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Optimal Communication

Algorithms for Hypercubes*
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We consider the following basic communication problems in
a hypercube network of processors: the problem of a single processorsending a different packet to each of the other processors,
the problem of simultaneous broadcast of the same packet from
every processor to all other processors, and the problem of simultaneous exchange of different packets between every pair of
processors. The algorithms proposed for these problems are optimal in terms of execution time and communication resource
requirements; that is, they require the minimum possible number
of time steps and packet transmissions. In contrast, algorithms
in the literature are optimal only within an additive or multiplicative factor. @1991
Academic
Press,lnc.
--'

1. INTRODUCTION AND PROBLEM
FORMULATION
When algorithms are executedin a network of processors,
it is necessaryto exchangesome intermediate information
betweenthe processors.The interprocessorcommunication
time may be substantial relative to the time neededexclusively for computations, so it is important to carry out the
information exchangeas efficiently as possible.There are a
number of generic communication problems that arise frequently in numerical and other algorithms. In this paper,
we describe new algorithms for solving some of theseproblems on a hypercube.Algorithms for solving suchproblems
have been studied in such works as [15,7], among others.
In this paper, we present some new algorithms for the hypercubethat are optimal, in the sensethat they executethe
required communication tasks in the minimum possible
number of time stepsand link transmissions.
To define a hypercube network (or d-cube), we consider
the set of points in d-dimensional spacewith eachcoordinate
equal to 0 or I. We let thesepoints correspondto processors,
and we considera communication link for everytwo points
differing in a singlecoordinate.We thus obtain an undirected
graph with the processorsas nodesand the communication
links as arcs.The binary string of length d that corresponds
* Researchsupported by the NSF under Grants ECS-8519058and ECS8552419, with matching funds from Bellcore Inc., the ARO under Grant
DAALO3-86-K-O171,and the AFOSR under Grant AFOSR-88-OO32.
t Laboratory for Information and Decision Systems,M.I. T., Cambridge,
MA 02139.

to the coordinates of a node of the d-cube is referred to as
the identity number of the node. We recall that a hypercube
of any dimension can be constructed by connecting lowerdimensional cubes, starting with a l-cube. In particular, we
can start with two (d -I )-dimensional cubesand introduce
a link connecting each pair of nodes with the same identity
number (see, e.g., [I, Sect. 1.3]). This constructs ad-cube
with the identity number of each node obtained by adding
a leading0 or a leading I to its previous identity, depending
on whetherthe node belongsto the first (d -I )-dimensional
cube or the second (see Fig. I). When confusion cannot
arise, we refer to a d-cube node interchangeablyin terms of
its identity number (a binary string of length d) and in terms
of the decimal representationof its identity number. Thus,
for example,the nodes(00. ..0),(00. ..1),and(11. ..1)
are also referred to as nodes0, I, and 2d -1, respectively.
The Hamming distancebetweentwo nodesis the number
of bits in which their identity numbersdiffer. Two nodes,are
directly connected with a communication link if and only
if their Hamming distance is unity, that is, if and only if
their identity numbers differ in exactlyone bit. The number
of links on any path connecting two nodes cannot be less
than the Hamming distanceof the nodes.Furthermore, there
is a path with a number of links that is equalto the Hamming
distance, obtained, for example, by switching in sequence
the bits in which the identity numbers of the two nodesdiffer
(equivalently, by traversing the corresponding links of the
hypercube). Such a path is referred to as a shortestpath in
this paper and a tree consisting of shortestpaths from some
node to all other nodes is referred to as a shortestpath tree.
Information is transmitted along the hypercubelinks in
groups of bits called packets. In our algorithms we assume
that the time required to cross any link is the same for all
packetsand is takento beone unit. Thus, our analysisapplies
to communication problems where all packetshave roughly
equal length. We assumethat packetscanbe simultaneously
transmitted along a link in both directions and that their
transmission is error free. Only one packet can travel along
a link in each direction at anyone time; thus, if ~ore than
one packet is available at a node and is scheduled to be
transmitted on the sameincident link of the node, then only
one of these packets can be transmitted at the next time
period, while the remaining packets must be stored at the
node while waiting in queue.
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FIG. 1. Construction of a 3-cubeand a 4-cube by connecting the correspondingnodesof two identicallower-dimensional cubes.A node belongs
to the first lower-dimensional cube or the seconddepending on whetherits
identity has a leading0 or a leading I.

In a generalizedversion of the single node broadcast,we
want to do a single node broadcastsimultaneously from all
nodes (we call this a multinode broadcast). To solve the
multinode broadcastproblem, we need to specifyone spanning tree per root node. The difficulty here is that some links
may belong to several spanning trees; this complicates the
timing analysis,becauseseveralpacketscan arrive simultaneouslyat a node and require transmission on the samelink
with a queueing delay resulting.
Another interesting communication problem is sendinga
packet from every node to every other node (here a node
sends different packetsto different nodes, in contrast with
the multinode broadcastproblem, where a node sendsthe
same packet to every other node). We call this the total
exchangeproblem. A related problem, called the single node
scatterproblem, involves sendinga separatepacket from a
single node, called the root, to every other node.
Table 1 gives the main results for the preceding three
communication problems. One of the columns gives the
number of time units required to solve the problems. We
show that each of these numbers is a lower bound on the
number of time units taken by any algorithm that solvesthe
correspondingproblem, and we describean algorithm that
attains the lower bound. The other column givesthe number
of packettransmissionsrequired to solve the corresponding
communication problems. Thesenumbersare lower bounds
on the number of packet transmissions taken by any algorithms that solvethe correspondingproblems, and the lower
bounds are attained by the same algorithms that attain the
corresponding lower bounds for the execution time. Thus,
there are algorithms that are simultaneouslyoptimal in terms
of execution time and number of packet transmissions for
our communication problems.

