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Traveling Salesman: Example of a Trajectory Constraint

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution

Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

Matrix of Intercity Travel Costs

Corrected J̃ J̃ J* Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=
Ps

`=1 F`(i)r` it is a linear feature-based architecture

(r1, . . . , rs: Scalar weights)
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High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

1

ABCDA ABDCA ACBDA ACDBA ADBCA ADCBA

Safety Costs of Complete Tours ABCDA

6-Dimensional Assignment Problem 15

Termination State Constraint Set X X = X X̃ ỹ0 = x̃0 = x0
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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3 ũ0 x̃1 ũ1 x̃1
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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3 ũ0 x̃1 ũ1 x̃1
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Deterministic Rollout with Trajectory Constraint: Basic Idea
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TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ

Optimal Base Rollout Terminal Score Approximation

Trajectory Rk Trajectory Rk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation
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TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ x0 = x̃0

Optimal Base Rollout Terminal Score Approximation Current

Trajectory Tk Trajectory Tk+1 rollout policy µ̃ Simplified mini-
mization

Base Heuristic Cost Hk(x̃k) Base Heuristic Cost Hk+1(x̃k+1)

Changing System, Cost, and Constraint Parameters

Linearized Bellman Eq. at Jµ Yields Rollout Policy µ̃ 20

Through Tµ̃Jµ = TJµ Lookahead Minimization

Value iterations Compares Complete Foldings

Expert Rollout with Base Off-Line Obtained Policy

Policy Improvement with Base Policy µ
Policy evaluations for µ and µ̃

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

1

Review of the unconstrained rollout algorithm:
Construct sequence of trajectories {T0,T1, . . . ,TN} with monotonically
nonincreasing cost (assuming a sequential improvement condition).

For each k , the trajectories Tk ,Tk+1, . . . ,TN share the same initial portion
(x0, ũ0, . . . , ũk−1, x̃k ).

The base heuristic is used to generate candidate trajectories that correspond to
the controls uk ∈ Uk (xk ).

The next trajectory Tk+1 is the candidate trajectory that has min cost.

To deal with a trajectory constraint T ∈ C, we discard all the candidate trajectories that
violate the constraint, and we choose Tk+1 to be the best of the remaining trajectories.
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Deterministic Problems with Constraints: Definition

Consider a deterministic optimal control problem with system xk+1 = fk (xk , uk ).

A complete trajectory is a sequence

T = (x0, u0, x1, u1, . . . , uN−1, xN)

Problem:
min
T∈C

G(T )

where G is a given cost function and C is a given constraint set of trajectories.

State augmentation idea for rollout
Redefine the state to be the partial trajectory

yk = (x0, u0, x1, . . . , uk−1, xk )

Partial trajectory evolves according to a redefined system equation:

yk+1 =
(
yk , uk , fk (xk , uk )

)
The problem becomes to minimize G(yN) subject to the constraint yN ∈ C.
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(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

SC ` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

1

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

x0 x̃1 x̃2 x̃k�1 x̃k xk+1 xN�1 xN ũ0 ũ1 ũk�1 uk uk+1 uN�1
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3 ũ1 x̃2 ũ2 x̃3
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�
ỹk, uk, R(yk+1)

�
2 C

x0 u⇤
0 x⇤

1 u⇤
1 x⇤

2 u⇤
2 x⇤
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x1
k, u1

k u2
k x2

k dk ⌧
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3 ũ0 x̃1 ũ1 x̃1
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Given ỹk = {x̃0, ũ0, x̃1, ũ1, . . . , ũk−1, x̃k} consider all controls uk and corresponding
next states xk+1.

Extend ỹk to obtain the partial trajectories yk+1 =
(
ỹk , uk , xk+1

)
, for uk ∈ Uk (xk ).

Run the base heuristic from each yk+1 to obtain the partial trajectory R(yk+1).

