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Abstract

HE FINITE-DIFFERENCE FREQUENCY-DOMAIN (FDFD) method is a conceptually simple
method to solve time-dependent differential equations for steady-state solutions. In
solving Maxwell’s equations in three-dimensional (3D) space, however, the FDFD method
has not been a popular method due to the slow convergence of iterative methods of solving
a large system of linear equations Ax = b constructed by the FDFD method. In this dis-
sertation, we show that the convergence speed can be greatly accelerated for plasmonic and
nanophotonic systems by carefully modifying the properties of A. First, we make the ma-
trix A significantly better-conditioned by using the stretched-coordinate perfectly matched
layer (SC-PML) rather than the more commonly used uniaxial PML (UPML) as an absorb-
ing boundary. Second, we eliminate the high multiplicity of near-zero eigenvalues of A by
utilizing the continuity equation. By combining these two techniques, we achieve 300-fold
acceleration in the convergence of iterative methods for an example 3D plasmonic system.
We also demonstrate successful application of the acceleration techniques to a real-world en-
gineering problem of designing novel integrated optical circuit components, namely broad-

band sharp 90-degree bends and T-splitters, in plasmonic coaxial waveguides.

Topics

o Frequency-domain Maxwell’s equations

« Finite-difference method to approximate differential equations

o Iterative methods to solve a system of linear equations Ax = b

o Preconditioners to accelerate iterative methods

« Eigenvalues and eigenvectors; singular values and singular vectors

« Plasmonics and nanophotonics
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Preface

OR THE LAST FEW DECADES around the dawn of the 21st century, photonics has emerged
F as a viable solution to ever increasing demands for faster communication of larger
amounts of data. Because photonics uses electromagnetic waves as information carriers,
efficient numerical solution of Maxwell’s equations, which govern all electromagnetic phe-
nomena, has become more and more important for designing integrated photonic devices

and discovering novel optical phenomena to further advance photonics technology.

This dissertation is about one such numerical method to solve Maxwell’s equations: the
finite-difference frequency-domain (FDFD) method [1-3]. The FDFD method transforms
the frequency-domain Maxwell’s equations into numerically solvable forms using the finite-
difference method. Compared with the other numerical methods to solve the frequency-
domain equations such as the finite element method (FEM) [4] and method of moments
(MoM) [5¢M-2], the FDFD method has an advantage in its conceptual simplicity, because the
finite-difference method simply approximates derivatives (in the form of dy/dx) by ratios
between two finite differences (in the form of Ay/Ax). The conceptual simplicity eventu-
ally leads to efficiency in parallel computing environment for large three-dimensional (3D)

problems.

The FDFD method can also be compared with the finite-difference time-domain (FDTD)
method [6]. Because one method solves the frequency-domain equations and the other
solves the time-domain equations, the two methods have different domains of application.
In terms of implementation, however, they are quite similar in that both use the finite-
difference method. Despite this similarity, the FDFD method has been far less popular than
the FDTD method in solving 3D problems. This dissertation addresses a few difficulties in

implementing an efficient 3D FDFD solver of Maxwell’s equations, and shows that once it is

ix



implemented correctly it can be a practical method for solving 3D problems.

Especially, this dissertation aims to apply the FDFD method to plasmonic and nanopho-
tonic systems. For these systems, the critical dimensions of objects are typically much smaller
than a wavelength, and finite-difference grid cells smaller than 1/1000 of a wavelength are of-
ten required to represent the electromagnetic fields interacting with these objects accurately.
Identifying the difficulties arising from this orders-of-magnitude difference and providing

techniques to overcome them are the main contributions of this dissertation.

This dissertation is organized as follows. Chapter 1 introduces the frequency-domain
Maxwell’s equations and carefully formulates a differential equation to solve. Then it dis-
cretizes the differential equation into a system of linear equations Ax = b using the finite-
difference method. It also reviews iterative methods of solving Ax = b, which are essential
in solving large 3D problems. Three benchmark problems that have been solved repeatedly

throughout the dissertation are also described here.

Chapter 2 addresses the first difficulty in implementing an efficient 3D FDFD solver:
the ill-conditioned matrix A due to an inappropriate choice of the perfectly matched layer
(PML). PML is an essential absorbing boundary that is widely used in simulation of elec-
tromagnetic wave propagation. There are mainly two kinds of PML, and between the two
the more commonly used UPML is shown to ill-condition the matrix A and therefore to
induce slow convergence of iterative methods. This slow convergence problem is solved by
replacing UPML with the less popular SC-PML. A rigorous analysis to prove the superiority
of SC-PML over UPML is provided. For cases where UPML is indispensable, SP-UPML,
which is a combination of UPML and an effective diagonal preconditioning scheme, is de-

veloped.

Chapter 3 addresses the second difficulty in implementing an efficient 3D FDFD solver:
the high multiplicity of near-zero eigenvalues of the matrix A. The matrix A for plasmonic
and nanophotonic systems has a very high multiplicity of near-zero eigenvalues, which stag-
nates the convergence of iterative methods. This stagnation problem is solved by eliminating
the near-zero eigenvalues using the continuity equation. An intuitive explanation for the
impact of the near-zero eigenvalues and definiteness of A on the convergence behavior of

iterative methods is also provided.



Chapter 4 demonstrates the usefulness of the iterative FDFD solver by using it in design-
ing novel waveguide components for integrated optical circuits. The components are sharp
90° bends and T-splitters formed in plasmonic coaxial waveguides. These components bend
and split optical waves almost perfectly with nearly no reflection and radiation loss over a
broad range of wavelengths, including the telecommunication wavelength of 1.55 um.

Finally, Chapter 5 concludes this dissertation with a few important remarks and out-
looks. The difference in the use of iterative methods between this dissertation and the liter-
ature of general numerical linear algebra is highlighted.
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Chapter 1

Basic formulation of the FDFD method

for Maxwell’s equations

“We should forget about small efficiencies, say
about 97% of the time: premature optimization is

the root of all evil.

DonaLp E. KNUTH (1938-present)

MAXWELL’S EQUATIONS are partial differential equations that govern optical and elec-

tromagnetic (EM) phenomena. In the frequency domain, they are

V x E(r,w) = —iwu(r, w)H(r, w) - M(r, w), (1.1a)
V xH(r,w) = iwe(r, w)E(r,w) + J(r, 0), (1.1b)

where E and H are the electric and magnetic fields (or alternatively called the E- and H-
fields); J and M are the electric and magnetic current source densities; € and y are the electric
permittivity and magnetic permeability. All these quantities are functions of position r and

angular frequency w.

The above frequency-domain Maxwell’s equations are derived from the time-domain

1
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Figure 1.1: Comparison of popularity of the FDTD versus the FDFD method in the academia.
In each year from 1980 to 2011, the numbers of academic papers published with “FDTD” and
“FDFD” as keywords are counted and shown as bright and dark columns, respectively. The
term “FDTD” was first coined in 1980 by Taflove [7]. The term “FDFD” was first used in
1989 by Ling [8]. In terms of popularity, the FDTD method has been much more successful
than the FDFD method.

Maxwell’s equations

Vx&(r,t)=-0B(r,t) - M(r, 1), (1.2a)
VxH(r,t)=0,D(r,t) + T (r,t) (1.2b)

for a given w by assuming a time dependence of e*“’ in each time-dependent quantity
F(r,t) to have F(r,t) = F(r,w)e'! and then using the constitutive equations D = ¢E
and B = yH. Alternatively, we can also obtain Eq. (1.1) by Fourier-transforming Eq. (1.2) in

time.

The finite-difference method is a method to construct numerically solvable difference
equations out of differential equations, by approximating derivatives by ratios between finite

differences. Therefore, the method can be applied to both the time- and frequency-domain
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Maxwell’s equations. Nevertheless, the finite-difference method has been much more pop-
ular in solving the time-domain Maxwell’s equations than the frequency-domain equations.
Figure 1.1 directly shows how successful the finite-difference time-domain (FDTD) method
has been compared to the finite-difference frequency-domain (FDFD) method in the aca-
demic community.

The time- and frequency-domain Maxwell’s equations, however, are complementary tools
for understanding optical and EM phenomena. The time-domain equations are indispens-
able to investigating transient states and dynamics, but the frequency-domain equations are
also crucial to studying steady states and treating dispersive materials accurately. Therefore,
providing techniques to implement an efficient FDFD solver should benefit the research
community in a way that has not been possible with the FDTD method.

In this chapter, we review the basics of the FDFD method that form the foundation of
this dissertation. In Sec. 1.1 we formulate a frequency-domain differential equation to solve.
In Sec. 1.2 we discretize the differential equation by the finite-difference method. In Sec. 1.3
we briefly review iterative methods of solving the discretized equation. Lastly, in Sec. 1.4 we
introduce benchmark problems against which we will test the efliciency of our techniques

developed in the rest of the dissertation.

1.1 Equation formulation

The FDFD method solves the frequency-domain Maxwell’s equations (1.1) for the E- and
H-fields for given current source densities J and M. There are a few different choices of
actual equations to solve, though. First, we can choose to solve Eq. (1.1) directly for the E-

and H-fields at the same time. This choice is equivalent to solving

E] ! ] 0
H

—iwe VX
-M
However, when described in the SI unit, Eq. (1.3) becomes an ill-conditioned equation,

Vx  iwu

which is not favorable to numerical solvers. The concept of ill- and well-conditioned equa-

tions will be discussed in detail in Ch. 2, but we can easily see that Eq. (1.3) is ill-conditioned



4 CHAPTER 1. BASIC FORMULATION OF THE FDFD METHOD

from the formula |E|/|H| = ||, which holds for a plane wave propagating in a medium with
the impedance # = \/m In vacuum the impedance is 77, = 3772, which means that
the solution E-field is typically two orders-of magnitude stronger than the H-field. Such a
huge contrast in magnitude between the elements of a solution is a sign of an ill-conditioned
equation. To obtain a better-conditioned equation, we should introduce a normalized H-
field variable H = #H, but then it becomes harder to enforce the continuity of the normal and
tangential components of the H-field at the interfaces between different materials. Using 7,
as a normalization factor is another possibility [9%¢< 341, 10], but then the normalization is

no longer optimal.

A better alternative is to eliminate either the E- or H-field from Eq. (1.1) to obtain
Vxu 'V xE-w*E=—-iw] -V xu'M (1.4)

or

Vxe!'VxH-w uH=-ioM+V x e']. (1.5)
U

Both equations have only one of the E- and H-fields as an unknown, so they are no longer
ill-conditioned due to the huge contrast in magnitude between the two fields. An addi-
tional benefit of this formulation is that the size of the solution vector is halved from that
of Eq. (1.3). Once either Eq. (1.4) or Eq. (1.5) is solved for one field, the other field can be
easily recovered by simple substitution of the solved field into Eq. (1.1).

Between the above two equations, we choose to solve Eq. (1.4) because it is a better
formulation for nanophotonic systems by the following reason, which will be elaborated
in Ch 3. In nanophotonics, the second term of the left-hand side of Eq. (1.4) is usually
much smaller than the first term, i.e., |w?¢E| < |V x y~'V x E|, because nanophotonic ob-
jects are much smaller than a wavelength. Therefore the operator of Eq. (1.4) can be well-
approximated by V x y~'Vx. Because y = o for most materials used in nanophotonic
devices, this operator is Hermitian positive-semidefinite. In other words, the operator of
Eq. (1.4) is close to a Hermitian positive-semidefinite operator, which is very favorable to
numerical solvers. The second term of the left-hand side of Eq. (1.5) is also ignorable for the
same reason, but the operator of the first term is neither Hermitian nor positive-semidefinite,

because ¢ is complex and has a negative real part for metals.
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In solving Eq. (1.4) we can ignore M without loss of generality, because for given J and M

a new current source densities J’ = J+ =V x y~'M and M’ = 0 generate the same right-hand
side of Eq. (1.4). Therefore, the equation we focus on solving in the rest of this dissertation
is

V x u”'V x E - w?¢E = -iw]. (1.6)

1.2 Finite-difference approximation

In the Cartesian coordinate system, the frequency-domain Maxwell’s equations (1.1a) and

(1.1b) are written as

0,E, - d.E, = —iwuH, — M,, (1.7a)
0.E; - 0,E, = -iwuH, - M,, (1.7b)
0.E, - 0,E, = —iwuH, - M, (1.7¢)
and
0,H, - d.H, = iweE, + ], (1.8a)
J.H,-0.H; = iweE, + ], (1.8b)
0.H, - 0,Hy = iweE, + . (1.8¢)

To solve Egs. (1.7) and (1.8) numerically by the finite-difference method, we approximate

each derivative by a ratio between finite differences as

i,j+1k i, 7,k i,j,k+1 i,j.k
E;] _ E;J E J - E ]

. i,jsk 7 risjsk i,j,k
. -2 Y = iwuy" H - MY (1.9a)
Al A%
y z
i,j,k+1 i,j.k i+1,j,k i,k
EX™ - Ey E.; " - E,; ik gk ijk
- - 1_ =—iwu,” H"" - M,”", (1.9b)
Az Al
i+1,7,k i,j,k i,j+1,k i,j,k
EH'] _E Ea]>_E;]) = . o
) ok 7 isjk ok
J = —— = —iwu," H" - M"Y, (1.9¢)
A A

y
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Figure 1.2: Yee’s finite-difference grid. The box depicts the (i, j, k)th cell of Yee’s grid whose
corner with the smallest x-, y-, z-coordinates is at r»*. Repetition of the box in the x-, y-, z-
directions generates the entire grid. The x-, y-, z-components of the E-field (solid-headed
arrows) are defined at the centers of the edges of the box. The x-, y-, z-components of H-field
(open-headed arrows) are defined at the centers of the faces of the box.

and
H;',j,k _ H;‘,j—l,k ) H;,],k _ H;,],k—l _
X Xt
HEK gkt ik pgihik
Ak Al B
H;;Jk _ H;/—lj k Hi,j,k B H}i{,jq,k )
Al A,

. ijkpigk | rijk

iwe”"EX" + K, (1.10a)
. ijkpigk | ik

iwe,”"E;"" + ], (1.10b)
. ijkpigk ik

iwe,”"E;7" + 0T, (1.10¢)

where " and il * are the electric permittivity and magnetic permeability evaluated at the

locations where E”* and H."* are defined, respectively, and AL = (AL + A1) /2.

The locations of E,”* and H.** are indicated in Yee’s finite-difference grid cell in Fig. 1.2.
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In his seminal paper [11], Yee cleverly interlaced the E- and H-field grids as shown in the
figure. Such interlaced placement makes the finite differences in Egs. (1.9) and (1.10) central
differences; the use of the central difference is crucial, because its error is O(A?), which
decreases much faster as A,, decreases than O(A,,) of the forward and backward differences
[38ec. 33, gSecs: 24,36]  [n addition, the interlaced grid ensures that the vector calculus identities
VxVe=0and V- (V xF) = 0hold for arbitrary scalar and vector fields ¢ and F even after

the derivatives are approximated with finite differences [12].

The three difference equations (1.9) are obtained for each grid cell. We collect them from

all grid cells to construct

Cee =—iwD,h - m, (1.11)
where i i i ) ) )
gk ik M
e=| EJ* |, h=| HY* |, m=| M} (1.12)
Ehk H* Mok

are column vectors representing the relevant fields; C,, whose nonzero elements are +1/A!,
is a matrix for the curl operator on the E-field; D, = diag(.. ., ‘uf;j’k, /,t;’j’k, y;’j’k, ...)isa
diagonal matrix for the magnetic permeability. Similarly, collecting Eq. (1.10) from all grid
cells produces

Chh =iwD.e + j, (1.13)

where Cy, D, j are defined similarly to C,, D, m.

Note that the index of each element of the vectors in Eq. (1.12) is completely determined
by the directional index w and positional indices i, j, k. In other words, for the nth element
of a column vector, there exists a unique combination (w;, i, j, k) that corresponds to the
sequential index n. Hence, (w, i, j, k) can be used to index an element of a column vector.
We can similarly index an element of a matrix with (wy, iy, ji, ki; w2, ia, ja, k2 ), where the first
set (wy, iy, ji1, ki) specifies a row and the second set (w,, i,, ja, k;) specifies a column. The
described indexing scheme is useful in mapping difference equations to the corresponding

matrix-vector representation. For example, from the right-hand side of Eq. (1.9a), we can



8 CHAPTER 1. BASIC FORMULATION OF THE FDFD METHOD

see that the equation corresponds to the (x, i, j, k)th row of Eq. (1.11). However, the left-
hand side of Eq. (1.9a) does not have E;’j’k, the (x, i, j, k)th element of e. This means that
the (x, 1, j, k; x, i, j, k) th element of C,, which is on the diagonal of the matrix, is zero. We
can argue the same way to show that Egs. (1.9b) and (1.9¢) do not provide diagonal elements
to C,, and therefore that the diagonal of C, is completely filled with zeros.

Now, by eliminating & from Egs. (1.11) and (1.13) and ignoring m we can easily formu-

late the finite-difference approximation of Eq. (1.6):
(CuD,'C. - w’D,) e = —iwj, (1.14)
which is simply a system of linear equations
Ax = b, (1.15)

where A represents the operator, x represents the E-field we solve for, and b is a column

vector determined by a given electric current source density.

1.3 Iterative methods to solve Ax = b

There are two categories of methods to solve the system of linear equations (1.15): direct
methods and iterative methods [13°™2]. Direct methods factorize A into a few (typically
two or three) factors with which A™'b can be calculated efficiently, and they produce a solu-
tion in a fixed number of steps. Depending on the structures and properties of A, different
factorization methods such as the Cholesky, LU, LDMT, LDL" factorizations are used.
The other category of methods, i.e., iterative methods, produce an approximate solution
at each iteration step until the solution converges sufficiently close to the exact solution.
More specifically, suppose that x,, is the approximate solution produced at the mth iteration

step. Then iterative methods continue the process until the residual vector
rm=b—Ax,, (1.16)

satisfies |7,,|/|b| < 7, where ||| is a norm of a column vector and 7 is a user-defined small
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positive number; typically the 2-norm is used as the norm, but some iterative methods, e.g.,
the conjugate gradient method [14], use different norms such as the A-norm, and in practice
7 = 1079 is sufficiently small for accurate solutions. Iterative methods do not guarantee
convergence in a fixed number of iteration steps, but they often produce accurate solutions
much earlier than direct methods.

The matrix A of Eq. (1.15) constructed by the finite-difference method is typically very
large (often with more than 10 million rows and columns for 3D problems) but extremely
sparse (with at most 13 nonzero elements per row). For such an extremely large and sparse
matrix, iterative methods are usually preferred to direct methods, because direct methods
require too much computer memory [15].

Among many kinds of iterative methods, we use Krylov subspace methods [16], which
are known as one of the most efficient class of iterative methods. The Krylov subspace of

dimension m generated by A and r, is
ICm (A, TO) = Span {T’o, Aro, Azro, e Am_lro} , (117)

where 7 is the initial residual vector of Eq. (1.16) for an initial guess solution x,. Krylov
subspace methods find the “best” mth approximate solution x,, of Eq. (1.15) in the space x,+
K (A, 1y). Each Krylov subspace method is distinguished from others by its own criterion
for determining the best approximate solution. In general, however, all Krylov subspace
methods find better and better approximate solutions as m increases because the search
space becomes larger and larger, i.e., xo + KC,,, (A, 70) S x0 + Kps1(4A, 10).

Like direct methods, there are Krylov subspace methods specialized for matrices with
specific structures and properties, such as real-symmetric, complex-Hermitian, or positive-
definite matrices. Unfortunately, our matrix constructed from Maxwell’s equations does not
satisty any of these properties: it is complex, nonsymmetric, and indefinite. Therefore, we
need to rely on Krylov subspace methods that can handle the most generic matrices.

In this dissertation, we use the biconjugate gradient (BiCG) [17, 18], quasi-minimal resid-
ual (QMR) [19], and generalized minimal residual (GMRES) [20] methods,' which are such

Krylov subspace methods for generic matrices. All the three methods use the 2-norm in

"We implement BiCG and QMR using the matrix-vector multiplication routine of the portable, extensible
toolkit for scientific computation (PETSc) [21], and use GMRES that is provided in PETSc.
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x104

Figure 1.3: A typical convergence plot of QMR. A benchmark problem described in Fig. 1.4 is
solved by QMR. The solid line plots | r,,|/||b|| versus m. The dashed line indicates a typical
tolerance value 7 = 107°. Approximate solutions satisfy |r,,|/|b| < 7 after about 25,000
iteration steps.

testing | 7,,|/|b| < 7. We use x, = 0 as an initial guess solution throughout the dissertation
to create Krylov subspaces of Eq. (1.17). A typical convergence plot of ||r,,|/||b| versus m
for QMR is shown in Fig. 1.3.

The three Krylov subspace methods have different characteristics. GMRES leads to con-
vergence in the least number of iteration steps, but its each iteration step takes gradually
more computation time and memory. Therefore GMRES is ideal for theoretical analysis (in
Sec. 3.2), but impractical for large 3D problems. In contrast, BiCG and QMR are suitable
for large 3D problems, because they consume constant computation time and memory over
iteration steps for a given matrix A. Between the two methods, we use QMR to investigate
the impact of our techniques developed in Chs. 2 and 3 on convergence speed for 3D prob-
lems (in Secs. 2.2, 2.4, and 3.3), because its |r,,|/|b| decreases more stably without much
oscillation than BiCG’s. However, BiCG is a better method to use in practice (in Ch. 4) than
QMR, because r,, for evaluating ||7,,|/|b| < 7 is obtained as a byproduct in BiCG whereas
it should be calculated explicitly as Eq. (1.16) in QMR.
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x (hm) 1500

silica

silver

Ao =1550nm

(a) Slot waveguide bend (Slot) (b) Distribution of Re {H, }

Figure 1.4: Benchmark problem “Slot”: wave propagation through a plasmonic slot waveg-
uide bend. In (a), the structure of the bend is illustrated. A narrow, 90°-bent slot waveguide
is formed in a thin silver (Ag) film immersed in a silica (SiO,) background. The vacuum
wavelength and size of the structure are indicated in the figure. The red arrows specify the
directions of wave propagation. In numerical simulation, all the x-, y-, z-normal bound-
aries of the simulation domain are covered by PML. In (b), Re { H, } calculated by the FDFD
method is plotted on two planes: the horizontal z = 0 plane bisecting the film thickness, and
the vertical y = (const.) plane containing the central axis of the input port. Red and blue
indicate Re {H,} > 0 and Re {H,} < 0. Only the z > 0 portion is drawn by virtue of mirror
symmetry, and the PML regions are excluded. The sharp transition from blue to red near
x = 0 is due to the J source plane there. The electric permittivities of silver [22] and silica
[23] at A9 = 1550 nm are g4, = (-129 - i3.28) ¢y and egi0, = 2.085¢.