Each node is assumed to have infinite storage space.
Moreover, we assumethat all incident links of a node can
be used simultaneously for packet transmission and reception; this is called the Multiple Link Availability (or MLA)
assumption. Another possibility is the Single Link Availability (or SLA) assumption, where it is assumedthat, at
any time, a node can transmit a packet along at most one
incident link and can simultaneouslyreceivea packet along
at most one incident link. Optimal algorithms under this
assumption are considerably simpler than the ones for the
MLA caseand are not consideredhere (see [IS, 1,7]). Finally, we assume that each of the algorithms proposed in
this paper is simultaneously initiated at all processors.This Related Research
is a somewhat restrictive assumption, essentially implying
Algorithms for the communication problems of this paper
that all processorscan be synchronized with a global clock. were first consideredin [15], which also discussesthe effects
For recent research on communication problems where
packetsare generatedat random times, see[5, 20, 24].
TABLE I
We now describethe communication problems that we
Optimal
Times
and
Optimal
Numbers of Packet Transmisare concerned with.
The Communication Problems

sions for Solving the Three Basic Communication Problems on
a d-Cube for the CaseWhere Simultaneous Transmission Along
All Incident Links of a Node Is Allowed (the MLA Assumption)

One of the simplestproblems is the singlenode broadcast,
where we want to send the same packet from a given node,
Problem
Time
called the root, to every other node. Oearly, to solve this
problem, it is sufficientto transmit the packetalonga directed
spanningtree emanating from the root node, that is, a span- Single node scatter
d
ning tree of the network together with a direction on each
link of the tree such that there is a unique directed path on Multinode broadcast
d
the tree from the root to every other node (all links of the
2d-1
path must be oriented away from the root). This problem Totalexchange
has been discussedextensively under various assumptions
Note.We assumethat eachpacketrequires unit time
any link.
in [15, 12,7], so we do not discussit further.

Numberof
transmissions

r~l

d2d-

r~l

2d(2d_l)

for transmissionon
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of the packetoverheadand the data rate (denoted by fJand
'T, respectively, in [15]) on the transmission times. The
problems are named somewhatdifferently in [15] than here.
We essentially follow the communication model of [15],
except that the hypercubelinks are assumedto be unidirectional in that work; this increasesthe algorithm execution
times by a factor of 2 for the multinode broadcastand the
total exchangeproblems.To comparethe resultsof [ 15] with
those of the presentpaper,the times of [15] should be used
with fJ = 0, m = 1, and 'T = 1 and, for the aforementioned
problems, should be divided by 2. A multinode broadcast
algorithm (under the MLA assumption) which is slightly
suboptimal (by no more than dtime units) is given in [15].
This algorithm is constructed by specifyinga packet transmission schedule at a single node and then properly replicating that scheduleat each node, exploiting the symmetry
of the d-cube. In contrast, we obtain optimal multinode
broadcast algorithms starting from a suitable single node
broadcast algorithm and replicating that algorithm at each
node. This approachwas used for meshesin generalin [14],
where a slightly suboptimal (by no more than d -3 time
units) multinode broadcastalgorithm was given. The same
approachwasalso used in [7]. The total exchangealgorithm,
given in Ref. [15] under the MLA assumption,assumesthat
each node has m packetsto send to every other node. This
algorithm is optimal only ifm is a multiple of d; for m = 1,
it is suboptimal by a factor of d. An algorithm similar to the
total exchangealgorithm of [15] is also given in [12]. An
alternative approach to optimal algorithms for the total exchangeproblem was recentlypresentedin [24, 23]. Optimal
algorithms for single node scatter and total exchangewere
also given in [15] under the SLA assumption (even though
the SLA assumptiondoes not explicitly appear in [15]).
The problems of this paper have also beenconsidered in
[7], where optimal and nearly optimal algorithms are given
on the basis of a different model of communication. This
model differs from ours in that it quantifies the effects of
setuptime (or overhead>.per packet, while it allows packets
to have variable length and to be split and be recombined
prior to transmission on any link in order to save on setup
time. In the model of [7], each packet may consist of data
originating at different nodes and / or destined for different
nodes.The extra overhead for splitting and combining packets is considerednegligible in the model of[7]. Our model
may be viewed as the special case of the model of [7] in
which packetshave a fixed length and splitting and combining of packetsis not allowed. Under the assumptionsof our
model, the algorithms given in [7] for single node scatter,
multinode broadcast,and total exchangeare not exactly optimal, although some of them are optimal up to a small additive term, and are exactly optimal when d is a prime number (they are also optimal if each node has a multiple of d
packetsto send to each destination node). In contrast, our
correspondingalgorithms are exactly optimal for all d and
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are unimprovable as far as time and communication requirements are concerned.
Even if thereis no incentive to combine packetsinto larger
packetsto saveon setuptime, thereis sometimesan incentive
for splitting packetsinto smaller packets that can travel independently through the network. The idea here is to parallelize communication through pipelining the smaller
packets over paths with multiple links and is inherent in
proposalsfor virtual cut-through and wormhole routing [II,
3). A little thought shows that (as long as the associated
extra overhead is not excessive)the single node broadcast
time canbe reducedby dividing packetsinto smallerpackets
(seealso [7). On the other hand this is essentiallyimpossible
for the three basic communication problems considered in
this paper (under the MLA assumption); from Table I it is
seenthat in an optimal algorithm, there is almost 100%utilization of somecritical communication resource(the d links
outgoing from the root in single node scatterand all of the
d2d directed network links in multinode broadcastand total
exchange). Any communication algorithm for these problems that divides packetsinto smaller packetscannot reduce
the total usage of the corresponding critical resource and
therefore cannot enjoy any pipelining advantage.
We also note that in addition to [15, 12, 7J, there are
several other works dealing with various communication
problemsand network architecturesrelatedto thosediscussed
in the present paper (see [2, 4, 6, 9, 10, 16-19,21,22).
To summarize, the ~ew results of the present paper are
the optimal algorithms for single node scatter, multinode
broadcast,and total exchange(under the MLA assumption).
In all of our algorithms, all packetsoriginating from the same
node are routed through a spanningtree rooted at this node.
Our single node scatter algorithm usesa new perfectly balanced spanning tree construction, that is, a spanning tree
with d subtrees that are as close to being equal in size as
possible.To the best of our knowledge,this is the first spanning tree that is provably perfectly balanced. (A spanning
tree proposed in [7) attains this property only when d is a
prime number.) Also, our multi node broadcast algorithm
usesanother new and interestingspanningtree construction.
These spanningtreescould prove useful in other algorithms;
in general, our algorithms can be used for the optimal solution of various other communication problems, by introducing appropriate modifications (see [I, Sect. 1.3). Regarding the appropriatenessof our assumptions,our view is
that it is important to consider severaltypes of communication models, given the broad variety of presentand future
communication hardware. Our fixed packet length model
has the advantagesof simplicity and flexibility; we believe
that algorithms basedon our model are likely to beadaptable
with small variations to many types of communication contexts. (For such an adaptation and correspondinganalysis
of our multinode broadcastalgorithm in the casewhere the
packetlengths are random, see[24 ).) It is also worth noting

