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This paper shows, by means of an operator called a splitting operator, that the Douglas~Rachford splitting
method for finding a zero of the sum of two monotone operators is a special case of the proximal point
algorithm. Therefore, applications of Douglas-Rachford splitting, such as the alternating direction method
of multipliers for convex programming decomposition, are also special cases of the proximal point
algorithm. This observation allows the unification and generalization of a variety of convex programming
algorithms. By introducing a modified version of the proximal point algorithm, we derive a new, generalized
alternating direction method of multipliers for convex programming. Advances of this sort illustrate the
power and generality gained by adopting monotone operator theory as a conceptual framework.
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1. Introduction

The theory of maximal set-valued monotone operators (see, for example, [4])
provides a powerful general framework for the study of convex programming and
variational inequalities. A fundamental algorithm for finding a root of a monotone
operator is the proximal point algorithm [48]. The well-known method of multipliers
[23, 41] for constrained convex programming is known to be a special case of the
proximal point algorithm [49]. This paper will reemphasize the power and generality
of the monotone operator framework in the analysis and derivation of convex
optimization algorithms, with an emphasis on decomposition algorithms.

The proximal point algorithm requires evaluation of resolvent operators of the
form (I1+AT)™', where T is monotone and set-valued, A is a positive scalar, and I
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denotes the identity mapping. The main difficulty with the method is that I +AT
may be hard to invert, depending on the nature of 7. One alternative is to find
maximal monotone operators A and B such that A+ B=T, but I+AA and I +AB
are easier to invert that I+ AT. One can then devise an algorithm that uses only
operators of the form (I+AA)™' and (I+AB)™’, rather than (I+A(A+B)) '=
(I+AT)™". Such an approach is called a splitting method, and is inspired by
well-established techniques from numerical linear algebra (for example, see [33]).

A number of authors, mainly in the French mathematical community, have
extensively studied monotone operator splitting methods, which fall into four
principal classes: forward-backward [40, 13, 56], double-backward [30, 40], Peace-
man-Rachford [31], and Douglas-Rachford [31]. For a survey, readers may wish
to refer to [11, Chapter 3]. We will focus on the “Douglas-Rachford” class, which
appears to have the most general convergence properties. Gabay [13] has shown
that the alternating direction method of multipliers, a variation on the method of
multipliers designed to be more conducive to decomposition, is a special case of
Douglas-Rachford splitting. The alternating direction method of multipliers was
first introduced in [16] and [14]; additional contributions appear in [12]. An
interesting presentation can be found in [15], and {3] provides a relative accessible
exposition. Despite Gabay’s result, most developments of the alternating direction
method multipliers rely on a lengthy analysis from first principles. Here, we seek
to demonstrate the benefit of using the operator-theoretic approach.

This paper hinges on a demonstration that Douglas-Rachford splitting is an
application of the proximal point algorithm. As a consequence, much of the theory
of the proximal point and related algorithms may be carried over to the context of
Douglas-Rachford splitting and its special cases, including the alternating direction
method of multipliers. As one example of this carryover, we present a generalized
form of the proximal point algorithm — created by synthesizing the work of
Rockafellar [48] with that of Gol’shtein and Tret’yakov [22] — and show how it
gives rise to a new method, generalized Douglas-Rachford splitting. This in turn
allows the derivation of a new augmented Lagrangian method for convex program-
ming, the generalized alternating direction method of multipliers. This result illus-
trates the benefits of adopting the monotone operator analytic approach. Because
it allows over-relaxation factors, which are often found to accelerate proximal
point-based methods in practice, the generalized alternating direction method of
multipliers may prove to be faster than the alternating direction method of multipliers
in some applications. Because it permits approximate computation, it may also be
more widely applicable.

While the current paper was under review, [28] was brought to our attention.
There, Lawrence and Spingarn briefly draw the connection between the proximal
point algorithm and Douglas-Rachford splitting in a somewhat different — and
very elegant — manner. However, the implications for extensions to the Douglas-
Rachford splitting methodology and for convex programming decomposition theory
were not pursued.



J. Eckstein, D.P. Bertsekas | On Douglas- Rachford splitting 295

Most of the results presented here are refinements of those in the recent thesis
by Eckstein [11], which contains more detailed development, and also relates the
theory to the work of Gol’shtein [17, 18, 19, 20, 21, 22]. Some preliminary versions
of our results have also appeared in [10]. Subsequent papers will introduce applica-
tions of the development given here to parallel optimization algorithms, again
capitalizing on the underpinnings provided by monotone operator theory.

This paper is organized as follows: Section 2 introduces the basic theory of
monotone operators in Hilbert space, while Section 3 proves the convergence of a
generalized form of the proximal point algorithm. Section 4 discusses Douglas-
Rachford splitting, showing it to be a special case of the proximal point algorithm
by means of a specially-constructed splitting operator. This notion is combined with
the result of Section 3 to yield generalized Douglas-Rachford splitting. Section 5
applies this theory, generalizing the alternating direction method of multipliers. It
also discusses Spingarn’s [52, 54] method of partial inverses, with a minor extension.
Section 6 briefly presents a negative result concerning finite termination of Douglas-
Rachford splitting methods.

2. Monotone operators

An operator T on a Hilbert space # is a (possibly null-valued) point-to-set map
T: %~ 2", We will make no distinction between an operator T and its graph, that
is, the set {(x, y)|y € T(x)}. Thus, we may simply say that an operator is any subset
T of #x 3, and define T(x)=Tx={y|(x,y)e T}

If T is single-valued, that is, the cardinality of Tx is at most 1 for all xe ¥, we
will by slight abuse of notation allow Tx and T(x) to stand for the unique ye Y
such that (x, y) € T, rather than the singleton set {y}. The intended meaning should
be clear from the context.

The domain of a mapping T is its “projection” onto the first coordinate,

dom T={xe#|Ayec it (x,y)e T}={xec ¥H|Tx # @}.

We say that T has full domain if dom T = . The range or image of T is similarly
defined as its projection onto the second coordinate,

imT={yed|3Ixecd: (x,y)e T}

The inverse T~' of T is {(y, x)|(x, y)e T}.
For any real number ¢ and operator T, we let ¢T be the operator {(x, c¢v)|(x, y) € T},
and if A and B are any operators, we let

A+B={(x,y+2)|(x,y)e A, (x,z)c B}.

