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Review - Finite Horizon Deterministic Problem

......
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ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :
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(
F (i)
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2 r∗

3 Cost Ĵµ

(
F (i)
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Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)
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Cost G(u) Heuristic N -Solutions

Piecewise Constant Aggregate Problem Approximation

Artificial Start State End State

Piecewise Constant Aggregate Problem Approximation

Feature Vector F (i) Aggregate Cost Approximation Cost Ĵµ
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(
F (i)

)

R1 R2 R3 Rℓ Rq−1 Rq r∗
q−1 r∗

3 Cost Ĵµ
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System
xk+1 = fk (xk , uk ), k = 0, 1, . . . ,N − 1

where xk : State, uk : Control chosen from some set Uk (xk )

Cost function:

gN(xN) +
N−1∑
k=0

gk (xk , uk )

For given initial state x0, minimize over control sequences {u0, . . . , uN−1}

J(x0; u0, . . . , uN−1) = gN(xN) +
N−1∑
k=0

gk (xk , uk )

Optimal cost function J∗(x0) = min uk∈Uk (xk )
k=0,...,N−1

J(x0; u0, . . . , uN−1)
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Review - DP Algorithm for Deterministic Problems

Go backward to compute the optimal costs J∗
k (xk ) of the xk -tail subproblems

Start with
J∗N(xN) = gN(xN), for all xN ,

and for k = 0, . . . ,N − 1, let

J∗k (xk ) = min
uk∈Uk (xk )

[
gk (xk , uk ) + J∗k+1

(
fk (xk , uk )

)]
, for all xk .

Then optimal cost J∗(x0) is obtained at the last step: J∗0 (x0) = J∗(x0).

Go forward to construct optimal control sequence {u∗
0 , . . . ,u

∗
N−1}

Start with

u∗0 ∈ arg min
u0∈U0(x0)

[
g0(x0, u0) + J∗1

(
f0(x0, u0)

)]
, x∗1 = f0(x0, u∗0 ).

Sequentially, going forward, for k = 1, 2, . . . ,N − 1, set

u∗k ∈ arg min
uk∈Uk (x∗k )

[
gk (x∗k , uk ) + J∗k+1

(
fk (x∗k , uk )

)]
, x∗k+1 = fk (x∗k , u

∗
k ).

Approximation in value space approach: We replace J∗k with an approximation J̃k .
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Outline

1 Stochastic DP Algorithm

2 Linear Quadratic Problems - An Important Favorable Special Case

3 Infinite Horizon - An Overview of Theory and Algorithms
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Stochastic DP Problems - Perfect State Observation (We Know xk )
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ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

Candidate (m+2)-Solutions (ũ1, . . . , ũm, um+1, um+2) (m+2)-Solution
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1

System xk+1 = fk (xk , uk ,wk ) with random “disturbance" wk (e.g., physical noise,
market uncertainties, demand for inventory, unpredictable breakdowns, etc)

Cost function:

E

{
gN(xN) +

N−1∑
k=0

gk (xk , uk ,wk )

}
Policies π = {µ0, . . . , µN−1}, where µk is a “closed-loop control law" or “feedback
policy"/a function of xk . A “lookup table" for the control uk = µk (xk ) to apply at xk .

For given initial state x0, minimize over all π = {µ0, . . . , µN−1} the cost

Jπ(x0) = E

{
gN(xN) +

N−1∑
k=0

gk
(
xk , µk (xk ),wk

)}

Optimal cost function: J∗(x0) = minπ Jπ(x0). Optimal policy: Jπ∗(x0) = J∗(x0)
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The Stochastic DP Algorithm

Produces the optimal costs J∗
k (xk ) of the tail subproblems that start at xk

Start with J∗N(xN) = gN(xN), and for k = 0, . . . ,N − 1, let

J∗k (xk ) = min
uk∈Uk (xk )

Ewk

{
gk (xk , uk ,wk ) + J∗k+1

(
fk (xk , uk ,wk )

)}
, for all xk .

The optimal cost J∗(x0) is obtained at the last step: J∗0 (x0) = J∗(x0).

The optimal policy component µ∗k can be constructed simultaneously with J∗k , and
consists of the minimizing u∗k = µ∗k (xk ) above.

Alternative on-line implementation of the optimal policy, given J∗
1 , . . . , J

∗
N−1

Sequentially, going forward, for k = 0, 1, . . . ,N − 1, observe xk and apply

u∗k ∈ arg min
uk∈Uk (xk )

Ewk

{
gk (xk , uk ,wk ) + J∗k+1

(
fk (xk , uk ,wk )

)}
.

