrix Ky(s) is
positive definite for all s < t. The presence of K3 (s) in (35)
thus poses a potential difficulty only at s = ¢t when, by
(34), K,(t) = 0. As shown in [10], this difficulty may be
removed by using (33) and (35) to write

d
7 [K02:9)] = = [4(s) = BS)Q)BS)K(s)

‘[Ky(9)%2(s)] — C(S)R™(5)z(s)

with, from (34) and (36), K,(t)%,(t) = 0, from which £,(s)
can be determined for all s < ¢.

Note that the solution to the smoothing problem may be
generated by a combination of two filters, one operating
forward in time (which corresponds to the tracking problem
with time reversed), and the other operating backwards in
time (which corresponds to the tracking problem in forward
time). A similar interpretation of the solution to the stochas-
tic minimum-variance smoothing problem is well known
[10]. Infact, (42) and (40) for the center 2(t — T}t)and weight-
ing matrix I(t — T) of the ellipsoid X(t — T)t) are precisely
those specifying the best estimate and error covariance for
the stochastic minimum-variance smoothing problem of
[11] with the identifications for the noise covariances
described earlier in Section III.

In Sections I1L; 1V, and V a complete solution has been
given to Problem 1. Entirely analogous derivations and
results can be given for the discrete system counterpart or
Problem 1. Due to space limitations, we will only state the

result for the filtering case for both energy constraints and

instantaneous constraints (to be- discussed in the next
section) in Appendix I.
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V1. FORMULATION OF THE CONTINUOUS-TIME PROBLEM
WITH INSTANTANEOUS CONSTRAINTS

While the preceding sections show it to be of theoretical
interest, the model for the uncertainty described by the
energy constraint (3) is of limited use as far as practical
applications are concerned. From a practical viewpoint, a
far more natural model for uncertainty is that in which the
uncertain quantities are individually constrained at each
point in time. In this section we formulate such a problem,
which is then examined in Section VII using the results of
the preceding sections. In particular, we bound the instan-
taneous constraints by a single combined energy constraint
and apply the results of Section I1I. The resulting estimator
is shown to be simpler but otherwise comparable to that
proposed by Schweppe [3], with the additional advantage
that it permits a steady-state solution.

Problem 2: Consider Problem 1 in which the single
energy constraint (3) on the uncertain quantities is
replaced by the three individual instantaneous constraints

[x(to) — xo]¥ ™ 'x(ty) — xo} < 1
u(s)Q™ (shuls) < 1,
v(S)R™ 1(s)v(s) <1,

Vse [t 1] (45b)

Vse [t07 tl]

where ¥, Q(s), and R(s) are symmetric positive-definite
matrices and x, is a given n vector. As in Problem 1, find
the set X(¢ + TJt) of system states at time ¢t that are con-
sistent with both the measured output function Z{t) =
{(z(s), s):s € [to, t]} up to time t and the constraints (45).

VII. FILTERING PROBLEM WITH INSTANTANEOUS
CONSTRAINTS

Contrary to the case of energy constraints, it is very
difficult to obtain the exact solution of Problem 2. The
energy constraint (3) is an ellipsoid in the space R" x
Li[te, ty] x L5[ty,t] where L3[to,t,] is the space of
Lebesgue-square-integrable p-vector-valued functions on
(2o, t1)- Since any measured output function Z(t) defines
a linear variety in this space and since the intersection of an
ellipsoid with a linear variety is also an ellipsoid, the set of
possible system states X(t + T|t), obtained by a linear
transformation on this ellipsoid intersection, is also an
ellipsoid, as found in Sections III-V. The individual
instantaneous constraints (45) do not, on the othe: hand,
define an ellipsoid and thus the intersection of the linear
variety defined by any observed output with the set in
R" x Lift,, t,] x L3[t,, t,] satisfying (45) is not, in general,
an ellipsoid. Consequently, the set of system states at time ¢
consistent” with the observed output function is not, in
general, an ellipsoid : it is a convex set that, in contrast to the
ellipsoidal case, cannot be characterized generally by a
finite set of numbers, v

Alternatively, it is possible to cast Problem 2 as an optimi-
zation problem, as was done with Problem 1. This optimiza-

i
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tion problem, however, will involve control constraints as
well as state constrainis and does not admit a closed form
solution, with the result that practical on-line algorithms
cannot be devised.