i=
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= {(OO- --O)} and Sj C {(OO- --O)} U (U~-:'\Ek). Furthermore, everynonzero node identity must belongto some
Ej. The set of all nodes together with the set of links
(Uf= I Aj) must form a subgraphthat contains a spanningtree
(see Fig. 2a); in fact, to minimize the number of packet
transmissions, the sets of links AI, A2, ..., Aq should be
2. MUL TINODE BROADCAST UNDER
disjoint and should form a spanningtree.
THE MLA ASSUMPTION
Consider now a d-bit string t representingthe identity
number of some node on the d-cube. For any node identity
We first note that in a multinode broadcast each node z, we denote by t e z the d-bit string obtained by performing
must receive a total of 2 d -1 packets over its d incident
modulo 2 addition of the jth bit of t and z for eachj = 1,2,
links, so r (2 d -1)/ dl is a lower bound for the time required
..., d. It can be seenti\at an algorithm for broadcastinga
by any multinode broadcastalgorithm under the MLA as- packet from the node with identity t can be specified by the
sumption. We obtain an algorithm that attains this lower sets
bound.
As a first steptoward constructing such an algorithm, we
Aj(t) = {(t0x,t0y)l(x,y)EAj},
,2,
,q,
represent any single node broadcast algorithm from node
(00. ..0) to all other nodes that takes q time units by a
sequenceof setsof directed links A I , Az, ..., Aq. Each Ai is where Ai(t) denotes the set of links on which transmission
the set of links on which transmission of the packet begins of the packet begins at time i-I
and ends at time i. The
at time i-I
and ends at time i. Naturally, the setsAi must proof of this is based on the fact that t e x and t e y differ
satisfy certain consistency requirements for accomplishing in a particular bit if and only if x and y differ in the same
the single node broadcast. In particular, if Si and Ei are the bit, so (t e x, t e y) is a link if and only if(x, y) is a link.
sets of identity numbers of the start nodes and end Figure 2 illustratesthe setsAi(t) correspondingto all possible
nodes, respectively, of the links in Ai, we must have S. t for the casewhere d = 3.
that the emergingstandard for high-speedcommunications,
the Asynchronous Transfer Mode (see,e.g., [13]), is based
on fixed packetlengthsas well as minimal packet processing
at the nodes, which favors neither splitting nor combining
packets.
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FIG. 2. Generation of a multinode broadcast algorithm for the d-cube, starting from a single node broadcastalgorithm. (a) The algorithm tha~
broadcastsa packet from the node with identity (00. ..0) to all other nodes is specified by a sequenceof setsof directed links AI , A2, ., ., Aq. Each Aj
is the set of links on which transmissionbegins at time i-I and ends at time i. (b) A corresponding broadcastalgorithm for eachroot node identity t is
specifiedby the setsof links Aj(t) = {(I e x, t e y) I (x, y) EAj}, where we denote by t e z the d-bit string obtained by performing modulo 2 addition
of the jth bit of t and z for j = 1, 2, ..., d. The multinode broadcastalgorithm is specifiedby the requirement that transmissionof the packet of node t
starts on each link in A;(t) at time i-I.
The figure showsthe construction for an examplewhere d = 3. Here the setA2 has two links of the same type
and the multinode broadcastcannot beexecutedin threetime units. However, if the link (000, 0 10)belongedto AI instead of A2, the requiredtime would
bethe optimal three time units.
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We now describea procedure for generatinga multinode
broadcastalgorithm specifiedby the setsAi( t) for all possible
values of i and t, starting from a single node broadcastalgorithm specified by the setsA I, A2, ..., Aq. Let us saythat
a link (x, y) is of type j if x and y differ in the jth bit. We
make the following key observation: consider a single node
broadcast algorithm specified by the link setsAI, ..., Aq.
If, for each i, the links in Ai are of different types,then, for
each i, the setsAi(t), where t rangesover all possibleidentities, are disjoint. [If, for t + t', two links (t e x, t e y)
E Ai(t) and (t' ex', t' e y') E Ai(t') were the same, then
the links (x, y) and (x', y') would be different (since t + t'),
and they would be of the same type because(x, y) and (x',
y') are of the same type as (t e x, t e y) and (t' ex', t'
e y'), respectively,which contradicts the fact that (x, y) and
(x', y') belong to Ai.] This implies that the single node
broadcasts of all nodes t can be executed simultaneously,
without any further delay. In particular, we havea multinode
broadcast algorithm that takes q time units. We proceedto
give a method for selectingthe setsAi with the links in each
Ai being of different types.Furthermore, we ensurethat each
one of the setsA I, ..., Aq-1 has exactly d elements, which
is the maximum possible(since there exist only d link types),
thereby resulting in the minimum possible execution time
ofq=r(2d-l)jdlunits.
Let Nk, k = 0, 1, ..., d, be the set of node identities
having k unity bits and d -k zero.bits. The number of
elements in Nk is (t) = d!j(k!(d -k)!).
In particular, No
and Nd contain one element, the strings (00. ..0) and
(11. ..1), respectively;the setsNI and Nd-1 contain d elements; and for 2 ~ k ~ d -2 and d ~ 5, Nkcontains at least
2d elements (when d = 4, the number of elementsof N2 is
six, as shown in Fig. 3). We partition each set Nk, k = 1,
..., d -1, into disjoint subsetsRkl, ..., Rknk' which are
equivalenceclassesunder a single bit rotation to the left. We
impose the restriction that Rkl is the equivalenceclassof the
elementwhosek rightmost bits are unity. We associateeach
node identity t with a distinct number n(t) E {O, 1,2, ...,
2d -I} in the order
..R2n2