Issues: Need to know J∗k+1, compute expectation for each uk , minimize over all uk

Approximation in value space: Use J̃k in place of J∗k ; approximate E{·} and minuk .
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Approximation in Value Space - The Three Approximations
min

uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

First ℓ Steps “Future”
Nonlinear Ay(x) + b φ1(x, v) φ2(x, v) φm(x, v) r x Initial

Selective Depth Lookahead Tree σ(ξ) ξ 1 0 -1 Encoding y(x)

Linear Layer Parameter v = (A, b) Sigmoidal Layer Linear Weighting
Cost Approximation r′φ(x, v)

Feature Extraction Features: Material Balance, uk = µd
k

(
xk(Ik)

)

Mobility, Safety, etc Weighting of Features Score Position Evaluator
States xk+1 States xk+2

State xk Feature Vector φk(xk) Approximator r′
kφk(xk)

x0 xk im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2
N i

s i1 im−1 im . . . (0, 0) (N, −N) (N, 0) ī (N, N) −N 0 g(i) Ī N − 2 N
i

u1
k u2

k u3
k u4

k Selective Depth Adaptive Simulation Tree Projections of
Leafs of the Tree

p(j1) p(j2) p(j3) p(j4)

Neighbors of im Projections of Neighbors of im

State x Feature Vector φ(x) Approximator φ(x)′r

ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

1
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pxy(u)
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g(x, u, y) + αJ̃(y)
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(
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

1

uk = µk(xk, rk) µk(·, rk) µ̃k(xk) xk At xk

µ̂k(xk) J̃k(xk) xs
k, us

k = µ̂k(xs
k) s = 1, . . . , q µ̃k(xk, rk) µ̃(·, r) µ̃(x, r)

Motion equations xk+1 = fk(xk, uk) Current State x

Penalty for deviating from nominal trajectory

State and control constraints Keep state close to a trajectory

Control Probabilities Run the Base Policy

Truncated Horizon Rollout Terminal Cost Approximation J̃

J∗
3 (x3) J∗

2 (x2) J∗
1 (x1) Optimal Cost J∗

0 (x0) = J∗(x0)

Optimal Cost J∗
k (xk) xk xk+1 x

′
k+1 x

′′
k+1

Opt. Cost J∗
k+1(xk+1) Opt. Cost J∗

k+1(x
′
k+1) Opt. Cost J∗

k+1(x
′′
k+1)

xk uk u
′
k u

′′
k Matrix of Intercity Travel Costs

Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features

1

J1 J2 J∗ = TJ∗

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estimation

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

Cost E
{
g(x, u, y)

}
Cost E

{
g(i, u, j)

}
“On-Line Play”

Value Network Current Policy Network Approximate Policy

Approximate Policy Evaluation Approximately Improved Policy Evaluation

TµJ Approximate Policy Evaluation for µ Approximate Policy Improvement

0 1 2 3 4 5 6

Deterministic Stochastic Rollout Continuous MPC Constrained Discrete Combinatorial Multiagent

MCTS Variance Reduction

Section 2.3 Section 2.4 Sections 2.5, 3.1 3.3 3.4 3.2, 3.3, 3.3.3 2.4.3 2.4.2 3.3, 3.4

2.4.3, 2.4.4 2.4.2 3.3, 3.4

Monte Carlo Tree Search ‘

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

1

Important variants: Use multistep lookahead, replace E{·} by limited simulation (e.g., a
“certainty equivalent" of wk ), multiagent rollout (for multicomponent control problems)

An example: Truncated rollout with base policy and terminal cost
approximation (however obtained)uk = µk(xk, rk) µk(·, rk) µ̃k(xk) xk

µ̂k(xk) J̃k(xk) xs
k, us

k = µ̂k(xs
k) s = 1, . . . , q µ̃k(xk, rk) µ̃(·, r) µ̃(x, r)

Motion equations xk+1 = fk(xk, uk) Current State x

Penalty for deviating from nominal trajectory

State and control constraints Keep state close to a trajectory

Control Probabilities Run the Base Policy

Truncated Horizon Rollout

J∗
3 (x3) J∗

2 (x2) J∗
1 (x1) Optimal Cost J∗

0 (x0) = J∗(x0)

Optimal Cost J∗
k (xk) xk xk+1 x

′
k+1 x

′′
k+1

Opt. Cost J∗
k+1(xk+1) Opt. Cost J∗

k+1(x
′
k+1) Opt. Cost J∗

k+1(x
′′
k+1)

xk uk u
′
k u

′′
k Matrix of Intercity Travel Costs

Corrected J̃ J̃ J* Cost J̃µ

(
F (i), r

)
of i ≈ Jµ(i) Jµ(i) Feature Map

J̃µ

(
F (i), r

)
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r∗
ℓ Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost αkg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

(
F (i)

)
of

F (i) =
(
F1(i), . . . , Fs(i)

)
: Vector of Features of i

J̃µ

(
F (i)

)
: Feature-based architecture Final Features
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Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space Heuristic Cost Approximation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead for stages

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead for stages

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead for stages

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

1

Base Policy Rollout Policy Approximation in Value Space n n � 1
n � 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation

Approximate Q-Factor Q̃(x, u) At x

min
u2U(x)

E
w

n
g(x, u, w) + ↵J̃

�
f(x, u, w)

�o

Approximate Q-Factor Q̃(x, u) At x

Cost Data Policy Data System: xk+1 = 2xk + uk Control constraint:
|uk|  1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (`� 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (`� 1)-Stages State xk+` = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+`�1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+12Uk+1(xk+1)

E
n

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

�
fk+1(xk+1, uk+1, wk+1)

�o
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree `-Step
Shortest path problem xk xk States xk+1 States xk+2 u u0

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+`

Rollout, Model Predictive Control

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization

Termination State Constraint Set X X = X X̃ Multiagent

Current Partial Folding

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Base Policy

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization

Termination State Constraint Set X X = X X̃ Multiagent

Current Partial Folding

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization

Termination State Constraint Set X X = X X̃ Multiagent

Current Partial Folding

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk

Termination State Constraint Set X X = X X̃ Multiagent

Current Partial Folding

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

Current Partial Folding

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C
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0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
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Similar to the deterministic case, Q-learning involves the calculation
of either the optimal Q-factors (1.16) or approximations Q̃k(xk, uk). The
approximate Q-factors may be obtained using approximation in value space
schemes, and can be used to obtain approximately optimal policies through
the Q-factor minimization

µ̃k(xk) ∈ arg min
uk∈Uk(xk)

Q̃k(xk, uk). (1.17)

In Chapter 4, we will discuss the use of neural networks in such approxi-
mations.