Thus, one is forced to seek approximate solutions to
Problem 2. The approach taken by Schweppe [2], [3] is to
compute a bounding ellipsoid to the set X(¢t + T)t). Since
an ellipsoid in R" is completely characterized by an n vector
(its center) and an n x n weighting matrix, the storage
problem is reduced to more manageable proportions.
Schweppe considered the filtering and prediction problems
for a discrete system in {2], and gave a recursive algorithm
for the center and weighting matrix of a bounding ellipsoid
to the set of possible states. The approach used was to bound
recursively the set of possible states at each time instant by
an ellipsoid. This algorithm was later extended to the
continuous system case [3] using a discrete-to-continuous
limiting argument. The following lemma gives the filtering
algorithm that is presented in [3].

Lemma 1: A bounding ellipsoid to the set of system states
X(t|t) of Problem 2, is given for all t & [z,, t,] by

X¥(de) = {8:[8 — 2OIE"'WE ~ 2] < 1} (46)

where the n x n positive-definite matrix X{t) is the solution
of the equation

E(s) = A(SZ(s) + T)A(s) — p(S)ES)C ()R~ (s)C(5)E(s)
+ B~ (S)B()Q(s)B () + [B(s) + pls) — 6*(5)]E(s) (47)
with the boundary condition
E(to) = . (48)
The n vector X(t) is the solution to the differential equation
2(s) = A(9)%(s) + pS)EGIC (SR (5)[2(s) — C5)i(s)] (49)
with the boundary condition
(50)

X(to) = x,

and the positive real number 62(s) is given for all s by
0%(s) = p(s)[2(s) — CSHRS'R™'(s)[2(s) — CAs)R(s)] (51)

and f(s), p(s) are any real-valued time functions with
0 < B(s), 0 < p(s) for all se [y, ,].

The structure of the estimator of the above lemma is
shown in Fig. 1, and it can be seen to have the basic structure
of the stochastic Kalman filter. It should be noted, however,
that the gain matrix {p(t)E(t)C'(t)R~ '(¢)} depends on the ob-
servations made at a particular run and must therefore be
calculated by integrating the nonlinear matrix differential
(47) on-line. Furthermore, even for a time-invariant
system, this estimator does not possess a steady-state
structure due to the fact that the solution of (47) does not
converge to a steady state as time increases.

These disadvantages are avoided in the estimator we now
derive. The -approach is again to bound the set of possible
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contrast to [2]. we do this indirectly by bounding the
instanlaneous constraints (45) with an encrgy constraint
of the form (3) and then using the results of Sections I and
V to produce an ellipsoidal bound on X{(ijt). For simplicity,
we concentrate our attention on the filtering problem;
entirely analogous results can be derived for the prediction
and smoothing problems.

An energy bound for the instantaneous constraints (45)
is given in the following lemma.

Lemma 2: The set U, = R" x Lj[t,,t] x L7[ts,t] where

U, = {x(to), u(s), v(s), ty < s < t:[x(ty) — xo}'¥ ™ [x(to)
- X5l < Lu'(s)Q ™ (shu(s) < 1, ()R (s)o(s) < 1} (52

is contained in the set

Ur = {x(to), uls), vls), to < s < t:a,[x(to)
~ xo¥1{xto) = xo) + [ LW 5Nt
' + ay(SW (SR (s)e(s)]ds < 1} (53)

where a, is any positive constant and a,(-), as(-) are any
positive integrable real-valued functions (ie., a, > 0,
a,(s) > 0, as(s) > 0, t; < s < t) such that
¢
a, + J‘ {ay(s) + as(s))ds = 1. (54)
to
Proof: Multiply (45a—c), respectively, by a,, a,(s), and
a;(s), integrate the last two from ¢, to t, add, and use (54).
Having bounded the instantaneous constraints (52) by
the energy constraint (53), we are now in a position to
apply the results of Section III to give a bounding ellipsoid
to the set X(#]#). The equations that result by application of
Proposition 1 become simpler if we write a,,a,(-), and
a,(-) in the following form.

a, = exp (-— J“ [B(o) + pl(o)] da) (55a)

ay(s) = B(s) exp (— f [B(o) + plo)] da) (55b)

as(s) = p(s) exp ( - f [B(o) + plo)] dd) - (550)

where B(-) and p(-; are positive integrable real-valued
functions (i.e., 0 < B(s),0 < p(s), t, < s < t). Itis easy to see
that under the identifications (55) the condition (54) is
satisfied.