...Rkl

...Rknk

.R(d-2)

I ...R(d-2)nd-2R(d-l)

I(

...1)

[i.e., n(OO.. .0) = 0, n(ll..
.1) = 2d- I, and the other
node identities are numbered consecutivelyin the aboveorder between 1 and 2 d -2]. Let
m(t) =

+ [(n(t)

-l)(mod

d)].

Thus, the sequenceof numbers m(t) correspondingto the
sequenceof node identities

~
0)1.
(OO...O)R11R21

R11R21R22o

0 OR(d-l)1
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is 1,2, ..., d, 1,2, ..., d, 1,2, ...(cf. Fig. 3 for the case
d = 4). We specifythe order of node identities within each
setRknas follows: the first element t in eachsetRknis chosen
so that the relation
the bit in position m(t) from the right is a

1)

is satisfied,and the subsequentelements in Rknare chosen
so that each element is obtained by a single bit rotation to
the left of the precedingelement. Also, for the elements t of
Rkl, we require that the bit in position m(t) -1 [if m(t)
> 1] or d [if m(t) = 1] from the right be a O. For i = 1, 2,
...,r(2d-l)jdl-l,define
Ej = {t I (i -l)d

+

n(t) ~ id},

and for i = 0 and i = q = r(2d -l)/dl,

define

EO={(OO""_,Eq = {t I (q -l)d

+

~ n(t) ~ 2d -

We define the set of links Ai as fol~ows:
For i = 1, 2, ..., q, each set Ai consists of the links
that connect the node identities t E Ei with the correspondingnode identities of U~~~Ek obtained from t by
reversingthe bit in position m(t) [which is always a 1
by property (1 )]. In particular, the node identities in
each set in RkJare connected with correspondingnode'
identities in R(k-l) J, because,by construction, the bit
in position m(t) lies next to a 0 for eachnode identity
t in the setRkJ.
To show that this definition of the setsAj is legitimate, we
need to verify that by reversingthe specified bit of a node
identity t E Ej, we indeed obtain a node identity t' that belongs to U~-::;.\
Ej, as opposedto Ej. [It cannot belong to Ek
for k > i, becausen(t') < n(t).]
To seethis in the exceptional casewhere t = (II. ..I),
note that by the precedingrule, t' is the element of R(d-l)l
with a zero bit in position m(t) from the right. The elements
of R(d-l)1 are ordered so that the bit oft' in position m(t')
-1 (ifm(t') > 1) orin position d(ifm(t') = 1) is aD. Since
2d -1 is not divisible by d(see the appendix), we have m(t)
+ d. Thus, the zero bit of t' cannot be in position d, so it
must be in position m(t') -1, implying that m(t) = m(t')
-1. The set R(d-l) 1has d elements, and as a result, its first
element t" satisfies m(t") = m(t), so t' must be the second
element ofR(d-l)l. Since m(t) + d, Eq has at most d -1
elements, and thus, we obtain the desired conclusion t'
~Eq.
In the casewhere t + ( 11 ...1), it is sufficient to show
that n(t) -n(t') ~ d. We consider two cases:(a) 1ft E Rkn
for some n > 1, then all of the d elementsof Rkl are between
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FIG. 3.

Construction of a multinode broadcastalgorithm for a d-cube that takesr(2d -1)/ dl time.