Join the partial trajectories yk+1 and R(yk+1) to obtain complete trajectories
denoted by Tk (ỹk , uk ) =

(
ỹk , uk ,R(yk+1)

)
Find the set of controls Ũk (ỹk ) for which Tk (ỹk , uk ) is feasible, i.e., Tk (ỹk , uk ) ∈ C

Choose the control ũk ∈ Ũk (ỹk ) according to the minimization

ũk ∈ arg min
uk∈Ũk (ỹk )

G
(
Tk (ỹk , uk )

)
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Constrained Traveling Salesman Example
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W+ =
�
J | J � J+, J(t) = 0

 

VI converges to J+ from within W+

Cost: g(xk, uk) � 0 VI converges to Ĵp from within Wp
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution

Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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(
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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3 ũ1 x̃2 ũ2 x̃3
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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3 ũ1 x̃2 ũ2 x̃3
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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xk+1 5.5

Old State xk�1 New State xk Encoder Noisy Channel Received
Sequence

Decoder Decoded Sequence

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation Rollout Choice

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour from A from AB from AC from AD

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation Rollout Choice

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour from A from AB from AC from AD

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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Rollout at A: Considers partial tours AB, AC, and AD; Obtains the complete tours
ABCDA, ACBDA, and ADCBA; Discards ADCBA as being infeasible; Compares
ABCDA and ACBDA, finds ABCDA to have smaller cost, and selects AB.

Rollout at AB: Considers the partial tours ABC and ABD; Obtains the complete
tours ABCDA and ABDCA; Discards ABDCA as being infeasible; Selects the
complete tour ABCDA.
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(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

SC ` Stages Riccati Equation Iterates P P0 P1 P2 �2 � 1 �2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k � wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

1

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN�1) . . .

x0 x̃1 x̃2 x̃k�1 x̃k xk+1 xN�1 xN ũ0 ũ1 ũk�1 uk uk+1 uN�1
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ỹk, uk, R(yk+1)

�
2 C

x0 u⇤
0 x⇤

1 u⇤
1 x⇤

2 u⇤
2 x⇤
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�
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1

The notions of sequential consistency and sequential improvement apply. Their
definition includes that the set of “feasible" controls Ũk (ỹk ) is nonempty for all k .

Sequential improvement condition: The min heuristic Q-factor over Ũk (ỹk ) is no
larger than the heuristic cost at ỹk (see the notes).
Fortified version (if sequential improvement does not hold; see the notes):

I Maintains the “tentative best" trajectory, and follows it up to generating a better
trajectory through rollout.

I Has the cost improvement property, assuming the base heuristic generates a feasible
trajectory starting from the initial condition ỹ0 = x0.

Multiagent version: Selects one-control-component-at-a-time (apply constrained
rollout to the equivalent reformulation, i.e., the one with control space “unfolded").
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Example of Sequential Consistency and Sequential Improvement
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Starting Position ŵ1, ŵ2, . . . xN t m xk xk+1 5.5 i j

YES Set dj = di + aij Is di + aij < dj? Is di + aij < UPPER?

Open List INSERT REMOVE
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution Constraint: Tour Safety ≤ 10

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

1

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 20

A AB AC AD ABC ABD ACB ACD ADB ADC

ABCD ABDC ACBD ACDB ADBC ADCB

Origin Node s Artificial Terminal Node t

(Is the path s ! i ! j

have a chance to be part of a shorter s ! j path?)

(Does the path s ! i ! j shorter than the current s ! j path?)

Length = 0 Dead-End Position Solution
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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ŵ1, ŵ2, . . . xN t m xk xk+1 5.5

Origin Node s Artificial Terminal Destination Node t Encoder Noisy
Channel Received Sequence

Decoder Decoded Sequence

s x0 x1 x2 xN�1 xN t m xk xk+1 5.5

w1, w2, . . . y1, y2, . . . x1, x2, . . . z1, z2, . . . ŵ1, ŵ2, . . . xN t m xk
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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3 ũ1 x̃2 ũ2 x̃3
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x1
k, u1

k u2
k x2

k dk τ

I0 Info Vectors Ik+1 Stages Beyond Truncation

Rollout with Base Policy Using an Acquisition Function

Heuristic Partial Tour from A from AB from AC from AD

Truncated Horizon RNAfold Expert ENTRNA Dot ·
Possible Base Policy Unconstrained Min Cost Tour

Current Info Vector Ik Using an Acquisition Function
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ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 20 15 Constraint: Tour Safety ≤ 10

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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k

1

The heuristic is not sequentially consistent at A, but it is sequentially improving.