By combining now Lemma 2 under the identifications (55)
with Proposition 1 we have after straightforward manipula-
tion the following solution to Problem 2.

Proposition 4: A bounding ellipsoid to the set of "system
states X(t}t) of Problem 2, is given for all t € [t,, t,] by

X*(t) = {§:[§ — 2OVET'OE — 2] < 1 - 8*(1)} (56)

:where the n x n positive-definite matrix X(t) is the solution

states consistent with the observations by an ellipsoid. In of t}}ca_ equation.
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E(s) = A(S)Z(s) + E(s)4'(s) — p(S)E(S)C()R™ ()
*C(s)E(s) + B~ ’(S)B(S)Q(S)B’ (8) + [B(s) + ps)IE(s) (57)
w1th the boundary condition

Z(to) = Y. - (58)

The n vector %(t) is the solution to the linear differential
equation
2(s) = A(s)i(s) + POZES)C(S)R™(s)[2(s) — C(s)R(s)] (59)
with the boundary conditioﬂ
%(to) = xo (60)

and the positive real number §%(t) is the solution to the
differential equation

8*s) = ~[B(s) + pls)]6%(s) + pls)[2(s)
— CS)RS)R™(s)[2(5) -
with the boundary condition
&*(t)) = 0 (62)

and f(s), p(s) are any positive real-valued time functions on
(o, 14]-

The structural form of the estimator of Proposition 4 is
shown in Fig. 2. It can be seen that it has a similar structure
to the estimator of Fig. 1. However, it has the advantage that
the gain matrix {p(t)Z(t)C’(t)R ()} is precomputable once
the time functions f(-), p(-) are selected. Furthermore, as
will be discussed in the next section, for a time-invariant
system the estimator of Proposition 4 can be implemented as
a time-invariant system if the final time ¢, 'approaches

Cls)x(s)]  (61)
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infinity. In practical applications this last advantage can be
of extreme importance.

A vital question concerns the comparison of the quality
of approximation to the set of possible states provided by
the two estimators. It turns out that the approximation is
comparable in the following sense. Let f/(-), p’'(-) be the
time functions used in the estimator of Lemma 1, and let
B(-), p(-) be the time functions in the estimator of Propo-
sition 4. Then, as was first shown by Schlaepfer [7], if we
select for all se [y, t,]

B(s) = [1 ~ 6*s))~'BGs)
p(s) = [1 — 8%(s)] ™ pts)

where 6%(s) is the observation dependent term of (61) in
Proposition 4, the estimate ellipsoids provided by the two
estimators are identical for all time.

In the estimator of Proposition 4 it is important that the
time functions B(-) and p(-) be selected judiciously. An
algorithm has been derived by the authors for selection of
these time functions so that the trace of the weighting
matrix X(t,) is minimum at the final time ¢,. Due to space
limitations the presentation of this algorithm will be
deferred to a future publication. A question of importance
also is how closely the bounding ellipsoid X*(t|t) of Propo-
sition 4 approximates the exact set of possible states X(1¢).
This is a very difficult question to answer in general, par-
ticularly for the continuous time case, and more research
is required in this area. Some partial answers are available
for the discrete system case, and they will be reported in a
future publication.

It should be noted that the result of Proposition 4 can
be easily modified for the case where the ellipsoids (45b),
(45¢) of the input and observation noise are not centered at
the origin, as well as for the case where a control input is
present. As in the stochastic case, the effect of any deter-
ministic inputs can be superimposed by the linearity of the
system.

We remark that similar estimators to the one of Proposi-
tion 4 can be derived for the smoothing and prediction
problems, by making use of Lemma 2 and the results of
Sections IV and V. The resulting estimators are likewise
linear and are similar in structure to the corresponding
stochastic estimators. The resulting predictor has similar
advantages over the predictor of [2], [3] to the ones men-
tioned in connection with the filtering problem. The smooth-
ing case of Problem 2 has not been treated previously in the
literature.