We will use the symbol I to denote the identity operator {(x, x)|x e #}. Let (-, )
denote the inner product on . Then an operator T is monotone if

(x'=x,y'=p)=0 V(x,p),(x,y)eT
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A monotone operator is maximal if (considered as a graph) it is not strictly contained
in any other monotone operator on #. Note that an operator is (maximal) monotone
if and only if its inverse is (maximal) monotone. The best-known example of maximal
monotone operatot is the subgradient mapping df of a closed proper convex function
[:#H >R {+00}[42, 44, 45]. The following theorem, originally due to Minty [36, 371,
provides a crucial characterization of maximal monotone operators:

Theorem 1. A monotone operator T on # is maximal if and only if im(I+T)=3 O

For alternative proofs of Theorem 1, or stronger related theorems, see [45, 4, 6,
or 24]. All proofs of the theorem require Zorn’s lemma, or, equivalently, the axiom
of choice.

Given any operator A, let J, denote the operator (I +A)~". Given any positive
scalar ¢ and operator T, J.r=(I+¢T)™" is called a resolvent of T. An operator C
on # is said to be nonexpansive if

Iy =ylii=|x'—x| VY(x»),(x,y)eC

Note that nonexpansive operators are necessarily single-valued and Lipschitz con-
tinuous. An operator J on ¥ is said to be firmly nonexpansive if

Iy =ylP=x'=x,y' =) V(x), (X, ) el

The following lemma summarizes some well-known properties of firmly nonexpan-
sive operators. The proof is straightforward and is omitted (or see, for example,
[48] or [11, Section 3.2.4]). Figure 1 illustrates the lemma.

Lemma 1. (i) All firmly nonexpansive operators are nonexpansive. (ii) An operator J
is firmly nonexpansive if and only if 2J — I is nonexpansive. (iii) An operator is firmly
nonexpansive if and only if it is of the form 3(C+ 1), where C is nonexpansive. (iv)
An operator I is firmly nonexpansive if and only if I —J is firmly nonexpansive. []

We now give a critical theorem. The “only if” part of the following theorem has
been well known for some time [48], but the “if” part, just as easily obtained,
appears to have been obscure. The purpose here is to stress the complete symmetry
that exists between (maximal) monotone operators and (full-domained) firmly
nonexpansive operators over any Hilbert space.

Theorem 2. Let ¢ be any positive scalar. An operator T on 3 is monoione if and only
if its resolvent J.=(I1+¢T)™" is firmly nonexpansive. Furthermore, T is maximal
monotone if and only if J.1 is firmly nonexpansive and dom(J ;)= 7.

Proof. By the definition of the scaling, addition, and inversion operations,

(x,7)eT & (x+cy,x)e(I+cT)™".
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Fig. 1. Illustration of the action of firmly nonexpansive operators in Hilbert space. If J is nonexpansive,
then J(x')—J(x) must lie in the larger sphere, which has radius ||x'—x| and is centered at 0. If J is
firmly nonexpansive, then J(x')—J(x) must lie in the smaller sphere, which has radius 1| x'— x| and is
centered at (x’'—x). This characterization follows directly from J being of the form I +1C, where
C is nonexpansive. Note that if J(x")~J(x) lies in the smaller sphere, so must (I —J)(x")— (I —J)(x),
illustrating Lemma 1(iv).

Therefore,
T monotone < (x'—x, 3 —»=0 VY(xy),(x,y)eT,
S (x'=x,c—cy)=0 V(x,p),(x,y)eT,
& (X' =x+ey' —cy, x' —x)=|x"—x||° VY(x,p),(x,y)eT,
& (I+cT)™' firmly nonexpansive.

The first claim is established. Clearly, T is maximal if and only if ¢T is maximal.
So, by Theorem 1, T is maximal if and only if im(J + ¢T) = 4. This is in turn true
if and only if (I +¢T)™" has domain %, establishing the second statement. [J

Corollary 2.1. An operator K is firmly nonexpansive if and only if K" — I is monotone.
K is firmly nonexpansive with full domain if and only if K™'—1 is maximal
monotone. [

Corollary 2.2. For any c¢> 0, the resolvent J. of a monotone operator T is single-
valued. If T is also maximal, then J r has full domain. [

Corollary 2.3 (The Representation Lemma). Let ¢>0 and let T be monotone on ¥.
Then every element z of H can be written in at most one way as x + cy, where y ¢ Tx.
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If T is maximal, then every element z of % can be written in exactly one way as x + cy,
where ye Tx. [

Corollary 2.4. The functional taking each operator Tto (I1+ T)™' is a bijection between
the collection of maximal monotone operators on J and the collection of firmly
nonexpansive operators on . [

Corollary 2.1 simply restates the ¢ =1 case of the theorem, while Corollary 2.2
follows because firmly nonexpansive operators are single-valued. Corollary 2.3 is
essentially a restatement of Corollary 2.2. Corollary 2.4 resembles a result of Minty
[37]), but is not identical (Minty did not use the concept of firm nonexpansiveness;
but see also [28]). A root or zero of an operator T is a point x such that Tx 0.
We let zer(T) = T~ '(0) denote the set of all such points. In the case that T is the
subdifferential map af of a convex function f, zer(T) is the set of all global minima
of f. The zeroes of a monotone operator precisely coincide with the fixed points of
its resolvents:

Lemma 2. Given any maximal monotone operator T, real number ¢ >0, and x € ¥,
we have 0e Tx if and only if J.+(x)=x.