Cost Versus Q-factor Approximations - Robustness and On-
Line Replanning

We have seen that it is possible to implement approximation in value space
by using cost function approximations [cf. Eq. (1.15)] or by using Q-factor
approximations [cf. Eq. (1.17)], so the question arises which one to use in a
given practical situation. One important consideration is the facility of ob-
taining suitable cost or Q-factor approximations. This depends largely on
the problem and also on the availability of data on which the approxima-
tions can be based. However, there are some other major considerations.

In particular, the cost function approximation scheme

µ̃k(xk) ∈ arg min
uk∈Uk(xk)

E
{
gk(xk, uk, wk) + J̃k+1

(
fk(xk, uk, wk)

)}
,

has an important disadvantage: the expected value above needs to be com-
puted on-line for all uk ∈ Uk(xk), and this may involve substantial compu-
tation. On the other hand it also has an important advantage in situations
where the system function fk, the cost per stage gk, or the control con-
straint set Uk(xk) can change as the system is operating. We will discuss
in more detail how this situation can arise in practice later in this chapter.
Assuming that the new values of fk, gk, or Uk(xk) become known to the
controller, on-line replanning may be used, as discussed earlier for deter-
ministic problems. This may improve substantially the robustness of the
approximation in value space scheme.

By comparison, the Q-factor function approximation scheme (1.17)
does not allow for on-line replanning. On the other hand, for problems
where there is no need for on-line replanning, the Q-factor approximation
scheme does not require the on-line computation of expected values and
may allow for a much faster on-line computation of the minimizing control
µ̃k(xk) via Eq. (1.17).

1.3.2 Infinite Horizon Problems - An Overview

We will now provide an outline of infinite horizon stochastic DP with an
emphasis on its aspects that relate to our RL/approximation methods.
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DP Algorithm and Value Space Approximation for Q-Factors

Optimal Q-factors are given by

Q∗k (xk , uk ) = Ewk

{
gk (xk , uk ,wk ) + J∗k+1

(
fk (xk , uk ,wk )

)}
They define optimal cost-to-go functions and optimal policies by

J∗k (xk ) = min
uk∈Uk (xk )

Q∗k (xk , uk ), µ∗k (xk ) ∈ arg min
uk∈Uk (xk )

Q∗k (xk , uk )

DP algorithm can be written in terms of Q-factors

Q∗k (xk , uk ) = Ewk

{
gk (xk , uk ,wk ) + min

uk+1
Q∗k+1

(
fk (xk , uk ,wk ), uk+1

)}
Approximately optimal Q-factors Q̃k (xk , uk ), define suboptimal cost-to-go functions
and suboptimal policies by

J̃k (xk ) = min
uk∈Uk (xk )

Q̃k (xk , uk ), µ̃k (xk ) ∈ arg min
uk∈Uk (xk )

Q̃k (xk , uk )

There are many methods to compute Q̃k (xk , uk ), including NN training

Q̃k or J̃k ? An important tradeoff: On-line min simplification vs on-line replanning
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A Very Favorable Case: Linear-Quadratic Problems

An example of a linear-quadratic problem
Keep car velocity constant (like oversimplified cruise control): xk+1 = xk + buk + wk

uk is unconstrained; wk has 0-mean and variance σ2

Here xk = vk − v̄ is the deviation between the vehicle’s velocity vk at time k from
desired level v̄ , and b is given

Cost over N stages: x2
N +

∑N−1
k=0 (x2

k + ru2
k ), where r ≥ 0 is given

DP algorithm:
J∗N(xN) = x2

N ,

J∗k (xk ) = min
uk

Ewk

{
x2

k + ru2
k + J∗k+1(xk + buk + wk )

}
, k = 0, . . . ,N − 1

DP algorithm can be carried out in closed form to yield
J∗k (xk ) = Kk x2

k + const, µ∗k (xk ) = Lk xk : Kk and Lk can be explicitly computed

The solution does not depend on the distribution of wk as long as it has 0 mean:
Certainty Equivalence (a common approximation idea for other problems)
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Derivation

J∗N−1(xN−1) = min
uN−1

E
{

x2
N−1 + ru2

N−1 + J∗N(xN−1 + buN−1 + wN−1)
}

= min
uN−1

E
{

x2
N−1 + ru2

N−1 + (xN−1 + buN−1 + wN−1)2}
= min

uN−1

[
x2

N−1 + ru2
N−1 + (xN−1 + buN−1)2 + 2E{wN−1}(xN−1 + buN−1) + E{w2

N−1}
]