It should also be noted that a problem analogous to
Problem 2 can be stated for a discrete-time system, and
results that are similar to those reported in this section can
be derived. We will not repeat the derivations but instead,
for purposes of easy reference, we will state in Appendix I the
result for the filtering case and outline its derivation.

Finally, we remark thata problem falling in some sense
between Problems 1 and 2 is that in which the initial state,

i
&
B
#
#:
-
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the input disturbance function, and the observation
disturbance function are individually bounded by separate
energy constraints of the form

[x(to) — xo]"¥ ™ '[x(te) — xo] < 1

f‘ €(@)Q M(tu(t)dt < 1

to

s
f V(OR Yt dt < 1
to

where the vector x, and the matrices ¥, @~ (t), and R™'(¢)
are as defined in Problem 1. This problem can be solved
using an approach that is analogous to that used in solving
Problem 2. The three separate energy constraints are first
bounded by a single energy constraint of the form (53),
where the multipliers a, and a, are in this case constants
rather than functions. The solution to Problem 1 can then
be used to give at each time an upper bound on the set of
possible system states that are consistent with the observed
output function and the above individual energy con-
straints. The details are straightforward and are not in-
cluded here.

VIII. CONSTANT SYSTEMS AND INFINITE TIME INTERVALS

In this section we consider the special case of Problem 2
where the system and the disturbance ellipsoids are con-
stant, i.c., 4, B, C, @, and R are constant matrices. If we
select the real-valued functions B(-) and p(-) to be also
constant (ie, BH)=B>0, p(t)=p > 0), (57) for the
matrix XZ(t) in Proposition 4 becomes

E(s) = AX(s) + ()4’ — pZ(s)C'R™'CL(s)
+ B7'BQB + (B + p)X(s) (63)

with initial condition £(0) = Y. This equation can be put
into the usual Riccati equation form

E(s) = A*E(s) + ()4
— Z(s)C'R*~'CZ(s) + BQ*B' (64)
by defining the matrices A*, Q*, R* as
A*=A+ 3B+ pLR*=p 'R Q*=7'Q (65

where I is the identity matrix. It is well known that the
solution of (64) converges to a positive-definite steady-state
solution £, as s — oo if the pair (4* C) is completely
observable and the pair (4*, B) is completely controllable.
The pair (4*, B) is completely controllable if and only if the
pair (A4, B) is completely controllable, i.e., the constant
system (1) is completely controllable. This can be seen by
the fact that if & is a column vector of the matrix B, the
subspace spanned by the vectors (b, AB, A%b,---, A"~ 'b) is
the same as the subspace spanned by the vectors [b, (4 +
Db, (A + I)?b,---,(A + Iy''b] which, in view of (65), is the
same as the subspace spanned by the vectors (b, A*b,



'i%ll

A*?b, - .., 4*"~ 'p). Similarly, the pair (4*, C) is completely
observable if and only if the pair (4, C) is completely observ-
able. Thus, for a completely controllable and observable
time-invariant system, the gain £(t)C’'R* ! in the estimator
of Proposition 4 after an initial transient will converge to
the steady-state constant gain £, CR*~'. For practical
reasons, one would like to implement the estimator as a
time-invariant system using the steady-state gain for the
whole time interval, i.e.; starting at the initial time to = 0.
This is possible since, as we will prove below, the approxi-
mation that results if we neglect the initial transient
vanishes as time goes to infinity.

Using the identifications (65), the estimator of Proposi-
tion 4 for a time-invariant system gives the estimate
ellipsoid :

X*(tlt) = {&:[& — ROVT ' O[E — £(1)] < 1 — %)} (66)

2(s) = A(s) + Z()CR* " '[z(s) — C(s)] (67)
E(s) = A*E(s) + Z(s)4* — E(s)C'R*~'C¥(s)
+ BQ*B' (68)

8%s) = —(B + p)*(s)
+ [2(s) — C%(s)]'R*~[z(s) — C&(s)] (69)
with
2(0) = x0, Z(0) = ¥, 6%(0) = 0. (70)
If X, is the steady-state solution of the Riccati equation (68)
and we implement the estimator as a time-invariant

system using the steady-state gain £ C' R* ™, the resulting
estimate ellipsoid will be given by :

Y(de) = {8:[8 — JOIES'(E — 9] < 1 = %)} (71)
where ,
Ms) = AY(s) + E,CR*~[z(s) — CP(s)) (72)