Proof. By direct calculation, J.; = {(x+cy, x)|(x, y) € T}. Hence,
0eTx © (x,0eT © (x,x)eJ.r

Since J,r is single-valued, the proof is complete. [

3. A generalized proximal point algorithm

Lemma 2 suggests that one way of finding a zero of a maximal monotone operator
T might be to perform the iteration =025, starting from-some arbitrary
point z°. This procedure is the essence of the proximal point algorithm, as named
by Rockafellar [48]. Specialized versions of this method were known earlier to
Martinet [34, 35], and another development appears in [5]. Rockafellar’s analysis
allows ¢ to vary from one iteration to the next: give a maximal monotone operator
T and a sequence of positive scalars {c.}, called stepsizes, we say that {z*} is
generated by the proximal point algorithm if z**' = J, 7(z*) for all k= 0. Rockafellar’s
convergence theorem also allows the resolvents J, 7 to be evaluated approximately,
so long as the sum of all errors is finite. A related result due to Gol’shtein and
Tret’yakov [22] considers iterations of the form

Zk+l = (l —pk)zk+kacT(Zk)y

where {pi} =0 < (0, 2) is a sequence of over- or under-relaxation factors. Gol’shtein
and Tret’yakov also allow resolvents to be evaluated approximately, but, unlike
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Rockafellar, do not allow the stepsize c¢ to vary with k, restrict # to be finite-
dimensional, and do not consider the case in which zer(T)=@. The following
theorem effectively combines the results of Rockafellar and Gol’shtein-Tret yakov.
The notation “*>’ denotes convergence in the weak topology on 7, where “—”
denotes convergence in the strong topology induced by the usual norm (x, x)!/2,

Theorem 3. Let T be a maximal monotone operator on a Hilbert space ¥, and let {z")
be such that

N =(1-p) 2+ pw" Yk=0,
where

Iwk=(I+aT) () <e Yk=0,

and {&,} 50, {Prtr=0, 1€} € [0, ) are sequences such that

[oe)
E, =Y g <0, A=infp,>0, A,=supp,<2, c=inf¢>0.
k=0 k=0 k=0 k=0

Such a sequence {z*} is said to conform to the generalized proximal point algorithm.

Then if T possesses any zero, {z*} converges weakly to a zero of T. If T has no zeroes,

then {z*} is an unbounded sequence.

Proof. Suppose first that T has some zero. For all k, define
Qu=I-J,r=1-(I+ aT)

We know that Q, is firmly nonexpansive from Lemma 1(iv). Note also that any
zero of T is a fixed point of (I+¢T)™' by Lemma 2, and hence a zero of Q, for
any k. For all k, define

P =(1-p) 2" + pid o r(2F) =1 - peQu)(z").
For any zero z* of T,
1247 = 27 = || 2" ~ pQu(2") = 2*|I?
= || 2" ~ %] = 2pi(2" — 2%, Qk(zk)>+Pi”Qk(Zk)“2~
Since 0e€ Qy(z*) and @, is firmly nonexpansive, we have
127 = 2% 2 < || 2 = 2*|* = pe (2= p) | Qu ()P
< |)2" = 2% = 4,(2- 4) | Qe (29I
As A,(2—A4,)> 0, we have that |77 — z*| < ||z — z*||. Now, [|z**" = 2| < p&r, s0
257 =¥ < |24 = 2* | + ]2 = 2 < | 2 - 2] + pe

Combining this inequality for all k,

k
257 =z < 2" z*]| + L piEs 2°=z*|+2E,,
i
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and {z*} is bounded. Furthermore,
257 =2 |2 = |27 = 2 4 (2 - 2P
= || 2 = 2H| P2 = g R R g R g
ol FAREA B e | i B Bt A
<z~ 2~ 4,2~ 4[| Qu(z) |7
+2peer(|2° — z¥|| + 2E ) + piet.
Since {&,} is summable, so is {£3}, hence E,=Y_ % <oco. It follows that for all k,
|27t = 2* )P < |20~ 2* P+ 4B, (|| 2° - 2| + 2 Ey)

k
+4E,— A4,(2—-4,) EO Q.=
Letting k - 00, we have that
Q<0 = im Q)=

For all k, define (x*, y*) to be the unique point in T such that x* + ¢, y* = z* (here
we use the Representation Lemma, Corollary 2.3). Then Q.(z*)-0 implies that
z*— x> 0. Furthermore, since {c¢;} is bounded away from zero, we also have
C?Qk(zk) =y~ 0.

Now, {z*} is bounded, and so possesses at least one weak cluster point. Let z*
be any weak cluster point of {z*}. Let {z"V’}’2, be a subsequence such that
) 25 2% Since z* —x* >0, we also have x*V) % 7%,

Let (x, y) be any pointin 7. By the monotonicity of T, we have that (x — x*, y —y*)=
0 for all k. Taking the limit over the subsequence k(j) and using that x*¢’ > z®
and y, >0, one obtains (x—z~, y—0y=0. Since (x, y} was chosen arbitrarily, we
conclude from the assumed maximality of T that (z*, 0) e T, that is z¥ e zer(T).

It remains to show that {z*} has only one weak cluster point. Consider any zero
z* of T. Since ||z* — z*|| < ||z2° = z*||+ 2, for all &,

a¥ = 1irlgglf||z" —z%)
is finite and nonnegative, and one may show that [|z* — z*[| > a*. Now take any two
weak cluster points z7 and z5 of {z*}. By the reasoning above, both are zeroes of

T, and hence

ay=lim fl25 =27, ep=lim |z" -3

both exist and are finite. Writing

25 =z3 07 = 2" = 2P+ 22" =27, 20—z + || 27— 2217,
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one concludes that

lim (2" =27, 27 = 23) =3(a3 — a7 — || 27 = 25 ).

Koo
Since z7 is a weak cluster point of {z*}, this limit must be zero. Hence,
@i=att |7 - 23,
Reversing the roles of z7” and z5, we also obtain that
at=a3+|z -z

We are then forced to conclude that ||z{°~z5|| =0, that is, z7°=z5. Thus, {z*} has
exactly one weak cluster point. This concludes the proof in the case that T possesses
at least one zero.

Now consider the case in which T has no zero. We show by contradiction that
{z*} is unbounded. Suppose that {z*} is bounded, that is, there is some finite S such
that ||z*]| < S for all k. Let

£ =sup{e.}.
k=0

Then let
r=28/min{l, A;}+£&+1.
We claim that for all k, one has ||z°[|, |w*|, |J..+(z")||<r—1. Clearly, |z"|| <S<
r—1, so the claim holds for z*. Now, w* = p. (""" — (1 —p)z%), so
1 1 28
I l<—(1z"" = (1=pIlz* ) < = (S+8) ="==<r-1.
Pr 4, 4,
Finally,

28
W= Jor (G <o = Wor (@) <lwi|+ac<+é<r-1.
1

Now, let A:R" - [0, 0] be the convex function

0, x[=m
+oo, |x||>+,

h(x)={

and let T'= T+4h, so that

T(x), Ixll <,
T'(x)={{y+ax|ye T(x),a=0}, |x[=r,
4, I > r.