1.4 Benchmark problems

In this dissertation we introduce techniques to improve the convergence speed of iterative
methods. To demonstrate the effectiveness of the techniques, we test them on three bench-
mark problems described in this section.

The first benchmark problem is to simulate wave propagation through a 90° bend of a
plasmonic slot waveguide formed in a thin metal film (Fig. 1.4a). Plasmonic slot waveguides
are a subject of active research in nanophotonics due to their capability of guiding light at
deep-subwavelength scale [24].

We simulate the propagation of an EM wave at the telecommunication wavelength A, =
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Ao =1550nm

vacuum
S
silicon™_

vacuum

(a) Dielectric waveguide (Diel) (b) Metallic pillar array (Array)

Figure 1.5: Benchmark problems “Diel” and “Array”: a dielectric waveguide and metallic
pillar array. The materials and sizes of the structures, the vacuum wavelengths, and the
directions of wave propagation (red arrows) are indicated in the figures. In numerical sim-
ulation, all the six boundaries of the simulation domain of (a) are covered by PML. On the
other hand, only the two z-normal boundaries of (b) are covered by PML, while the x- and
y-normal boundaries are subject to periodic boundary conditions. The electric permittivi-
ties of silicon (Si) [23] at Ay = 1550 nm and gold (Au) [25] at A, = 632.8 nm are &g; = 12.09¢,
and ey, = (-10.78 - i0.79)¢,.

1550 nm through the bend. A J source plane is placed near x = 0 to launch the fundamental
mode of the waveguide. To simulate an infinitely long plasmonic slot waveguide immersed
in a dielectric medium, all six boundary faces of the Cartesian simulation domain are cov-
ered by the perfectly matched layer (PML), which is discussed in detail in Ch. 2. The solution
obtained by the FDFD method is displayed in Fig. 1.4b.

The second benchmark problem is to simulate wave propagation through a rectangular
dielectric waveguide (Fig. 1.5a). We launch the fundamental mode in the dielectric waveg-
uide.

The last benchmark problem is to simulate interaction between a plane wave and an array
of metallic pillars (Fig. 1.5b). We launch a plane wave toward the pillars and observe how it

is scattered by them; the detailed analysis is described in Ref. [26].

The number of grid cells in the finite-difference grid used to discretize each simulation

domain is shown in Table 1.1, together with the grid cell size in the x-, y-, z-directions.
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Slot Diel Array
N, x Ny, x N || 192 x192 x 240 | 220 x 220 x 320 | 220 x 220 x 130
Ay, Ay, A, 2 ~20nm 10 nm 5,5,20nm

Table 1.1: Specification of the finite-difference grids used for the three benchmark problems.
Slot uses a nonuniform grid with smoothly varying grid cell size. The vector x of Eq. (1.15)

has 3N, N, N, elements, where the extra factor 3 accounts for the x-, y-, z-components of
the E-field.

In Chs. 2 and 3 we will show that our techniques accelerate the convergence of itera-
tive methods for all the three benchmark problems. The benchmark problems shown here
are chosen deliberately to include different geometrical complexities and different materials
such as dielectrics and metals. Therefore, such benchmark results should suggest that our

techniques are effective for a wide range of problems.






Chapter 2

Accelerated solution by the correct choice
of PML'

An expert is a person who has made all the

mistakes that can be made in a very narrow field.

NieLs H. D. BoHR (1885-1962)

HE PERFECTLY MATCHED LAYER (PML) is an artificial medium initially developed by
T Bérenger that absorbs incident EM waves omnidirectionally with virtually no reflec-
tion [28]. Because EM waves incident upon PML does not reflect back, a domain surrounded
by PML simulates an infinite space. Thus, the use of PML has been essential for simulating
spatially unbounded systems, such as an infinitely long waveguide [29] or an isolated struc-
ture in an infinite vacuum region [26].

Bérenger’s original PML was followed by many variants. In the FDTD method, the uni-
axial PML (UPML) [30] and stretched-coordinate PML (SC-PML) [31-33] are the most pop-
ular, both resulting in similar numerical performance.?

In frequency-domain methods such as the FDFD method and FEM , on the other hand,
UPML and SC-PML result in systems of linear equations (1.15) with different matrices A. In

'Reproduced in part with permission, from Ref. [27]: W. Shin and S. Fan, “Choice of the perfectly matched
layer boundary condition for frequency-domain Maxwell’s equations solvers,” Journal of Computational Physics
231, pp. 3406-3431. Copyright 2012 Elsevier.

*The convolutional PML (CPML) [34] that is widely used in time-domain simulation is in essence SC-PML.

15
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general, it is empirically known that the use of any PML leads to an ill-conditioned matrix
and slows down the convergence of iterative methods to solve Eq. (1.15) [35-39]. Yet, to
the best of our knowledge, no detailed study has been conducted to compare the degree
of deterioration caused by different PMLs in frequency-domain numerical solvers, except
Ref. [40] that briefly mentions empirical observations.

In this chapter, we demonstrate that the choice of PML significantly influences the con-
vergence of iterative methods to solve the frequency-domain Maxwell’s equations. More
specifically, we show that SC-PML leads to far faster convergence than UPML in general,
and the difference in convergence speed becomes extremely significant for plasmonic and
nanophotonic systems where wavelengths are much longer than grid cell size. To prove the
generality of this observation, we present a rigorous analysis that relates convergence speed
to the condition number of the matrix.

The chapter is organized as follows. In Sec. 2.1 we review the basic formulations of UPML
and SC-PML for the frequency-domain Maxwell’s equations. Then, in Sec. 2.2 we demon-
strate that SC-PML gives rise to much faster convergence of iterative methods than UPML
for the benchmark problems. In Sec. 2.3 we show that SC-PML produces a much better-
conditioned matrix than UPML. Finally, we introduce a diagonal preconditioning scheme
for UPML in Sec. 2.4; the newly developed preconditioning scheme can be very useful in
situations where UPML is easier to implement than SC-PML. In Sec. 2.5 we summarize the
chapter and make a few remarks.

Throughout this chapter we assume that y = y; this is valid for most nanophotonic sim-
ulations. Also, we use the FDFD method in this chapter to discretize differential equations.
However, the arguments we present should be equally applicable to other frequency-domain
methods including FEM.

2.1 Reviewof SC-PML and UPML for the frequency-domain

Maxwell’s equations

To simulate an infinite space, one surrounds the EM system of interest with PML as illus-

trated in Fig. 2.1. As a result, the governing equation is modified from Eq. (1.6). For an EM
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Figure 2.1: An example of an EM system surrounded by PML. In the four corner regions
where the x- and y-normal PMLs overlap, waves attenuate in both directions. If the EM
system is in a 3D simulation domain, PMLs can overlap up to three times. PML is either
UPML or SC-PML.

system surrounded by UPML, the governing equation is the UPML equation
—1 2= .
Vxu, VxE-weE=-iow], (2.1)

where the 3 x 3 tensors g and 1, are

20 0 20 0
g=¢| 0 =0 |, ao=ul 0 =0 | (2.2)
0o o0 =2 0 0 =2

Sz Sz

On the other hand, for an EM system surrounded by SC-PML, the governing equation is the
SC-PML equation

Vs x 'V, x E— w?¢E = —iw], (2.3)

where

v xli+ li+zli (2.4)
Tk MR WAL e '
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In both equations, the PML scale factors s,, for w = x, y, z are

. - ioz—gol) inside the w-normal PML,
sw(l)=1-1isl(1) = 1 . (2.5)
elsewhere,

where [ is the depth measured from the PML interface; 0,, (1) is the PML loss parameter at
the depth I in the w-normal PML; ¢, is the electric permittivity of vacuum. The w-normal
PML attenuates waves propagating in the w-direction. In regions such as the corners in
Fig. 2.1 where multiple PMLs overlap, s,,(I) # 1for more than one w. Also, here for simplicity
we have chosen Re {s,, (1)} = 1; the conclusion of this chapter, however, is equally applicable
to PML with Re {s,, (1)} # 1.

For theoretical development of PMLs, 0,, (1) is usually assumed to be a positive constant
that is independent of /. In numerical implementation of PMLs, however, o,, (1) gradually
increases from 0 with [ to prevent spurious reflection at PML interfaces. Typically, the poly-

nomial grading scheme is adopted [6] so that

0w (1) = O,max (é)m, (2.6)

where d is the thickness of PML; 0,, m.x is the maximum PML loss parameter attained at
| = d; m is the degree of the polynomial grading, which is usually between 3 and 4. If R is
the target reflection coefficient for normal incidence, the required maximum loss parameter
is

(m+1)InR

wmax — A~ 7 > 2.7
7 ’ 217061 ( )

where 79 = \/ pho/ € is the vacuum impedance.

The modulus of s, (1) increases with [, so |s,, (d)| is typically much larger than |s,, (0)| = 1,
as can be seen in the following example. Consider a uniform finite-difference grid with
grid cell size A. For a typical 10-layer PML with d = 10A, m = 4, R = ¢7® ~1x 1077, we
have 0, max = 4/10A. In the finite-difference scheme, the wavelength inside an EM medium

should be at least 15A to approximate spatial derivatives by finite differences accurately [41].
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Therefore, if the medium matched by PML is vacuum, the vacuum wavelength A, corre-

sponding to w should satisfy Ay > 15A, which implies that

4
si(d) = Jemas _ _mA__ 2205 02 4 9549, (2.8)
we )TZCOeO aA — 7wA

where ¢y = 1/\/to€, is the speed of light in vacuum. Therefore, |s,,(d)| = \/1+ s (d)? is at
least about 10. In nanophotonics where deep-subwavelength structures are studied, the use

of A = 1nm for vacuum wavelength 1y = 1550 nm is not uncommon (see Ch. 4). In that case,
|s,(d)] is nearly 1000.

Depending on the kind of PML used, we solve either Eq. (2.1) or Eq. (2.3) throughout the
entire simulation domain (both inside and outside PML). Because the UPML and SC-PML
equations are different, they produce different systems of linear equations (1.15), which are
respectively referred to as

A'x=Db (2.9)

and
Ax = b, (2.10)

where b is common to both systems if the same J drives the EM fields of the two systems.

We refer to A" and A% as the UPML and SC-PML matrices, respectively.

In the following sections, we will see that Eq. (2.10) is much more favorable to numerical

solvers than Eq. (2.9).

2.2 Convergence speed of iterative methods to solve the

UPML and SC-PML equations

We apply UPML and SC-PML to each benchmark problem in Sec. 1.4 to construct two sys-
tems of linear equations (2.9) and (2.10), and compare the convergence speed of an iterative

method to solve them. The iterative method used here is QMR introduced in Sec. 1.3.

Figure 2.2 shows |7,,||/|b| of QMR versus the number m of iteration steps. For all the
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Figure 2.2: Convergence of QMR for the three benchmark problems “Slot”, “Diel’, and “Ar-
ray” described in Sec. 1.4 surrounded by UPML (U) and SC-PML (SC). Notice that simply
replacing UPML with SC-PML improves convergence speed dramatically for all the three
benchmark problems.

three benchmark problems, SC-PML significantly outperforms UPML in terms of conver-
gence speed. As mentioned at the end of Sec. 1.4, the three benchmark problems have dif-
ferent geometrical complexities and different materials. Therefore, Fig. 2.2 suggests that
SC-PML leads to faster convergence speed than UPML for a wide range of EM systems.
Moreover, the result is not specific to QMR; we have observed the same trend for other iter-
ative methods such BiCG. Hence, we conclude that the significant difference in convergence
speed originates from the intrinsic properties of UPML and SC-PML, and is independent of

the kind of iterative method used.

In the next section, we relate the significantly different convergence speeds to the very
different condition numbers of the UPML and SC-PML matrices.
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2.3 Condition numbers of the UPML and SC-PML matrices

In this section, we present a detailed analysis of the condition numbers of the UPML and

SC-PML matrices. The condition number of a matrix A is defined as

Omax(A)

k(A) = oo (A)’

(2.11)

where 0,,:(A) and 0, (A) are the maximum and minimum singular values of A as we

will review in Sec. 2.3.1. Matrices with large and small condition numbers are called ill-
conditioned and well-conditioned, respectively. For convenience, we introduce notations

4= O (AY), O = O (AY), 0 = T 2.12

Omax = Omax(A"),  Opyin = Omin(A"),  x" = (2.12)

u
min

for the maximum and minimum singular values and the condition number of the UPML
matrix A". We define 055, 055, and «* similarly for the SC-PML matrix A%

The objective of this section is to show that in general UPML produces a much worse-
conditioned matrix than SC-PML, i.e., %/« >> 1, provided that the two PMLs enclose the
same EM system. According to Eq. (2.11), the objective is accomplished by analyzing the
extreme singular values of A" and A*c.

All EM systems simulated in Sec. 2.2 are inhomogeneous, being composed of several
different EM media. It turns out that the extreme singular values of an inhomogeneous EM
system are approximately determined by the extreme singular values of the component me-
dia. Here, the extreme singular values of each component medium are defined as the extreme
singular values of an infinite space filled entirely with that medium, which we refer to as the
“homogeneous medium”. For example, the extreme singular values of a vacuum surrounded
by UPML are determined by the extreme singular values of a homogeneous vacuum and ho-
mogeneous UPML. Therefore, we study the extreme singular values of homogeneous media.
Of particular interest are a homogeneous regular medium, homogeneous UPML, and ho-
mogenous SC-PML, whose extreme singular values are studied in Secs. 2.3.2 through 2.3.4.

In Sec. 2.3.5, we develop a theory based on the variational method to estimate the ex-
treme singular values and condition numbers of inhomogeneous EM systems from the ex-

treme singular values of the component homogeneous media. The theory predicts that
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k4/x > 1. In Sec. 2.3.6, we verify the theory numerically for two inhomogeneous EM

systems.

The conclusion of this section explains the results in Sec. 2.2, because A with a smaller
condition number, or an ill-conditioned A, generally implies faster convergence of iterative
methods to solve a system of linear equations Ax = b [425¢ 2], In fact, an ill-conditioned
matrix can be detrimental to direct methods as well; it is known that the LU factorization of
ill-conditioned matrices tends to be inaccurate [435¢<¢8], Therefore, the result in this sec-
tion suggests that SC-PML should be preferable to UPML for solving the frequency-domain

Maxwell’s equations by both iterative and direct methods.

2.3.1 Mathematical background

For an arbitrary A € C"*", one can always perform a singular value decomposition (SVD)
as [44Sec‘ 2.5.6]

A=UzVT, (2.13)

where U, V' € C™" are unitary; V7 is the conjugate transpose of V; £ € R"*" is a real diagonal
matrix whose diagonal elements are nonnegative. If A is nonsingular, the diagonal elements

of X are strictly positive; the converse is also true.

The SVD can also be written as
n
A= Z aiuiv;r, (2.14)
i=1

where o; is the ith diagonal element of X; u; and v; are the ith column of U and V, re-
spectively. Because U and V are unitary, each of {u,...,u,} and {v;,...,v,} forms an
orthonormal basis of C". Each o; is referred to as a singular value of A; u; and v; are the

corresponding left and right singular vectors, respectively.

The maximum and minimum singular values,

Omax = Maxo; and oy, = mino;, (2.15)
1<i<n 1<i<n



2.3. CONDITION NUMBERS OF THE UPML AND SC-PML MATRICES 23

are collectively called the extreme singular values. The left and right singular vectors cor-
responding to Oy, are denoted by uy,, and vy, and called the maximum left and right
singular vectors, respectively. Similarly, the minimum left and right singular vectors are the

singular vectors corresponding to 0, and denoted by vy, and vyyp.

From Eq. (2.14), it follows that
Av; =ou; and  A'u; = ov;. (2.16)

Therefore, the singular values and vectors can be obtained by solving a Hermitian eigenvalue

problem

Uj

H(A)[ v: ]=ail :jl ], where H(A) = [ :‘)T 13 ] (2.17)

In Sec. 2.3.6 of this chapter, we solve Eq. (2.17) for the largest or smallest nonnegative
eigenvalues by the Arnoldi Package (ARPACK) [45] to numerically calculate the extreme
singular values of A.> ARPACK uses the Arnoldi iteration that only requires matrix-vector
multiplication. For the maximum and minimum singular values of A, the matrices multi-
plied iteratively to vectors are H(A) and H(A)™, respectively [47]. This means that a large
system of linear equations needs to be solved repeatedly for the minimum singular value,
which is extremely costly unless the LU factors of H(A) are known. For this reason, all
numerical calculations of the singular values and vectors in Sec. 2.3.6 are limited to two-

dimensional (2D) EM systems, for which the LU factorization is easily performed.

The singular values and vectors also satisfy a different Hermitian eigenvalue equation
(ATA)v; = o}, (2.18)

that is derived from Eq. (2.16). Because k(ATA) = k(A)?and k(H(A)) = k(A), ATAis much
worse-conditioned than H(A), so we use Eq. (2.17) rather than Eq. (2.18) to solve for the
singular values numerically. Nevertheless, Eq. (2.18) turns out to be useful in the theoretical

analysis in Secs. 2.3.2 through 2.3.4.

*The actual calculation of the extreme singular values is carried out using the MATLAB routine svds [46],
which uses ARPACK internally.
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The extreme singular values can also be calculated by the variational method. As a con-
sequence of Eq. (2.14) we have
|Ax]

Omax = Max and 0., = min | Ax]
max — min — b
0 |x|| 0 | x|

(2.19)

where ||| is the 2-norm of a vector. Note that the quotient || Ax||/| x| is maximized to 0yax
at X = Vpax and minimized to oy at X = Viin. In Sec. 2.3.5, we use the variational method to

estimate the extreme singular values of inhomogeneous EM systems.

The maximum singular value of a matrix is related to a norm of the matrix. The p-norm

of a matrix is defined as [445¢<231]

Ax
1], = max 2o, (2.20)
P T

where [ y[, = (%] yil? )l/ ? on the right-hand side is the p-norm of a column vector y. Com-
paring Eq. (2.20) for p = 2 with Eq. (2.19) reveals that

omax(A) = | Al (2.21)

where the subscript 2 is omitted from |||, as a convention throughout this chapter.

There is an inequality that holds between the matrix p-norms [44Corollary 23.2];
|4l < VLA (2.22)
Because the co-norm satisfies |A|_ = |AT||,, Eq. (2.22) implies that
Omax(A) < |A[, for symmetric A. (2.23)
The right-hand side of Eq. (2.23) is easily evaluated, because the 1-norm reduces to
A, = max > ‘ai j‘ = (the maximum absolute column sum), (2.24)

where a;; is the (i, j)th element of A.
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Finally, we note that the singular values, singular vectors, and the condition number are
the properties of a matrix. Below, however, we refer to these terms as the properties of an
EM system, which are understood as those of the matrix that describes the EM system. For
example, “the maximum singular value of a homogeneous vacuum” means “the maximum

singular value of the matrix describing a homogeneous vacuum.”

2.3.2 Maximum singular values of homogeneous media

In this section, we derive approximate formulae for the maximum singular values of a ho-
mogeneous regular medium, homogeneous UPML, and homogeneous SC-PML. Here, a
homogeneous medium is defined as an infinite space described by translationally invariant
EM parameters; for a regular medium it means that ¢ is constant over all space, and for PML

it means that the PML scale factors s,, for w = x, y, z as well as ¢ are constant over all space.

For simplicity, we consider PML with only one attenuation direction, which, without

loss of generality, is assumed to be the x-direction. Hence, we have s, = s, = 1and
sy =1—1is withs] >1, (2.25)

where the assumption s/ > 1 is due to the discussion following Eq. (2.8). Equation (2.25)
implies that

sy~ —ist and sy > sy > 1 (2.26)

We use the notations oppy and omgx for the maximum singular values of a homogeneous

UPML and SC-PML to distinguish them from o2

defined in Eq. (2.12) and below. In addition, the maximum singular value of a homogeneous

and o%¢

ax max

of inhomogeneous EM systems

regular medium is denoted by gpyax.

Because a homogeneous EM system 1is spatially unbounded, discretizing the govern-
ing differential equation results in an infinitely large matrix. To avoid dealing with such an
infinitely large matrix, we first examine the maximum singular values of the original differ-
ential operators used in Egs. (1.6), (2.1), and (2.3); we take the effect of finite-difference dis-

cretization into account later. The differential operators for a homogeneous regular medium,
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UPML, and SC-PML are defined as

T"(E) =V x u'V x E - w’¢E, (2.27a)
T*(E) =V x ﬁ;lv x E - w%,E, (2.27b)
T5°(E) = Vs x 4~V x E - w?cE. (2.27¢)

Below, we refer to them collectively as T'when we discuss properties that are common to all

three operators. The purpose of this section is to estimate ooy (T).

Because T is a translationally invariant operator, the composite operator 77 o T is also
translationally invariant, which implies that its eigenvector, and hence the right singular

vector of T, has the form [485¢c- 232 49Sec.261]
Ei(r) = Fe 7, (2.28)

where k is real and Fy is constant.

By applying T™, T, and T*% to Ey, we obtain

T (Ex) = -k x 7'k x B, — w?eEy = T Ex, (2.29a)
T (Ey) = -k x i, k x By - 0?5.Ey = TEy, (2.29b)
T (Ey) = -k x p7'k, x By — w?eEy = T, Ey, (2.29¢)

where k; = &(k,/sc) + §(k,/sy) + Z(k./s;) withs, = s, = 1; T,°, T,, and T are 3 x 3
matrices operating on the vector [Ey  Ex, Ex.]". To facilitate computation, without loss of
generality, we choose a coordinate system such that k lies in the x y-plane. (We recall that

the attenuation direction of PML is £.) Then,

% - w’e k":y 0
kek 2
o =| &b A2 0 , (2.30a)
k #
K2 2
0 0 =4 2 gle
7"
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P keky 0
SxH Sx 5 Sx
up _ kxk}’ kx 2
L= —5F s 0 , (2.30b)
K2 s 5
0 0 - L — s, w?e
L x| W
— 2
kek
22 = 0
. e
T = -2 -’ 0 . (2.30¢)
Sxit syH X
k2
0 0 -4+ 2L —wle
- Sx.“ Au

Note that Eq. (2.30) are the k-space representations of TT, TU, and T*%. Below, we refer to
them collectively as T when we discuss properties that are common to all three matrices.