t' and t, and the inequality n(t) -n(t') ~ d follows. (b) If
t E Rkl, then t' E R(k-l)l, and all the elementsof the sets
R(k-l)2, ..., R(k-l)nk-1 are between t' and t. There are
(k~l) -d such elements. If 2 < k < d and d ~ 5, it can be

~~~==~-6~~~~:

verified that (k~1) -d ~ d, and we are done. The casesd
= 3 and d = 4 can be handled individually (seeFig. 3). The
casesk = I, 2 create no' difficulties becauseR 11 = E 1,
RZ1 = Ez.

COMMUNICATION
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We have thus shown that the setsAi are properly defined,
and we also note that any two links in each set Ai are of
different types, implying that the correspondingmultinode
broadcastalgorithm takesq = r(2d -1)/ dl time units. Thus,
the algorithm attains the lower bound of executiontime over
all multinode broadcast algorithms under the MLA assumption and is optimal.
The preceding algorithm requires 2d(2d -I)
packet
transmissions. This is also a lower bound on the number
required by any multi node broadcastalgorithm, since each
of the 2dnodesmust receivea total of2d -I different packets
(one from eachof the other nodes). Therefore the algorithm
is also optimal in terms of total required communication
resource.
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With this rule, s startstransmitting its last packetto the subtree T j no later than time Nj -I, where Nj denotesthe number of nodes in Tj, and all nodes in Tj receive their packet
no later than time Nj. (To seethe latter, note that all packets
destined for the nodes in T j that are k links away from s are
sent no later than time Nj -k, and each of these packets
completesits journey in exactly k time units.) Therefore, all
packets are received at their respective destinations in
max {Nt, N2,
N,} time units. Hence, the above algorithm attains the optimal time if and only if T has the property that s has d neighbors in T and that eachsubtree T j, i
= I,..., d, contains at mostr(2d -I )/dl nodes.If Tis in
addition a shortestpath tree from s, then eachpackettravels
along the shortestpath to its destination and this algorithm
also attains the optimal number of packettransmissions.
3. SINGLE NODE SCAlTER UNDER THE
We assumewithout loss of generality that s = (00. ..0)
MLA ASSUMPTION
in what follows. To construct a spanning tree T with the
Considerthe d -cubeand the problem of singlenode scatter above two properties, let us considerthe equivalenceclasses
with root node s. Since 2d -I different packets must be Rknintroduced in Section2 in connectionwith the multinode
transmitted by the root node over its d incident links, any broadcastproblem. As in Section 2, we order the classesas
algorithm solving theseproblems requires at leastr(2d -1)/
dl time units under the MLA assumption.This time can be (00
RZn2 ...Rkl
...Rknk
O)R11R21'
achievedby modifying the correspondingoptimal multinode
.R(d-2)nd-2R(d-I)I(II..
.1
broadcastalgorithm of the previoussection,therebyjustifying
...R(d-2)
the entries of Table 1 for single node scatter.
The modified multinode broadcastalgorithm is not, how- and we considerthe numbersn (t) and m (t) for eachidentity
ever, optimal for the scatter problem with respectto the t, but for the moment, we leavethe choice of the first element
number of packet transmissions. To see this, note that a in eachclassRknunspecified.We denote by mknthe number
packetdestined for somenode must travel a number of links m( t) of the first elementt of Rknand we note that this number
at least equal to the Hamming distance betweenthat node dependsonly on Rknand not on the choice of the first element
and the root. Therefore, a lower bound for the optimal num- within Rkn.
We say that classR(k-l)n' is compatible with classRkn if
ber of packet transmissions is the sum of the Hamming
distances of all nodes to the root. There are (t) = d!/ R(k-l)n' has d elements (node identities) and there exist
(k!(d -k)!) nodes that are at distance k from the root, so identities t' E R(k-l)n' and t E Rkn such that t' is obtained
from t by changing some unity bit of t to a O. Since the
this bound is
elementsof R(k-l)n' and Rknare obtained by left shifting the
bits of t' and t, respectively,it is seenthat for every element
(2) x' of R(k-l)n' there is an element x of Rkn such that x' is
obtained from x by changingone of its unity bits to a O.The
reverseis also true, namely that for every element x of Rkn
The lower bound ofEq. (2) is much smaller than the 2d(2d
there is an elementx' of R(k-l)n' suchthat x is obtained from
-I) packettransmissionsrequiredby a multinode broadcast.
x' by changingone of its zero bits to unity.
While it is possibleto extract from the optimal multinode
An important fact for the subsequentspanningtree conbroadcast algorithm a single node scatter algorithm which
struction is that for everyclassRknwith 2 ~ k ~ d -1, there
attains the lower bound of Eq. (2), such an algorithm is
existsa compatible classR(k-l )n'. Sucha classcan beobtained
quite complex to visualize and to implement. The following
as follows: Take any identity t E Rknwhose rightmost bit is
alternative algorithm is much simpler.
a 1 and leftmost bit is a O. Let (1be a string of consecutive
For any spanningtree Tofthe d-cube, let,be the number
Oswith maximal number of bits and let t' be the identity
of neighbor nodes of the root node s in T, and let T i be the
obtained from t by changingto 0 the unity bit immediately
subtree of T rooted at the ith neighbor of s. Consider the to the right of (1. [For example, if t = (0010011), then t'
following rule for s to send packetsto eachsubtree T i:
= (00 10001)or t' = (0000011), and if t = (0010001), then
t'
= (00 10000).]Then the equivalenceclassoft' is compatible
Continuously send packetsto distinct nodesin the subwith Rkn,becauseit has delements [t' * (00- --0) and t'
tree (using only links in T), giving priority to nodes
contains a unique substringof consecutiveOswith maximal
furthest away from s (break ties arbitrarily).
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number of bits, so it cannot be replicated by left rotation of
less than dbits].
The spanning tree T with the desired properties is constructed sequentiallyby adding links incident to elementsof
the classesRknas follows (see Fig. 4):
Initially T contains no links. We choosearbitrarily the
first element of class R11and we add to T the links
connecting (00' ..0) with all the elementsof RII. We
then consider the classesRkn(2 ~ k ~ d -I) one-byone in the order indicated above,and for eachRkn,we
find a compatible class R(k-l)n' and the element t' in
R(k-l)n' such that m(t') = mkn(this is possiblebecause
R(k-l)n' has d elements). We then choose as the first
element of Rkn an element t such that t' is obtained
from t by changing one of its unity bits to a O. Since
R(k-l)n' has d elementsand Rknhas at most-d elements,
it can be seen that, for any x in Rkn, we have m(x')
= m(x), where x' is the element ofR(k-l)n' obtained
by shifting t' to the left by the same amount as that
neededto obtain x by shifting t to the left. Moreover,
x' can be obtained from x by changingsome unity bit
of x to a O.We add to Tthe links (x', x), for all x E Rkn
(with x' defined as above for eachx). After exhausting
the classesRkn,2 ~ k ~ d -I, we finally add to Tthe
link (x,( 11. ..1», where x is the element of R(d-I)1
with m(x) = m( 11. ..1).

dl nodes.(This follows from the discussionaboveand from
the fact that there are at least l (2 d -I) / d J nodes x having
the same value of m(x).) Hence, T is perfectly balanced in
the sensethat the Ti's are as close to being equal in size as
possible.
4. TOTAL EXCHANGE UNDER THE
MLA ASSUMPTION
Consider the total exchangeproblem under the MLA assumption. We showed in the precedingsection that for any
single node scatter algorithm in the d-cube, the number of
packet transmissions is bounded below by d2d-I, and it is
equal to d2d-1 if and only if packets follow shortestpaths
from the root to all other nodes.Since a total exchangecan
be viewed as 2 d separateversions of single node scatter, a
lower bound for the total number of transmissionsis
d2d2d-l.

(3)

Since eachnode has d incident links, at most d2d transmissions may take place at each time unit. Therefore, if T d is
the execution time of a total exchangealgorithm in the dcube, we have

Td~ 2d-l.
(4)
The construction of T is such that each node x
* (00' ..0) is in the subtree Tm(x).Since there are at most For an algorithm to achievethis lower bound, it is necessary
r(2d -1)/ dl nodesx having the samevalue of m(x), each that packets follow shortestpaths and that all links are busy
subtreecontains at most r ( 2 d -1) / dl nodes.Furthermore, (in both directions) during all of the 2d-1 time units. In what
the number of links on the path of T connecting any node follows, we present an algorithm for which Td = 2d-l. In
and (00. ..0) is the corresponding Hamming distance. light of the above, this algorithm is optimal with respectto
Hence, T is also a shortest path tree from (00. ..0), as both the time and the number of packettransmissionscriteria
desired.
and achieves 100%link utilization.
Note that for the spanning tree constructed above, each
We construct the algorithm recursively. We assumethat
of the subtreesTj, contains eitherl(2d -1)/ dJorr(2d -1)/
we have an optimal algorithm for total exchangein the dcube with certain properties to be statedshortly, and we use
this algorithm to perform an optimal total exchangein the
001
01I
III
mIll-!
(d + I )-cube. The construction is as follows: we decompose
QO
~~~~~IO
110
the
(d + I )-cube into two d-cubes, denoted C1 and C2 (cf.
000
m('1-2
the construction of Fig. I). Without loss of generality we
100
101
assumethat C1contains nodes0,. .., 2d -I, and that their
m(II-3
counterparts in C2are nodes 2d, ..., 2d+1-I, respectively.
The total exchangealgorithm for the (d + I )-cube consists
of three phases.In the first phase,there is a total exchange
m(tl-1
(using the optimal algorithm for the d -cube) within eachof
the cubes C1 and C2 (each node in C1 and C2 exchangesits
m("-2
packetswith the other nodes in C1and C2,respectively). In
the secondphase,eachnode transmitsto its counterpart node
m(tJ-3
in the opposite d-cube all of the 2dpackets that are destined
~~_.:-.~~--~,
"""...mltl-4
for the nodes of the opposite d-cube. In the third phase,
FIG. 4. Spanningtreeconstruction
foroptimalsinglenodescatterunder there is an optimal total exchangein eachof the two d-cubes
the MLA assumptionfor d = 3 andd = 4.
of the packetsreceived in phase2 (seeFig. 5). Phase3 must
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Nd(i, n) ~ 2d-t + n -1,
'"'
- 1
vn -,...,