Since dom T nint(domah)=dom T~ {x|||x||<r}#@, T' is maximal monotone
[46]. Further, dom T’ is bounded, so zer(T’)#@ [43]. Since ||z*|, |w"|, and



302 J. Eckstein, D.P. Bertsekas /| On Douglas- Rachford splitting

| J,+(z5)| are all less than r for all k, the sequence {z*} obeys the generalized
proximal point iteration for T', as well as for T. That is,

M =(1-p)zf +pw* V=0,
where
W ~(I+cT) 712" || < &

By the logic of the first part of the theorem, {z*} converges weakly to some zero z*
of T'. Furthermore, as ||z*||<r—1forall k, ||z°]|<r—1<r, and so T'(z°) = T(z™),
and z* is also a zero of T. This is a contradiction; hence, we conclude that {z*}
cannot be bounded. [

Figure 2 is intended to clarify the role of the relaxation factor p, in the convergence
of the method. It illustrates the case where ¢, =0, forcing exact evaluation of the
resolvent. For p € (0, 2), let

N p)=(1-p)z* +p(I+a.T) (") =(1-p)z*+pw.
From the figure, it is clear that
1247 () = 2% = |w" = ¥ < | 2" (p) — 2¥|

for all p<1 and z*ezer T, so choosing p <1 is unlikely to be beneficial. On the
other hand, there may be an interval (1, p) =(1,2) on which pe (1, g) implies

dist(z"(p), zer T) < dist(z"7'(1), zer T).

Thus, it should be possible for over-relaxation to accelerate convergence. In at least
one important application of the proximal point algorithm, the method of multipliers
for convex programming, such acceleration has been experimentally confirmed
[2, pp. 129-131].

Possible range of et )

wk zk

Fig. 2. Tllustration of the use of the relaxation parameters. Here, w* =z**'(1) = (I + ¢, T)"'(z5), and z*
is an arbitrary member of zer T. The angle 6 must be at least 90 degrees by the monotonicity of T.
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4. Decomposition: Douglas-Rachford splitting methods

The main difficulty in applying the proximal point algorithm and related methods
is the evaluation of inverses of operators of the form I+ AT, where A > 0. For many
maximal monotone operators, T, such inversion operations may be prohibitively
difficult. Now suppose that we can choose two maximal monotone operators A and
B such that A+ B=T, but J,, and J,p are easier to evaluate that J,r. A splitting
algorithm is a method that employs the resolvents J, 4, and J, 5z of A and B, but does
not use the resolvent J,+ of the original operator T. Here, we will consider only
one kind of splitting algorithm, the Douglas-Rachford scheme of Lions and Mercier
[31]. It is patterned after an alternating direction method for the discretized heat
equation that dates back to the mid-1950’s [7].

Let us fix some A > 0 and two maximal monotone operators A and B. The sequence
{z*}%_, is said to obey the Douglas- Rachford recursion for A, A, and B if

2 =520 — DN + (T = Jyp)(2").

Given any sequence obeying this recurrence, let (x*, b*) be, for all k=0, the unique
element of B such that x*+Ab* =z* (again using the Representation Lemma,
Corollary 2.3). Then, for all k, one has

(I =T ) (z%)=x"+Ab* —x* = Ab¥,
(245 —I)(2%) = 2x* = (x* + Ab*) = x* — Ab~.

Similarly, if (y*, a“)€ A, then J,4(y*+Aa*)=y* In view of these identities, one
may give the following alternative prescription for finding z**' from z*:

(a) Find the unique (y**', a*"') € A such that y**'+Aa*" = x* —Ab%.

(b) Find the unique (x**', b**') e B such that x**'+Ab" "' = y* 14 \pk,

Lions’ and Mercier’s original analysis of Douglas-Rachford splitting [31] centered
on the operator

G/\,A,B =hacRLs-D+( ~Ji8),

where ¢ denotes functional composition; the Douglas-Rachford recursion can be
written z¥*'= WA 5(z%). Lions and Mercier showed that G, 4 p is firmly nonexpan-
sive, from which they obtained convergence of {z*}. Our aim is to broaden their
analysis by exploiting the connection between firm nonexpansiveness and maximal
monotonicity.

Consider the operator

S)\,A,B = (G/\,A,B)¥l - L

We first seek a set-theoretical expression for S, 4 5. Following the algorithmic
description (a)-(b) above, we arrive at the following expression for G, 4 5:

Goap={(u+Ab,o+Ab)|[(u,b)e B, (v,a)c A, v+ra=u—Ab}.
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A simple manipulation provides an expression for S, 4 5 =(G, 4 5)"'—I:
S)\,A,B = (GA,A,B)RI -1
={(v+Ab,u—v)|(u,b)e B, (v,a)e A, v+ra=u—Abl.

Given any Hilbert space #, A >0, and operators A and B on #, we define S, 4 5
to be the splitting operator of A and B with respect to A. We now directly establish
the maximal monotonicity of S, 4 5.

Theorem 4. If A and B are monotone then S, 4 y is monotone. If A and B are maximal
monotone, then S, 4 p is maximal monotone.