We note that the quantity we want to estimate, i.e., 0max(T), satisfies

Omax(T) = max Omax( Tk )- (2.31)

By solving Eq. (2.18) with A = Tj, we easily obtain one singular value oy ; of Ty corre-

sponding to a singular vector [0 0 1]":

k2 k2 k2 sik; 2 K
ol = =+ L - wl|, oY== L oswle|, o= |+ 2 -0t (2.32)
k,3 k,3 X k,3 2

I SxH U Sk H

The subscript 3 of 0y ; indicates that the singular value is produced from the (3, 3)th element
of Tk.

To estimate 0ya(T), we find lower and upper bounds of 0y, (T) using Egs. (2.30)
through (2.32). From Eq. (2.31) and the definition (2.15) of the maximum singular value,
we have

Omax(T) = max Omax( Tk ) > Max Oic3. (2.33)

Also, from Eq. (2.31) and the inequality (2.23) we have
Omax(T) = max Omax( Tx) < max | Tcl,- (2.34)
Therefore 0,,x(T) satisfies

Max Oics < Omax(T) < max | Ticll,- (2.35)
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Below we show that the lower and upper bound in the above inequality are approximately

the same, and therefore we find a good estimate of Gyax (7).

We first consider the lower bound in Eq. (2.35). From Eq. (2.32) it is obvious that oy ;
increases with |k, | and ‘ky‘. For a continuous medium, k, and k, are unbounded, and so
is 0x 3. On a finite-difference grid with uniform grid cell size A, however, the maximum

wavenumber in each Cartesian direction is the Nyquist wavenumber [415¢¢ 32, 495¢c. 42]

T
Kmax = —» 2.36
A (2.36)

and therefore oy ; is bounded from above; here we note that ‘ky| < Kkmax in 2D but ‘ky| <
V/2kmax in 3D, because in 3D k, actually contains the y- and z-components of the wavevec-
tor due to the special choice of our coordinate system made in the discussion following
Eq. (2.29). Furthermore, when k.« is used to maximize oy ;, it turns out that we can ignore
w? terms in Eq. (2.32) because A is typically far smaller than a wavelength. As a result, for

the three T the first inequality of Eq. (2.35) can be written approximately as

2 2 2
3k2 2|s,| k2 2k2
Ol 2 —==, O 2 u oS0 > — D% in 3D, (2.37b)
2

where we use the inequality (2.26) for further approximation.

Next, we consider the upper bound in Eq. (2.35). Calculating maxy | T |, using Eq. (2.24),

we obtain
of < 2K +w?lel, o < SCL"‘; + [5xlKinax + s |w?le], o0 < szﬁ + % +w’|e| (2.38)
x
in 2D, and
o < &fm+w2|s|, op < Koo +2|Sx‘kr2nax+|sx|w2|s|, oy < Ko +2kr2nax+w2|e| (2.39)

|2

T syl u ||
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in 3D. Using the inequality (2.26) and ignoring the w? terms again, we obtain

2k2 |k k2

Omax S — 0> Omax S & Omax S — - in 2D, (2.40a)
[z [z
3k2 2ls. | k2 2k2

O S —==, oS u o0 < = in 3D, (2.40b)
[ 2

Because the approximate lower and upper bounds indicated in Egs. (2.37) and (2.40) are

the same for each of 0,0y, Omax, and o, We have

2k2 s,| k2 k2
o o M gl o [5:xlKinax max o gSo o M p 2D, (2.41a)
U U
3k2 2ls, k2 2k2
O & 0, Ol M Oy ~ —==  in 3D, (2.41b)
¢ ¢
and therefore
u ‘Sx| ro d SCO A~ 1 Io :
Umax - TO-max an O.max - Eo-max mn 2D) (2.42a)
2|s 2
o0 —|3x| o, and ond =~ garrgax in 3D. (2.42b)

The result indicates a large contrast in magnitude between the maximum singular values of
a homogeneous UPML and SC-PML: 0y is much larger than oyy,x, whereas oy is smaller

than o.0.

We note that each estimate in Eq. (2.41) is realized by the corresponding oy ; in Eq. (2.32)
with appropriate k; in 2D for example, the estimate of 0y is achieved by g,’, for k such
that |k,| = |ky‘ = kmax> and the estimates of opix and oy are achieved by ¢, and 0,5 for
k such that k, = 0 and k, = £kp,y. Therefore, in 2D, one of k = £[XKpax + Yhma] is an
approximate wavevector of the maximum right singular vector corresponding to oy, and
one of k = +¥k;.x is an approximate wavevector of the maximum right singular vectors

corresponding to oy and Opy.

So far, when deriving the estimates of i, Omax, and Omey, We have incorporated the

effect of the finite-difference grid by simply imposing the upper bound k., on wavevectors.

The exact derivation that takes into account the finite-difference approximation of spatial
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derivatives can be found in Appendix B. The results are

g o 228 L lsI@78) 0 . (2/A)

max — ’ max — > max = in 2D, (24321)
U U U
3(2/A)? 2|s.|(2/A)? 2(2/A)?
0 SN ASIQIA) e 22 (2.43b)
¢ ¢ H

We note that the exact results in Eq. (2.43) differ from the approximate results in Eq. (2.41)
by only a factor of (2/7)2. Thus the approximate results presented in this section, which are
simpler to derive, are in fact rather accurate. In particular, the main conclusion Eq. (2.42) of
this section, which is obtained from the approximate results, turns out to hold for the exact

results (2.43) as well.

2.3.3 Minimum singular values of homogeneous media

In this section, we examine the minimum singular values of a homogeneous regular medium,

0

homogeneous UPML, and homogeneous SC-PML denoted by % , 052, and 0%, ,

min’> “min respec-
tively. Here, in addition to the assumptions s, = 1 - is} and s, = s, = 1 made about the PML
scale factors in Sec. 2.3.2, we assume that the media have no gain, ie., &’ >0in e = &' - ig”.

As in the previous section, here we also use the k-space representations T,°, T, and

T of Eq. (2.30). We find 0%, 0,5, and o,

as the minima of 0in(T;°), Omin(7;°), and
Omin(T,) over k, respectively.
First, we derive the conditions for T,°, T, and T, to be singular. T, is singular when

det(Ty") = ~w?e(ki/u + k3 /u — w?e)* = 0, or equivalently
ki + k) = w’pe. (2.44)

Similarly, T, and T, are singular when

K o 2

g + ky = w-pe. (2.45)
Now, suppose that ¢ is positive (¢/ > 0, ¢” = 0). We see that Eq. (2.44) is satisfied by

infinitely many real k lying on a circle in the k-space, and Eq. (2.45) is satisfied by only
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two real k, i.e., k = +yw,/pe, because s2 has a nonzero imaginary part. Since a singular
matrix has 0 as a singular value as pointed out in Sec. 2.3.1, each of 0in (), Omin (T, ), and
Omin(T; ") is zero for some real k, which implies that

_ -5Co
- Gmin

o

min

=g =0 for positive €. (2.46)
On the other hand, in cases where ¢ is either negative (¢’ < 0, ¢’ = 0) or complex (¢” > 0),
T.", T,", and T are nonsingular for all real k, because no real k satisfies Eq. (2.44) or (2.45).
Therefore, we have
ot ot 0% >0  for negative or complex ¢. (2.47)
From Egs. (2.46) and (2.47), we conclude that the minimum singular values of homo-
geneous media with positive ¢ (e.g., dielectrics and PMLs matching dielectrics) are always
less than the minimum singular values of homogeneous media with negative ¢ or complex

e with ¢” > 0 (e.g., metals and PMLs matching metals).

2.3.4 Minimum singular values of homogeneous media with ¢ > O in a

bounded domain

In Sec. 2.3.3, we have shown that the minimum singular values of a homogeneous regular
medium, UPML, and SC-PML are all zero for ¢ > 0. The result has been obtained for ho-
mogeneous media in an infinite space. However, simulation domains are always bounded.
In this section, we show that the minimum singular values of homogeneous media deviate
from 0 in a bounded domain, even if ¢ > 0. We also compare the amount of deviation for
different homogeneous media.

Throughout this section, we use the notation ¢ = 1/,/u€; note that ¢ > 0 because ¢ is
assumed positive in this section.

For simplicity, suppose that the bounded domain in the x y-plane is a rectangle whose
sides in the x- and y-directions are L, and L, respectively. We impose periodic boundary

conditions on the x- and y-boundaries of the bounded domain. Then, k, and k, are limited
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02

2

O-min(Tk)(X w ) 0.1

00<

Figure 2.3: The 3D plot of 0in(T;°), Omin(T; "), and omin(T,") as functions of k, and k,.
The three functions are drawn in a portion of the k-space where the functions are close to
zeros. The surface of o,in(T,°) is below that of 0, (T,”) for all k displayed in the figure
except k = +§(w/c) where the two surfaces are both zero. The surface of oin(T;°), on
the other hand, is neither consistently below nor above the other two. The dashed lines in
the 0min(Tx) = 0 plane indicate k, € K, and k, € K,, so the intersections of the dashed
lines correspond to k € K. The rectangular simulation domain that quantizes k, and k,, is a
square of side length L = 1.2731,, where A, is the vacuum wavelength corresponding to w.
The specific value of L is chosen so that no quantized k is at the zeros of the three functions.
A PML scale factor s, = 1 - 10 is used.

to the quantized values in the sets

2nn, 2nn
K, = { Tl Ny € Z*} and K, = =7, n,eZ", (2.48)
L, L,

respectively, where Z* is the set of nonnegative integers; due to mirror symmetry of a ho-
mogeneous UPML and SC-PML, it is sufficient to consider k, > 0 and k, > 0. For later use

we also define the set of all quantized k:

K ={&k,+¥k,: k. € K., k, €K, }. (2.49)
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When there is no k € K satisfying Egs. (2.44) and (2.45), all of ¢,

min’

o, ,and 0. de-
viate from 0 for a bounded domain, but by different amounts. Figure 2.3 shows 0in(T,),
Omin(T;*)> and 0min (T,) in a portion of the k-space where they are close to zero. It shows
that omin(T}°) < omin(T;") for all displayed k except k = y(w/c) for which both oy (T;°)
and Opin (T ) are zero. Therefore, in general we expect mingex Omin( 7°) < Minkex Omin (T3 "),

or equivalently 0.2 < o,

min min*

On the other hand, 0., (T,°) can be either above, between, or

below 0in(T,°) and omin(7;) in the figure. Hence, o,

min

= MiNgeg Omin(T;") can be ei-

ther less than, between, or greater than ¢ and ¢

min min’

depending on the size of the bounded

domain.

. Uuo SCo
We now estimate an upper bound of 6. /o,

o for a bounded domain. For that purpose,
we examine the plots of 0yin(7;°) and omin(7;) in Fig. 2.3 in more detail. Figure 2.4a
displays the same 0in (7,°) shown in Fig. 2.3, but as a contour plot over an extended range

of k,. In Fig. 2.4a, we notice the following important features of oyn (T ):

First, 0min (7, has a global minimum of zero atk = y(w/c) due to the argument leading
to Eq. (2.46); accordingly, the contours in the vicinity of the global minimum point form

enclosing curves (cyan contours in Fig. 2.4a).

Second, the surface of 0, (7,) has a “valley”, where 0., (T;) is close to zero, along
a curve in the k. k,-plane. The shape of the curve can be derived from Eq. (2.45), which
describes the condition for g, (1) to be singular. Because of Eq. (2.26), the condition
(2.45) is approximated by
k2, w?

- 53,67 + ky = ? (250)

Hence, for k satisfying Eq. (2.50), T, is nearly singular and has a close-to-zero singular
value. Equation (2.50) thus describes the bottom of the valley of the 0y, () surface. The
curve described by Eq. (2.50), which is a hyperbola that is indicated by a black dashed line
in Fig. 2.4a, agrees well with the actual location of the bottom of the valley as can be seen

from the contour plot.

Third, omin(T;") varies much more slowly in k, than in k; note that the scale of the k,
axis in Fig. 2.4a is exaggerated. This can be shown mathematically by examining Eq. (2.30c¢).
We notice that interchanging k. /s, and k, only swaps the (1,1)th and (2, 2)th elements of

the matrix and therefore does not change the singular values of T,;”. Hence, 0min(T;") is
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k. xw/e

10 I I

0 5 10 15
ko xXw/e

() Omin(T;") and Opin () for k, = 2(27/L)

Figure 2.4: (a) The 2D contour plot of 0in(T;”). The values of 01in(T,)/w?e are over-
laid on the corresponding solid contours; two cyan contours are drawn in addition to black
contours to demonstrate that the contours are closed at large k,’s. The black dashed line is
a hyperbola whose equation is Eq. (2.50), and describes the location of the valley very well.
At the k, = 27r/L and k, = 2(27/L) cross sections indicated by the two white dashed lines,
Omin(T1*) and omin(T,) are plotted in (b) and (c). The horizontal axes are drawn using
the same scale as that of (a), and the vertical axes are in a logarithmic scale. Note that the
functions are minimized at k, = 0 in (b), and around the “x” marks in (c). The horizontal
locations of the small circles on the plots correspond to quantized k,. All parameters are the
same as those used in Fig. 2.3.
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a symmetric function of k, /s, and k,, and thus it has a stronger dependence on k, than k,

since s, | > 1.

We do not display the contour plot of 0in(T}.°). However, 0min(T,°) also exhibits the

three features described above.

Motivated by the third observation above, we derive an approximate upper bound of

Opin/ Omin- Suppose that k% € K, and ki € K, are the y-components of the quantized k’s at

which 0in (T;°) and oin (T;) are minimized, respectively. Then, from the definitions of

ug SCo .
o) and 0. for a bounded domain, we have

. . ug . 18%)
o, mingex, Mingex, Omin(T*)  Minkex, Omin(Ty" )k, -k

sco . . sCo\ . SCo
Omin  MiNg ek, Ming ek, Omin(T")  Ming,ex, Omin (T )k, =kse

. N _
ming, ek, Omin( Ty )k, =k . { ming, e, Omin(T;°) }

— . SC — . SC
ming ex, amin(Tk O)ky:k;c kyeK, ming e, Umin(Tk 0)

(2.51)

. ug SCo 3
Therefore, to estimate an upper bound of ¢, /o> , we estimate
. u
ming, ek, Umin( Tko )

2.52
minkx €K, Umin( Tlico ) ( )

for all k,. Because 0min(T,") and 0min (1) are slowly varying functions of k., we use the

approximation
. ug : Uuo
ming, ek, Umin( Tk ) - ming >o Omin( Tk )

| . m (2.53)
ming, ek, Gmin( T]ico ) ming, >o Umin( T]ico )

to estimate Eq. (2.52).

We estimate the right-hand side of Eq. (2.53) for k, < w/c first. To visualize the general
behaviors of oin (T;°) and owin (1) for such k,, in Fig. 2.4b we plot them along the lower
white dashed line of Fig. 2.4a. Figure 2.4b indicates that oy (T, ) and O (T;™) are mini-
mized at k, = 0 for k, < w/c. In Appendix C.1 we show that in the limit of s/ > 1, which is
the numerically relevant situation, o (") and omin (T;) are indeed minimized at k, = 0

for all k, < w/c. Therefore, we have

rknigl Omin(Ti) = Omin(Tic) o for T = T, T, for k, < ) (2.54)
x2 * [
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Since T,.* and T, of Eq. (2.30) are diagonalized for k, = 0, the right-hand side of Eq. (2.54)

is easily calculated as

ug 1 w2 SCo 1 w2
Umin(Tk )kx:O - m (? - kf/) and Umin(Tk )kx:O = ; (? - ki) . (2.55)

Combining Eq. (2.55) with Egs. (2.53) and (2.54), we obtain

min Omin (T},
: kxeKyx mm( 1S<CO) ~ for ky < g (2.56)
MinNg, ek, Umin(Tk ) |Sx| ¢

Next, we consider k, > w/c. Such k, is indicated by the upper white dashed line in
Fig. 2.4a, along which 01in (T;°) and oin (T ) are plotted in Fig. 2.4c. As seen in Fig. 2.4c,
at such a given k, the minima of 0y,n(7,*) and oyin(T;") occur in the valley, with the
location of the minima very well-approximated by k, = s7[k2 — w?/c?]/2 (see Eq. (2.50));

this is shown more rigorously in Appendix C.1 for s? > 1. Therefore, we have
. u w
I;{l’:;l(’)l Umin(Tk) ~ O-min(Tk)kxzs;’\/@ for Ty = Tko, Tlico for ky > ? (257)

By evaluating the right-hand side of Eq. (2.57) approximately, in Appendix C.2 we show that

ki—wz/c2

e e ) 258
O'mm( k )kx:s;' /kfﬁ%z w-E (SJ,CIZ + l)ki - w2/c2 ( a)
5 ) ki _ wZ/CZ

~

. SCo
Umln(Tk )kx=s;’ /ki_%{ ~

The two “x” marks drawn at k, = s}/ /k} — ‘ﬁ—zz in Fig. 2.4c indicate the values determined by
Eq. (2.58). The good agreement of the marks with the actual minima in the figure validates
Eq. (2.58).

Combining Eq. (2.58) with Egs. (2.53) and (2.57), we obtain

. u 1.2 1,42 [ ~2
ming, ex, Omin(T}°) . 25k} - s{w [c

ming ek, Omin( ;") B (s + l)ki - w?/c?

fork, > 2. (2.59)
Cc
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For k, > w/c, the right-hand side of Eq. (2.59) is an increasing function of k3, so its maxi-

mum is attained at k,, = co. Hence, o /0. is bounded from above as

min/ “min

. Lot
ming ex, Umin(TkO) 2s/ for k w (2.60)
e, omn(Ip) 5+l 7 |
ming, ex, Omin\ 4y Sk T ¢

Lastly, we consider the case where k, is very close to w/c; such a case occurs either
when L, > A so that k, is quantized very finely, or when L, ~ mA for some integer m so
that 2rm/L, ~ w/c, where A = 27c/w is the wavelength in the medium described by e.
In this case, the minima of Oin(T;°) and omin(T;) over k, € K occur in the vicinity of
the global minimum point k = y(w/c). Hence, both minima are very close to zeros, and
the approximation (2.53) we have used to derive Egs. (2.56) and (2.60) may not be accurate

enough. Therefore, we provide a direct estimate of Eq. (2.52) for k, ~ w/c.

For k, ~ w/c, suppose that k! € K, and ki € K, are the x-components of the quantized

K’s at which 0,0 (T,,°) and oin (T;) are minimized, respectively. Then, Eq. (2.52) satisfies

minkxer O-min(Tlllo) B O'min(TI?O)kx:k;x < O'min(TI?O)kx:kic

. SC; - _
mlnkngx omin(Tk 0) Umin(TECO)k _fs¢ o'min(Tlico)k —fse

for k, ~ (2.61)

ﬁ.le

It is reasonable to assume that k¢ is very close to k, = 0, which is the x-component of
the global minimum point. In Appendix C.3, we derive the lowest-order approximation of
Omin (1" ) [ Omin (T;) around k, = 0 and k, = w/c. The result is

Omin Tuo sc
( k )kx:kx ~ L for ky ~ 9 (2.62)
Gmin( TI:CO )kx=k§}° |5x| ¢

From Egs. (2.61) and (2.62), we have

min Opmin ( T2 1
' k€K, ( 1S<C ) S — fork,= @ (2.63)
ming, ek, Umin(Tk O) |Sx| ¢
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Figure 2.5: An example of an inhomogeneous EM system. The hypothetical system has a
dielectric cavity (Ss) side-coupled to a dielectric waveguide (Sy) immersed in a background
metal (S5). The system is composed of several subdomains §;, each of which is filled with a
homogeneous medium. We define §; as a domain excluding its boundary.

Combining Egs. (2.56), (2.60), (2.63) with Eq. (2.51), we conclude that ¢, /0> is ap-

min

proximately bounded from above as

o 1 2s"! 1 2
< max{ — X (2.64)

= sul s+ U lsal | Jsal

In summary, the minimum singular values of a homogeneous regular medium, UPML,
and SC-PML for positive ¢ are all zero as shown in Eq. (2.46), but for abounded domain they
deviate from 0. When such deviation occurs, 0,2 is much smaller than ;) as Eq. (2.64)

and ¢

describes, but o, can be either less than, between, or greater than o, i

min

2.3.5 Variational method to estimate extreme singular values of inho-
mogeneous EM systems
In this section, we provide general estimates of the extreme singular values of EM systems

surrounded by either UPML or SC-PML using the variational method. An example of such

EM systems is illustrated in Fig. 2.5. Because the EM system consists of several regular media
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and PML, we refer to it as an inhomogeneous EM system to distinguish it from the homoge-

neous EM systems examined in the previous sections.

We estimate the extreme singular values of an inhomogeneous EM system using the
variational method introduced in Eq. (2.19), and express them in terms of the extreme sin-
gular values of the homogeneous media examined in Secs. 2.3.2 through 2.3.4. Using the

estimates, we show that

/>, (2.65)

—min <1 (2.66)

and therefore
Ku SC

o3 O
2 - Tmax Zmin o g (2.67)
KSC O-SC 0-11

max ~min

The inequality (2.67) indicates that A" is much worse-conditioned than As.

As inferred from the discussion following Eq. (2.19), estimation of the extreme singular
values by the variational method is closely related to estimation of the corresponding ex-

treme right singular vectors. We use the notations v} to refer to the

u sC
max? Vmin and Vm

Ne
ax? vmin

extreme right singular vectors of A" and A*.