= x2
N−1 + min

uN−1

[
ru2

N−1 + (xN−1 + buN−1)2]+ σ2

Minimize by setting to zero the derivative: 0 = 2ruN−1 + 2b(xN−1 + buN−1), to obtain

µ∗N−1(xN−1) = − b
r + b2 xN−1 = LN−1xN−1

and by substitution, J∗N−1(xN−1) = PN−1x2
N−1 + σ2, where PN−1 = r

r+b2 + 1

Similarly, going backwards, we obtain for all k :

J∗k (xk ) = Pk x2
k +σ2

N−1∑
m=k

Pm+1, µ
∗
k (xk ) = Lk xk , Pk =

rPk+1

r + b2Pk+1
+1, Lk = − bPk+1

r + b2Pk+1
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Linear-Quadratic Problems in General

Observations and generalizations
The solution does not depend on the distribution of wk , only on the mean, i.e., we
have certainty equivalence

Generalization to multidimensional problems, nonzero mean disturbances, etc

Generalization to problems where the state is observed partially through linear
measurements: Optimal policy involves an extended form of certainty equivalence

Lk E{xk | measurements}

where E{xk | measurements} is provided by an estimator (e.g., Kalman filter)
Linear systems and quadratic cost are a starting point for other lines of
investigations and approximations:

I Problems with safety/state constraints [Model Predictive Control (MPC)]
I Problems with control constraints (MPC)
I Unknown or changing system parameters (adaptive control)
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Infinite Horizon Problems

......
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)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)
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Set of States (u1) Set of States (u1, u2) Set of States (u1, u2, u3)

Run the Heuristics From Each Candidate (m+2)-Solution (ũ1, . . . , ũm, um+1)
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ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ ℜm} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1
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T (�)(x) = T (x) x = P (c)(x)

x � T (x) y � T (y) rf(x) x � P (c)(x) xk xk+1 xk+2 Slope = �1

c

T (�)(x) = T (x) x = P (c)(x)

1

xk+1 = f(xk, uk, wk) αkg(xk, uk, wk)
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Aggregate Problem Approximation Jµ(i) J̃µ(i) u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Con-

straint Relaxation

Tail problem approximation u1
k u2

k u3
k u4

k u5
k Self-Learning/Policy Iteration Constraint Relaxation dℓi

φjℓ

Learned from scratch ... with 4 hours of training! Current “Improved”

AlphaZero (Google-Deep Mind) Plays much better than all computer programs F (i) Cost Ĵ
(
F (i)

)

Plays different! Approximate Value Function Player Features Mapping

At State xk Current state x0 ... MCTS Lookahead Minimization Cost-to-go Approximation

Empty schedule LOOKAHEAD MINIMIZATION ROLLOUT States xk+2

min
uk ,µk+1,...,µk+ℓ−1

E
{
gk(xk, uk, wk) +

k+ℓ−1∑

m=k+1

gk

(
xm, µm(xm), wm

)
+ J̃k+ℓ(xk+ℓ)

}

Subspace S = {Φr | r ∈ ℜs} x∗ x̃

Rollout: Simulation with fixed policy Parametric approximation at the end Monte Carlo tree search

T (λ)(x) = T (x) x = P (c)(x)

x − T (x) y − T (y) ∇f(x) x − P (c)(x) xk xk+1 xk+2 Slope = −1

c

T (λ)(x) = T (x) x = P (c)(x)

1

Infinite number of stages, and stationary system and cost
System xk+1 = f (xk , uk ,wk ) with state, control, and random disturbance

Policies π = {µ0, µ1, . . .} with µk (x) ∈ U(x) for all x and k

Cost of stage k : αk g
(
xk , µk (xk ),wk

)
Cost of a policy π = {µ0, µ1, . . .}: The limit as N →∞ of the N-stage costs

Jπ(x0) = lim
N→∞

Ewk

{
N−1∑
k=0

αk g
(
xk , µk (xk ),wk

)}

0 < α ≤ 1 is the discount factor. If α < 1 the problem is called discounted

Optimal cost function J∗(x0) = minπ Jπ(x0)

Problems with α = 1 typically include a special cost-free termination state t . The
objective is to reach (or approach) t at minimum expected cost.
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Infinite Horizon Problems - The Three Theorems

Finite horizon opt. costs –> Infinite horizon opt. cost: Consider the N-stages
problem, with terminal cost 0

Apply DP, let VN−k (x) be the optimal cost-to-go starting at x with k stages to go:

VN−k (x) = min
u∈U(x)

Ew

{
αN−k g(x , u,w) + VN−k+1

(
f (x , u,w)

)}
, VN(x) ≡ 0

Define Jk (x) = VN−k (x)/αN−k , i.e., reverse the time index and divide with αN−k :

Jk (x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJk−1

(
f (x , u,w)

)}
, J0(x) ≡ 0 (VI)

JN(x) is equal to V0(x), the N-stages optimal cost starting from x

So for any k , Jk (x) = k -stages optimal cost starting from x . Intuitively:

J∗(x) = lim
k→∞

Jk (x), for all states x (??)

J∗ satisfies Bellman’s equation: Take the limit in Eq. (VI)

J∗(x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJ∗

(
f (x , u,w)

)}
, for all states x (??)