If we change the D→A cost to 25, the heuristic is not sequentially improving at A,
and the cost improvement property is lost.

If we change the D→A cost to 25 and we add fortification, the rollout algorithm at
A sticks with the initial tentative best trajectory ACDBA, and rejects ABCDA.
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A Retrospective Summary on Deterministic Constrained Rollout

Structural components
(1) Trajectories T consisting of a sequence of decisions defined by a layered/optimal

control graph

(2) A cost function G(T ) to rank trajectories

(3) A constraint T ∈ C to determine feasibility of trajectories

(4) A base heuristic that starts from a partial trajectory and generates a complete
trajectory

Given (1)

The choices of (2), (3), and (4) are independent of each other

In particular, given (1)-(3):

We can try several different base heuristics or a superheuristic
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(
F (i)

)

I1 I2 I3 Iℓ Iq−1 Iq r∗
2 r∗

3 Cost Ĵµ
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ĝ(f, u) =

n∑

i=1

dfi

n∑

j=1

pij(u)g(i, u, j)

Representative Feature States Feature Space F F (j) φjf1 φjf2 φjf3

φjf4

i1 i2 iℓ r∗
1 r∗

q r∗
ℓ . . . iq

Disaggregation Sets If Aggregate Optimization Feature States

Neural Network Features Approximate Cost J̃µ Policy Improvement
Sampling

Neural Network Features Approximate Cost J̃µ Policy Improvement

1

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ
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(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
2 r∗

3 Cost Ĵµ
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =
n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ

(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost
function Jµ(i)I1 ... Iq I2 g(i, u, j)

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =

n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄

ĝ(f, u) =

n∑

i=1

dfi

n∑

j=1

pij(u)g(i, u, j)

Representative Feature States Feature Space F F (j) φjf1 φjf2 φjf3

φjf4

i1 i2 iℓ . . . iq

Disaggregation Sets If Aggregate Optimization Feature States

Neural Network Features Approximate Cost J̃µ Policy Improvement
Sampling

Neural Network Features Approximate Cost J̃µ Policy Improvement

F̂ = {f1, f2, f3, f4, f5, f6, f7}

1

This is a special case of the constrained deterministic optimal control problem
where each state xk can only take a single value, i.e., xk ≡ “artificial" x0.

A very broad range of problems, e.g., combinatorial, integer programming, etc.

Solution by constrained rollout applies. Provides entry point to the use of RL ideas
in discrete optimization through DP and approximation in value space.

Competing methods: local/random search, genetic algorithms, integer
programming/branch and bound, etc. Rollout is different.
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Facility Location: A Prototype Integer Programming ProblemSample Space Event {a ≤ X ≤ b} a b x PDF fX(x) δ x x + δ

Clients Facilities xij i j zj = 0 or 1

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

bk Belief States bk+1 bk+2 Policy µ m Steps

Truncated Rollout Policy µ m Steps Φr∗
λ

B(b, u, z) h(u) Artificial Terminal to Terminal Cost gN(xN ) ik bk ik+1 bk+1 ik+2 uk uk+1 uk+2

Original System Observer Controller Belief Estimator zk+1 zk+2 with Cost gN (xN )

µ COMPOSITE SYSTEM SIMULATOR FOR POMDP

(a) (b) Category c̃(x, r̄) c∗(x) System PID Controller yk y ek = yk − y + − τ Object x h̃c(x, r̄) p(c | x)

uk = rpek + rizk + rddk ξij(u) pij(u)

Aggregate States j ∈ S f(u) u u1 = 0 u2 uq uq−1 . . . b = 0 ik b∗ b∗ = Optimized b Transition Cost

Policy Improvement by Rollout Policy Space Approximation of Rollout Policy at state i