A typical inhomogeneous EM system is composed of a few homogeneous subdomains

S; as illustrated in Fig. 2.5. At least one of the EM parameters of each subdomain is differ-

ent from the corresponding parameter of the neighboring subdomains. We assume that all

PML regions in the system have the same constant PML scale factors in their attenuation
directions w, i.e.,

sw(l)=sp=1-1isj and s5 > 1. (2.68)

First, we estimate the maximum singular value of an inhomogeneous EM system. From
Eq. (2.19), the maximum singular value 0yax = Omax(A) is the maximum of the quotient
r(x) = |Ax|/|x| over all x, where A is either A* or A. We consider the maximum of
r(x) over x whose nonzero elements are confined in a specific homogeneous subdomain

S;. Suppose that x|g is a column vector that has the same elements as x inside S; and zeros
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outside. We define

0max|si = max r( x|s,~) . (2.69)

Then, by the definition of ¢,,,x we have

Omax > max Omaxls, (2.70)
In addition, we have*
RV VTN T e
B © T N A BN
= mxax(zip,-(x)r(xki)z) < mj?x(Zip,-(x) (Omax|si)2) , (2.71)
where ,
Pi(x) H |SiH - (272)
2j H x|51

Because }; pi(x) = 1, ; pi(x)( Omaxls, )* is the weighted average of ( omax|s )? overall i, so it

is always less than or equal to max; ( Oyax| s, )2. Thus Eq. (2.71) leads to

0%, S max (max ( Omaxls, )2) = max ( Timaxls, )2 ) (2.73)
The two inequalities (2.70) and (2.73) dictate
omax ~ max Umax . .
¢ S, (2.74)

“Here we use four equalities |x|* =~ > x|5i||2 =y, ||x|s,- ||2 and || Ax|” =~ ||ZiAx|s,-H2 W ||Ax|s,- ||2

2 2
Out of the four equalities, only || i xlg, || =Y, ‘ xlg, || is exact because the elements of x| are zeros at the
boundary of S; by definition (See the caption of Fig. 2.5) so that x| is orthogonal to x| 5, for i # j. The other

three equalities are approximate, because x and }; x| are different at the boundaries of the subdomains, and
Ax|g is not necessarily orthogonal to A x| s, for neighboring §; and §;. Still, the approximations hold as long

as the elements of a vector at the boundaries of the subdomains contribute negligibly to the norm of the vector.
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Therefore, the maximum singular value of an inhomogeneous EM system can be approxi-
mated by the largest of the maximum singular values of the homogeneous subdomains con-
stituting the inhomogeneous system. Accordingly, the maximum right singular vector vy,

tends to be concentrated in a specific subdomain S; = S for which Oimax ® Omaxls-

Because Ax|; = A; x|, where A; is the operator for the homogeneous medium used in
1 1

Sis Omaxlg, is approximated as’

Omax  for S; outside the PML region,

Omaxlg, ® | Omax  for S; inside the UPML region, (2.75)

i

Omsx  for S; inside the SC-PML region.

Here, we ignore the subdomains S; where PMLs overlap (e.g., the four corners in Fig. 2.5),
simply because they typically do not interact with incident waves strongly; we will see in

Sec. 2.3.6 that this assumption is consistent with direct numerical calculations. Note that

Omaxls s in Eq. (2.75) are independent of ¢, because 0ijax, Omax> and omax do not depend on ¢

as shown in Eq. (2.43).

We apply Eq. (2.75) to Eq. (2.74) for A = A* and A = A’ separately to estimate 0, and

ax

O—SC

max*

of regular media and SC-PML for A = A*. Therefore, we have

An inhomogeneous EM system consists of regular media and UPML for A = A", and

u r u _ AU

gmax = max {O-rr?ax’ O-m(;x - O.m(ilx’ (276)
N Io $Co — ~To

Umax = max {Umax’ amax} - amax’ (277)

where the magnitudes of 015ax, Omax, and Omgy are compared using Eq. (2.42). Equations (2.76)

and (2.77) imply that v¥, and v$S,, tend to be concentrated in the UPML region and the

max

region of regular media, respectively.

°For Omax|, to be approximated well by one of o7, o35y, and o2, the subdomain S; needs to be suf-
ficiently large, because each homogeneous medium studied in Sec. 2.3.2 is assumed to fill an infinite space.
However, for 2D problems for example, as described in the discussion following Eq. (2.41) the maximum right
singular vectors E; of the three homogeneous media in Sec. 2.3.2 have [k| = \/2kpay 0r [K| = kmax, which cor-
respond to the wavelengths \/2A or 2A that are much smaller than the usual size of a subdomain. Hence, S; is
in effect an infinite space when the maximum singular value is concerned, which justifies the approximation

(2.75).
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From Egs. (2.76), (2.77), and (2.42), we obtain

ol o s )
Zmax —rr’:)ax ~ M in 2D, (2.78a)
05 Omax 2
O Omax  2|s0] .

w X 3 in 3D, (2.78b)
Omax Gmax

which prove Eq. (2.65).

Next, we estimate the minimum singular value of an inhomogeneous EM system. Defin-
INg Oinin = Omin(A) and Opin| 5, = min, r( x| s, ), and following a process similar to Egs. (2.70)

through (2.73) except that now we minimize instead of maximize, we obtain
Omin = miin O'min|sl.> (279)

which is a result that parallels Eq. (2.74). Therefore, the minimum singular value of an inho-
mogeneous EM system can be approximated by the smallest of the minimum singular values
of the homogeneous subdomains constituting the inhomogeneous system. Accordingly, the
minimum right singular vector v, tends to be concentrated in a specific subdomain §; = S

for which Omin ~ Ominls-

Below, we make one more assumption. We assume that at least one of the PML subdo-
mains (e.g., Sg or Syp in Fig. 2.5) is adjacent to, and hence matches, a dielectric (as opposed
to metallic) subdomain. This assumption is not very restrictive, because after all, as seen
in the benchmark problems in Sec. 1.4, the purpose of using PML is to simulate situations
where there are waves propagating out of the simulation domain; such outgoing waves are

supported only in the presence of a dielectric adjacent to PML.

With this additional assumption, when looking for the smallest of opn|g s in Eq. (2.79),
we can ignore subdomains made of metals or lossy materials, because such materials always
have larger minimum singular values than lossless dielectrics as shown in Sec. 2.3.3. Then,
in Eq. (2.79) we only need to consider subdomains D; made of dielectrics and subdomains

P, made of either UPML or SC-PML that match such dielectrics. For these subdomains, we
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have
mm|D for Si =D
Ominls,  { 0%, for S; = Py inside the UPML region, (2.80)
Opinlp, ~ for S; = Py inside the SC-PML region,

SCo

where o’ |D » Opinlp> and o

o |, are the minimum singular values of the three homoge-

neous media in a bounded domain examined in Sec. 2.3.4; the bounded domain in this case

is either Py or D;.

We apply Eq. (2.80) to Eq. (2.79) for A = A" and A = A% separately to estimate o, and

mm

oy . An inhomogeneous EM system consists of regular media and UPML for A = A", and
of regular media and SC-PML for A = A%. Therefore, we have

arlrllin = min {minj m1n|D ’mlnk m1n|P } mll’l{ m1n|D’ m1n| } (281)
Umln = mln {mln] m1n|D > mlnk rsrflon|P } mln{ m1n|D’ rsrf1(;1|P'} > (282)

SC

where D, P, and P’ are the subdomains that minimize o o

m1n|D 4 mmlP ’ and

inlp,> TESPEC-

tively. Equations (2.81) and (2.82) imply that both v®. and vi<, = tend to be concentrated in

min

either a dielectric or a dielectric-matching PML. Whether they are in a dielectric or PML,

relative to o and ¢

however, depends on the magnitude of 0,7, |, ol in|pr-

SCo

For the same subdomain P, (Opiu|p, )/ (0 lp, ) << 1according to Eq. (2.64). Hence, we

mm
have w | w |
mm P m1n P’
ey < o | <1, (2.83)
mm P’ mm P’

which results in

u Io SCo
Gmin ~ mm{ m1n|D’ m1n|P} mln{0m1n|D’ m1n|P’}

~ -1, (2.84)
O-Isncin min { m1n|D’ Iilcl(11|P’} min { m1n|D’ IilclmP’}
The inequality (2.84) directly leads to Eq. (2.66).
From Egs. (2.78) and (2.84), we conclude that
L T L (2.85a)

sc sc u
K Umax Omin
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K_u Omax Grsrfin > 2|50|

in 3D. (2.85b)

sC sc u
K amax Gmin

Therefore, the condition number of an inhomogeneous EM system surrounded by UPML is
much larger than the condition number of the same EM system surrounded by SC-PML in

general.

We end this section with two remarks. First, Eq. (2.84) does not necessarily mean that

omin/0ss, is close to 1. For example, consider a case where o, |, is greater than both o} |,
and o, |, in Eqgs. (2.81) and (2.82). Such a case leads to
O'rlilin ~ m1n|P m1n|P’ i (2 86)
O-SC_ SC() | SCO | |S | .
min Onminlpr Onminlpr 0
where the last inequality is from Eq. (2.64). The inequality (2.86) demonstrates that ¢ /o=
can be much smaller than 1 indeed. This further implies that it is possible to have
K od o s
— = 2= 3 > in 2D, (2.87a)
KSC O-ISI;:SX O-Ill'llll'l
K'Y Oy O sol’
—_ = Zmex ZTmin 5 5ol in 3D, (2.87b)
KSC O.I’SIfl:aX O-Ili'llll'l 3

which predict much larger "/« than is expected from Eq. (2.85).

Second, as shown in Eq. (2.85), x"/x* increases with |sq|. Therefore, in nanophotonics
where |sy| can exceed 1000 as mentioned in Sec. 2.1, we expect the ratio between the condition
numbers of the UPML and SC-PML matrices to be very large. Especially, when Eq. (2.87)
holds, "/« can be of the order of 10°.

2.3.6 Numerical validation

In this section, we numerically validate the analysis in Sec. 2.3.5. We consider two 2D EM
systems as examples: a vacuum surrounded by PML (Fig. 2.6a), and a metal-dielectric-metal
(MDM) waveguide bend surrounded by PML (Fig. 2.6b). For these two EM systems, we
numerically calculate their extreme singular values as well as the corresponding extreme

right singular vectors. We compare the behavior of these quantities to the discussions in the
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Figure 2.6: Two inhomogeneous EM systems whose extreme singular values and condition
numbers are numerically calculated: (a) a vacuum surrounded by PML, and (b) a metal-
dielectric-metal waveguide bend surrounded by PML. The grid cell sizes A of the uniform
grids used to discretize Maxwell’s equations are indicated in the figures. Relevant dimensions
of the structures are displayed in terms of A. All PMLs are 10A thick. For both EM systems,
the vacuum wavelength Ay = 1550 nm is used. In (b), the electric permittivity of silver [22]
at Ao is eag = (—129 - i3.28) .

previous sections.

We first examine the system in Fig. 2.6a. Here, we use a constant PML loss parameter.
With A = 20nm, d = 10A, m = 0,and R = e7® ~ 1x 1077 in Egs. (2.6) and (2.7), the PML
scale factor of Eq. (2.5) is

sw(l) =s0=1-19.868 (2.88)

in each attenuation direction w.

Table 2.1 compares numerically calculated o, and o5, with their estimates derived in

max max

Egs. (2.76) and (2.77). The agreement is very good with errors only about 0.1 ~ 0.2%. As

0

aresult, 0¥ /o5 is also estimated very accurately by opiax/0max = [So0|/2 = 4.959, and thus

max

Eq. (2.78) is validated.

We visualize numerically calculated v¢ , and v

max max

in Fig. 2.7. Note that the figure plots
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(b) Ymax of the vacuum surrounded by SC-PML

Figure 2.7: The maximum right singular vectors (a) vZ,, of the vacuum surrounded by
UPML, and (b) v5S,, of the vacuum surrounded by SC-PML. The real parts of the x-, y-, z-

max
components of v2 . and v are displayed. Outside the dashed boxes are PMLs matching

the vacuum, and both UPML and SC-PML are constructed with a constant PML loss pa-
rameter. Note that v _is concentrated in the UPML region, whereas v5S,, is concentrated in
the vacuum region. Also notice the high-frequency oscillation of both the maximum right
singular vectors. The numbers along the horizontal and vertical axes in each plot indicate
the x- and y-indices of the grid cells.
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Tinax (%' /0m?) | o5, (xptg' /nm?) | 0/ Ot

Numerical 9.896 x 1072 1.998 x 1072 4.953
Estimated 9.919 x 102 2.000 x 102 4.959
Table 2.1: The maximum singular values o, and ¢3¢ of the vacua surrounded by UPML

and SC-PML, respectively, along with the ratio a3, /055,,. Notice the excellent agreement
between the estimates and numerically calculated values. The numerically calculated maxi-
mum singular values are obtained by solving Eq. (2.17) so that | AvViax — Omaxmax|| /|| hmax || <
107" for A = AY, A%<, The estimates of the maximum singular values are evaluated using oy
and oy in Eq. (2.43) with s, = so. The unit y;'/nm? of the singular values is the normaliza-
tion factor used in our numerical solver.

the real parts of the x-, y-, z-components of v,,,x; because v« is the solution of Eq. (1.14)
for the electric current source density j = (i0max/@)Umax, the x-, y-, z-components of v,y

are well-defined as the Cartesian components of the solution E-field.

Figure 2.7 shows that v2,  is concentrated in the UPML region, whereas v, _is concen-

trated in the vacuum region. This is exactly what we expect from the discussion of Egs. (2.76)
and (2.77). Moreover, v*

max

and vs¢  are indeed quite similar to the maximum right singular
vectors of a homogeneous UPML and regular medium described in the discussion following

Eq. (2.42). Notice that both v2 .. and v$¢, exhibit fast spatial oscillations, but the oscillations

max

have different wavevectors k. For v2 __, the dominant wavevector in each UPML section is

normal to the attenuation direction, and the wavelength is 2A. Thus, in the x-normal UPML
section for example, the dominant wavevector of v isk = +§(27/2A). On the other hand,
is k = £[%(27/2A) = §(27/2A)]. These are exactly the

wavevectors of the maximum right singular vectors of the homogeneous UPML and regular

the dominant wavevector of v5¢ .

medium described in the discussion following Eq. (2.42).

We now examine the minimum singular values of the same system of Fig. 2.6a. Table 2.2
displays numerically calculated o, . and o< as well as the ratio between the two. The ratio
is clearly less than 1, validating Eq. (2.84). Note that we do not have the estimates of the
minimum singular values in the table, because in Sec. 2.3.5 we have provided only a general

bound of the ratio %

min

[oss., but not detailed estimates of the individual minimum singular

values.

Notice that o,

/ O'SC

min

in Table 2.2 is in fact close to 2/|so| = 0.2016. This is consistent
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Figure 2.8: The minimum right singular vectors (a) v2. of the vacuum surrounded by

UPML, and (b) v, of the vacuum surrounded by SC-PML. The absolute values of the
x-, ¥-,z-components of vi. and vS¢ are displayed. Note that both the minimum right sin-

gular vectors are concentrated in the PML region. The numbers along the horizontal and
vertical axes in each plot indicate the x- and y-indices of the grid cells.
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mm(xxuol/nmz) mln(xyol/nmz) mm/arsrfm

Numerical 4.181 x 1077 1.975 x 1076 0.2117
Table 2.2: The minimum singular values 0. and oy, of the vacua surrounded by UPML
and SC-PML, respectively, along with the ratio ¢, /0% . Note that g%, /05 < 1asexpected

from Eq. (2.84). The numerically calculated minimum singular values are obtained by solv-
ing Eq. (2.17) so that | AViin — OminUmin | /|| hmin | < 1071 for A = A%, A%, The unit y;'/nm? of
the singular values is the normalization factor used in our numerical solver.

with vi. and v’¢. shown in Fig. 2.8, where we plot the absolute values of the complex el-
ements of each singular vector. We see that v. is concentrated in the UPML region, and
vis, is concentrated in the SC-PML region. According to the discussion of Eqgs. (2.81) and
(2.82), this corresponds to a case where oy, |, is greater than both o5 |, and d.,;!,| .. Then,

min

ol [os<  satisfies Eq. (2.86) in addition to Eq. (2.84), which explains why ¢®. /0% is close
to the upper bound 2/|so| in Eq. (2.86). However, we note that v". and v are not always
concentrated in the PML region; for the same system, it is actually possible to make them
concentrated in the region of regular media (vacuum in the present case) by changing the

wavelength or the size of the simulation domain.

Combining the results in Table 2.1 and 2.2, we obtain x"/x* = 23.40 > 1, which is
consistent with our conclusion in Sec. 2.3.5.

As a second example, we investigate the MDM waveguide bend in Fig. 2.6b. In this case,
to be consistent with the typical use of PML in numerical simulations, we use a graded PML
loss parameter o,,(]) rather than a constant one. With A = 2nm, d = 10A, m = 4, and
R =¢7%~1x1077 in Egs. (2.6) and (2.7), the PML scale factor of Eq. (2.5) is

su(1) = so(1) = 1 i493.4 (é) (2.89)

in each attenuation direction w. Note that |s,,(d)|, which is the the maximum of |s,, ()], has
increased from about 10 in Eq. (2.88) to about 500 in Eq. (2.89); the significant increase in
|s,,(d)] is due to two factors: the use of the graded PML loss parameter, and the reduction
of A from 20 nm to 2nm. Therefore, as discussed at the end of Sec. 2.3.5, we expect much

larger x"/x* for this system than for the first example analyzed above.

Table 2.3 shows the numerically calculated extreme singular values of A* and A for the
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Omax (Xpig" [nm?) | a3, (xpp' /nm?) | o, /o8
Numerical 5.167 x 102 2.001 258.2
Estimated 4.934 x 102 2.000 246.7

(a) Maximum singular values of the MDM waveguide bends

Omin (Xpho' /nm?) | o055 (xpg'/nm?) | op [ons,
Numerical 2.095 x 10~ 4.739 x 10~ 0.4420

(b) Minimum singular values of the MDM waveguide bends

Table 2.3: The extreme singular values of the MDM waveguide bends surrounded by UPML
and SC-PML. The extreme singular values are calculated by solving Eq. (2.17) so that
|Av; — o;u;||/|ui| < 107 for A = AY, A% In (a), the estimates are evaluated using o, and
Omax in Eq. (2.43) with s, = so(d). Notice that 6,, /055, is much larger than it is in Table 2.1.

ax max
The unit y;'/nm? of the singular values is the normalization factor used in our numerical

solver.

MDM waveguide bend. From the table, we confirm that both Egs. (2.78) and (2.84) are
satisfied. Also, we have much larger x"/«* for this example than for the first example; for

the present system, we have x!/x = 584.2.

In Table 2.3a, to estimate ¢®, as derived in Eq. (2.76), we have used o of Eq. (2.43).
Strictly speaking, Eq. (2.43) is applicable only for UPML with a constant PML loss parameter.
However, each UPML subdomain with a graded PML loss parameter can be treated as a stack
of UPML subdomains, each of which has a constant PML loss parameter. In such a stack,
the outermost UPML subdomain, which is closest to the edge of the simulation domain
and described by the PML scale factor sy(d), has the largest oni,. Hence, we use opiy in

Eq. (2.43) with s, = so(d) as an estimate of ¢, in Table 2.3a. The estimate agrees quite well

ax

with numerically calculated %,,. Accordingly, v2_. is expected to be concentrated in the

outermost layers of the graded UPML subdomains.

Figure 2.9 displays v, and v

max max

for the MDM waveguide bend. As discussed above,
vY.x is indeed concentrated in the outermost UPML region, and v, is also concentrated
in the region of regular media as expected. In addition, both v, and v, exhibit the same

fast spatial oscillation as seen in the first example.
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(b) Vmax of the MDM waveguide bend surrounded by SC-PML

Figure 2.9: The maximum right singular vectors (a) v%,, of the MDM waveguide bend sur-
rounded by UPML, and (b) v, of the same waveguide bend surrounded by SC-PML. The

max
real parts of the x-, y-, z-components of v? . and vS,, are displayed. Outside the dashed
boxes are PMLs, and both UPML and SC-PML are constructed with graded PML loss pa-
rameters. The solid lines indicate the silver-vacuum interfaces; between the solid lines is
vacuum. Note that v, is squeezed toward the boundary of the simulation domain where
the PML loss parameters are maximized, whereas v5¢, is concentrated in the region of reg-
ular media. Also notice the high-frequency oscillation of both the maximum right singular
vectors. The numbers along the horizontal and vertical axes in each plot indicate the x- and

y-indices of the grid cells.
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Figure 2.10: The minimum right singular vectors (a) v%. of the MDM waveguide bend sur-
rounded by UPML, and (b) v, of the same waveguide bend surrounded by SC-PML. The
absolute values of the x-, y-, z-components of v2. and vs,  are displayed. Note that the
nonzero elements of both the minimum right singular vectors are mostly confined in the
dielectric sections in the PML region. The numbers along the horizontal and vertical axes

in each plot indicate the x- and y-indices of the grid cells.
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We also display v¥. and v

. s, for the MDM waveguide bend in Fig. 2.10. Both the min-
imum right singular vectors are concentrated in the slot region, where the electric permit-
tivity is €. This follows the prediction in Sec. 2.3.5 that the minimum right singular vectors
tend to be concentrated in neither metals nor PMLs matching metals, but in either dielectrics
or PMLs matching dielectrics.

In summary of this section, all of the detailed predictions made in Sec. 2.3.5 about the
behavior of the extreme singular values, extreme right singular vectors, and the condition

numbers are validated numerically.

2.4 Diagonal preconditioning scheme for UPML

Our results in Secs. 2.2 and 2.3 strongly indicate that SC-PML is superior to UPML in solving
the frequency-domain Maxwell’s equations by iterative methods. However, there are cases
where one would like to use UPML for practical reasons. For example, in FEM, UPML is
easier to implement than SC-PML, because UPML is described by the same finite-element
equation as regular media, whereas SC-PML is not [35, 50].

To use UPML in iterative solvers of the frequency-domain Maxwell’s equations, one
needs to accelerate convergence. For this purpose, Ref. [38] suggested to avoid overlap of
UPMLs at the corners of the simulation domain, even though some reflection occurs at the
corners as a result. The primary assumption in Ref. [38] was that the factors s,,s,,/s,, in
Eq. (2.2), which become especially large in overlapping UPML regions, resulted in an ill-
conditioned matrix. However, the arguments in Sec. 2.3.5 show that even without overlap
of UPMLs the matrix is still quite ill-conditioned. In addition, Figs. 2.7 and 2.8 illustrate
that the extreme right singular vectors do not reside in the overlapping UPML regions, and
thus at least for some EM systems, overlap of UPMLs is not the origin of the large condition
number of the UPML matrix.

Reference [39] reported enhanced convergence speed achieved by using an approximate
inverse preconditioner to the UPML matrix. However, the approximate inverse precondi-
tioner requires solving an additional optimization problem, which can be time-consuming
for large 3D EM systems.

In this section, we introduce a simple diagonal preconditioning scheme for the UPML
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matrix to achieve accelerated convergence of iterative methods. We first explore the rela-
tion between the UPML matrix and SC-PML matrix in Sec. 2.4.1. Based on this relation, in
Sec. 2.4.2 we devise the left and right diagonal preconditioners for the UPML matrix, and
apply the preconditioners to the benchmark problem “Slot” described in Sec. 1.4 to demon-

strate the effectiveness of the preconditioning scheme.

2.4.1 Relation between UPML and SC-PML

In this section, we relate the EM fields in a system surrounded by UPML with those in the
same system surrounded by SC-PML. Both PMLs are assumed to have the same and con-
stant PML scale factors.