Optimality condition: Let µ∗(x) attain the min in the Bellman equation for all x

The policy {µ∗, µ∗, . . .} is optimal (??). (This type of policy is called stationary.)
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Infinite Horizon Problems - Algorithms

Value iteration (VI): Generates finite horizon opt. cost function sequence {Jk}

Jk (x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJk−1

(
f (x , u,w)

)}
, J0 is “arbitrary" (??)

Policy Iteration (PI): Generates sequences of policies {µk} and their cost
functions {Jµk }; µ0 is “arbitrary"

The typical iteration starts with a policy µ and generates a new policy µ̃ in two steps:

Policy evaluation step, which computes the cost function Jµ

Policy improvement step, which computes the improved rollout policy µ̃ using the
one-step lookahead minimization

µ̃(x) ∈ arg min
u∈U(x)

Ew

{
g(x , u,w) + αJµ

(
f (x , u,w)

)}
There are several options for policy evaluation to compute Jµ

Solve Bellman’s equation for µ [ Jµ(x) = E{g(x , µ(x),w) + αJµ(f (x , µ(x),w))}]
by using VI or other method (it is linear in Jµ)

Use simulation (on-line Monte-Carlo, Temporal Difference (TD) methods)

Bertsekas Reinforcement Learning 17 / 25



Exact and Approximate Policy Iteration
Alphazero has discovered a new way to play! Base Policy Evaluation

One-Step Lookahead Policy Improvement

u = µ̃(x, r) Current State x µ µ̃

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized Jµ

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J*

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
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Important facts (to be discussed later):
PI yields in the limit an optimal policy (??)

PI is faster than VI; can be viewed as Newton’s method for solving Bellman’s Eq.

PI can be implemented approximately, with a value and (perhaps) a policy network

Base Policy Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (ℓ − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (ℓ − 1)-Stages State xk+ℓ = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control
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Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ ℓ−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree ℓ-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+ℓ

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

u = µ̃(x, r) Current State x µ Rollout Policy µ̃

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

u = µ̃(x, r) Current State x µ Rollout Policy µ̃

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement µ̃

Policy Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

Assigns x to µ(x, r) Pairs (xs, us) Training Data

u = µ(x, r) Current State x µ Rollout Policy µ̃ Randomized µ(·, r)

Jµ instead of J* Bellman Eq. TRUNCATED ROLLOUT with BASE
POLICY µ

Approximate Policy Evaluation Approximate Policy Improvement

(Assigns x to u)

Value Network Policy Network Value Data

J̃ State-Control Pairs Data-Trained Classifier with µ

Initial State Current State Approximation Truncated Rollout Using
a Local Policy Network

State Space Partition

Each Set Has a Local Value Network and a Local Policy Network

Terminal Cost Supplied by Local Value Network Terminal State

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1
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Example - Linear Quadratic Problem for Infinite Horizon

System xk+1 = xk + buk + wk and cost function

lim
N→∞

E

{
N−1∑
k=0

αk (x2
k + ru2

k )

}

The VI algorithm is

Jk+1(x) = min
u

Ew
{

x2 + ru2 + αJk (x + bu + w)
}

Similar to the finite horizon case, the value iterates Jk are quadratic:

J0(x) = 0, Jk+1(x) = Kk x2 + constant · σ2,

where {Kk} is generated by

K0 = 1, Kk+1 =
αrKk

r + αb2Kk
+ 1

It can be shown that {Kk} converges to a limit K ∗ for any K0 ≥ 0; see the next slide
The function J∗(x) = K ∗x2 + constant is the solution of Bellman’s equation
The optimal policy is a linear function of x , µ∗(x) = Lx , and is obtained from

µ∗(x) ∈ arg min
u

Ew
{

x2 + ru2 + αK ∗(x + bu + w)2}
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Linear Quadratic Problem Solution - Geometric Interpretation

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

Perfect-State Info Ch. 3

1

xk Lk uk wk xk+1 = Akxk + Bkuk + wk
�2P
P+1

F (P ) P̃ Pk Pk+1 P ⇤ Q 0 P̃ � R
B2

A2R
B2 + Q 45�

F̃ (P ) k Q 0 P � R
E{B2} 45�

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n�1 n p11 p12 p1n p1(n�1) p2(n�1)

...

p22 p2n p2(n�1) p2(n�1) p(n�1)(n�1) p(n�1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1� pd pw 1� pw

0 � 0 1 � 0 0 � 1 1.5 � 0.5 1 � 1 0.5 � 1.5 0 � 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
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1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
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E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)
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Truncated Rollout Policy µ m Steps

1
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u∈U(x)

n∑

y=1
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)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open
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Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation
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One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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E
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{
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(
f(x, u, w)
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Truncated Rollout Policy µ m Steps
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n∑

y=1

pxy(u)
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)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K K∗ Kk Kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
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x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)
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Truncated Rollout Policy µ m Steps

1

min
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n∑
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pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

b2 K̃ K K∗ Kk Kk+1
αKr

r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
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Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5
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One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for
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Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ
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E
w

{
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(
f(x, u, w)
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Truncated Rollout Policy µ m Steps
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(
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)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αKr
r+αKb2 + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1
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k x2

k dk τ

Q-factor approximation
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(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗
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Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

for Stages Beyond Truncation yk Feature States yk+1 Cost gk(xk, uk)