Proof. First we show that S, 4 5 is monotone. Let u, b, v, a, u’, b’, v/, a' € ¥ be such
that (u, b), (u’,b'Ye B, (v,a), (v',a")e A, v+Aa=u—Ab, and v'+Aa’=u'—Ab".
Then

1 1
a=T(u=v)=b  a'=—(u'~v)-b)

and
(v +AbYy=(v+Ab), (W —0v)—(u—10))
=A(0'+AD)Y—(v+AD) A (W =)= b — A N(u—v)+b)
+A{((v'+Ab"Y—(v+Ab), b’ —b)
=A0 =0, AN W =) =b' = A u~v)+b)
+A3b b A (u —v)=b'~ A (u—v)+b)
+A{(v' =0, b'— b)Y+ A*b'~ b, b'—b)
=AMv' ~v,a —a)y+A(b'—b,u'—u)—A(b"— b, v'—v)~A*(b'— b, b'— b)
+A{v'—0v, b’ —by+ A% b’ ~b, b —b)
=Av'—v,a'—a)y+A(b'—b, u' —u).
By the monotonicity of A and B, the two terms in the final line are nonnegative,
$0 we obtain that ((v'+Ab") — (v +Ab), (u' —v') —(u—v))=0, and S, 4 p is monotone.
It remains to show that S, 4 5 is maximal in the case that A and B are. By Theorem

1, we only need to show that (I +S, 4 5) ' =G, as=Jra° (2Js— 1)+ (I ~J,p) has
full domain. This is indeed the case, as J, 4 and J, 5 are defined everywhere. (1
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Combining Theorems 4 and 2, we have the key Lions-Mercier result:

Corollary 4.1. If A and B are maximal monotone, then G, o 5 =(1+ S, 4 5)”" is firmly
nonexpansive and has full domain. [

There is also an important relationship between the zeroes of S, 4  and those of
A+ B:

Theorem 5. Given A >0 and operators A and B on ¥,
zer(Sy ap)=ZF2{u+Ab|bec Bu, —be Au}
c{u+Abluczer(A+ B), be Bu}.

Proof. Let S=S, 4 5. We wish to show that zer(S) is equal to ZF. Let z € zer(S).
Then there exist some u, b, v, a€ ¥ such that v+Ab=z, u—v=0, (4, b)e B, and
(v, a)e A. So,

u—v=0= u=v = Aa=-Ab = a=-b,

and we have u+Ab=z (u, b)e B, and (u, —b)€ A, hence ze ZF. Conversely, if
ze Z¥ then z=u+Ab, be Bu, and —b € Au. Setting u =v and a = —b, we see that
(z,0) € S. Finally, the inclusion ZF < {u+ Ab|u € zer(A+ B), b € Bu} follows because
be Bu and ~b € Au imply that uezer(A+B). [

Thus, given any zero z of S, 4 5, Ji5(z) is a zero of A+ B. Thus one may imagine
finding a zero of A+ B by using the proximal point algorithm on S, 4 5, and then
applying the operator J,p to the result. In fact, this is precisely what the Douglas-
Rachford splitting method does:

Theorem 6. The Douglas-Rachford iteration z*"' =[J, a0 21,5 — 1)+ (I ~J,5)]z" is
equivalent to applying the proximal point algorithm to the maximal monotone operator
Si.a.5, With the proximal point stepsizes ¢, fixed at 1, and exact evaluation of resolvents.

Proof. The Douglas-Rachford iteration is z"" = G, 4 g(z*), which is just z*"'=

I+ S,\,A,B)‘I(Zk)- O

In view of Theorem 3, Theorem 5, and the Lipschitz continuity of J,z, we
immediately obtain the following Lions-Mercier convergence result:

Corollary 6.1 [31]. If A+ B has a zero, then the Douglas- Rachford splittiing method
produces a sequence {z"} weakly convergent to a limit z of the form u-+ Ab, where
ueczer(A+ B), be Bu, and —bec Au. If procedure (a)-(b) is used to implement
the Douglas-Rachford iteration, then {x*}={J,z(z*)} converges to some zero of
A+B. [

Theorem 3 also states that, in general Hilbert space, the proximal point algorithm
produces an unbounded sequence when applied to a maximal monotone operator
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that has no zeroes. Thus, one obtains a further result apparently unknown to Lions
and Mercier:

Corolllary 6.2. Suppose A and B are maximal monotone and zer(A+ B)=(. Then
the sequence {z"} produced by the Douglas-Rachford splitting is unbounded. If pro-
cedure (a)-(b) is used, then at least one of the sequences {x*} or {b*} is unbounded. T

Note that it is not necessary to assume that A+ B is maximal; only A and B need
be maximal.

Because the Douglas-Rachford splitting method is a special case of the proximal
point algorithm as applied to the splitting operator S, 4 g, a number of generalizations
of Douglas-Rachford splitting now suggest themselves: one can imagine applying
the generalized proximal point algorithm to S, 4 3, With stepsizes ¢, other than 1,
with relaxation factors p, other than 1, or with approximate evaluation of the
resolvent G, 4 . We will show that while the first of these options is not practical,
the last two are.

Consider, for any ¢ > 0, trying to compute (I +cS, 45)7'(z). Now,

(I+ ¢Sy an) ' ={((1—-c)v+cu+Ab,v+Ab)|(u,b)e B, (v,a)e A, v+Ara=u—Ab}.

Thus, to calculate (I + ¢S, 45)”'(z), one must find (u, b) € B and (v, a) € A such that
1
(1-c)o+cut+Aib=z, a=X(u—v)—b.

Alternatively, we may state the problem as that of finding u, ve # such that
z=—(cu+(1~c)v)e ABu, —z+((1+c)u—cv)c AAn

This does not appear to be a particularly easy problem. Specifically, it does not
appear to be any less difficult than the calculation of J, (4. at an arbitrary point
z, which, when using a splitting algorithm, we are expressly trying to avoid.
That calculation involves finding (u, b) € B such that (1, A '(z—u)~b)e A
Consider, however, what happens when one fixes ¢ at 1. Then one has only to find

(u,b)e B such that u+Ab=z
(v,a)e A such that v+Aa=u—Ab.

The conditions (u, b) € B, u+ Ab = z uniquely determine u = J, g(z)and b=(z—~u)/A
independently of v. Once u is known, then v is likewise uniquely determined by
u=J, s(u—Ab). We have thus achieved a decomposition in which the calculation
of Js ,,=(I+S,45)"" is replaced by separate, sequential evaluations of Jy,=
(I+AA) " and J,z = (I +AB)~". This procedure is essentially the procedure (a)-(b)
given above. It seems that keeping ¢ =1 at all times is critical to the decomposition.
Spingarn [54] has already commented on this phenomenon in the more restrictive
context of the method of partial inverses.
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The formulation of the splitting operator S, 4 5 is a way of combining A and B
having the special property that evaluating the resolvent G, 45=(I+S, 45)""
decomposes into sequential evaluations of J, 4 and J, 5. Simple addition of operators
does not have such a decomposition property. Furthermore, the close relationship
between zer(S, 4 g) and zer(A+ B) makes S, 4 g useful in finding zeroes of A+ B.