FIG. 5. Recursive construction of a total exchangealgorithm for the dcube. Let the (d + 1 )-cube bedecomposed into two d-cubes denoted C.
and C2. The algorithm consistsof three phases.In the first phase,there is a
total exchangewithin each of the cubesC. and C2. In the second phase,
each node transmits to its counterpart node in the opposite d-cube all of
the 2 d packetsthat are destined for the nodes of the opposite d-cube. In the
third phase,there is a total exchange in each of the two d-cubes of the
packetsreceived in phase2.
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2 d-I' ,1-,- 0 ...,

2d - 1

to seethis, note that the left-hand quantity in Eq. (5 )is the
number of packetsof node i E C I that must be transmitted
by node i + 2d during the first n time units of phase3, while
the right-hand quantity in Eq. (5) is the number of available
time units within phase2 for transferring thesepacketsfrom
node i to node i + 2 d.There is also a requirement analogous
to Eq. (5) for the nodes i ofC2.
We proceed by induction, using the requirement of Eq.
(5) as part of the inductive hypothesis. In particular, we
prove that for everyd, there existsa total exchangealgorithm
for the d-cube satisfying
T d = 2d-1 and Nd(i,n) ~ 2d-t + n -1,

""
- 1
vn -,...,
be carried out after phase I becauseduring phase I all the
links of the cubes C1 and C2 are continuously busy (since
the d-cube total exchange algorithm is assumedoptimal).
On the other hand, phase 2 may take place simultaneously
with both phase 1 and phase 3. In an algorithm presented
in [I], phase 3 starts after the end of phase2, resulting in an
execution time of 2 d -1 units. Here, we improve on this

(5)

2 d-t. ,1-,- 0

(6)
, 2d-

1.