One-step Lookahead with J̃(j) =
∑

y∈A φjyr∗
y bk Control uk = µk(bk)

p(z; r) 0 z r r + ϵ1 r + ϵ2 r + ϵm r − ϵ1 r − ϵ2 r − ϵm · · · p1 p2 pm

... (e.g., a NN) Data (xs, cs)

V Corrected V Solution of the Aggregate Problem Transition Cost Transition Cost J∗

Start End Plus Terminal Cost Approximation S1 S2 S3 Sℓ Sm−1 Sm

Disaggregation Probabilities dxi dxi = 0 for i /∈ Ix Base Heuristic Truncated Rollout
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k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)
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1

Sample Space Event {a ≤ X ≤ b} a b x PDF fX(x) δ x x + δ

Clients Facilities xij i j zj = 0 or 1

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

bk Belief States bk+1 bk+2 Policy µ m Steps

Truncated Rollout Policy µ m Steps Φr∗
λ

B(b, u, z) h(u) Artificial Terminal to Terminal Cost gN(xN ) ik bk ik+1 bk+1 ik+2 uk uk+1 uk+2

Original System Observer Controller Belief Estimator zk+1 zk+2 with Cost gN (xN )

µ COMPOSITE SYSTEM SIMULATOR FOR POMDP

(a) (b) Category c̃(x, r̄) c∗(x) System PID Controller yk y ek = yk − y + − τ Object x h̃c(x, r̄) p(c | x)
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Disaggregation Probabilities dxi dxi = 0 for i /∈ Ix Base Heuristic Truncated Rollout
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Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map
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J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme uj = 0 or 1

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Locations Evaluate Approximate Cost J̃µ

of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

If J̃µ

(
F (i), r

)
=

∑s
ℓ=1 Fℓ(i)rℓ it is a linear feature-based architecture

(r1, . . . , rs: Scalar weights)

Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π

Wp′ : Functions J ≥ Ĵp′ with J(xk) → 0 for all p′-stable π

W+ =
{
J | J ≥ J+, J(t) = 0

}

VI converges to J+ from within W+

Cost: g(xk, uk) ≥ 0 VI converges to Ĵp from within Wp
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x ↵k Jk(xk) E{Jk+1(�x + ⇠k)} xN�1 ⇠ �xN�1 + ⇠ ↵N�1 ↵2

1

At trajectory yk = (x̃0, ũ0, . . . , ũk−1, x̃k) min(u0,...,uN−1)∈C G(u0, . . . , uN−1)

G(u0, . . . , uN−1) = min
yij∈H(u0,...,uN−1)

M∑

i=1

N−1∑

j=0

aijyij +

N−1∑

j=0

bjuj

H(u0, . . . , uN−1): Set of yij ≥ 0 such that
∑

j yij = di for all i,
∑

i yij ≤ ujcj for all j

and can satisfy the demand H(u0, . . . , uN−1): Set of feasible demand allocations, i.e.

C : Set of (u1, . . . , uN) with and H(u1, . . . , uN) is nonempty

uk ∈ {0, 1} and for some yij ≥ 0,
∑

j yij = di for all i

C : Set of (u1, . . . , uN) such that uk ∈ {0, 1} ∑
i yij ≤ ujcj for all j

∑M
i=1

∑N
j=1 aijyij +

∑N
j=1 bjuj

∑
j yij = di for all i

∑
i yij ≤ ujcj for all j

min
uk∈Ũk(xk)

max
wk,...,wN−1

[
gk(xk, uk, wk) + J̃π,k+1

(
fk(xk, uk, wk), wk+1, . . . , wN−1

)]

M∑

i=1

N∑

j=1

aijxij +
N∑

j=1

bjuj

min
uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt

(
xt, µt(xt), wt

)
+ J̃k+ℓ(xk+ℓ)

]

Cost of Base Policy Corresponding to xk+1 = fk(xk, uk, wk)

and wk+1, . . . , wN−1

Truncated Rollout with Base Policy Plus Rollout Control ũk

Terminal Cost Approx imation

Longest Path Problem LONGEST PATH PROBLEM First ℓ Steps

Minimax Control Problem with ℓ-Step Horizon
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Q-factor Q̃k(x̃k, uk)
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max
wk,...,wN−1