Suppose that the SC-PML equation (2.3) has E*¢ as the solution for a given electric cur-
rent source density J**. With straightforward substitution, we can show that the following

E-field and electric current source density satisfy the UPML equation (2.1):

s, 0 0 sys; 0 0
E'=[ 0 s, 0 |ES J'=| 0 ss, 0 [J (2.90)
0 0 s, 0 0 s

The transformations in Eq. (2.90) can also be derived by applying the coordinate transforma-
tion of Maxwell’s equations introduced in Ref. [514PPendiX] Tt js also interesting to note that
the transformation for E in Eq. (2.90) predicts the discontinuity of the normal component
of the E-field at the UPML interface as described in Ref. [65¢7-52],

We note that the transformation for E in Eq. (2.90) was derived earlier in Refs. [52, 53].
However, the transformation for J in Eq. (2.90) has been mostly ignored so far, because the
electric current source is usually placed outside PML where the transformation has no effect.

The transformations (2.90) can be written in terms of matrices and column vectors as
e =8, =85 (2.91)

In the FDFD method, S; and S, are diagonal matrices whose diagonal elements are the length

scale factors s,, and area scale factors s, s,,,, respectively.
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Now, we relate A" and A% using Eq. (2.91). Recall the systems of linear equations (2.9)
and (2.10). In the present notation, they are

A" = —iwj", (2.92)
A = —iwj<, (2.93)

considering Eq. (1.14). Substituting Eq. (2.91) in Eq. (2.92), we obtain
(S;1AUS)) e = —iwj*. (2.94)
Comparing Eq. (2.93) with Eq. (2.94), we conclude that
A¥ = STTAYS,. (2.95)

We emphasize that the simple relation Eq. (2.95) between A" and A% holds only for PMLs
with constant PML scale factors; if the scale factors were not constant, the transformation

in Ref. [514PPendix] would not transform the SC-PML equation into the UPML equation.

2.4.2 Scale-factor-preconditioned UPML

In actual numerical simulations where PMLs are implemented with graded PML loss param-
eters, the equality in Eq. (2.95) does not hold by the reason explained at the end of Sec. 2.4.1.
Nevertheless, the right-hand side of Eq. (2.95) proposes a preconditioning scheme for the
UPML matrix, which we refer to as the “scale-factor preconditioning scheme.” In this pre-
conditioning scheme, instead of solving the discretized UPML equation (2.9) directly, we
first solve

(S;'A"S))y =S.'b (2.96)

for y, and then recover the solution x of Eq. (2.9) as
x=381y. (2.97)

The scale-factor preconditioning scheme does not change the kind of PML used in the
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Figure 2.11: Convergence of QMR for the UPML equation, SC-PML equation, SP-UPML
equation, and the UPML equation preconditioned by the Jacobi preconditioner. The exam-
ined EM system is the benchmark problem “Slot” described in Sec. 1.4, so the plots for the
UPML and SC-PML equations are identical to the corresponding plots in Fig. 2.2. The solid
and dashed magenta lines are for the UPML equation preconditioned by some precondition-
ers. Note that the convergence for the SP-UPML equation is as fast as that for the SC-PML
equation, which shows the effectiveness of the scale-factor preconditioning scheme. On
the other hand, the Jacobi preconditioning scheme barely improves the convergence for the
UPML equation.

EM system from UPML; the solution x obtained from Egs. (2.96) and (2.97) is exactly the
solution of the discretized UPML equation (2.9). Even so, we refer to the implementation

of UPML with the scale-factor preconditioning scheme as the “scale-factor-preconditioned
UPML” (SP-UPML).

The SP-UPML matrix, A = S;1A4S), is not equal to A* when S, and S; are constructed
for graded PML loss parameters. However, we can expect it to have similar characteristics
as A%, and therefore to be much better-conditioned than A" itself. Hence, the discretized
SP-UPML equation (2.96) can be much more favorable to numerical solvers than the dis-

cretized UPML equation.
As a numerical test, we solve the discretized SP-UPML equation by QMR for the the

benchmark problem “Slot”, which was solved also in Sec. 2.2. The convergence behavior for
SP-UPML is depicted in Fig. 2.11, together with those for UPML and SC-PML. The figure
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demonstrates that SP-UPML performs as well as SC-PML; in fact, it achieves slightly faster
convergence than SC-PML.

To highlight the effectiveness of the scale-factor preconditioning scheme, we also plot
7] /]b| for the UPML equation preconditioned by the conventional Jacobi preconditioner
in Fig. 2.11. The system of linear equations for the Jacobi-preconditioned UPML equation is

Pl A% = P!

jac jac

b, (2.98)

where the Jacobi preconditioner Py, is a diagonal matrix with the same diagonal elements
as A". The Jacobi preconditioning scheme makes convergence for UPML slightly faster, but

does not accelerate it as much as our proposed scale-factor preconditioning scheme.

The scale-factor preconditioning scheme also has a few advantages over the approximate
inverse preconditioning scheme used in Ref. [39]. First, the scale-factor preconditioners S,
and S;" are determined analytically using the PML scale factors, and do not require solving
additional optimization problems. Second, the scale-factor preconditioners are diagonal,
so they are much faster to apply and more efficient to store than any approximate inverse

preconditioners.

2.5 Summary and remarks

SC-PML is more favorable to numerical solvers of the frequency-domain Maxwell’s equa-
tions than UPML. For iterative solvers, SC-PML induces much faster convergence than
UPML. For direct solvers, SC-PML promises more accurate solutions than UPML because
it produces much better-conditioned matrices; the better-conditioned matrices also explain

the faster convergence of iterative solvers for SC-PML.

Nevertheless, there are cases where UPML is easier to implement than SC-PML. In such
cases, the scale-factor preconditioning scheme, which makes the UPML equation similar
to the SC-PML equation, proves to be useful. This preconditioning scheme is much more
effective than the conventional Jacobi preconditioning scheme and more efficient than the

approximate inverse preconditioning scheme.
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For numerical demonstrations, we constructed matrices by the FDFD method through-
out the chapter, but we emphasize that the conclusions of this chapter are not limited to a
specific method of discretizing the frequency-domain Maxwell’s equations. For example,
the condition number analysis in Sec. 2.3 was in essence estimation of the extreme singu-
lar values of the differential operators for homogeneous media. The scale-factor precondi-
tioning scheme in Sec. 2.4 resulted from relating the UPML and SC-PML equations before
discretization. None of these approaches depend on the FDFD method.

In particular, our conclusion should hold for the finite-element method of discretiz-
ing Maxwell’s equations. In the major results, the only modification for FEM is that the
scale-factor preconditioners S, and S;" in Sec. 2.4 may not be diagonal but can have up to
3 nonzero elements per row, because the edge elements in FEM are not necessarily in the
Cartesian directions. This could make construction of the preconditioners somewhat more
complex in FEM than in the FDFD method, but the existence of the preconditioners is still
guaranteed. We can further make the preconditioners diagonal if, in 2D for example, we
use a hybrid mesh that consists of rectangular elements inside PML and triangular elements
outside PML.



Chapter 3

Accelerated solution by engineering the

eigenvalue distribution'

Essentially, all models are wrong, but some are

useful.

GEORGE E. P. Box (1919-2013)

N PLASMONIC AND NANOPHOTONIC SYSTEMS, objects often have deep-subwavelength fea-
I ture size. When the frequency-domain Maxwell’s equations for such systems are dis-
cretized, wavelengths are typically much longer than grid cell size A. The discretized equa-
tions are referred to as being in the “low-frequency regime,” which will be defined more
rigorously in Sec. 3.1.

In this chapter, we develop a technique that is effective in the low-frequency regime. For

simplicity, we assume nonmagnetic materials (i.e., 4 = py) and solve the equation
V x V x E— w?uoeE = —iwp,) (3.1)

that is modified from Eq. (1.6).

'Reproduced in part with permission, from W. Shin and S. Fan, “Accelerated solution of the frequency-
domain Maxwell’s equations by engineering the eigenvalue distribution of the operator,” submitted to Optics
Express for publication. Unpublished work copyright 2013 OSA.
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In the low-frequency regime it is well-known that convergence is quite slow when iter-
ative methods are directly applied to solve Eq. (3.1). The huge null space of the operator
V x (Vx ) was shown to be the origin of the slow convergence [54, 55], and several tech-

niques to improve the convergence speed have been developed.

The first class of techniques is based on the Helmholtz decomposition, which decom-
poses the E-field as E = ¥ + V¢, where ¥ is a divergence-free vector field and ¢ is a scalar
field [54-60]. Because V - ¥ = 0, Eq. (3.1) is written as

- VY - wpoe(W + Vo) = —iwug], (3.2)

where the operator V x (Vx ), which has a huge null space, is replaced with the negative
Laplacian —V?, which is positive-definite for appropriate boundary conditions and thus has
the smallest possible null space. However, these techniques either solve an extra equation
for the extra unknown ¢ at every iteration step [54-57], which can be time-consuming, or
increase the number of the rows and columns of the matrix by about 33% [58-60], which

requires more memory.

The second class of techniques utilizes the charge-free condition
V- (¢E) = 0. (3.3)

The condition (3.3) holds at every source-free (i.e., J] = 0) position, where Eq. (3.1) can be
modified to
VxVxE+sV[V-((e/eo)E)] - w?uoeE =0 (3.4)

for an arbitrary constant s; note that the right-hand side is 0 because J = 0. In this class of

techniques, Egs. (3.1) and (3.4) are solved at positions with and without sources, respectively.

Reference [61] applied the above technique with s = +1 to boundary value problems
described in Ref. [62] and achieved accelerated convergence. Such boundary value problems

satisfied J = 0 everywhere, so Eq. (3.4) was solved throughout the entire simulation domain.

However, Ref. [61] did not conduct a detailed comparison of convergence speed between
different values of s. It also did not report whether its technique leads to accelerated conver-

gence for problems with sources, even though many problems have nonzero electric current



61

sources J inside the simulation domain. Reference [1] applied the technique with s = +1 to
problems with sources, but only in order to suppress spurious modes rather than to accel-

erate convergence.

In this chapter, we develop a modification of Eq. (3.1) that improves convergence speed
even if electric current sources J exist inside the simulation domain.”> Unlike the previous
technique that made the modification only at source-free positions, our technique modifies
Eq. (3.1) everywhere including positions with sources. For the modification, we utilize the
continuity equation

op

P v.g=0, or V-(eE)=-v.], (3.5)
ot W

which can be derived by taking the divergence of Eq. (3.1). When Eq. (3.5) is manipulated
appropriately and then added to Eq. (3.1), we obtain

VxVxE+sV[e'V- (¢E)] - w uoeE = —iwpo) + sév [e7'v]] (3.6)

for a constant s. The modified equation (3.6) is the equation to solve in this chapter.

The solution E-field of Eq. (3.6) is the same as the solution of the original equation (3.1)
regardless of the value of s, because the solution of Eq. (3.1) always satisfies Eq. (3.5). How-
ever, the choice of s affects the convergence speed of iterative methods significantly. In this
chapter, we demonstrate that s = -1 induces faster convergence speed than other values of s
by comparing the convergence behavior of iterative methods for s = -1, 0, +1; the latter two
values of s are of particular interest, because s = 0 reduces Eq. (3.6) to the original equation
(3.1) and s = +1 is the value that Ref. [61] used in Eq. (3.4), which is similar to Eq. (3.6).

We also show that the difference in convergence behavior results from the different
eigenvalue distributions of the operators for different s. There are many general mathemati-
cal studies about the dependence of the convergence behavior on the eigenvalue distribution
(42592, 63-69]. Our aim here is instead to provide an intuitive understanding of the con-
vergence behavior specifically for the operator of Eq. (3.6). For this purpose, we visualize

the residual vector and residual polynomial at each iteration step. As a result, we find that

2At the final stage of our work, we were made aware of a related work by M. Kordy, E. Cherkaev, and
P. Wannamaker, “Schelkunoft potential for electromagnetic field: proof of existence and uniqueness” (to be
published), where an equation similar to our Eq. (3.6) with s = —1 was developed.
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convergence speed deteriorates substantially for s = 0 because the operator has eigenvalues
clustered near zero, and for s = +1 because the operator is strongly indefinite.

The rest of this chapter is organized as follows. In Sec. 3.1 we investigate the eigenvalue
distribution of the operator in Eq. (3.6) for s = 0, -1, +1 for a simple homogeneous system.
We also define the low-frequency regime rigorously in the section. In Sec. 3.2, we relate the
eigenvalue distribution with the convergence behavior of an iterative method. In Sec. 3.3, we
solve Eq. (3.6) for the benchmark problems described in Sec. 1.4 to compare the convergence
behavior of an iterative method for the three values of s. In Sec. 3.4 we summarize the chapter

and make a few remarks.

3.1 Eigenvalue distribution of the operator for a homoge-

neous system

In this section, we consider the operator in Eq. (3.6) for a homogeneous system and show
that the properties of the eigenvalue distribution of the operator strongly depend on the
value of s. The impact of s on the eigenvalue distribution has been studied in detail in the
literature of the deflation method (also known as the penalty method) [70-72]. Here we only
highlight those aspects that are important for the present study.

For a homogeneous system where ¢ is constant, Eq. (3.6) is simplified to
i
VxV><E+SV(V-E)—a)zyosE:—iw‘uO]+s&V(V-]), (3.7)

where the operator
T=Vx(Ux )+sV(V- )-w’ e (3.8)

is Hermitian for real . Because ¢ is constant in this section, the eigenvalue distribution of

T is shifted from the eigenvalue distribution of a Hermitian operator
To=Vx(Vx )+sV(V: ) (3.9)

by a constant —w?upe. In the low-frequency regime such shift is negligible, and thus the
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s=0 s<0 \ s>0
multiplicity of A = 0 || very high low
definiteness of Ty || positive-semidefinite \ indefinite

Table 3.1: Properties of the eigenvalue distributions of T for different s. Depending on the
sign of s, T, has very different eigenvalue distributions in terms of the multiplicity of the
eigenvalue 0 and the definiteness of Tj

eigenvalue distribution of Tj approximates that of T very well. Hence, we examine the eigen-

value distribution of T, below to investigate the eigenvalue distribution of T

In Appendix D, we show that Fie~** with
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are the three eigenfunctions of both V x (Vx ) and V(V- ) for each wavevector k. We

also show in the same appendix that the corresponding three eigenvalues are

A=0, [k, [k (3.11)
for Vx (Vx ),and
A=-kf*, 0, 0 (3.12)
for V(V- ). Therefore, T has
A=—slk’, k[, [k (3.13)

as three eigenvalues for each wavevector k.

Equation (3.13) indicates that the eigenvalue distribution of Tj is greatly affected by the
value of s. Specifically, the multiplicity of the eigenvalue 0 depends critically on whether s is
0 or not: for s = 0 T, has a very high multiplicity of the eigenvalue 0 because Eq. (3.13) has
0 as an eigenvalue for every k, whereas for s # 0 T, does not have such a high multiplicity

of the eigenvalue 0. The definiteness of T, also depends on the value of s: for s < 0 T
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Figure 3.1: A 2D square domain filled with vacuum (e = ¢;) for which the eigenvalue distri-
bution of T is calculated numerically for s = 0, -1, +1. The domain is homogeneous in the
z-direction, whereas its x- and y-boundaries are subject to periodic boundary conditions.
The square domain is discretized on a finite-difference grid with cell size A = 2nm. The
domain is composed of 50 x 50 grid cells, which lead to 7500 eigenvalues in total. A vacuum
wavelength Ay = 1550 nm, which puts the system in the low-frequency regime, is assumed
for the electric current source to be used in Sec. 3.2.

is positive-semidefinite because the three eigenvalues in Eq. (3.13) are always nonnegative,
whereas for s > 0 Tj is indefinite because Eq. (3.13) has both positive and negative numbers
as eigenvalues. The different properties of the eigenvalue distributions of T, for s = 0, s < 0,

and s > 0 are summarized in Table 3.1.

The above description of the eigenvalue distributions of T, should approximately hold
for the eigenvalue distributions of T as well in the low-frequency regime, as mentioned in
the discussion of Egs. (3.8) and (3.9). Moreover, even though T is a differential operator
defined in an infinite space, it turns out that the description also applies to the matrix A

discretized from T that is defined in a spatially bounded simulation domain.

To demonstrate, we numerically calculate the eigenvalues of A for a 2D system shown in
Fig. 3.1, a square domain filled with vacuum. The domain is discretized on a finite-difference
grid with N, x N, = 50 x 50 cells and cell size A = 2nm. Therefore, the matrix A for each
s has 3NN, = 7500 rows and columns, where the extra factor 3 accounts for the three
Cartesian components of the E-field. We choose w corresponding to the vacuum wavelength
Ao = 1550 nm, which puts the system in the low-frequency regime as will be seen at the end

of this section. The matrices A are constructed for three values of s: 0, -1, and +1, each of
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Figure 3.2: The eigenvalue distribution of A discretized from T for (a) s = 0, (b) s = -1, and
(c) s = +1 for the vacuum-filled domain illustrated in Fig. 3.1. All 7500 eigenvalues A of A are
calculated for each s and categorized into 41 intervals in the horizontal axis that represents
the range of the eigenvalues; the unit of the horizontal axis is nm~2. The height of the column
on each interval represents the number of the eigenvalues in the interval. In (b) and (c), the
black dots indicate the eigenvalue distribution for s = 0 shown in (a). The vertical axes are
broken due to the extremely tall column at A ~ 0 in (a). The local maxima at A = +1nm™2 are
the Van Hove singularities [73°#] arising from the lattice structure imposed by the finite-
difference grid.

which represents each category of s in Table 3.1.

The distributions of the numerically calculated eigenvalues of A for s = 0,-1, +1 are
shown as three plots in Fig. 3.2. In each plot, the horizontal axis represents eigenvalues,
and it is divided into 41 intervals t_,, ..., o, . . ., t20 Where t; 3 0. The height of the column

on each interval corresponds to the number of the eigenvalues in the interval.

The eigenvalue distributions of A shown in Fig. 3.2 agree well with the description of the
eigenvalues of Tj in Table 3.1: the very tall column on £, in Fig. 3.2a indicates the very high
multiplicity of A ~ 0 for s = 0, and the eigenvalues distributed over ¢;. and ¢}, in Fig. 3.2c
indicate a strongly indefinite operator for s = +1. In addition, the height of the column on
to in Fig. 3.2a is about 2500, or one third of the total number of eigenvalues, which agrees
with Eq. (3.13) for s = 0 where one of the three eigenvalues is 0 for each k; the columns on
tj»o are about 1.5 times taller in Fig. 3.2b than in Fig. 3.2a, which also agrees with Eq. (3.13)

where the number of [k|* increases from two for s = 0 to three for s = —1.

We end the section by providing a quantitative definition of the low-frequency regime.

Suppose that A is the matrix discretized from T of Eq. (3.9). For s = 0, the eigenvalues of
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2
min

Ay range from 0 to 8/A2. , where A, is the minimum grid cell size;> note that the range
agrees with Fig. 3.2a. The eigenvalue distribution of A is the shifted eigenvalue distribution
of Ay by —w?uope. The low-frequency regime is where the magnitude of the shift is so small
that A has an almost identical eigenvalue distribution as A,. Therefore, the condition for the
low-frequency regime is

w*pole| < 8/AZ (3.14)

min*
Equation (3.14) is consistent with the condition introduced in Ref. [54], but here we provide

a condition that is based on a more accurate estimate of the maximum eigenvalue of A,. We

can rewrite Eq. (3.14) in terms of the vacuum wavelength A, as
/\'O/Amin > 7T |8,|/2, (315)

where ¢, = ¢/¢ is the relative electric permittivity. The system described in Fig. 3.1 satisfies

Eq. (3.15), so it is in the low-frequency regime.

3.2 Impactoftheeigenvalue distribution on the convergence

behavior of GMRES

In this section, we explain how the different eigenvalue distributions for different values of
s examined in Sec. 3.1 influence the convergence behavior of an iterative method to solve
Eq. (3.7).

For each of s = 1,0, +1, we discretize Eq. (3.7) using the FDFD method for the system
illustrated in Fig. 3.1 with an x-polarized electric dipole current source placed at the center
of the simulation domain. We then solve the discretized equation by an iterative method
to observe the convergence behavior. The iterative method to use in this section is GMRES
introduced in Sec. 1.3; we use GMRES without restart because the system is sufficiently small.

Figure 3.3 shows ||r,,|/||b| versus the number m of iteration steps for the three values

of s. As can be seen in the figure, the convergence behavior of GMRES is quite different for

*To obtain 8/A2,;,,, take the first equation of Eq. (2.43a) and then multiply the extra factor yu = p to account

min>

for the difference between Egs. (1.6) and (3.1).
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Figure 3.3: Convergence behavior of GMRES for the vacuum-filled domain illustrated in
Fig. 3.1. Three systems of linear equations discretized from Eq. (3.7) for s = 0,-1,+1 are
solved by GMRES. In the iteration process of GMRES for each s, we plot the relative residual
norm ||r,,|/||b| at each iteration step m. Notice that for s = 0 the relative residual norm
stagnates initially; for s = —1 it stagnates around m = 100; for s = +1 it does not stagnate, but
decreases very slowly. The upper and lower “X” marks on the vertical axis indicate the values
around which our theory expects ||r,,|/|?| to stagnate for s = 0 and s = -1, respectively.

different s, with s = —1 far more superior than the other two choices of s.

The overall trend of the convergence behavior shown in Fig. 3.3 is consistent with the
mathematical theories of iterative methods. For example, the convergence stagnates initially
for s = 0, and according to Ref. [65] this is typical behavior of GMRES for a matrix with
many eigenvalues close to 0 such as our A for s = 0 (see Fig. 3.2a). Also, the convergence is
very slow for s = +1, and Ref. [425¢%2] argues that in general the Krylov subspace methods
converge much more slowly for indefinite matrices such as our A for s = +1 (see Fig. 3.2¢)
than for definite matrices. In this section we provide a more intuitive explanation for the

convergence behavior by using the residual polynomial.