Despite the impracticality of using stepsizes other than 1, it is possible to use
varying relaxation factors, and to evaluate G, 45 =(I-}-SA,A,B)*1 approximately,
obtaining a generalized Douglas- Rachford splitting method. The properties of this
(new) method are summarized by the following theorem:

Theorem 7. Given a Hilbert space ¥, some z°c ¥, A >0, and maximal monotone
operators A and Bon %, let {z"}_o < R", {u*}_o < R", {v*}7-, < R, {au} =0 < [0, ),
{Bi}i=0=[0,0), and {p}i-0< (0,2) conform to the following conditions:

(T1)  JJu*=Tp(z) =B Vk=0,
(T2) 0" = aQQu* -2 <, Vk=0,

Zk+]:zk+pk(vk+l"uk) kaO’

Tt4s
)
£
A
8
T8

Bi<o,  0<inf py<sup p, <2.
0 k=0 k=0

Then if zer(A+ B) # ), {z*} converges weakly to some element of Z* = {u+ Ab| b € Bu,
—~be Au}. If zer(A+ B) =, then {z*} is unbounded.
Proof. Fix any k. Then |u*—J,5(z")|| < B« implies that
|2u* = 25) = (20,5 = D(z*)| < 2B
Since J, 4 is nonexpansive,
Maa@u* = 2) = La (205 = (") ]| < 284,
and so
10" = ha@hs = D) <28+ e,
[0+ 2% = u*) = a5 ~ D)+ (T = J15)1(2) | < 3Be + et

Let &, =3B, + a, for all k. Then
Z & = 3 Z Bk + Z oy << 00,
k=0 k=0 k=0

We also have

Zk+1:Zk+pk(vk+l_uk)___(1_pk)zk+pk(vk+l+zk_uk)-
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Thus, letting y* = 0"+ z* — u*, we have

o0

0<inf p, <sup p, <2, Y g < +00,
k=0 k=0 k=0

lly* - GA,A,B(Zk)” <& Vk=0, M =(1-p)*+ py* V=0

The conclusion then follows from Theorems 3 and 5. [

In at least one real example [11, Section 7.2.3], using the generalized Douglas-
Rachford splitting method with relaxation factors p, other than 1 has been shown
to converge faster than regular Douglas-Rachford splitting. This example involved
a highly parallel algorithm for linear programming which will be described in a
later paper. There, a choice of p, =1.5 for all k appeared to converge to a given
accuracy about 15% faster than the choice p, =1 for all k. Thus, the inclusion of
over-relaxation factors is of some practical significance. In addition, the convergence
of Douglas-Rachford splitting with approximate calculation of resolvents had not
been formerly established.

5. Some interesting special cases

We now consider some interesting applications of splitting operator theory, namely
the method of partial inverses [52, 54] and the generalized alternating direction
method of multipliers. We begin with a brief discussion of the method of partial
inverses.

Let T be an operator on a Hilbert space #, and let V be any linear subspace of
%, V* denoting its orthogonal complement. Then the partial inverse Ty, of T with
respect to V is the operator obtained by swapping the V* components of each pair
in T, thus [52, 54]:

Ty ={(xy +yy+, yy txy)|(x, y) e T}

Here, we use the notation that for any vector z, zy denotes the projection of z on
V, and zy L its projection onto V™.

Spingarn has suggested applying the proximal point algorithm to Ty to solve the
problem

(ZV) Find (x,y)e T such that xe Vand ye V*,

where T is maximal monotone. In particular, if T =4f, where f is a closed proper
convex function, this problem reduces to that of minimizing f over V. One
application of this method is the “progressive hedging” stochastic programming
method of Rockafellar and Wets [51].

Consider now the operator

Ny=VxV'={(x,y)|xeV,ye V']
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It is easily seen that Ny is the subdifferential §(8y) of the closed proper convex
function

0, xeV,

6V(x):{+oo x£V

and hence that Ny is maximal monotone. Now consider the problem
(ZzV'} Find x such that Oc (T+ Ny)x,

which is equivalent to (ZV).
If one forms the splitting operator S, 4 WithA =1, A=Ny=Vx V" and B=T,
one obtains

Sivwver={(v+bu—v){(u,b)e T,ve V,ac V", v+a=u—b}.
={((u=b)y+b,u~(u—b)y)|(u b)e T}
={(uy+by:, by +uy-)|(u,b)e T}
=T

Thus, the partial inverse Ty is a special kind of splitting operator, and applying the
proximal point algorithm to Ty is a specialized form of Douglas-Rachford splitting.
Naturally, one can apply the generalized proximal point algorithm to Ty as easily
as one can apply the regular proximal point algorithm, and one can allow values
of A (but not ¢ ) other than 1. Following a derivation similar to Spingarn’s (1985b),
one obtains the following algorithm for (ZV):

Start with any x°e V, y%e V-,
At iteration k:
Find 7* € 9 such that ||5* ~ J,+(x"*+y*)| < g~
Let X = (x*+ y*) - 5%
Let x“!' = (1- p)x*+ pu ().
Let y*"'=(1=p)y* + pi(5*) v+

Here {p.}r-0 and {B,}%-, are sequences meeting the restrictions of Theorem 7.
It is interesting to compare this method to Algorithm 1 of [54]. In cases where
T =3f, the computation of §* reduces to an approximate, unconstrained minimiz-
ation of f plus a quadratic term.

In addition to partial-inverse-based methods, the class of Douglas-Rachford
splitting algorithms also includes the general monotone operator method of
Gol’shtein [20], and related convex programming methods [18, 19]. Demonstrating
this relationship is rather laborious, however, and interested readers should refer
to [11, Section 4.3].
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We now turn to our second example application of splitting operator theory, the
derivation of a new augmented Lagrangian method called the generalized alternating
direction method of multipliers.