[
gk(x̃k, uk, wk) + J̃π,k+1

(
fk(x̃k, uk, wk), wk+1, . . . , wN−1

)]

M∑

i=1

N∑

j=1

aijxij +

N∑

j=1

bjuj

min
uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt

(
xt, µt(xt), wt

)
+ J̃k+ℓ(xk+ℓ)

]

Cost of Base Policy Corresponding to xk+1 = fk(x̃k, uk, wk)

and wk+1, . . . , wN−1

Truncated Rollout with Base Policy Plus Rollout Control ũk
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Place facilities at some of the given candidate locations to serve M “clients."

Client i = 1, . . . ,M has a demand di for services that may be satisfied at a location
k = 0, . . . ,N − 1 at a cost aik per unit.

A facility placed at location k has capacity ck and cost bk . Here uk ∈ {0, 1}, with
uk = 1 if a facility is placed at k .

Problem: Minimize
∑M

i=1

∑N−1
k=0 aik yik +

∑N−1
k=0 bk uk subject to total demand

satisfaction constraints (yik ≥ 0,
∑

k yik = di for all i , and
∑

i yik ≤ uk ck for all k ).

There may be additional constraints on u, but we will ignore for the moment.

Note: If the placement variables uk are known, the remaining problem is easily
solvable (it is a linear “transportation" problem).
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Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map
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J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme uj = 0 or 1

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Locations Evaluate Approximate Cost J̃µ

of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

If J̃µ

(
F (i), r

)
=

∑s
ℓ=1 Fℓ(i)rℓ it is a linear feature-based architecture

(r1, . . . , rs: Scalar weights)

Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π

Wp′ : Functions J ≥ Ĵp′ with J(xk) → 0 for all p′-stable π

W+ =
{
J | J ≥ J+, J(t) = 0

}

VI converges to J+ from within W+

Cost: g(xk, uk) ≥ 0 VI converges to Ĵp from within Wp
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At trajectory yk = (x̃0, ũ0, . . . , ũk−1, x̃k) min(u0,...,uN−1)∈C G(u0, . . . , uN−1)

G(u0, . . . , uN−1) = min
yij∈H(u0,...,uN−1)

M∑

i=1

N−1∑

j=0

aijyij +

N−1∑

j=0

bjuj

H(u0, . . . , uN−1): Set of yij ≥ 0 such that
∑

j yij = di for all i,
∑

i yij ≤ ujcj for all j

and can satisfy the demand H(u0, . . . , uN−1): Set of feasible demand allocations, i.e.

C : Set of (u1, . . . , uN) with and H(u1, . . . , uN) is nonempty

uk ∈ {0, 1} and for some yij ≥ 0,
∑

j yij = di for all i

C : Set of (u1, . . . , uN) such that uk ∈ {0, 1} ∑
i yij ≤ ujcj for all j

∑M
i=1

∑N
j=1 aijyij +

∑N
j=1 bjuj

∑
j yij = di for all i

∑
i yij ≤ ujcj for all j

min
uk∈Ũk(xk)

max
wk,...,wN−1

[
gk(xk, uk, wk) + J̃π,k+1

(
fk(xk, uk, wk), wk+1, . . . , wN−1

)]

M∑

i=1

N∑

j=1

aijxij +
N∑

j=1

bjuj

min
uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt

(
xt, µt(xt), wt

)
+ J̃k+ℓ(xk+ℓ)

]

Cost of Base Policy Corresponding to xk+1 = fk(xk, uk, wk)

and wk+1, . . . , wN−1

Truncated Rollout with Base Policy Plus Rollout Control ũk
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Terminal Cost Approx imation

1

Consider placements one location at a time.

Stage k = Placement decision uk ∈ {0, 1} at location k (N stages).