39 = —(8 + p)¥*(s)
+ [2(s) — CHE'R* ™ [z(s) — CP(s)] (73)
with §
MO0) = x,,5%0) = 0. (74)

Using the fact that X(¢) - X ast — oo, it will now be proved
that %(r) > §(¢) and 6%(t) » 8%(t) as t — oo, ie., that the
estimate X*(f|¢) of (66) converges to the set Y(ft) of (71) as
t — co. To this end, let X(t|t) = £ + H(t) where H(t) - 0
as t — oo. Then from (67) and (72) we have

[2() — HO)] = (4 — Z,CR*"'O)[2(r) — $(0)]
» + H(t)C’R*“‘[z(t) - Cx(0)]. (9

Now note that the xﬂatrix (A4—-Z_ CR*" 1'C) is stable (has
eigenvalues with negative real parts), since, by (65)
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[4 - Z,CR*™'C] = [4* — £,CR*1C] — }B + p)l

with B, p > 0, and the matrix (4* — £,CR"?)is stable by
a well-known property of the Riccati equation. Further-
more, the driving term H(t)CR*~'[z() — C&(¢)] goes to
zero as ¢t — oo since H(t) —» Oas t — oo and [2(t) — C#(1)] is
bounded. Therefore, the solution of (75) goes asymptotically
to zero as ¢t — oo and therefore (t) — $(t) as t —» oo.

Also, from (69) and (73)

[8%) — 800 = — (8 + p)[50) - 8] + &) (76)

where

1) = [z(t) — CR(O)R*™[2(t) — C3(t)]

.~ [20) — OYOYR*[z(1) — CP(a)).

Since X(t) — P(t) as t — o0, we have €(t) > 0 as ¢t — o, and
since (B + p) > O the solution of (76) goes to zero as t - co.
Hence 6%(t) » §*(t) as t — oo.

Thus, in applications where the system is constant and the
final time approaches infinity, one can use the steady-state
time-invariant estimator and be assured that the error that
results from neglecting the initial transient of the solution
of the Riccati equation vanishes as time increases. An
entirely analogous argument can be given for the discrete
case, and similarly one obtains a time-invariant estimator
for a constant system.

Finally, we note that in the infinite time case the param-
eter selection problem is greatly alleviated, as we now have
to select only two constants f, p with 0 < 8,0 < p in the
continuous case, and 0 < f < 1,0 < p < 1 in the discrete
case. If, for example, we are interested in selecting f, p
so that the trace of the matrix X is minimized, we can do
this by a simple search in the discrete case. For a continuous
system a steepesi-descent method can be used, where the
partial derivatives (0/0p)tr X, and (9/dp)tr L, can be
calculated by differentiation of the algebraic Riccati
equation.

.- ] - IX. CONCLUSIONS

Attention has been given to the problem of estimating the
state of a linear dynamic system from noisy measurements
of the output, when the initial condition of the system and
the input and observation noise vectors are unknown
except for the fact that they lie in given sets. The cases of
both energy constraints and' individual instantaneous
constraints for the uncertain quantities have been con-
sidered. In the former case, the set of possible states com-
patible with the observations received was shown to be an
ellipsoid and equations for its center and weighting matrix

‘were given. In the latter case equations describing a bound-

ing ellipsoid to the set of possible states were derived. All
three problems of filtering, prediction, and smoothing have
been examined by relating them to standard tracking
problems of optimal control theory. The estimators derived
are similar in structure and comparable in simplicity to the
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corresponding stochastic linear minimum-variance estima-
tors, and it was shown that they provide distinct advantages
over existing schemes. The results reported in this paper
can also be used in the solution of certain minimax control
problems as has been shown elsewhere [12].

A problem that requires further consideration is the
question of the quality of approximation resulting from the
ellipsoidal bounding operation in the instantaneous con-
straint case. Some results pertinent to this question, an
algorithm for the judicious selection of the parameter time
functions in Proposition 4, and the special case where the
observation noise is degenerate, will be considered in a
future publication.

AppPENDIX | i
DI1SCRETE TIME ESTIMATORS FOR THE
FILTERING PROBLEM

System ' \
X1 = Ay + By, k=0,---,N-1
Compare (1).
zk:Ckxk_*_vk’ k=0,...