Approximate Q-Factor Q̃(x, u) At x Approximation Ĵ

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Truncated Rollout Policy µ m Steps

1

The Bellman equation (neglecting the constant, i.e. w ≡ 0) is written as

K ∗x2 = min
u

[
x2 + ru2 + αK ∗(x + bu)2] = F (K ∗)x2,

where
F (K ) =

αrK
r + αb2K

+ 1

So K ∗ = F (K ∗), i.e., K ∗ is a fixed point of the function F
VI algorithm is Jk+1(x) = Kk+1x2 = F (Kk )x2

Cancelling x2, VI is equivalent to the fixed point iteration Kk+1 = F (Kk )
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Example - Policy Iteration for the Linear Quadratic Problem

Starts with linear policy µ0(x) = L0x , generates sequence of linear policies
µk (x) = Lk x (see class notes for details)

Policy evaluation:
Jµk (x) = Kk x2 + constant

where

Kk =
1 + rL2

k

1− α(1 + bLk )2

Policy improvement:
µk+1(x) = Lk+1x

where
Lk+1 = − αbKk

r + αb2Kk

Can be viewed as Newton’s method for solving the Riccati equation

K =
αrK

r + αb2K
+ 1

Rollout is a single Newton iteration
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A More Abstract View of VI and PI

Bellman’s equation, VI, and PI can be written using Bellman operators
Recall Bellman’s equation

J∗(x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJ∗

(
f (x , u,w)

)}
, for all states x

It can be written as a fixed point equation: J∗(x) = (TJ∗)(x), where T is the Bellman
operator that transforms a function J(·) into a function (TJ)(·)

(TJ)(x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJ

(
f (x , u,w)

)}
, for all states x

Shorthand theory using Bellman operators:
VI is the fixed point iteration Jk+1 = TJk

There is a Bellman operator Tµ for any policy µ and corresponding Bellman Eq.
Jµ(x) = (TµJµ)(x) = E{g(x , µ(x),w) + αJµ(f (x , µ(x),w))}
PI is written compactly as Jµk = Tµk Jµk (policy evaluation) and Tµk+1 Jµk = TJµk

(policy improvement)

The PI sequence {Jµk } is the result of Newton’s method for solving J = TJ
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Value Iteration - Geometric Interpretation (Spend Time to Understand)

J0 J1 = TJ0 J2 = TJ1 J J� = TJ� TJ
Cost =0 Cost = c < 0 Prob. = 1 � p Prob. = 1 Prob. = p P
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c
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1 2
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u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

(i, y) (j, z) States j g(i, y, u, j) pij(u) g(i, u, j) v µ(j)
�
j, µ(j)

�
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2,Xk
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f�(⇥)
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�
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Cost =0 Cost = c < 0 Prob. = 1 � p Prob. = 1 Prob. = p P
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rµ⇤ ⌅ c

1 � �
,

c

�
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1 2
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Controllable State Components Post-Decision States
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j0 j1 jk jk+1 i0 i1 ik ik+1

u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

(i, y) (j, z) States j g(i, y, u, j) pij(u) g(i, u, j) v µ(j)
�
j, µ(j)

�

f̄�
2,Xk

(�⇥)

x̃1 x̃2 x̃3 x̃4 Slope: x̃k+1 Slope: x̃i, i ⇥ k

f�(⇥)
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1 (⇥) f�
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k (⇥)

�
(g(x), f(x)) | x ⇧ X

 

M =
�
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J0 J1 = TJ0 J2 = TJ1 J J� = TJ� TJ 45 Degree Line
Cost =0 Cost = c < 0 Prob. = 1 � p Prob. = 1 Prob. = p P
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1 � �
,

c

�
rµ = 0

1 2

k Stages j1 j2 jk

rµ1 rµ2 rµ3 rµk+3

Rµ1 Rµ2 Rµ3 Rµk+3

Controllable State Components Post-Decision States

State-Control Pairs: Fixed Policy µ Case (j, v) P ⇤ |A|

j⇥0 j⇥1 j⇥k j⇥k+1 j⇥0 u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

j0 j1 jk jk+1 i0 i1 ik ik+1
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(i, y) (j, z) States j g(i, y, u, j) pij(u) g(i, u, j) v µ(j)
�
j, µ(j)

�

f̄�
2,Xk

(�⇥)

x̃1 x̃2 x̃3 x̃4 Slope: x̃k+1 Slope: x̃i, i ⇥ k

f�(⇥)

Constant � f�
1 (⇥) f�

2 (�⇥) F �
2,k(�⇥)F �

k (⇥)

�
(g(x), f(x)) | x ⇧ X

 

M =
�
(u, w) | there exists x ⇧ X

1

R + g(1) + �
n�

j=1

p1jJ�(j)

i� i� � 1

g(i) + �
n�

j=1

pijJ�(j)

Do not Replace Set SR i 1 n
J0 J1 = TJ0 J2 = T 2J0 J J� = TJ� TJ Tµ1J Jµ1 = Tµ1Jµ1

x0 x2 x1 = R(x0) J2 = TJ1 x x� = R(x�) TJ Tµ1J Jµ1 = Tµ1Jµ1

S(0) S(k) S(k + 1) J� J = (J1, J2) TJ = (T1J, T2J)