We have Tl = 1 and N1(i, 1) = 1, for i = 0,1, which
proves the inductive hypothesis for d = I. Assume that for
some d, we have a total exchangealgorithm for the d-cube
that satisfiesthe inductive hypothesis (6), and let s(i,j, d)
denote the time unit in this algorithm during which node i
transmits its own packet that is destined for nodej. We contime by allowing phase 3 to start before phase 2 ends. To struct a three-phasetotal exchangealgorithm for the (d + 1)illustrate how this is possible,considerthe packet originating cube of the type describedabove that satisfiesthe inductive
at some node i E C1 and destined for its counterpart node hypothesis.Supposethat packetsare transmitted in phase2
in C2, namely i + 2d, and the packet originating at i + 2d according to the following rules (in view of the symmetry
and destined for i. These packets are not transmitted at all of the transmissions of nodes of the d-cubes C1 and C2,we
during phase 3. Therefore, if they are transmitted last in describethe rules for phase2 packettransmissions for. only
phase2 then phase3 can start one time unit before the end the nodes ofC1):
of phase2. This idea can be generalizedas follows: clearly,
(a) Eachnode i E C1 transmits its packetsto node i + 2d
if it were guaranteed that packets going from C1 to C2 and
in
the
order in which the latter node forwards them in phase
from C2 to C I arrive sufficiently early at C2 and at C I, re3
(ties
are broken arbitrarily); i.e., the packetdestined for j
spectively,then phase3 may be carried out just after phase
E
C2,
j
", i + 2d, is transmitted before the packet destined
1, without completing phase2. In such a case,the first half
forf
E
C2,j'",
i + 2d, if
of phase2 would be carried out simultaneously with phase
1, while the secondhalf would becarried out simultaneously
s(i,j -2d, d) < s(i,j'
-2d, d).
with phase 3, and we would have Td+1 = 2T d. Since, by
assumption, T dis equal to the lower bound 2d-1 ofEq. (4)
(b) Each node i E C1 transmits its packet destined for
for a total exchangein the d-cube, we would have Td+1= 2d,
node i + 2d last.
implying that such an algorithm would achieve the lower
We claim that, under the aboverules, phase3 canproceed
bound of Eq. (4) for the (d + 1)-cube; We prove that this
is indeed feasible.
uninterrupted after phase I. To show this, consider any i
Supposethat an optimal total exchangealgorithm has al- E C1(the caseof i E Cz can be treated analogously). At the
ready been devised for the d-cube. Let Nd(i, n) denote the end of phase 1 node i hasreceivedexactly2d-1 packetsfrom
number of its own packets that node i has transmitted up node i + 2d(since phase1 lasts2d-1 time units by induction).
to and including time n, forn = 1,. .., 2d-1 [Nd(i, n)ranges Hence, n time units after the end of phase 1, node i has
from 1 to 2d -1]. We can use Nd(i, n) to expressthe re- received exactly2d-1 + n packetsfrom node i + 2d. On the
quirement that phase 3 packets originating at nodes of C I other hand, the total number of packets of node i + 2 d that
are available in time at the appropriate nodes of C2,so that node i forwards after n + 1 time units of phase 3 is exactly
phase 3 begins right after phase 1 and continues without Nd(i, n + 1). Since [cf. Eq. (6)] Nd(i, n + 1) ~ 2d-1 + n
for all n = 0, 1,. .., 2d-1 -I and node i + 2dtransmits its
delay. In particular, it is necessarythat
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through its kth incident link, for k = 1, ..., d. The last
packetto be transmitted in this group is the one destined for
node i (t) ek. For i = 0, the exact order in which i transmits
its packets on each of its incident links may be derived by
using a sequenceof d tables, which may be constructed iteratively. The kth table consists of k columns, the mth of
which contains the destinations of the packetstransmitted
through link m. The first table contains only e,. For k = 2,
..., d, the first k -1 columns of the kth table are identical
to thoseof the (k -I )st table, whereasits last column consists
of ekand the entries of the (k -I )st table with their kth bit
being setto I. In the last column, entries correspondingto
the same row of the (k -I )st table appear one after the
other, ordered (arbitrarily) from left to right; entries correspondingto different rows of the (k -I )st table are ordered
from top to bottom. The last element of the last column is
ek. This schemefollows from the recursive construction of
Nd+l(i,n)=Nd(i,n)+n,
Vn=I,...,2d-l.
the algorithm. As an example, we presentthe scheme for d
By combining this equation with the inequality Nd( i, n) ~ 2d = 4 in Fig. 6.
-I, which holds for all n, we obtain
For any other node i, the corresponding order of destinations may be obtained by forming the (t) operation of each
entry of the dth table of 0 with i.
Nd+l(i,n)~2d+n-l,
Vn=I,...,2d-l.

packetsto node i accordingto the above rules, node i always
has enough packets from node i + 2d for transmission if
phase3 begins immediately after phase I. Since i E C1 was
chosenarbitrarily, this holds for all i E C1.
Consider the total exchangealgorithm for the (d + 1)cube wherebyphase3 proceedsuninterrupted immediately
following phase I asdescribedabove.Since accordingto the
inductive hypothesis, each of phases I and 3 takes time T d
= 2d-l, this algorithm takes time 2T d = 2d. There remains
to show that the second part of the inductive hypothesisis
satisfied for d+ I. For any node i, let Nd+l(i, n) denote the
number of node z"sown packetsthat i hastransmitted up to
and including time n in this algorithm. Since, in the first
2d-1 time units of this algorithm, phases I and 2 execute
simultaneously, we obtain

Since, in the next 2d-l time units of this algorithm, phases
3 and 2 executesimultaneously(and i does not transmit any
packet of its own in phase 3), we have
Nd+t(i, n) = 2d-

+ n, Vn = 2d-1 +

Time

Link 1

1

0001

Time

Link 1

Link 2

1

0001

0011

, 2d.

By combining the last two relations, it follows that Nd+l(i,
n) satisfies

0010

Vn =

,2d.