Compare (2).

Energy Constraint
[xo — mol¥ ™ [xo — Mo]

I
N-1 "

+ Y @O 'u + v, R0 ) < 1

i=0

Compare (3).

Filtering Algorithm for Energy Constraint

Compare Proposition 1
Xy = {8:6 — RVTHHKE — £) < 1 — 82k}
Bror = Ak + Bk + Lk + )G R
- » @1 ~ G Ay
X0 = Mo
E(k + 1k + 1) = [£7 4k + 10) + G R Crn ]
Z(k + 1lk) = A, Z(klk)4; + B.Q,B,
E(0(0) = ¥

(k) = Z (z, — CA;_%;_)[CZ ‘ ST
i=1
@i — DG + R — Cidy— 1 %i-y).

Instantaneous Constraints

(%o — Roy¥ ™ H(xo —
Compare (45a).
uQ 'u; < 1, i=0,-.-

Bo) < 1

Compare (45b).
vy = 1, =1, N

L §

Compare (45c¢).

Energy Constraint Bounding Instantaneous Constraint
Compare Lemma 2, (55).

aolxo — W'Y~ H(xo — po)
k
+ Y (ayi— 4Oy, + aviR ') < 1
i=1

ap=(1- ﬂq)(l =P —By)---
ay = Bo(l — p)(1 — By)

(1= Bx-)(1 — py)
(1= B (1 = py)

az = py(1 — By)---(1 = B )1 ~ py)
az-1 = Br—1(1 — py)
A2k = Px
O0<fii<1l, O0<p <l i=1,---,k

Filtering Algorithm for Instantaneous Constraint
Compare Proposition 4.
X*klk) = {§:(8 — YT (KK)(E — %) < 1 — 5%(k)}
vy = AXy + pry Dk + 1k + 1)
‘Cer 1R (21 — iy 1 AiR))
2o =Ho

T + Uk + 1) = [(1 — pp )27k + 1K)

| + P+ 1Cie 1 R G171

Ik + 1k) = (1 — B)~ "4, X(kk)A, + B 'B.Q: B
(00 =

0 (k) = (1 — Bu_ )1 — p)é*k — 1)
+ (2 — G- 1%~ )1 — p) ' CEKIk — 1)C,

+ o 'Rz — CAy— 13- y)
5%(0) =

O0<B-1 <1, O0<p <1, k=1,---,N.
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Two-Level Form of the Kalman Filter

A. R. M. NOTON, SENIOR MEMBER, IEEE

Abstract—Sequential estimation of the states of several high-order
interconnected systems may be prohibitive on computer time and storage if
the problem is formulated as for a single system. Therefore, multilevel
systems theory has been applied to derive a coordination algorithm, with
one-step convergence, for a number of subsystem Kalman estimators. The
procedure may be compatationally attractive for sparsely coupled subsystems
with few stochastic inputs.

I. INTRODUCTION

UITE apart from its theoretical importance, the

Kalman filter [1], [2] is now regarded as a highly
practicable technique for state and parameter estima-
tion [3]. For the linear system the theory is on a rigorous
basis but an extension of the filter, by means of local
linearization, has proved to be a useful approximation [4]-
[7]. However, when the order of the system becomes high
(e.g., 50 state variables) the on-line requirements on storage
and computing time may become prohibitive. This paper is
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concerned ‘with the application of multilevel systems
theory to the problem, especially when the total system is
composed of several subsystems and the manner of decom-
position is evident from the system structure.

Multilevel systems theory has been under development in
various forms since about 1962, primarily by Mesarovic,
Lefkowitz, Pearson, Macko, and Takahara. Of the more
recent references [8]-[12] the book [12] is by far the most
comprehensive at the time of writing. The author is applying
the theoretical developments due to Mesarovic, Macko,
and Takahara. Multilevel theory has previously been
applied to the problem of state estimation but Chen and
Perlis [13] were using an earlier form of the theory (essen-
tially as a constrained minimization) and they did not derive
a recursive or sequential estimator (compare with the
Kalman filter). Furthermore, the coordination process was
simple and slowly convergent. On the other hand, using the
so-called interaction prediction principle the essential form
of the Kalman filter for each subsystem is preserved below.
In addition, a coordination algorithm is derived having the
property of one-step convergence.