J1 Policy Improvement J2 Policy Improvement J1 Policy Evaluation
R(x)

Policy Iteration J t+1 = TJ t = Tµt+1J t J t+1 = Tm
µt J t

Value Iteration 45 Degree Line J t+1 = TJ t J2 = T 2
µ1J1 J0 ⇧⇤

(J1, µ1) TJ = minµ TµJ

Value Iteration 45 Degree Line J t+1 = TJ t J2 = T 2
µ1J1 J0 ⇧⇤

(J1, µ1) TJ = minµ TµJ

Policy Improvement Exact Policy Evaluation (Exact if m = ⌅)

Approx. Policy Evaluation J t ⇧⇤ (J t+1, µt+1)

Policy µ Policy µ� (a) (b) rµ = 0 Rµ Rµ⇤

rµ⇤ ⇥ c

1 � �
,

c

�
rµ = 0

1 2

k Stages j1 j2 jk

rµ1 rµ2 rµ3 rµk+3

Rµ1 Rµ2 Rµ3 Rµk+3

Controllable State Components Post-Decision States

1

Cost-to-go approximation Expected value approximation

Optimal cost J∗

TµJ Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃ Cost of base policy µ Cost of rollout
policy µ̃

Simplified minimization Value iterations Policy evaluations

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 − r

αb2 K̃ K K∗ Kk Kk+1 F (K) = αrK
r+αb2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u∈U(x)

n∑

y=1

pxy(u)
(
g(x, u, y) + αJ̃(y)

)

x1
k, u1

k u2
k x2

k dk τ

Q-factor approximation

u1 û1 10 11 12 R(yk+1) Tk(ỹk, uk) =
(
ỹk, uk, R(yk+1)

)
∈ C

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ1 x̃2 ũ2 x̃3

x0 u∗
0 x∗

1 u∗
1 x∗

2 u∗
2 x∗

3 ũ0 x̃1 ũ1 x̃1

High Cost Transition Chosen by Heuristic at x∗
1 Rollout Choice

Capacity=1 Optimal Solution 2.4.2, 2.4.3 2.4.5

Permanent Trajectory Tentative Trajectory Optimal Trajectory Cho-
sen by Base Heuristic at x0 Initial

Base Policy Rollout Policy Approximation in Value Space n n − 1
n − 2

One-Step or Multistep Lookahead for stages Possible Terminal Cost

Approximation in Policy Space Heuristic Cost Approximation for

1

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Cost 0 Cost g(x, u, y)

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

Cost E
{
g(x, u, y)

}
Cost E

{
g(i, u, j)

}

Value Network Current Policy Network Approximate Policy

Approximate Policy Evaluation Approximately Improved Policy Evaluation

Approximate Policy Evaluation Approximate Policy Improvement

0 1 2 3 4 5 6

Deterministic Stochastic Rollout Continuous MPC Constrained Discrete Combinatorial Multiagent

MCTS Variance Reduction

Section 2.3 Section 2.4 Sections 2.5, 3.1 3.3 3.4 3.2, 3.3, 3.3.3 2.4.3 2.4.2 3.3, 3.4

2.4.3, 2.4.4 2.4.2 3.3, 3.4

Monte Carlo Tree Search ‘

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

Optimal Cost Terminal States Cost Approximation Cost g(i, u, j) Policy µ State Space First Stage

“Future”

1

J1 J2

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Cost 0 Cost g(x, u, y) System State Data Control Parameter Estimation

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

Cost E
{
g(x, u, y)

}
Cost E

{
g(i, u, j)

}

Value Network Current Policy Network Approximate Policy

Approximate Policy Evaluation Approximately Improved Policy Evaluation

Approximate Policy Evaluation Approximate Policy Improvement

0 1 2 3 4 5 6

Deterministic Stochastic Rollout Continuous MPC Constrained Discrete Combinatorial Multiagent

MCTS Variance Reduction

Section 2.3 Section 2.4 Sections 2.5, 3.1 3.3 3.4 3.2, 3.3, 3.3.3 2.4.3 2.4.2 3.3, 3.4

2.4.3, 2.4.4 2.4.2 3.3, 3.4

Monte Carlo Tree Search ‘

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

1

J1 J2

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Cost 0 Cost g(x, u, y) System State Data Control Parameter Estimation

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

Cost E
{
g(x, u, y)

}
Cost E

{
g(i, u, j)

}

Value Network Current Policy Network Approximate Policy

Approximate Policy Evaluation Approximately Improved Policy Evaluation

Approximate Policy Evaluation Approximate Policy Improvement

0 1 2 3 4 5 6

Deterministic Stochastic Rollout Continuous MPC Constrained Discrete Combinatorial Multiagent

MCTS Variance Reduction

Section 2.3 Section 2.4 Sections 2.5, 3.1 3.3 3.4 3.2, 3.3, 3.3.3 2.4.3 2.4.2 3.3, 3.4

2.4.3, 2.4.4 2.4.2 3.3, 3.4

Monte Carlo Tree Search ‘

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

1

J1 J2 J∗ = TJ∗

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

TJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estimation

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

Cost E
{
g(x, u, y)