Base heuristic: Having fixed u0, . . . , uk , place a facility in all remaining locations.
Rollout: Having fixed u0, . . . , uk , compare two possibilities:

I Set uk+1 = 1 (place facility at location k + 1), set uk+2 = · · · = uN−1 = 1 (as per the
base heuristic), and solve the remaining problem.

I Set uk+1 = 0 (don’t place facility at location k + 1), set uk+2 = · · · = uN−1 = 1 (as per
the base heuristic), and solve the remaining problem.

Select uk+1 = 1 or uk+1 = 0 depending on which yields feasibility and min cost.

Sequential improvement is satisfied in the absence of additional constraints.

Transportation problems are similar; solved efficiently with the auction algorithm
(see literature on network optimization).
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Let’s Take a Working Break Before Discussing Minimax Control

A worst case point of view of the uncertainty
The disturbances wk are chosen by an adversarial and omniscient decision maker

Instead of a probabilistic description of wk , assume a set membership description
wk ∈ Wk ; think of a minimax version of the principle of optimality
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Minimax Control - Robust Control/Optimization - Games Against Nature

A worst case point of view of the uncertainty
The disturbances wk are chosen by an adversarial and omniscient decision maker
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Minimax Control Problems (Finite Horizon Case)

Instead of a probabilistic description of wk , assume a set membership description
wk ∈ Wk (xk , uk ) [it may depend on (xk , uk )]

The minimax control problem is to find a policy π = {µ0, . . . , µN−1} with
µk (xk ) ∈ Uk (xk ) for all xk and k , which minimizes the cost function

Jπ(x0) = max
wk∈Wk (xk ,µk (xk ))

k=0,1,...,N−1

[
gN(xN) +

N−1∑
k=0

gk
(
xk , µk (xk ),wk

)]

The DP algorithm (max in place of E{·}): Starting with J∗N(xN) = gN(xN),

J∗k (xk ) = min
uk∈U(xk )

max
wk∈Wk (xk ,uk )

[
gk (xk , uk ,wk ) + J∗k+1

(
fk (xk , uk ,wk )

)]
Similar to the stochastic case ... but the max operation is nonlinear and Monte
Carlo simulation is unavailable (this affects rollout/policy iteration)

Approximation in value space with one-step lookahead applies at state xk a control

ũk ∈ arg min
uk∈U(xk )

max
wk∈Wk (xk ,uk )

[
gk (xk , uk ,wk ) + J̃k+1

(
fk (xk , uk ,wk )

)]
Approximation in value space with multistep lookahead is similar
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`-Step Lookahead Approximation in Value Space for Minimax Control
u1

k u2
k u3

k u4
k u5

k Constraint Relaxation U U1 U2

At State xk

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

Extrapolation by a Factor of 2 T (λ) = P (c) · T = T · P (c)

Extrapolation Formula T (λ) = P (c) · T = T · P (c)

Multistep Extrapolation T (λ) = P (c) · T = T · P (c)

1

min
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max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt
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xt, µt(xt), wt
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]
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G(u0, . . . , uN−1) = min
(yik,i,k)∈H(u0,...,uN−1)

M∑

i=1

N−1∑

k=0

aikyik +

N−1∑

k=0

bkuk

H(u0, . . . , uN−1): Set of yik ≥ 0 such that
∑

k yik = di for all i,
∑

i yik ≤ ukck for all k

and can satisfy the demand and other constraints

(e.g., public policy constraints)

H(u0, . . . , uN−1): Set of feasible demand allocations, i.e.

C : Set of (u0, . . . , uN−1) with and H(u1, . . . , uN) is nonempty

uk ∈ {0, 1} and for some yij ≥ 0,
∑

j yij = di for all i

C : Set of (u0, . . . , uN−1) such that uk ∈ {0, 1} ∑
i yij ≤ ujcj for all j

∑M
i=1

∑N
j=1 aijyij +

∑N
j=1 bjuj

∑
j yij = di for all i

∑
i yij ≤ ujcj for all j

min
uk∈Ũk(ỹk)

max
wk,...,wN−1
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gk(x̃k, uk, wk) + J̃π,k+1