Since the choice of i was arbitrary, this implies that the inductive hypothesis (6) holds for the (d + I)-cube.
Implementation ofthe Optimal Algorithm
In what follows, we presentthe rules used by the nodes
of the d-cube for transmitting their own packetsand forwarding the packetsthey receivefrom other nodes,whenever
they require further transmission. We write the identity of
node i as (id, ..., il), where each ik, k = I, ..., d, is a 0
or a 1. Moreover, we denote by ekthe identity of node 2k-1 ,
for k = 1, ..., d. The link betweeni and i e ekis called the
kth link incident to i. Finally 4 denotesthe reverseof bit ik;
namely 4 = (ik + 1) mod 2.
We first describe the order in which an arbitrary node i
transmits its own packets. It can be seenthat during time
units 1, ..., 2k-l, node i transmits all its packetsdestined
for nodes
(id,...,ik+t,4,Xk-t,...,Xt),
where Xm= 0 or I, for m =

Nd+J(i,n)~2d+n-

,k-

Time

Link 1

1

0001

2

Link 2 Link 3
0011

0101

0010

0111

3

OliO

4

0100

Time

Link 1

1

0001

Link 2 Link 3

Link 4

0011

0101

1001

0010

0111

1011

3

0110

1101

4

0100

1010

2

5

1111

6

1110

7

1100

8

1000FIG.

6. Implementationof the totalexchange
algorithmfor d = 4.
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We now considerthe packetsarriving at some node i and
APPENDIX: INDIVISIBILITY
OF 2d -I
BY d
presentthe rules under which these packets are forwarded
The proof of the following result is due to David Gillman
by i (whenever necessary).Packetsarrive in i, through the
kth link, in groups of 2k-l, for k = I, ..., d. Each group and Arthur Mattuck of the M.I. T. Department of Mathecontains all the packetsoriginating from the samenode (Y d, matics and is given here with their kind permission.
..., Yk+l, 4. ik-l, ..., il) (where Ym = 0 or I, for m = k
PROPOSITION. For any integer d ~ 2, 2d -1 is not di+ I, ..., d) and destined for all nodes of the form (id, ...,
visible by d.
ik, Xk-l, ..., XI) (where Xm= 0 or I, for m = I, ..., k -1).
The order of group arrivals is lexicographic on (Yd0 id, ...,Yk+1 Proof For any positive integers a, b, and d we use the
notation a = b (mod d) to indicate that a and b give the
0 ik+I)' Routing is accomplishedas follows:
sameremainderwhendivided by d; this remainderisdenoted
A packet destined for node (id, ..., ik, Xk-l, ...,
a mod d or b mod d. We note that for all positive integers
XI) is placed in the queue which contains packetsto be
a, b, d, and t we have
transmitted by i through the ~th link, where
a=b (mod d) => ta = tb (mod d).

~=

Max {mlxm=lm}
l~m~k-1

Packetsoriginating from different nodesj,j' and placed
in the same queue are ordered according to the lexicographic order betweenj e i andj' e i. Packetsoriginating from the same node and placed in the same
queue preservetheir order of arrival. Forwarding packets in the kth link starts at time 2k-1 + 1, for k = 1,
..., d -1; no forwarding takes place in the dth link.

(Write a = Pad + w, b = Pbd + w, tw = pd + r, where w
= a mod d = b mod d and r = (tw) mod d, and note that r
= (ta) mod d = (tb) mod d.)
It sufficesto consider odd d ~ 2. We argue by contradiction. If the claim does not hold, let d be the smallest odd
integer which is larger than I and is such that
2d= 1 (mod d).

The rules presentedabove follow from the recursivecon- Let m be the smallestpositive integer for which
struction of the algorithm. Our earlier analysis guarantees
2m=
(A3)
(mod d).
that packetsare always in time at the intermediate nodes(if
any) of the paths theyhaveto traverse.Note that the traveling
We claim that m < d. To seethis, note that the numbers
schedule of each packet may be locally determined at the
intermediate nodes of its path by examining the packet's
origin and destination,so packetsdo not haveto carry timing
information.
belong to {I, ..., d -I}. Since there are d such numbers,
some of them must repeat; i.e., for some integers rand s
CONCLUSIONS
with 1 ~ r < s ~ d,
2

Excessivecommunication time is widely recognized as
the principal obstacle for achieving large speedupin many
problems using massivelyparallel computing systems.This
emphasizesthe importance of optimal communication algorithms. In this paper, we have shown that a very strong
form of optimality can be achieved for some basic communication problems in the hypercubearchitecture.
Our methodological ideas may find application in other
related contexts. In particular, variations of our algorithms
can be investigated under different and possiblylessrestrictive assumptions. Furthermore, some of our algorithmic
constructions canbe applied in other architecturesto obtain
optimal or nearlyoptimal algorithms for the communication
problems of this paper. Finally, it is worth consideringthe
potential existence of optimal algorithms for specialized
communication tasks, arising in the context of specific numerical and other methods.

mod

d ,

22

mod

d

"

...2d

mod

d

2' = 25 (mod d).
Using Eq. (AI) with a = 2', b = 2s,and t = 2d-s,and using
also Eq. (A2), we obtain
2d-s+r= 2d =

(mod d).

Since m is the smallestpositive integer for which Eq. (A3)
holds, we obtain m ~ d -s + r, so finally m < d.
Let us now expressd as d = pm + r, where r = d mod m.
By multiplying by 2m in Eq. (A3) and using Eq. (AI), we

obtain
22m=2m=

(mod d).

By multiplying again by 2m and using Eq. (A3) and (AI),

we have
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23m = 2 m =

(mod d),

and by continuing similarly,
2pmE

(mod d).

By multiplying by 2' in this equation and again using Eq.
(AI) together with Eq. (A2), we obtain
2' ~ 2pm+, ~ 2d ~

(mod d).

Since r < m, our hypothesis on m implies that r = O.Thus,
d is divisible by m. This implies that m is odd (since d is
odd) and that 2m= I (mod m) (since Eq. (A3) holds). In
view of the definition of d and the fact d> m, we must have
m = 1, which contradicts Eq. (A3). Q.E.D.
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