}
Cost E

{
g(i, u, j)

}

Value Network Current Policy Network Approximate Policy

Approximate Policy Evaluation Approximately Improved Policy Evaluation

Approximate Policy Evaluation Approximate Policy Improvement

0 1 2 3 4 5 6

Deterministic Stochastic Rollout Continuous MPC Constrained Discrete Combinatorial Multiagent

MCTS Variance Reduction

Section 2.3 Section 2.4 Sections 2.5, 3.1 3.3 3.4 3.2, 3.3, 3.3.3 2.4.3 2.4.2 3.3, 3.4

2.4.3, 2.4.4 2.4.2 3.3, 3.4

Monte Carlo Tree Search ‘

min
uk,µk+1,...,µk+ℓ−1

E

{
gk(xk, uk, wk) +

k+ℓ−1∑

i=k+1

gi

(
xi, µi(xi), wi

)
+ J̃k+ℓ(xk+ℓ)

}

1

Value iteration:

Jk+1(x) = (TJk )(x) = min
u∈U(x)

Ew

{
g(x , u,w) + αJk

(
f (x , u,w)

)}
where T is the Bellman operator that maps functions J(·) to functions (TJ)(·)
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Policy Iteration - Geometric Interpretation (Spend Time to Understand)
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j⇥0 j⇥1 j⇥k j⇥k+1 j⇥0 u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

j0 j1 jk jk+1 i0 i1 ik ik+1

u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

(i, y) (j, z) States j g(i, y, u, j) pij(u) g(i, u, j) v µ(j)
�
j, µ(j)

�

f̄�
2,Xk

(�⇥)

x̃1 x̃2 x̃3 x̃4 Slope: x̃k+1 Slope: x̃i, i ⇥ k

f�(⇥)

Constant � f�
1 (⇥) f�

2 (�⇥) F �
2,k(�⇥)F �

k (⇥)

�
(g(x), f(x)) | x ⇧ X

 

M =
�
(u,w) | there exists x ⇧ X

1

J0 J1 = TJ0 J2 = TJ1 J J� = TJ� TJ
Cost =0 Cost = c < 0 Prob. = 1 � p Prob. = 1 Prob. = p P

Policy µ Policy µ� (a) (b) rµ = 0 Rµ Rµ⇤

rµ⇤ ⌅ c

1 � �
,

c

�
rµ = 0

1 2

k Stages j1 j2 jk

rµ1 rµ2 rµ3 rµk+3

Rµ1 Rµ2 Rµ3 Rµk+3

Controllable State Components Post-Decision States

State-Control Pairs: Fixed Policy µ Case (j, v) P ⇤ |A|

j⇥0 j⇥1 j⇥k j⇥k+1 j⇥0 u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

j0 j1 jk jk+1 i0 i1 ik ik+1

u p(z | j) g(i, u,m) m m = f(i, u) q(j | m)

(i, y) (j, z) States j g(i, y, u, j) pij(u) g(i, u, j) v µ(j)
�
j, µ(j)

�

f̄�
2,Xk

(�⇥)

x̃1 x̃2 x̃3 x̃4 Slope: x̃k+1 Slope: x̃i, i ⇥ k

f�(⇥)

Constant � f�
1 (⇥) f�

2 (�⇥) F �
2,k(�⇥)F �

k (⇥)

�
(g(x), f(x)) | x ⇧ X

 

M =
�
(u,w) | there exists x ⇧ X

1

Cost-to-go approximation Expected value approximation TµJ
Jµ = TµJµ Jµ̃ = Tµ̃Jµ̃

Simplified minimization

min
u2U(x)

nX

y=1

pxy(u)
�
g(x, u, y) + ↵J̃(y)

�

Multiagent Q-factor minimization xk Possible States xk+1 xk+m+1

Termination State Constraint Set X X = X X̃ Multiagent

r
b2 + 1 1 � r

↵b2 K̃ K K⇤ Kk Kk+1 F (K) = ↵rK
r+↵b2K + 1

Current Partial Folding Moving Obstacle

Complete Folding Corresponding to Open

Expert

Rollout with Base Policy m-Step Value Network Policy Network

Approximation of E{·}: Approximate minimization:

min
u2U(x)

nX

y=1

pxy(u)
�
g(x, u, y) + ↵J̃(y)

�

x1
k, u1

k u2
k x2

k dk ⌧

Q-factor approximation
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(
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(
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Given the current policy µ:

The rollout policy is obtained by Jµ = TµJµ (policy evaluation) and Tµ̃Jµ = TJµ

(policy improvement)

The rollout algorithm is a single iteration of PI/Newton’s method
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About the Next Lecture

We will cover problem formulations and reformulations
How do we formulate DP models for practical problems?

Problems involving a terminal state (stochastic shortest path problems)

Problem reformulation by state augmentation (dealing with delays, correlations,
forecasts, etc)

Problems involving imperfect state observation (POMDP or Partial Observation
MDP)

Multiagent problems - Nonclassical information patterns

Systems with unknown or changing parameters - Adaptive control

PLEASE READ AS MUCH OF SECTION 1.4 OF THE CLASS NOTES AS YOU CAN

1ST HOMEWORK (DUE IN ONE WEEK) TO BE ANNOUNCED ON-LINE
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