(
fk(x̃k, uk, wk), wk+1, . . . , wN−1
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j=1
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N∑

j=1
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max
wk ,...,wk+ℓ−1
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gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1
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(
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Cost of Base Policy Corresponding to xk+1 = fk(x̃k, uk, wk)

and wk+1, . . . , wN−1

Truncated Rollout with Base Policy Plus Rollout Control ũk

Terminal Cost Approx imation

1

Any cost function approximation J̃k+`(xk+`) is permissible

Terminal cost approximation J̃k+`(xk+`) may be obtained by off-line training

The “three approximations" view is valid (min approx, max approx, J̃k+` approx)

The `-step minimax control problem is solved by DP

Its solution is facilitated by a special technique, called "alpha-beta pruning"

There are variants with selective step lookahead

This is the algorithm that most chess programs use for on-line play (including
AlphaZero)
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One-Step Rollout for Minimax Control in Discrete Spaces Problems
u1
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k u4
k u5

k Constraint Relaxation U U1 U2
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}
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Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π

1

min
uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt

(
xt, µt(xt), wt

)
+ J̃k+ℓ(xk+ℓ)

]

Truncated Rollout with Base Policy Plus Rollout Control ũk
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]
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At state xk : For uk ∈ Uk (xk ), compute the Q-factor of the base policy π

Q̃k (xk , uk ) = max
wk ,...,wN−1

[
gk (xk , uk ,wk ) + J̃π,k+1

(
fk (xk , uk ,wk ),wk+1, . . . ,wN−1

)]
This is a longest path problem.

Rollout control: ũk ∈ arg minuk∈Uk (xk ) Q̃k (xk , uk )

Any policy can be used as base policy (must be a legitimate policy, not a heuristic)

Sequential consistency holds (assuming no terminal cost approximation)

Sequential consistency implies cost improvement

Variants: Terminal cost approx., extra constraints (no cost improvement guarantee)
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Wp: Functions J ≥ Ĵp with J(xk) → 0 for all p-stable π

1

min
uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑
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At trajectory yk = (x̃0, ũ0, . . . , ũk−1, x̃k) min(u1,...,uN )∈C G(u1, . . . , uN )

G(u1, . . . , uN) = min
yij∈H(u1,...,uN )

M∑

i=1

N∑

j=1

aijyij +

N∑

j=1

bjuj

H(u1, . . . , uN): Set of yij ≥ 0 such that
∑

j yij = di for all i,
∑

i yij ≤ ujcj for all j

and can satisfy the demand H(u1, . . . , uN): Set of feasible demand allocations, i.e.

C : Set of (u1, . . . , uN) with and H(u1, . . . , uN) is nonempty

uk ∈ {0, 1} and for some yij ≥ 0,
∑

j yij = di for all i

C : Set of (u1, . . . , uN) such that uk ∈ {0, 1} ∑
i yij ≤ ujcj for all j
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i=1
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∑N
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∑
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∑
i yij ≤ ujcj for all j
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At trajectory yk = (x̃0, ũ0, . . . , ũk−1, x̃k) min(u0,...,uN−1)∈C G(u0, . . . , uN−1)

G(u0, . . . , uN−1) = min
yij∈H(u0,...,uN−1)

M∑

i=1

N−1∑

j=0

aijyij +

N−1∑

j=0

bjuj

H(u0, . . . , uN−1): Set of yij ≥ 0 such that
∑

j yij = di for all i,
∑

i yij ≤ ujcj for all j

and can satisfy the demand H(u0, . . . , uN−1): Set of feasible demand allocations, i.e.
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aijyij +

N−1∑

j=0

bjuj

H(u0, . . . , uN−1): Set of yij ≥ 0 such that
∑

j yij = di for all i,
∑

i yij ≤ ujcj for all j

and can satisfy the demand H(u0, . . . , uN−1): Set of feasible demand allocations, i.e.