We first review the residual polynomial of GMRES briefly. Suppose that P,, is the set of

all polynomials p,, of degree at most m such that

Pm(0) = 1. (3.16)
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For each p,, € P,,, we can define a column vector
Fm = pm(A)r,. (3.17)

At the mth iteration step of GMRES, it turns out that the residual vector r,, of Eq. (1.16) is
the 7, with the smallest 2-norm. We refer to the p,, for 7, = r,, as the residual polynomial

Pm- Therefore, from Eq. (3.17) we have

'm :pm(A)rO- (318)

Below, we show how the eigenvalue distribution of A influences p,, at each iteration step
and hence influences the convergence behavior of GMRES. The matrix A € C"*" for our
homogeneous system described in Fig. 3.1 is Hermitian because it is discretized from the

Hermitian operator T of Eq. (3.7). Hence, the eigendecomposition of A is
A=VAVY, (3.19)
where

A= - cov=lw v (3.20)
Ay
with real eigenvalues A; and the corresponding normalized eigenvectors v;, and V' is the
conjugate transpose of V; note that V is unitary, i.e,, V'V = I. Substituting Eq. (3.19) in
Eq. (3.17), we obtain
Fn = Vpm(A) V. (3.21)

We then define column vectors
Zn=Vi(r,/|bl) and z, =V'(#./|b]), (3.22)

whose ith elements, which are referred to as z,,; and Z,,; below, are the projections of r,,, /| b

and 7,/|b| onto the direction of the ith eigenvector v;. From Egs. (3.21) and (3.22) we
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Figure 3.4: Initial evolution of r,,,/|| || for s = —1. Relative residual vectors r,,,/| b|| are visual-
ized at three iteration steps m = 0, 2, 4. In each plot, the column on each interval represents
the norm of r,,/||b|| projected onto the sum of the eigenspaces of the eigenvalues contained
in the interval. Notice that all the columns almost vanish only after four iteration steps. In
the plots for m = 2 and m = 4, the residual polynomials p,, are also plotted as solid curves;
note that they always satisfy the condition (3.16).

obtain
Pm(h)
2,,1 = f)m(A)ZO = 20> (323)
Pm(An)
which can be written element-by-element as
2mi = ﬁm(ki)ZOi- (324)
Because ||Z,,| = |7 ]/|b], GMRES minimizes |Z,,|| to |z,| when it minimizes |7, to |7,

at the mth iteration step.

According to Eq. (3.24), |Z,,;| is minimized to 0 when p,, has A; as a root. Thus, the most
ideal p,, has all the n eigenvalues of A as its roots, because it reduces |Z,,| to 0. However, p,,
has at most m roots, and m, which is the number of iteration steps, is typically far less than
n. Therefore, p,, needs to have its roots optimally placed near the eigenvalues to minimize
|Zm||. Hence, the eigenvalue distribution of A greatly influences the convergence behavior
of GMRES.

We now seek to understand the convergence behavior of GMRES for the different choices
of s. We begin with s = —1. In Fig. 3.4 we plot r,,,/|b|| for s = -1 as bar graphs at the first
few iteration steps. The horizontal axis in each plot represents eigenvalues. We divide the
range of eigenvalues into the same 41 intervals t_,, ..., fo, ..., o used in Fig. 3.2; note that

to > 0. The height of the column on each interval is the norm of the projection of r,,,/|b|
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onto the space spanned by the eigenvectors whose corresponding eigenvalues are contained

in the interval. More specifically, the height of the column on ¢; after m iteration steps is

g =[S 2] (3.25)

Note that [}; b, j]l/ 2= ||ru|/|Ib], and thus the sum of the squares of the column heights is

a direct measure of convergence.

A few properties of r,,,/|b|| for s = -1 shown in Fig. 3.4 are readily predicted from the
corresponding eigenvalue distribution of the matrix A presented in Fig. 3.2b. For instance,
A has no eigenvalues in t;., and therefore ,,/|b| has components only in ¢;», throughout
the iteration process as demonstrated in Fig. 3.4. Also, A has very few eigenvalues in t,, and

thus r,/||b| has a very weak component in #, as can be seen in the m = 0 plot in Fig. 3.4.

Now, we relate r,,/| b| with the residual polynomial to explain the convergence behavior
of GMRES for s = —1. The residual polynomial p,,(1), which is obtained by solving a least
squares problem, is also plotted in Fig. 3.4 at each iteration step. As the iteration proceeds,
the residual polynomial in Fig. 3.4 has more and more roots, but only in ¢;5, because the
eigenvalues exist only in ¢ and the roots of residual polynomials should stay close to the
eigenvalues as mentioned in the discussion following Eq. (3.24). Also, as Eq. (3.24) predicts,
the columns in each plot of Fig. 3.4 almost vanish at the roots of the residual polynomial.
Therefore, all the columns quickly shrink as the number of the roots of the residual polyno-
mial increases in the iteration process of GMRES. The fast reduction of the column heights

provides visualization of the fast convergence of GMRES for s = —1 shown in Fig. 3.3.

Next, we examine the convergence behavior for s = 0. Figure 3.5 shows r,,/||b|| for s = 0
at the first few iteration steps. Note that ry/| b has a tall column on #, because A has many
eigenvalues in #, as shown in Fig. 3.2a. Also, the tall column on #, persists during the initial

period of the iteration process.

To explain the above convergence behavior for s = 0, we show that for a nearly positive-
definite matrix the column on ¢, is persistent during the initial period of the iteration process
of GMRES in general. For that purpose, we compare the three polynomials p,, € P,, shown

in Fig. 3.6. The three p,, are chosen as candidates for the residual polynomial p,, for a nearly
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Figure 3.5: Initial evolution of r,,/| b| for s = 0. Relative residual vectors r,,/| b| are visual-
ized at three iteration steps m = 0, 2, 4. In each plot, the column on each interval represents
the norm of r,,/||b|| projected onto the sum of the eigenspaces of the eigenvalues contained
in the interval. Notice that most columns almost vanish only after four iteration steps, ex-
cept for the very persistent column at A ~ 0. In the plots for m = 2 and m = 4, the residual
polynomials p,, are also plotted as solid curves; note that they always satisfy the condition
(3.16).

positive-definite matrix, and therefore the roots of the polynomials are placed in t 5, accord-
ing to the discussion following Eq. (3.24). The three p,, have the same roots except for their
smallest roots: p,, in Fig. 3.6a does not have its smallest root in #,, whereas p,, in Figs. 3.6b
and 3.6¢ do. Note that the latter two p,, can shrink the column on f, more effectively than

the first p,, according to Eq. (3.24).

However, the slopes at the roots of the latter two p,, are steeper than the slopes at the
corresponding roots of the first p,, as shown in Fig. 3.6. In Appendix E, we prove rigorously
that the slopes of p,, at all roots indeed increase as the smallest root decreases in magnitude.
In general, p,, with steeper slopes at the roots oscillates with larger amplitudes around the
horizontal axis because it varies faster around the axis; compare the amplitudes of oscillation
in Fig. 3.6a with those in Figs. 3.6b and 3.6¢. The increased amplitudes of oscillation amplify

|Z,ni| overall according to Eq. (3.24), and thus ||Z,,,| as well.

In other words, shrinking the column on t, (by placing the smallest root of p,, in ;) is
achieved only at the penalty of amplifying the columns on ¢;,. This penalty is too heavy
when the columns on tj, constitute a considerable portion of |Z,|. Therefore, roots of
residual polynomials are not placed in ¢, until the columns on ¢;,, become quite small, which

results in the persistence of the column on f, during the initial period of the iteration process.

Because the height of the column on f#; remains almost the same at the initial iteration

steps of GMRES, hy, of Eq. (3.25), which is the initial height of this column, provides an
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(a) Reference p,y, (b) Smallest root made smaller  (c¢) Smallest root made smaller
and negative

Figure 3.6: Impact of the magnitude of the smallest root of a polynomial p,, € P,, on the
oscillation amplitudes of p,,. Three p,, of degree 6 are shown. In each figure, a solid line
represents a polynomial; an open dot on the horizontal axis indicates the smallest root; solid
dots indicate the other roots; dashed lines show the slopes of the polynomial at the roots.
The three polynomials have the same roots except for their smallest roots: the smallest root
in (a) becomes smaller positive and negative roots in (b) and (c), respectively. Notice that
the slopes at all roots in (a) become steeper in (b) and (c) as the smallest root decreases in
magnitude, and as a result the amplitudes of oscillation of p,, around the horizontal axis
increase.

approximate lower bound of ||z,,|| = |7 /[ 0| during the initial period of the iteration pro-
cess. A more accurate lower bound is calculated as the norm of ro/|b|| projected onto the
eigenspace of the eigenvalue closest to 0. For our example system, for s = 0 the calculated
lower bound is 0.707. Note that ||r,,|/||b| for s = 0 indeed stagnates initially at this value in
Fig. 3.3. For s = -1 the calculated lower bound is 4.16 x10~7, at which | r,,||/| b| also stagnates
as shown in Fig. 3.3. However, this value is much smaller than the lower bound for s = 0,
because for s = —1 the initial height of the column on ¢, is almost negligible as shown in the
m = 0 plot in Fig. 3.4. In fact, the value is smaller than the conventional tolerance 7 = 1076
mentioned below Eq. (1.16), so the stagnation does not deteriorate the convergence speed
fors=-1.

Lastly, we examine the convergence behavior for s = +1. Figure 3.7 shows r,,/|b|| for
s = +1 at some first (m = 0,4,7,11) and later (m = 120, 140) iteration steps. Because the ma-
trix A for s = +1 has both positive and negative eigenvalues as indicated in Fig. 3.2¢, r,,,/ | b|

has components in both ¢, and ¢, but in the present example the components of r,,,/|| b
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Figure 3.7: Evolution of r,,/| b| for s = +1. Relative residual vectors r,,/||b| are visualized at
iteration steps m = 0, 4,7 in the first row and at m = 11,120,140 in the second row. In each
plot, the column on each interval represents the norm of r,,/| b| projected onto the sum of
the eigenspaces of the eigenvalues contained in the interval. The vertical scale of the plot
is magnified as the iteration proceeds. Notice that the column at A ~ 0 is very persistent
during the later period of the iteration process (m = 120,140). In the plots for m = 4,7,11,
the residual polynomials p,, are also plotted as solid curves; the residual polynomials are
not plotted for m =100 and m = 120 because they have too many roots.

are concentrated in tj., initially (2 = 0 plot in Fig. 3.7). Thus GMRES begins with the
roots of residual polynomials placed in ¢;, (m = 4 plot in Fig. 3.7). However, such residual
polynomials have large values in ¢, so they amplify the initially very small components
of 7,,/| b|| in t;o according to Eq. (3.24), and eventually we reach a point where the com-
ponents of r,,/| b| in t;,o and t;<o become comparable (m = 7 plot in Fig. 3.7). Afterwards,
GMRES places the roots of residual polynomials in both ¢, and ¢;., so that the components

of r,,/| b| in both regions are reduced.

We note that the convergence behavior for s = +1 is initially quite similar to that for
s = —1because /| b| for s = +1 has components concentrated in t;., and only a very weak
component in t,. Therefore, |7,||/|b| reduces quickly for s = +1 without stagnation during
the initial period of the iteration process as shown in Fig. 3.3.

During the later period of the iteration process, however, the reduction of |r,|/|b| for
s = +1 slows down significantly, and eventually s = +1 produces the slowest convergence

among the three values of s as shown in Fig. 3.3. The slow reduction of |r,,|/|b| is due to
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definite matrix

Figure 3.8: Candidates for the residual polynomials for (a) a nearly positive-definite matrix
and (b) strongly indefinite matrix. In each figure, a solid line represents a polynomial p,, €
P.; an open dot on the horizontal axis indicates the smallest-magnitude root; solid dots
indicate the other roots; dashed lines show the slopes of the polynomial at the roots. The
two polynomials have the same smallest-magnitude root {,, and thus have approximately
the same slope —1/{j at their smallest-magnitude roots. Note that for both p,, the slopes get
steeper at the roots further away from the median of the roots. Hence, the slopes of most
dashed lines are gentler than 1/|(p| in (a) and steeper than 1/|{,| in (b). As a result, p,, in (b)
has larger amplitudes of oscillation around the horizontal axis than p,, in (a).

the very persistent column on t,: comparing the plots for m =120 and m = 140 in Fig. 3.7
shows that the column barely reduces for 20 iteration steps.

We have shown earlier that the column on f, is quite persistent for a nearly positive-
definite matrix. The argument relied on the properties proved in Appendix E about a poly-
nomial p,, € P, with only positive roots. We can easily extend the proof in the appendix
to p,, with both positive and negative roots, and then show that the column on ¢, is per-
sistent also for a strongly indefinite matrix, which explains the slow convergence for s = +1
described above. However, the explanation is insufficient to explain why the convergence is
much slower for s = +1 than for s = 0 as indicated in Fig. 3.3.

Here, we show that the column on ¢, is in fact even more persistent for a strongly indefi-
nite matrix than for a nearly positive-definite matrix. For that purpose, we compare the two
polynomials p,, € P,, shown in Fig. 3.8. As can be seen from the locations of their roots, they
are candidates for the residual polynomials for different matrices: p,, shown in Fig. 3.8a is

appropriate for a nearly positive-definite matrix (referred to as A4 below), and p,, shown in
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Fig. 3.8b is appropriate for a strongly indefinite matrix (referred to as A;,4 below). Moreover,
we choose these two p,, to have the same smallest-magnitude root {j in t,. Being elements
of P,,, both p,, satisfy Eq. (3.16). Hence, we have |p’, ({y)| ~ 1/|{o| for both p,,, where p’, is
the first derivative of p,,.

Now, we note that |p/, | evaluated at a root of p,, tends to decrease as the root gets closer to
the median of the roots; see Appendix F for a more rigorous explanation. Hence, |p/, | < 1/|{]
tends to hold at most roots of p,, for A, because (, is one of the farthest roots from the
median of the roots. On the other hand, |p/,| > 1/|{,| tends to hold at most roots of p,,
for Ajng, because ( is one of the closest roots to the median of the roots. Therefore, p,, for
Aing has much steeper slopes at most roots than p,, for A4 in general, and thus has larger

amplitudes of oscillation around the horizontal axis, as demonstrated in Fig. 3.8.

Combined with Eq. (3.24), the above argument shows that shrinking the column on ¢,
(by placing the smallest-magnitude root of p,, in ) increases | z,, | much more for a strongly
indefinite matrix than for a nearly positive-definite matrix. Therefore, the column on f
should be much more persistent for a strongly indefinite matrix than for a nearly positive-
definite matrix in general, which explains the much slower convergence for s = +1 than for
s = 0in Fig. 3.3.

In summary of this section, we have shown that s = -1 produces the most superior
convergence behavior; s = 0 induces stagnation during the initial period of the iteration
process due to the high multiplicity of eigenvalues near zero; s = +1 leads to the slowest
convergence overall due to the strongly indefinite matrix. We have provided a graphical
explanation of the difference in the convergence behavior of GMRES, for which a strong

theoretical basis exists, using a simple system of a homogeneous dielectric medium.

The arguments provided in this section can be easily extended to show that s = -1 is
indeed optimal among all values in general. Compared with the case of s = -1, according
to Eq. (3.13), for s > 0 A is always more strongly indefinite and therefore the convergence
should be slower; for -1 < s < 0 A has more eigenvalues clustered near zero and thus the
initial stagnation period should be longer; for s < —1 A has a wider eigenvalue value range,
so the condition number of A should be larger and the convergence should be slower as
seen in Ch. 2. In other words, s = —1 is the value that leaves the matrix A nearly positive-

definite while removing the eigenvalues clustered near zero sufficiently without increasing
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Slot Diel Array

Ao 1550 nm | 1550 nm | 632.8 nm
Amin 2nm 10 nm 5nm
max|e,| | 129.0 | 12.09 10.81

Table 3.2: Benchmark problems’ parameters used in Eq. (3.15). When substituted in
Eq. (3.15), these parameters prove that all the three benchmark problems described in
Sec. 1.4 are in the low-frequency regime.

the condition number. With separate numerical experiments we have verified that s = -1 is
indeed superior to values other than s = 0 and s = +1 as well.
In the next section we will see that the difference in the convergence behavior for differ-

ent choices of s is in fact quite general in practical situations.

3.3 Convergence behavior of QMR for 3D inhomogeneous

systems

In this section, we solve Eq. (3.6) for 3D inhomogeneous systems of practical interest by an
iterative method, and demonstrate that s = —1 still induces faster convergence than s = 0
and s = +1. We note that the systems examined in this section are inhomogeneous and have
complex ¢ in general. The analyses in Secs. 3.1 and 3.2, therefore, do not hold strictly here.
Nevertheless, we will see that the analyses for the homogeneous system in the previous sec-
tions provide insight in understanding the convergence behavior for more general systems
examined in this section.

The three 3D inhomogeneous systems we consider are the benchmark problems de-
scribed in Sec. 1.4. To prevent reflection of EM waves from boundaries, we enclose each
system by SC-PML, because SC-PML produces a much better-conditioned matrix than the
more commonly used UPML as shown in Ch. 2. For each system, we construct three systems
of linear equations Ax = b corresponding to s = -1, 0, +1 by the FDFD method. Considering
the parameters summarized in Table 3.2 and the condition (3.15), all the three systems are
in the low-frequency regime.

The constructed systems of linear equations are solved by QMR introduced in Sec. 1.3.
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Figure 3.9: Convergence behavior of QMR for the three benchmark problems “Slot”, “Diel”,
and “Array” described in Sec. 1.4 for s = -1, 0, +1. For all the three problems QMR converges
fastest for s = —1, whereas it barely converges for s = +1.

GMRES that was used in Sec. 3.2 to solve a 2D problem is not suitable for 3D problems here
because it requires too much memory as explained in Sec. 1.3.

Figure 3.9 shows the convergence behavior of QMR for the three systems. Note that for
all three systems the choice of s = —1 results in the fastest convergence, and the choice of
s = +1 barely leads to convergence. As mentioned at the end of Sec. 1.4, the three benchmark
problems have different geometrical complexities and different materials. Therefore, Fig. 3.9
suggests that the superiority of s = —1 over both s = 0 and s = +1 is quite general.

Even though both the iterative method and the systems in this section are significantly
different from those in the previous section, the convergence behaviors are very similar. We
explain the resemblance as follows.

The matrix for an inhomogeneous system is actually not much different from that for a
homogenous system in many cases. Indeed, most inhomogeneous systems consist of sev-
eral homogeneous subdomains. Inside each homogeneous subdomain of such an inhomo-
geneous system, the differential operator in Eq. (3.6) for the inhomogeneous system is the
same as the differential operator (3.8) for a homogeneous system, whereas at the interfaces
between the subdomains it is not. Nevertheless, the number of finite-difference grid points
assigned at the interfaces is usually much smaller than that of the grid points assigned inside
the homogeneous subdomains. Therefore most rows of the matrix for the inhomogeneous
system should be the same as those for a homogeneous system discretized on the same grid.

In addition, the differential operator (3.8) for a homogeneous system is nearly Hermitian

in the low-frequency regime even if ¢ is complex, because it is approximated well by the
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Hermitian operator (3.9).

Hence, the matrix for an inhomogeneous system is actually quite similar to the nearly
Hermitian matrix for a homogeneous system. Because QMR reduces to GMRES for Hermi-
tian matrices in exact arithmetic [745¢s-24.33] it is reasonable that the convergence behavior
of QMR for an inhomogeneous system is similar to that of GMRES for a homogeneous sys-
tem.

The matrix for an inhomogeneous system deviates more from that for a homogeneous
system as the number of homogeneous subdomains increases, because then the number of
grid points assigned at the interfaces between homogeneous subdomains increases. There-
fore, we can expect that the convergence behavior for an inhomogeneous system would de-
viate from that for a homogeneous system as the number of homogeneous subdomains in-
creases. Such deviation is demonstrated in Fig. 3.9¢c, where the system has many metallic
pillars; note that the convergence behavior for s = -1 is no longer very different from that

for s = 0 in this case.

3.4 Summary and remarks

We have introduced a new method to accelerate the convergence of iterative solvers of the
frequency-domain Maxwell’s equations in the low-frequency regime. The method solves a
new equation that is modified from the original Maxwell’s equations using the continuity
equation.

The operator of the newly formulated equation does not have the high multiplicity of
near-zero eigenvalues that makes the convergence stagnate for the original operator. At the
same time, the new operator is nearly positive-definite, so it avoids the long-term slow con-
vergence that indefinite operators suffer from.

In this chapter, we have considered only nonmagnetic materials (¢ = o). For magnetic

materials (¢ # po), we note that a similar equation
Vx 'V xE+sV[(ue)'V- (¢B)] - w’eE = —iw] + sév [(pe)'v 7], (3.26)

which can also be formulated from Maxwell’s equations and the continuity equation, can be
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used instead of Eq. (3.6) to accelerate the convergence of iterative methods. We leave the
discussion on the optimal value of s in this equation for future work.

Because our method achieves accelerated convergence by formulating a new equation,
it can be easily combined with other acceleration techniques such as preconditioning and

better iterative methods.






Chapter 4

Design of plasmonic coaxial waveguide
bends and splitters by the FDFD method'

There is no abstract art. You must always start
with something. Afterward you can remove all

traces of reality.

PaBLO P1cAsso (1881-1973)

OUTING OF LIGHT in arbitrary directions inside a submicron-scale volume is one of the
most basic functions sought after in nanophotonics [75-77]. Plasmonic waveguides,
despite Ohmic loss inherent in metals, have therefore been considered important compo-
nents of nanophotonics due to their capability of guiding light through deep-subwavelength
mode areas [78-83]. A natural question arose as to whether basic waveguide components
such as sharp 90° bends and T-splitters can be constructed in plasmonic waveguides in a
simple and compact manner. In 2D metal-dielectric-metal (MDM) waveguides, it was nu-
merically demonstrated that these components can bend and split input power almost per-
fectly without introducing additional reflection and radiation loss on top of the inherent

Ohmic loss of the straight waveguide [84].

'Reproduced in part with permission, from W. Shin et al., “Broadband sharp 90-degree bends and T-
splitters in plasmonic coaxial waveguides,” submitted to Nano Letters for publication. Unpublished work copy-
right 2013 American Chemical Society.
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Figure 4.1: Structures of a sharp 90° bend and T-splitter in plasmonic coaxial waveguides.
(a) and (b) show the structures of a bend and T-splitter with the propagation directions of
light indicated by red arrows. (c) shows the cross section of the reference plasmonic coaxial
waveguide. Silver is used as the metal, but it is substituted by PEC in order to illustrate some
of the physics.

In realistic 3D plasmonic waveguides, however, it turns out to be significantly more diffi-
cult to design sharp 90° bends and T-splitters without additional loss into undesirable chan-
nels such as reflection and radiation. For example, plasmonic slot waveguides [24], which
are 3D analogs of the 2D MDM waveguides, suffer from substantial reflection of about 16 %
when bent sharply by 90° for near-infrared wavelengths [85]. The reflection can be sup-
pressed by rounding the sharp corner and hence increasing the bending radius of curvature
slightly [85, 86], but there always exists loss into radiation and surface wave [87]. These extra
loss channels also induce unwanted crosstalk between optical components; such crosstalk
can be especially detrimental in densely integrated optical circuits, where optical compo-

nents are placed close to each other [88].