Consider a general finite-dimensional optimization problem of the form
(P) minimize f(x)+g(Mx),

xeR"
where f:R” > (~o0, +o0] and g:R™ > (—00, +o0] are closed proper convex, and M
is some m X n matrix. By writing (P) in the form

(P") minimize f(x)+g(w)
subject to Mx =w,

and attaching a multiplier vector p € R™ to the constraints Mx = w, one obtains an
equivalent dual problem
(D) maximize —(f*(=MTp)+g*(r)),

peR™
where * denotes the convex conjugacy operation. One way of solving the problem
(P)-(D) is to let A=d[f*>(~M")] and B=4g*, and apply Douglas-Rachford
splitting to A and B. This approach was shown by Gabay [13] to yield the alternating
direction method of multipliers [16, 14, 12, 13, 15],

= arg min{ f(x) +<pk, Mx)-!—%)\ HMx - WkHZ},
w ! = arg min{g(w) —(p*, w)+Ir | Mx*" —w|},

pk+1 :Pk+)L(Mxk+l'Wk+l).

This method resembles the conventional Hestenes-Powell method of multipliers for
(P’), except that it minimizes the augmented Lagrangian function

Ly (x, w, p) =F(x)+g(w)+{p", Mx —w)+3A | Mx—w]|’,

first with respect to x, and then with respect to w, rather than with respect to both
x and w simultaneously. Notice also that the penalty parameter A is not permitted
to vary with k. We now show how Theorem 7 yields a generalized version of this
algorithm. Let the maximal monotone operators A=a[f*o(—M")] and B=49g* be
defined as above.

A pair (x, p) e R" XR™ is said to be a Kuhn-Tucker pair for (P) if (x, -M "p)eaf
and (Mx, p) € dg. It is a basic exercise in convex analysis to show that if (x, p) is a
Kuhn-Tucker pair, then x is optimal for (P) and p is optimal for (D), and also that
if pezer(A+ B), then p is optimal for (D). We can now state a new variation on
the alternating direction method of multipliers for (P):

Theorem 8 (The generalized alternating direction method of muiltipliers). Consider
a convex program in the form (P), minimize, g f(x)+ g(Mx), where M has full
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column rank. Let p°, z°c R™, and suppose we are given A >0 and

{I‘Lk}c))(o=0<—: [0’ CD): kg() 1223 < 0,

{rti=0= [0, ), kZ Y <0
=0

{pk}?co—':Og (07 2): 0< lnf Pr = Sup ox <2

k=0
Suppose {x*}5_,, {w*}5o0, and {p*}i-o conform, for all k, to
| x**? —arg min{f(x)+{p", Mx)+3A || Mx —w*["}|| <

”wk-H —argwmin{g(w)‘“’ks w>+%)\ “pkMx’H'l-{—(l *Pk)w"_W“Z}H = Vi,

+1 :pk +)\(pkMxk+1 +(1 _pk)wk _ Wk+1).

Then if (P) has a Kuhn-Tucker pair, {x"} converges to a solution of (P) and {p*}
converges to a solution of the dual problem (D). Furthermore, {w*} converges to Mx*,
where x* is the limit of {x*}. If (D) has no optimal solution, then at least one of the
sequences {p*} or {w*} is unbounded.
Proof. Let

F=p +aw* Vi=o0,

qk:Pk+A(Mxk+1__wk) Vk?(),

a=A|Mllp, Yk=0,

Bo= “Po‘ JAB(PO+ Aw®) IR

Bk = /\Vk Vk= 1,

where | M| denotes the L-norm of the matrix M,

IM ”:S“p{“u u”}

We wish to establish that the following hold for all k= 0:
(YD {p*~Ts(z") ]| =B,
(Y2) |g"~Ta(2p" =29 < a,
(Y3) "'=z"+pu(g"~p").

For k=0, (Y1) is valid by the choice of 8,. Now suppose (Y1) holds for some k;
we show that (Y2) also holds for k. Let

% = arg min{f(x)+(p*, Mx)+3A || Mx —w*|?},

pF=(p"*— aw*)+ AMz"
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The existence of a unique £* is assured because f is proper and M has full column
rank. Then

00, [f(x)+(p", Mx)+31 | Mx — w"|*], -
= 0ef () + M p*+ AM ™ (Mz* — w*)
= Qeof () + M p*
= —M j*eaf (&)
= eof*(-M"p")

= —Mx“ o[ f* o (~-M"))(p*) = Ap".

Also
P+ (=M = p* — aw¥,
SO
5= (I+AA)(p* = Aw*) = J,,(2p" — 2Y).
Thus, from
2" ~arg min{f(x)+(p", Mx)+ 3\ | Mx —w* |} < s,
g = p + A (Mx<T kY,
we obtain

e o T Ty BN 1 17

establishing (Y2) for k.
Suppose that (Y1) and (Y2) hold for some k. We now show that (Y3) holds for
k and (Y1) holds for k+1. Let

s“=2"+pi(q" ~p")
=p*+aw* + ap (MxFT - wk)
=p“+ A(pMx "+ (1= pi)w’),
and also

w* = arg min{g(w) = (p, W)+ A [ (pMx""" + (1 - p)w") — w|},

§5 = p* + A (oM T+ (1 — pr)w* — w5).
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The existence of % is guaranteed because g is proper. We then have
0ea,[g(w) —(p" wy+ A [(oMx"" + (1= p )W) = w[ "]zt
= 0cog(®)—p + A" — (oMx" "' + (1= p)w"))
= p A (pMx*+(1 —p)w* =) =5 cag(w")

= weag*(s*) = Bs~

§k+/\vTik=pk—)\(pkMka(l‘pk)wk——ﬁ’k):sk,

we have §* = J, (s%).