C : Set of (u0, . . . , uN−1) with and H(u1, . . . , uN) is nonempty

uk ∈ {0, 1} and for some yij ≥ 0,
∑

j yij = di for all i

C : Set of (u0, . . . , uN−1) such that uk ∈ {0, 1} ∑
i yij ≤ ujcj for all j

∑M
i=1

∑N
j=1 aijyij +

∑N
j=1 bjuj

∑
j yij = di for all i

∑
i yij ≤ ujcj for all j

min
uk∈Ũk(ỹk)

max
wk,...,wN−1

[
gk(x̃k, uk, wk) + J̃π,k+1

(
fk(x̃k, uk, wk), wk+1, . . . , wN−1

)]

M∑

i=1

N∑

j=1

aijxij +
N∑

j=1

bjuj

min
uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt

(
xt, µt(xt), wt

)
+ J̃k+ℓ(xk+ℓ)

]

Cost of Base Policy Corresponding to xk+1 = fk(x̃k, uk, wk)

and wk+1, . . . , wN−1

Truncated Rollout with Base Policy Plus Rollout Control ũk

Terminal Cost Approx imation

Longest Path Problem LONGEST PATH PROBLEM First ℓ Steps

Minimax Control Problem with ℓ-Step Horizon
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Q-factor Q̃k(x̃k, uk)
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yij∈H(u0,...,uN−1)
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j yij = di for all i
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max
wk,...,wN−1

[
gk(x̃k, uk, wk) + J̃π,k+1

(
fk(x̃k, uk, wk), wk+1, . . . , wN−1
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uk,µk+1,...,µk+ℓ−1

max
wk ,...,wN−1

[
gk(xk, uk, wk) +

k+ℓ−1∑

t=k+1

gt

(
xt, µt(xt), wt

)
+ J̃k+ℓ(xk+ℓ)

]

Cost of Base Policy Corresponding to xk+1 = fk(x̃k, uk, wk)

and wk+1, . . . , wN−1

Truncated Rollout with Base Policy Plus Rollout Control ũk

Terminal Cost Approx imation

Longest Path Problem LONGEST PATH PROBLEM First ℓ Steps

1

At partial trajectory ỹk = (x̃0, ũ0, . . . , ũk−1, x̃k ): Compute the Q-factor

Q̃k (x̃k , uk ) = max
wk ,...,wN−1

[
gk (x̃k , uk ,wk ) + J̃π,k+1

(
fk (x̃k , uk ,wk ),wk+1, . . . ,wN−1

)]
for each uk in the set Ũk (ỹk ) that guarantee feasibility. A longest path problem.

Once the set of “feasible controls" Ũk (ỹk ) is computed, we can obtain the rollout
control: ũk ∈ arg minuk∈Ũk (ỹk )

Q̃k (x̃k , uk )

Fortified version guarantees that the algorithm leads to a feasible cost-improved
rollout policy, assuming the base heuristic at the initial state produces a trajectory
that is feasible for all possible disturbance sequences
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Relation of Minimax Control with Zero-Sum Game Theory

Zero-sum game problems involve two players and a cost function; one player
aims to minimize the cost and the other aims to maximize the cost

They involve TWO minimax control problems:
I The min-max problem where the minimizer chooses policy first and the maximizer

chooses policy second with knowledge of the minimizer’s policy

I The max-min problem where the maximizer chooses policy first and the minimizer
chooses policy second with knowledge of the maximizer’s policy

I We have Max-Min optimal value ≤ Min-Max optimal value

Game theory is particularly interested on conditions that guarantee that
Max-Min value = Min-Max value. This question is beyond the range of practical
RL (but may still be of theoretical interest in many contexts).

An interesting question: How do various algorithms work when approximations are
used in the min-max and max-min problems?

We can certainly improve either the minimizer’s policy or the maximizer’s policy by
rollout, assuming a fixed policy for the opponent

Can the policies be improved simultaneously? In practice this seems to work
“often" ... but there is no reliable theory on this question ...

In symmetric games like chess: What if both players train w/ a common policy?
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About the Next Lecture

We will cover:
Parametric approximation architectures.

Neural networks and how we use them.

Approximation in value space and policy space using neural nets.

We will use material from videolecture 6 of the 2019 ASU class.
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