V-grooves are another type of plasmonic waveguides for which nearly perfect transmis-
sion of optical waves through sharp 90° bends was reported [89]. However, the lossless
transmission through the bends in the V-grooves is narrowbanded because it relies on an
interference phenomenon [90]. Moreover, unless the taper angles of the V-grooves are very

narrow, the modes of the V-grooves may not be at deep-subwavelength scale [79, 91, 92].

In this chapter, we propose to use a different type of plasmonic waveguides, namely
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plasmonic coaxial waveguides, for implementing sharp 90° bends and T-splitters. The plas-
monic coaxial waveguides have been studied both theoretically [93, 94] and experimen-
tally [95], and they have been applied to achieve a variety of novel functions such as deep-
subwavelength focusing [96, 97], enhanced transmission [98-101], and negative refraction
[102-104]. In addition to this repertoire of applications, we demonstrate numerically that the
plasmonic coaxial waveguides are also useful for building sharp 90° bends and T-splitters
that experience nearly no loss other than the inherent Ohmic loss of the straight waveguide
itself over a broad range of wavelengths, including the telecommunication wavelength of
1.55 um. The structures of a bend and T-splitter are described in Figs. 4.1a and 4.1b.

This chapter is organized as follows. In Sec. 4.1 we examine the properties of straight
coaxial waveguides. In Sec. 4.2 we demonstrate that sharp 90° bends in plasmonic coax-
ial waveguides can bend input waves almost perfectly. In Sec. 4.3 we show that T-splitters
in plasmonic coaxial waveguides can be designed to split input waves nearly perfectly. In
Sec. 4.4 we summarize the chapter and make a few remarks.

We note that the numerical simulation of wave propagation through bends and splitters
in this chapter is accomplished efficiently by the 3D FDFD method combined with the two
acceleration techniques developed in Chs. 2 and 3. BiCG introduced in Sec. 1.3 is used as an
iterative method to solve the system of linear equations Eq. (1.15) constructed by the FDFD
method.

4.1 Properties of plasmonic coaxial waveguides

In this section we examine the properties of plasmonic coaxial waveguides. Unlike most of
the previous works [93-97, 99-104], we use coaxial waveguides with square rather than cir-
cular cross sections because they are easier to fabricate using lithography-based fabrication
techniques. The cross section of the “reference waveguide” examined in this chapter is de-
scribed in Fig. 4.1c. The waveguide is placed on top of a silicon (Si) substrate, and the space
between inner and outer coaxial metals is filled with silica (SiO,). Throughout this chapter,
we use silver (Ag) as the metal. We also use the perfect electric conductor (PEC) in order
to illustrate some of the physics. The choice of the metal used will be specified explicitly for

each numerical result.



84 CHAPTER 4. PLASMONIC COAXIAL WAVEGUIDE BENDS AND SPLITTERS

(a) Dispersion relation (b) Transverse E-field (c) Transverse H-field

Figure 4.2: Properties of the reference coaxial waveguide. (a) shows the dispersion relations
of the fundamental modes of the reference waveguides made of silver and PEC. The data
points are obtained by the 2D FDFD mode solver. The blue solid line is the light line in silica,
and its alignment with the blue open dots proves the accuracy of the mode solver results.
The red open dots and cross hairs are for the waveguides with 25 nm-thick and infinitely
thick outer silver layers, respectively, and their coincidence proves the effectiveness of the
25 nm-thick outer silver layer. The red dashed line connects the origin and the data point for
Ao = 1.55 um, for which the guide wavelength is A, = 0.68 um, and its alignment with the red
open dots shows that the mode is quasi-TEM. The propagation length [24] for Ay = 1.55 pm
is L, = 6.82um. (b) and (c) show the magnitudes (colors) and directions (arrows) of the
transverse E- and H-fields of the fundamental mode of the reference waveguide made of
silver for A = 1.55 um; the longitudinal components are not shown because they are much
smaller than the transverse components. The dielectric constants of silicon [23], silica [23],
and silver [25] are taken from tabulated data.

To study the properties of the reference waveguide, we use the 2D FDFD mode solver to
solve the waveguide mode equation numerically for each vacuum wavelength A, [24, 105].
The FDFD method allows us to use tabulated dielectric constants of dispersive materials
such as silver [25] directly, including both the real and imaginary parts. For accurate yet ef-
ficient solution, we use nonuniform spatial grids whose cells are as small as 1 nm inside the
waveguide region and as large as 20 nm further outside. To simulate infinitely long waveg-
uides, we surround the entire simulation domain by SC-PML, which is much superior to
the more commonly used UPML as shown in Ch. 2.

The fundamental mode of the reference waveguide made of silver is a quasi-transverse-
electromagnetic (quasi-TEM) mode. The quasi-TEM mode inherits many desirable prop-
erties of the true TEM mode of the same coaxial waveguide made of PEC [24, 93]. First,
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it has a nearly linear dispersion relation as shown in Fig. 4.2a. Therefore, the waveguide
has a nearly constant group velocity over a broad range of wavelengths, and has no cutoff
wavelength; the latter means that it can guide light with wavelengths much larger than the
cross-sectional dimensions of the coaxial waveguide. Second, the E- and H-fields of the
quasi-TEM mode are tightly confined between the two metals, as shown in Figs. 4.2b and
4.2¢ for a vacuum wavelength A, = 1.55 um. Remarkably, we find that only 25 nm-thick outer
metal layer is sufficient for confining the fields within the waveguide, because the opposite
electric charges and currents carried by the inner and outer metals cancel the fields outside
the coaxial waveguide efficiently. Note that the area of the silica region, where most of the
fields are confined, is less than (1.55um/10)?, which is at deep-subwavelength scale for the
vacuum wavelength Ay = 1.55 pm. In fact, because of the above mentioned field cancellation
effect, the area of confinement stays almost the same even if A, increases from 1.55 pum, so

the confinement becomes even stronger for longer wavelengths.

4.2 Performance of sharp 90° bends

In this section we examine the performance of the sharp 90° bend in the reference waveg-
uide made of silver shown in Fig. 4.1a. For each vacuum wavelength A, between 1um and
5 um, we excite the fundamental mode of the waveguide by an electric current source plane
located 0.5 um before the bend; in reality the fundamental mode can be excited by coupling
the lowest-order transverse magnetic (TM,;) mode of optical fibers [106] or the quasi-TEM
mode of plasmonic coaxial lasers [107]. We then measure the transmitted power through a
flux plane located 0.5 um after the bend.

Figures. 4.3a and 4.3b show the solutions of Maxwell’s equations for such measurement
for Ay = lym and Ay = 1.55 pm; notice that for A, = 1um a strong standing wave pattern is
formed in the input waveguide by the interference between the input and reflected waves,
whereas for A, = 1.55 um the pattern is diminished significantly, which means that most of
input power is transmitted through the bend without reflection. We perform a similar mea-
surement of the power transmitted over (0.5 + 0.5) um in a straight waveguide. The ratio of
the measurement in the bend with respect to the measurement in the straight waveguide is

the transmittance of the bend. Such a definition of transmittance is intended to capture loss
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(a) Ao =1pm (b) Ap = 1.55um (c) Transmittance through the bend

Figure 4.3: Performance of the sharp 90° bend. (a) and (b) plot the amplitude of the H-field
component normal to the plane containing the axes of the input and output waveguides for
Ao = lpm and Ay = 1.55pum. Silver is used as the metal. The distances from the center of
the junction to the electric current source plane (green) and the flux measurement plane
(cyan) are both 0.5 um. Notice the strong standing wave pattern in the input waveguide in
(a) due to significant reflection of the input wave at the junction. (c) shows the transmittance
spectra through the bend. The transmittance is higher for the PEC waveguide than the silver
waveguide, but both converge to 100 % as the vacuum wavelength A, increases. For the
silver waveguide, T = 97.5 % is obtained at Ay = 1.55 um. The nearly perfect transmission is
achieved for Ay > 1.55 um, a broad range of wavelengths; note that the horizontal axis is on
a logarithmic scale.

that is added on top of the propagation loss of the straight waveguide; the additional loss can
be due to additional Ohmic loss introduced by the bend, or due to reflection and radiation

loss at the bend.

The measured transmittance is shown as a spectrum in Fig. 4.3c. It shows that the trans-
mittance approaches 100 % as the wavelength increases. Especially, a transmittance of 97.5 %
is achieved for A, = 1.55 pm without any optimization of the geometry of the bend. This re-
markable phenomenon can be explained as follows. For wavelengths much larger than the
cross-sectional dimensions of the waveguide, the quasi-static approximation applies, and
hence the junction between the input and output waveguides at the bend can be accurately
modeled as a junction between two transmission lines [108]. Because the input and out-
put waveguides have the same cross-sectional shape, the two transmission lines have the
same characteristic impedance. Therefore, due to the impedance matching, the transmit-

tance should be 100 % in the quasi-static limit. The perfect transmission in the quasi-static
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Figure 4.4: Performance of the sharp 90° bend in the PEC coaxial waveguide with vari-
ous cross-sectional dimensions. The parameters a and b are indicated in the inset figure.
The transmittance is measured while varying a for b = 50nm (open dots), varying b for
a =150 nm (solid dots), and varying b for a — b = 20 nm (cross hairs). Note that the high
transmittance for b = 50 nm is not very sensitive to the variation of a. On the other hand,
the variation of b affects the transmittance significantly.

limit also occurs in a bend in the reference waveguide made of PEC as shown in Fig. 4.3c,

which is consistent with the result in the classical microwave literature [109].

We note that the nearly perfect transmission is a broadband phenomenon achieved from
Ao = 1.55um to mid-infrared, because the quasi-static approximation applies to any suffi-
ciently long wavelengths. The closed structure of the coaxial waveguide that prohibits cou-
pling with other leakage channels such as radiation is crucial for the nearly perfect transmis-
sion; in other conventional 3D plasmonic waveguides that are open to the leakage channels,
the transmission does not become perfect in the quasi-static limit because additional loss

into the leakage channels is unavoidable.

Even though the quasi-static approximation holds in general when the cross-sectional
dimensions of the coaxial waveguide are much smaller than the wavelength, we find that
the size of the inner metal is the most critical among all cross-sectional dimensions. In
Fig. 4.4, we measure the transmittance through the PEC coaxial waveguide bend for a vac-
uum wavelength A = 1.55 um as varying cross-sectional dimensions of the waveguide while

maintaining one of the following three parameters the same: a, b, and a — b (see the inset of
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Figure 4.5: Performance of the T-splitter. (a) shows the transmittance into one of the two out-
put waveguides of the splitter shown in Fig. 4.1b. Silver is used as the metal. Both the output
waveguides are the reference waveguides, while the input waveguide is either the reference
or the optimal (see Fig.4.6) waveguide. For the reference input waveguide the transmit-
tance reaches 44.4 % as the vacuum wavelength A, increases, whereas for the optimal input
waveguide it reaches the ideal 50.0 % over a broad range of wavelengths of 1, > 1.55 pm; note
that the horizontal axis is on a logarithmic scale. (b) shows the flow of electric current in
the T-junction, in which the three reference waveguides are modeled as three transmission
lines with the same characteristic impedance Z,. When the voltage difference V}, is applied
between the inner and outer metals, the current I is launched in the input waveguide and
equally divided into the two output waveguides at the junction. Note that the three seem-
ingly separate outer metal pieces shown in the figure are actually a single connected outer
metal layer.

Fig. 4.4). The figure shows that the transmittance stays high aslong as b is much smaller than
the wavelength, whereas it decreases fast as b increases even if the other two parameters are
at deep-subwavelength scale. The strong impact of b, i.e., the size of the inner metal, on the
transmittance can be explained by the electromagnetic field distributions of the waveguide
mode shown in Figs. 4.2b and 4.2c: the fields are strongest near the inner metal, so the size

of the inner metal is likely to affect transmission properties significantly.

4.3 Performance of T-splitters

In this section we examine the performance of the T-splitter in the reference waveguide made

of silver shown in Fig. 4.1b. By the same method used for the bend in Sec. 4.2, we measure the
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transmittance through one of the two output waveguides. An ideal splitter should transmit
50 % of the input power into each output waveguide. However, for the splitter shown in
Fig. 4.1b for which the input and output waveguides have the same cross-sectional shape, it
turns out that the transmittance reaches only 44.4 % even for long wavelengths as shown in
Fig. 4.5a.

This asymptotic value of the transmittance can also be explained by modeling the T-
junction as a junction between three transmission lines in the quasi-static limit. Because all
the three waveguides connected at the T-junction have the same cross-sectional shape, the
characteristic impedance Z;, of the input transmission line and Z,, of each of the two output
transmission lines have the same value Zy, i.e., Z;, = Zy, = Zo. The two output transmission
lines form a parallel combination of impedances with respect to the input transmission line,
because the current flowing through the input transmission line is equally divided into the
two output transmission lines as indicated in Fig. 4.5b. Therefore, the load impedance seen

by the input transmission line is Z; = Z,,/2, and the reflectance is calculated as

- ZL = Zl” _|Zo/2-Z 1

= ==, (4.1)
ZL+ Zul | ZoJ2+ Zo|F 9

The remaining 1- R portion of the input power that is not reflected should be equally divided
into each output transmission line, because no leakage channels such as radiation are cou-
pled at the junction. Therefore, the transmittance into each output transmission line should
be T = (1- R)/2 = 4/9 = 44.4% in the quasi-static limit, which is exactly the asymptotic
value in Fig. 4.5a.

Equation (4.1) suggests one way of eliminating the reflection, which is to decrease Z;,
from Z, to Zy/2. We note that for the T-splitter in the 2D MDM waveguide the recipe was
opposite, i.e., to increase Z;,, because the two output waveguides formed a series rather a
parallel combination of impedances [84]. It is important to emphasize that the plasmonic
coaxial waveguides and 2D MDM waveguides have very different topology in their trans-
mission line models for the T-splitters, despite close connection between these two classes

of waveguides in terms of the modal properties of the straight waveguides. [94].

To eliminate the reflection, we decrease Z;, gradually by increasing the size b;, of the

inner metal of the input waveguide as described in Fig. 4.6a, and measure the reflectance
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Figure 4.6: Optimization of the T-splitter. (a) shows the structure of the T-splitter on the
vertical cross section containing the axis of the input waveguide. The inner metal size by,
of the input waveguide is increased from the original size 50 nm to eliminate the reflection
of the input wave at the T-junction. The red arrow and bullseye indicate the propagation
direction of light. (b) shows the spectra of the actual reflectance in the 3D FDFD solution
of Maxwell’s equations (open dots) and the reflectance predicted by the transmission line
model (solid dots) for the T-splitter in the silver coaxial waveguide. The actual reflectance
almost vanishes for b;, = 90 nm, but the transmission line model slightly underestimates
the optimal b;,. (c) shows similar spectra for the T-splitter in the PEC coaxial waveguide,
but the prediction by the transmission line model is made using the analytic formula of
the characteristic impedance of the PEC coaxial waveguide. (d) and (e) plot the amplitude
of the H-field component normal to the plane containing the axes of the input and output
waveguides of the splitters with the reference (b;, = 50 nm) and optimal (b;, = 90 nm) input
waveguides. Only a half of the splitter is shown by virtue of the mirror symmetry. Silver is
used as the metal, and the distances from the center of the junction to the electric current
source plane (green) and the flux measurement plane (cyan) are both 0.5 pm. Notice the
strong standing wave pattern in (d) due to significant reflection of the input wave at the
T-junction.



4.3. PERFORMANCE OF T-SPLITTERS 91

for Ay = 1.55 um. Fig. 4.6b shows that indeed the reflection almost vanishes for b;, = 90 nm,
for which the reflectance is only 0.17 %. Figs. 4.6d and 4.6e show the solutions of Maxwell’s
equations for b;, = 50 nm and b;, = 90 nm for A, = 1.55 um. Notice the presence of a strong
standing wave pattern in the input waveguide in Fig. 4.6d and the absence of such a standing
wave pattern in Fig. 4.6e, which confirms that the choice of b;, = 90 nm indeed results in

nearly perfect transmission.

Even though the splitter is optimized for Ay = 1.55um, the same splitter turns out to
exhibit nearly perfect transmission over a broad range of wavelengths spanning from A, =
1.55 pm to mid-infrared as shown in Fig. 4.5a. The broadband perfect transmission is also
explained by the transmission line model as follows. Because the mode of each plasmonic
coaxial waveguide is quasi-TEM, its characteristic impedance is nearly independent of wave-
length. Therefore, for sufficiently long wavelengths for which the transmission line model
holds, Eq. (4.1) predicts the nearly constant transmittance, which is T' = 50 % for the opti-

mized splitter.

To assess the validity of the transmission line model more quantitatively, we predict the
reflectance by substituting numerically calculated impedances Z in the formula for R in
Eq. (4.1); Z is calculated as V' /I, where the voltage difference V between the inner and outer
metals and the electric current I flowing through the inner metal are calculated by numeri-
cally integrating the E- and H-fields of the fundamental mode of the waveguide [85, 110]. In
Fig. 4.6b, the predicted reflectance is compared with the actual reflectance in the 3D FDFD
solution of Maxwell’s equations. In Fig. 4.6c we make a similar comparison between the
predicted and actual reflectances for the splitter in the PEC coaxial waveguide, for which
the analytic expression for Z exists [111%¢ 324, 112-114]. For both the silver and PEC coaxial
waveguides, the prediction from the transmission line model correctly describes the over-
all trend of the actual reflectance as a function of b;,, but we find that the model slightly

underestimates the optimal b;, for vanishing reflectance.

In addition to its dependence on the impedances of the input and output waveguides, the
reflectance also depends on the detailed shape of the junction between the input and out-
put waveguides: it turns out that the reflectance does not reduce to zero unless the thicker
inner metal of the input waveguide extends into the junction and reaches the central axis

of the output waveguide as shown in Fig. 4.6a. Such dependence on the detailed shape of
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the junction is of course not incorporated in the simple transmission line model above. Fol-
lowing the literature of microwave circuits one could develop a more sophisticated model
that includes additional lumped circuit elements [115% °¢,116] to describe the properties of
the junction more accurately. Nevertheless, as we can see here the simple model above does

provide very important guidance for the overall design of the T-splitter.

4.4 Summary and remarks

We have proposed and analyzed compact and realistic designs of sharp 90° bends and T-
splitters in plasmonic coaxial waveguides. The bends and splitters transmit optical waves
nearly perfectly without parasitic reflection and radiation, so they help to minimize unde-
sirable crosstalk in integrated optical circuits. Also, because the nearly perfect transmission
occurs over a broad range of wavelengths, the performance of our bends and splitters should
be tolerant of fabrication errors, thermal expansion, and wavelength detuning. The proposed
designs can be fabricated either by standard lithography-based fabrication methods, or by
more sophisticated methods utilizing silver nanowire bends [117, 118] and dielectric-coated
silver nanowires [119-121]. Another interesting approach is to use highly doped semicon-
ductor nanowires instead of metals as conductive inner pieces of plasmonic coaxial waveg-
uides; because the semiconductor nanowires can be grown into various structures such as
bends [122], branches [123, 124], and combs [125], they can be useful for building networks

of plasmonic coaxial waveguides.



Chapter 5
Conclusion and final remarks

“When earnest labor brings you fame and glory,
And all earth’s noblest ones upon you smile,
Remember that life’s longest, grandest story
Fills but a moment in earths little while:

“This, too, shall pass away.”

LaNTa W. SMITH (1856-1939)

HE FINITE-DIFFERENCE FREQUENCY-DOMAIN (FDFD) method is a numerical method
T of solving Maxwell’s equations with several attractive features compared to other meth-
ods. As a frequency-domain method, it provides an easier way to analyze steady states and
systems with dispersive materials than time-domain methods such as the finite-difference
time-domain (FDTD) method. In addition, thanks to the straightforwardness of the finite-
difference scheme, discretization of Maxwell’s equations into a large system of linear equa-
tions Ax = b is conceptually much simpler to understand and easier to implement in the
FDFD method than in other frequency-domain methods such as the finite element method
and method of moments.

When implemented naively, however, the FDFD method faces the problem of the slow
convergence of iterative methods to solve Ax = b. In this dissertation, we have developed
two techniques to greatly enhance the convergence speed. The first technique is to better-

condition the matrix A by using an appropriate perfectly matched layer (PML), i.e., SC-PML

93



94 CHAPTER 5. CONCLUSION AND FINAL REMARKS

or SP-UPML, instead of the more commonly used UPML. The second technique is to re-
move the near-zero eigenvalues of A by utilizing the continuity equation. Combining the
two techniques, we have achieved a dramatic increase in convergence speed; for example,
the benchmark problem “Slot” originally took 6 hours to solve with 1024 CPU cores, but af-
ter applying the techniques it took only 10 minutes with 128 CPU cores, resulting in a nearly
300-fold speedup. Beyond solving a few benchmark problems, we have demonstrated the ef-
ficiency of our 3D FDFD solver in a practical situation by using it in designing nearly perfect

bends and splitters in plasmonic coaxial waveguides.

The use of iterative methods in our 3D FDFD solver is somewhat unconventional from
the perspective of the numerical linear algebra community. When the problem becomes
larger, the numerical linear algebra community is willing to use more computation time
per-iteration rather than more iteration steps. For example, they try to keep the number of
iteration steps below 100 even for a very large problem, as shown in Refs. [126, 127]. Usually
this is possible only with very sophisticated algorithms or rather dense preconditioners, both

of which are in general not easy to implement in parallel computing environment.

On the contrary, we carry out the iteration process for a very large number of iteration
steps; for example, to solve “Slot” we use about 12,000 iteration steps; this is less than 0.1 % of
the total number of unknowns (3NN, N, =~ 27 million), but it is still an enormous number
to the numerical linear algebra community. Nevertheless, we solve this large 3D problem
very efliciently within several minutes thanks to highly parallel computing environment;
note that our two techniques achieve accelerated convergence by modifying the differential
equation before discretization, and therefore the discretized equation remains very sparse
and highly suitable for parallel computing environment. We think that our approach of us-
ing extremely lightweight per-iteration computation for an unconventionally large number
of iteration steps on highly parallelized hardware is one practical way of solving large and

complex problems using iterative methods.