The condition on w**" is just | w*""

k+1_

—w <, so |p §41 < Av,. We also have

zk+1 :pk+1+/\wk+1
:pk+A(pkMxk+l+(l_pk)wk__warl)_'_)\wk—H

= pk +A (pkMka + (1 ~p,:<)wk)

= Sk.
Thus, (Y3) holds for k, and (Y1) holds for k+1 by Hpk+1 — §*|| < Aw. By induction,
then, (Y1)-(Y3) hold for all k. The summability of {u,} and {v.} implies the
summability of {8} and {«.}. Suppose (P) has a Kuhn-Tucker pair. Then by
Theorem 7, {z*} converges to some element z* of { p+ Aw|w e Bp, —w € Ap}. Applying
the continuous operator J, 5 to {z*} and using (Y1), we obtain p* - p* and w* - w*,
where (p*, w*) € B and p*+ Aw* = z*. By rearranging the multiplier update formula,
we have

(pk+l —pk)+A(Wk+l"wk):Apk(Mxk+1—’Wk)

for all k= 0. Taking limits and using that p, is bounded away from zero, we obtain
that (Mx*" — w") > 0, hence Mx"* > w*. As M has full column rank, x* - x*, where
x* is such that Mx*=w* We thus have (p*, w¥) =(p*, Mx*)e B=4g*, and so
{Mx*, p¥)esg. Now, we also have that —M p“eaf(¥), or, equivalently,
(=M p* x*) e of, for all k. Using

0<lq“—p*|| = lp" + A (Mx""" —2*) = p* | < M| M || e > 0,

we have by taking limits that p* - p*, and since [|x*—%"| < w, >0, we also have
> x*. Therefore, (~M " p*, x*) < af by the limit property for maximal monotone
operators (e.g., [4]). We conclude that (x*, p*) is a Kuhn-Tucker pair for (P), and
we obtain the indicated convergence of {x*}, {p*}, and {w*}.

Now suppose that (D) has no optimal solution. Then zer(A + B) must be empty,
and by Theorem 7, {z*} must be an unbounded sequence. By the definition of {z*},
either {p*} or {w*} must then be unbounded. [J
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The convergence of the alternating direction method of multipliers with either
approximate minimization or relaxation factors was previously unknown, and, due
to the complexities of the convergence proofs, would have been difficult to derive
from first principles. Thus, Theorem 7 demonstrates the power of the monotone
operator theoretical framework.

In a practical iterative optimization subroutine, it may be difficult to tell if the
condition

=

X —arg min{ f(x) = (p*, Mix)+3A | Mx — w* ||’}

has been satisfied. For more implementable stopping criteria, which, under appropri-
ate assumptions, imply these kinds of conditions, we refer to Rockafellar [48].
Essentially, if f is strongly convex, such a condition is implied by a certain bound
on the smallest-magnitude subgradient of the minimand at x**'. Thus, for any x
such that 8,[ f(x)+ (p*, Mx)+1A || Mx — w*{|*] contains a member of sufficiently small
norm, one may halt the minimization and set x**"' = x. This idea is adapted from a
stopping rule for the method of multipliers due to Kort and Bertsekas [27] (see also
[2, p- 329]). A similar discussion applies to the computation of w**'.

6. Concerning finite termination

The device of the splitting operator allows many results related to the proximal
point algorithm to be carried over to Douglas-Rachford splitting and its special
cases. In this section we briefly give a negative result that suggests that one aspect
of proximal point theory, that of finite termination, will be difficult or impossible
to carry over. We concenirate on a certain ‘‘staircase” property of monotone
operators.

A monotone operator T on a Hilbert space # is said to be staircase if for all
veim T, there exists some 8(y)> 0 such that

we Tx, [w—yl|<8(y) = yeTx

T is called locally staircase at zero if 0eim T and such a condition holds for the
single case y =0, that is, there exists 8 > 0 such that

we Tx, |w] <8(y) = 0e Tx.

We use the term “‘staircase” because an operator on R’ with the staircase property
has a graph that resembles a flight of stairs (see Figure 3). The idea of a staircase
operator is closely related to the so-called “diff-max” property of convex functions
(8,9, 29]. In brief, a convex function A is diff-max if and only if (62) " is staircase.
In general, if the closed convex function h is polyhedral on R”, both gh and
(3h) "' =08h* are staircase [8].
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Fig. 3. A staircase operator on R'.

Luque [32], building on earlier observations by Rockafellar [48], proved that the
exact proximal point algorithm, when each iterate is computed exactly, converges
finitely when applied to any operator T which is locally staircase at zero. The basic
proof is very simple: suppose we have z“''=(I+AT) 'z* for all k=0. Then
(z¥7'~z¥)/A € Tz* for all k= 1. For large enough k, we have [|[(z“7"'—z")/A| <38,
implying 0e Tz* and z"*'=z* This basic line of analysis dates back to the finite-
termination results of [1] for the method of multipliers.

We will now show, however, that S, 4 s need not be staircase, even if both A and
B are staircase.

Theorem 9. There exist maximal monotone operators A and B on R", both staircase,
such that S, a g is not staircase for some choice of A >0, and the exact proximal point
algorithm, without over- or under-relaxation, does not converge finitely when applied
t0 Sy an.

Proof. We need to consider only the case of R, and operators of the form Ny =
V x V*, where V is a linear subspace, which were seen to be maximal monotone
in the previous section. All operators of this form are staircase (in fact, for any
ye V', 8(y) may be taken arbitrarily large). Define the following linear subspaces
of R:

W={(x1, x;)|x, =0} ={(x,, 0)| x, R},
U={(x, x;)|x,=x}={(x, x)| xeR}.
Then
W ={(x,, %) x, = 0} ={(0, x2) | ;€ R},
Ut ={(x), %) |x,=—x;}={(—2z z)| zeR}.
Following the discussion of partial inverses in the previous sections,
SiNwng = {(xw Fyws, yw +xw-) | xe U, ye U™}
={((x, z), (—z, x))|a, beR}.
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Now, S; n,, ~, (%1, X)) 3(0, 0) if and only if x, = x,=0. Thus S1,Nw. Ny, 18 not locally
staircase at zero, and cannot be staircase.

Let S=S, nyn,- Then Js=(I+8)"'={((x—z x+2z),(x,2))|x,zeR}, or by
change of variables,

Js={((a, b),5(a+b,—a+b))|a, bcR}].

Thus application of the operator Js is equivalent to multiplication (on the left) by
the matrix

1 1
J=} .
2[—1 1]

To obtain finite convergence of the iteration z“*' = J5(z*) from any starting point
z° other than (0, 0) would require that J be singular, which it is not. [J

Lefebvre and Michelot [29] do present a mild positive result relating to partial
inverses (and hence to Douglas~Rachford splitting), but under fairly stringent
assumptions. Although Luque’s finite convergence theory may be hard to use in the
context of Douglas-Rachford splitting, his convergence rate techniques do have
application. They have already been used in the context of partial inverses
[53, 54, 55], and we will exploit them in other splitting contexts in future papers.
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