Recently, graphics processing units (GPUs) have emerged as a powerful parallel com-
puting platform. A GPU has a huge number of computing cores but a very limited amount
of on-chip memory. Using iterative methods, our 3D FDFD solver consumes a very small
amount of memory compared to other solvers using direct methods. Especially, if the solver

is implemented with the matrix-free formulation, which performs the curl operation on Yee’s
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finite-difference grid itself without ever constructing a matrix, then our 3D FDFD solver be-
comes extremely memory-efficient, and hence it is well-suited to be implemented on GPUs.
A preliminary implementation shows that a single GPU can drive our solver as fast as 256
CPU cores. Numerical simulation of complex photonic devices on a desktop using GPUs is
certainly foreseeable.

We will be excited to see the FDFD method become popular and contribute to the ad-

vancement of photonics technology.






Appendix A

First-order perturbation method for
nondegenerate singular values of

symmetric matrices

In Appendix C.2, the singular values of symmetric matrices are calculated by a perturbation
method, which we describe in this appendix. The overall derivation is very similar to the
derivation of the widely used perturbation method for the nondegenerate eigenvalues of

Hermitian matrices, for which we refer readers to Ref. [128].

For a symmetric matrix A € C"™" such that AT = A, its SVD is known to reduce to
A=V SVT, (A.1)

where V* is the complex conjugate of V. In other words, U = V* in the original singular
value decomposition of Eq. (2.13) and u; = v in Eq. (2.14). The decomposition (A.1) is
called the Takagi factorization or the symmetric SVD [129Corollary 444 130, 131].

Suppose that A(®) € C"™" is a symmetric matrix whose Takagi factorization in the form
(2.14) is
n
A©) - Z PICMOAOL (A.2)
r=1
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We consider a symmetric matrix A that is perturbed from A():
A=AO 4540, (A.3)

where § is a small number that characterizes the strength of the perturbation. We seek to

calculate the singular values of A, whose Takagi factorization is written as

A=) oviv). (A4)
r=1

We assume that the singular values of A and A() are both nondegenerate. Then, for any
singular value o, of A, the corresponding right singular vector v, is unique up to an arbitrary
phase factor e?% with 0, real [129Theorem 73.5] ‘because v, is the unit eigenvector corresponding
to a distinct eigenvalue o? of the Hermitian eigenvalue problems (2.18);' the same is true for

pt corresponding to a” of A©). As a result,

(0,,v,) > (or(o), e""”vfo)) for some real ¢, as § — 0 (A.5)

because A —» A(® as § — 0. The nondegeneracy constraint is important in obtaining

0 _
q

Eq. (A.5); without this constraint, in cases where ¢ or,(O) for q # r, v, converges to a

unit vector in span {véo) , vfo)} instead.

For the perturbed matrix A, we want to express its pth singular value o, to first order in
0. Noting that {vl(o), ces VS,O)} is an orthonormal basis of C”, we expand the corresponding

right singular vector v, as

n
vy = 2 crvfo). (A.6)

IThe phase factor e'%" is arbitrary for the general SVD, but in fact it is not for the Takagi factorization [130];
the equality in Eq. (A.4) cannot be maintained for real o, if v, is scaled by a factor of e unless e'? = +1. The
only exception arises when o, = 0, whose corresponding right singular vector v, can be freely scaled by any
phase factor. Unfortunately, we have to deal with such an exceptional case in Appendix C.2, so we allow the
freedom to vary the phase factor of v,.
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From Eq. (A.5), we see that v,, ~ ei‘/’PVI(,O) for small 8. Thus, to lowest order in J,

.o e%r0(1) =0(1) forr=p, (A7)
0(9) forr + p.

From Eq. (A.4) we have 0,v; = Av,. Substituting Egs. (A.3) and (A.6) into this, we obtain
0 Z v = zn: ¢ (A® + §AM)y ), (A.8)
r=1
Subsequent multiplication of vz(,O)T to Eq. (A.8) produces
cy0p = cpap ) 4 266 ( I(,O)TA(I)VSO)), (A.9)

where Eq. (A.2) is used to obtain the first term of the right-hand side.
Now, because of Eq. (A.7), all terms in the sum in Eq. (A.9) are in the order of §2 unless
r = p. Hence,

€, 0, =Cp|0 [ © 4 8( (07 4 (1)1/1(70)>] +0(8%), (A.10)

or equivalently

c
0p— C—I: [0150) +6 (vf,o)TA(l)vf,O))] = 0(8%). (A.11)
P

By taking the modulus of Eq. (A.11) and using the triangle inequality, we obtain

|O(52)‘ < 0, ‘ (0) ( Igo)TA(l)V;O))‘ < ‘O( (A.12)
where |0, = 0, we have
‘ (0) ( I(’O)TA(I)VI(’()))‘ +0(8%), (A.13)

which is the expression of the perturbed singular value o, in terms of the original singu-

(0) (0)

lar value o, , perturbation matrix A, and the perturbation

strength 6.

, original singular vector v,






Appendix B

Maximum singular values of
homogeneous media accounting for

finite-difference approximation

In this appendix, we derive Eq. (2.43) in Sec. 2.3.2, considering the finite-difference approx-
imation of the spatial derivatives used in T = T*, T%, T5% of Eq. (2.27).

When T is applied, Ex(r) = Fie T of Eq. (2.28) is differentiated spatially by two curl
operators. The first curl operator generates an H-field from Ey as indicated in Eq. (1.1a) for
M = 0. The generated H-field, which is denoted by Hy(r) = Gxe ’** here, is differentiated
by the second curl operator as shown in Eq. (1.1b). In this double curl operation, the p-

components of Ex and Hy, are differentiated as

O, (r) .
# = —ik, Ey (1) (B.1)
and SH ()
kp\T .
> fv = —ik, Hy,(r) (B.2)

for p,w=x,y,z.

On the interlaced E-field grid and H-field grid of Yee’s grid [11] with uniform cell size A,
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the finite-difference method approximates Egs. (B.1) and (B.2) by

Ex,(r. + WA) — Ep ,(r,) e ikt —1
k»P( A) kP( ) — A Ek’p(re) = f(kW)Ek,p(re) (B3)
and Hi () — i o WA) A
r - r, — W 1 — etkw
kp\th k,p\th = Hk,p(l'h) = b(kW)Hk,p(l‘h), (B.4)

A A
where W is the unit vector in the w-direction; r, and r;, are the grid points in the E-field grid

and H-field grid.

Using Eqgs. (B.3) and (B.4), the k-space representations of the finite-difference approxi-

mations of T™, TU and Ts% are

[ b)) e bl f(k) 0
U U
T - b(k)f (k) b fk) _ o 0 , (B.5a)
“ “
T bk f(ky) WP b(k))f (k) 0
Sx Sx Sxh
yg I COTICO R T SVICS SRR 0 (B.5b)
Sy Sxp X > :
_ 0 0 _b(kxsifl(kx) _ be(ky:ﬂky) — S, W€
[ b(ky)f(ky) W2e b(ky)f(kx) 0
“ Sx
T = (VL N TUSVICS R 0 _ (B.5¢)
Sxp Sk
_ 0 0 M) M) _ g

Note that Eq. (B.5) reduces to Eq. (2.30) as A — 0 because f(k,),b(k,) - —ik,. This
means that we obtain Eq. (B.5) by simply replacing k,,’s in Eq. (2.30) with either if(k,, ) or
ib(k, ) depending on the situation. Accordingly, we can follow the same procedure as in
Sec. 2.3.2 to obtain estimates of the maximum singular values from Eq. (B.5). In 2D, the
only difference is that |if(k, )|, |ib(k,)| € [0,2/A] in Eq. (B.5) whereas |k,,| € [0, kyax] in
Eq. (2.30). Therefore, we substitute 2/A for k., in Eq. (2.41) to obtain

o 202, lsleAr /sy 56

max > max > max — >

s 4 g

which is Eq. (2.43a). In 3D we still have |if(k,)|,|ib(ky)| € [0,2/A] and |k| € [0, kmax ], but
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have |if (k,)|,|ib(k,)| € [0,2v/2/A] and |k,| € [0, v/2kmax] due to the special choice of our

coordinate system made in the discussion following Eq. (2.29). Considering this difference

b

we can easily derive Eq. (2.43b) as well.






Appendix C

Lengthy derivations of various formulae
in Sec. 2.3.4

In this appendix, we derive various formulae used in Sec. 2.3.4 to estimate the minimum

singular values of homogeneous UPML and SC-PML with & > 0 in a bounded domain.

C1 k,’s minimizing 0., (T,°) and 0in(T;°) for a given k,

In this section, we derive k,’s minimizing oy, (T, ) and omin (7, ) for a given k,; the derived
k,’s are used in Eqs. (2.54) and (2.57) in Sec. 2.3.4. The assumptions k, > 0, k, > 0,and ¢ > 0
made in Sec. 2.3.4 apply here.

We first consider k, < w/c. For such k,, we show that o,y (T;°) and 0y (T,) are
increasing functions of k,, and therefore they are minimized at k, = 0. To that end, we
examine the analytic formulae of 0, (7°) and omin (7,) as functions of k, and k,,.

The analytic formulae of 0in(T°) and omin (7,) are quite complex, so we use approx-
imations of T, and T; to simplify these formulae. Because of Eq. (2.26), T, and T, of

Eq. (2.30) are approximated to

kfﬁoﬂ/cz kxky 0
istu is
Uy _ kxky k4wt
Tk = W T 0 > (Cla)
2, M2, 272 12
0 0 _kx+sj’c’ (w?/c*~k})

isyu
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ki—wz/c2 kiky
H isy 0
o~ kxk k245" w? [ c?
SCO _ xny _
L= ey 0 , (C.1b)
k2+5"2(w2/cz—k2)
xTox y
0 0 - 12

sy
where ¢ = 1/, /p¢ is substituted.

Now, we examine the singular values of 7,”°. The singular value of T, ° corresponding to

the singular vector [0 0 1]7 is

1

"
SxH

~up _
O3 =

wZ
K (F - k;) , (C2)

which is an increasing function of k, for k, < w/c.

The remaining two singular values of TE“ corresponding to the singular vectors of the

e VAL L VAtL
0.0 = , 00 = , C3
k,1 \/ZSL’[J k,2 \/25;’# ( )

form [a b 0] are

where

242 2 2
_ 2 2 2w w w "2 2
ﬁ_(kx+ky+sx ?) +?(Z_2(Sx +1)ky),
2 L2 (C.4)

2
2 2 wZ 2 w
fi= (K -2 ) l(ki PR DS ) R 1)§]
Between the two singular values, we are only interested in 6, the smaller of the two.

To prove that 6, is an increasing function of k,, we show by straightforward algebra
that the first derivative of f; — f, with respect to k, is nonnegative. The derivative turns out

to be

0 it fa
oK. (fi-f)= A (C.5)

where

fedki(frRe2%h). fmtk(fe D) E BefVE (€O
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and

2 2 "2 w? 2 2 "2 w? ’ 2( 12 w?
fo=ki+kj + (s} 1)?, fr=|ki+ k5~ (s +1)? + 4k (s +1)F' (C.7)
We note that f;, f4, and fs are all positive because fs and f; are positive. In addition, the

numerator — f3 + f; in Eq. (C.5) is nonnegative because

R G Sl L | T (©8)

is nonnegative. Therefore, for k, < w/c, Eq. (C.5) is nonnegative and 6,'] is an increasing
function of k,.

So far, we have shown that ;] and 6,} are increasing functions of k, for a given k, <
w/c. Thus, Umm(ﬁf") = min { &l‘:f’l, 6111)‘)3} is also an increasing function of k,. Since we are
considering k, > 0, Opin ( TE”) is minimized at k, = 0.

We can follow a similar procedure to prove that gy, ( TEC‘)) is an increasing function of
ky for k, < w/c. Very briefly, the singular value of T;“ corresponding to the singular vector
[001]7i

~S8Co __
k3

k2 Ilz(w_z_kZ)

c2

(C.9)

s;’ u
which is an increasing function of k, for k, < w/c. The smaller of the remaining two singular

values of T; corresponding to the singular vectors of the form [a b 0] is

G0 = —\/_V‘g; 5;{?;2’ (C.10)

where
k2 //2k2 2 //2 k2 //2 w? _ kz
&1 = (ky +577ky)" + 257 =5 (C.11a)

1/
2w? 2w?
&= (K +s7K) [ki +2k2s"? (k; N C_“z’) e (k; _ C_“Z’) ] , (C.11b)
Then we have

&+ &
- === C.12
ok, gz) & ( )
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where
2 2
g3 = 4k, [(ki +siPk2)? + 5;’2% (3k,2€ +s (zciz - ki))] , (C.13a)
_ak (K52 (K
84 = X X + Sy y + ? g5 (C13b)
P 2 P 2\ 2 1/2
g5 = |:kfc+2kfcsgz(c_a;+ki)+sg4 (ki—c—az)) ] . (C.13¢)

In Eq. (C.12), the denominator gs is positive. In addition, the numerator —g; + g4 is non-
negative because g3, g4, and

2, 2 _ 22 6@ (o @ 2
- g+ gy =128k ksl — | ki +s ?—ky (C.14)

Ty 4 x

are nonnegative. Therefore, 6, and G, are increasing functions of k, for a given k, < w/c,
which implies that 01, (7,“) = min {6;3", 6§C§} is also an increasing function of k,. Since

we are considering k, > 0, 0pin(T;”) is minimized at k, = 0.

Next, we consider k, > w/c, and show that amm(fl?") and amin(if“) are minimized at
ki = kyo = s{[k3 — w?/c*]/* for such k,. First of all, we see that 6, and 6,5 of Egs. (C.2)
and (C.9) are minimized at k, = k,o. In addition, since Egs. (C.8) and (C.14) are negative
for ky < kyo and positive for k, > ky, 6,4 and G, are minimized at k, = kyo. Therefore,
Omin ( T ") = min {61‘(1‘1, 61‘:03} and opn ( TECO) = min {&licl" , 6§°§} are minimized at k, = k..

In summary, amin(fl':") and omin(flic") are minimized at k, = 0 for k, < w/c, and at

ky = kyo for k, > w/c. Because Ty = TE", Tﬁc‘) are good approximations of T = T,°, T, we

have
. . ~ ~ w
min Omin (Tic) = min Omin(Tic) = Omin (i) = Omin(Ti) oo fork, < - (C.15)
and
. . ~ ~ w
rklgrol Omin(Tx) = Iklzgol Omin(Tx) = Umin(Tk)kx:kxo ~ cfmin(Tk)kX:,%0 for k, > = (C.16)

which are Egs. (2.54) and (2.57), respectively.
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x :kxO kx :kxO

C.2 Estimates of O'min( T, 0) — and omin( T, for

)kx:kxO
a given k, > w/c

In this section, we derive the estimates of 0,y ( T." ) ks and omin( T ) . foragiven k, >
w/c, where ko = s{\/ k3 - ‘;’—22, using the perturbation method developed in Appendix A; the
estimates are used in Eq. (2.58) in Sec. 2.3.4. The specific assumption k,, > w/c as well as the

assumptions k, > 0, k, > 0, ¢ > 0 made in Sec. 2.3.4 apply here.

Suppose that the given k, is k)o > w/c. Then

144 2 wz
kxO =S, kyO - F (C17)
Also define
k() = )A(kx() + i’kyo. (C].S)

Then, the left-hand sides of Eq. (2.58) are gy, ( T ) and 0in ( Tlig" ), which we evaluate below.

We approximate omin(Ti,) for Ty, = T, T to first order in a small perturbation pa-
rameter §. The perturbed quantity in Ty, is the real part of s,. We write s, of Eq. (2.25)
as

sy =—isi(1+96), (C.19)

where
6=—. (C.20)

Because |0| << 1 due to Eq. (2.26), the approximation of oy, ( T, ) to first order in & should

be an accurate estimate of oyin ( T, )-

We first derive the approximation of o,in (7.’ ). One singular value of T,* corresponding
to the singular vector [0 0 1] is 0y, 3> which is ;% of Eq. (2.32) for k = k. Because Eq. (C.19)

implies
1 1 1
2 P10 s (1-28) +0(8%), (C.21)



110 APPENDIX C. LENGTHY DERIVATIONS OF VARIOUS FORMULAE

we have

2

k 2
(1—26)+——w£
4

k
oo + 0(82) = 2|8]|ss (LO - wzs) +0(82), (C22)
w

53 |Sx|

//2
X

where k, is expressed in terms of k using Eq. (C.17). Substituting Eq. (C.20) in Eq. (C.22)

leads to o
2\/si? +1
O s = ng ( ;O w s) +0(8%). (C.23)

The remaining two singular values of T;* correspond to the singular vectors of the form
[a b 0]". Therefore, we can derive the two singular values by applying the perturbation
method established in Appendix A to the top-left 2 x 2 block of T ;. Using Eq. (C.19) and
1 1 1

—_ e =——(1- 2
s is"(1+0) - (1-8) +0(8%), (C.24)

!
X

we approximate the top-left 2 x 2 block of T,* of Eq. (2.30b) for k = k; as

kf,o e kxokyo (1_ 8) kkayO( _ (S)
Sou s T T /4 is isi u
A= "‘uk x il ~

2

_kxokyo kxokyo
wh s Sxwle - (1-0) - ”(1— 8) +is(1+ 8)we
(C.25)
Following the notations in Appendix A, Eq. (C.25) is decomposed as
K kkayO K2, kxokyo
//3 //3 7]
Ax A0 4 §AD = | B By s st sk (C.26)
kxokyo — isikyg _ kxokyo k3o " ’ ’
isi T isiu ist + lS w’e

where A(®) and A" are simplified using Eq. (C.17).

We obtain the two singular values 0,’, and 6, , of T, from A. However, since eventually
we are interested in g, ( Tlfoo ), we focus on the smaller of the two, which is denoted by Ul?;))l.
Because § is small, it is reasonable to assume that the smaller singular value of A is the
one perturbed from the smaller singular value of A(), which is denoted by 01(0). Thus, we

estimate 0, as the perturbation of 01 ©) In fact, 0( ) = 0 since det(A®) = 0.
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kx :kx kx :kxO

(0) (0)

The right singular vector v; "’ corresponding to o, ’ is calculated by solving the eigen-

value problem (A©7A®)y(? = 59 a5 described in Eq. (2.18). The result is

MO 1 —isykSo , (C.27)
\/kfco/s;’z + s;’zkio —ik3, /s

Using Egs. (C.26) and (C.27) in Eq. (A.13), we obtain

ug ‘ ), ( OT 40 (o))’ +0(8%) =20 ki() —whpe +0(8?) (C.28)
Opol 2 v =20’ ”2+1)k2 e , .

where Egs. (C.17), (C.19), and (C.20) are used to simplify the result.

Taking the ratio between Egs. (C.23) and (C.28), we can easily see that 01‘:(?’1 < 01‘:(;”3 in the

leading order. Therefore, we conclude that

2 2

w ue
O'min(le)o) = 20.)2 2 ‘

TR +0(8?), (C.29)
x Y

which is Eq. (2.58a).

Next, we derive the approximation of omin (7. " ). The overall procedure is very similar to
the derivation of oyin (T}, ). One singular value of T;* corresponding to the singular vector
[001]" is 6", which is 0§ of Eq. (2.32) for k = ko. Using Eq. (C.21), we obtain

2

ks,
+0(8%) = 2|4 (7 -w e) +0(8%), (C.30)

2
SCo _

Kso 0 (1-26) Sl
0, = +— — we
o3 | s u

where k, is expressed in terms of k, using Eq. (C.17). Substituting Eq. (C.20) in Eq. (C.30)

results in
2

S +0(8). (C31)

O = p - w’e .
X

The remaining two singular values of T;*° correspond to the singular vectors of the form

[a b 0]". Therefore, we derive the two singular values by applying the perturbation method
of Appendix A to the top-left 2 x 2 block of T;*. Using Egs. (C.21) and (C.24), the top-left
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2 x 2 block of T, of Eq. (2.30c) for k = k is approximated as

Ko _ g ke Bo _ e fobo () — 8)
A=]| *# SxH ~ ¢ isip (C.32)
_ kxokyo k2 kxokyo (1 _ 8) B (1 ) > :

Sxp Sx# (() € is;/‘u //2

which is decomposed as

kach kkayO 0 _ kkayO
~ A(0) W | Pu  isie isyu
A — A + 6A — kxokyo kf,() + 6 _kkayO 2k2 > (C.33)
istu sy 5;’2;4

where A(®) and A" are simplified using Eq. (C.17).

(0) _ (0)1/1(0) for 01(0) = 0 to obtain

MO ! [ yo ] , (C.34)

H 144
\/ kZo/si? + kio ~ikso/s!

Using Egs. (C.33) and (C.34) in Eq. (A.13), we obtain the singular value of A perturbed from

0'1(0)2

We solve the eigenvalue problem (AT A©))y,

2

k - wue
0 = ’ 1(0) +6 (vl(o)TA(l)vl(o))’ +0(8%) = o X0 !

0

X

where Egs. (C.17), (C.19), and (C.20) are used to simplify the result.

Taking the ratio between Egs. (C.31) and (C.35), we can easily see that aligf’l < 0&2‘)’3 in the

leading order. Therefore, we conclude that

k2, - w?ue
Omin ( TSCO ) - » ‘u

S , 2k2—a)ZMS + 0(82), (C36)
x 0

which is Eq. (2.58D).
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C.3 Lowest-order approximation of 0in(7,°)/0min(T;°)

around k = y(w/c)

In this section, we derive the lowest-order approximation of o (T, )/0min(T;°) around
k = y(w/c), or equivalently around k, = 0 and k, = w/c; the approximation is used in
Eq. (2.62) in Sec. 2.3.4.

First, we derive the lowest-order approximation of [ omin (T;* ) ]*. According to Eq. (2.18),
the squares of the singular values of T, are the eigenvalues of (T,°)"T;°. From T, of

Eq. (2.30b), the eigenvalue of (T;* )T, corresponding to the eigenvector [0 0 1] is

(0%) = 1[ kjsn+( 15”)(k2 wz)][ k’zf +(l+zs")(k2 ‘;)2)], (C.37)

2 "
1-is! c 1+ is!

which is the square of ¢, in Eq. (2.32). We expand Eq. (C.37) into a Taylor series with re-
spect to two variables A, = ky~0and A, = k,—w/c. The lowest-order-term representation

of the series, shown in the order of ascending powers of Ay, is

Y2 prs!’*+1c

1
— | A7 . C.38
+[(5;’2+1)u2] " (39

(09)? = [M—AZ +O(A3 )] l 45— LN v 02 )]

The remaining two eigenvalues of (T,°)" T, correspond to the eigenvectors of the form

[a b 0]". Solving the eigenvalue equation directly, we obtain the smaller of the two:

(00" = sy [ (k) ~ Ve (k)| (©39)

where

2 4
Foo (ke ky) = (K2 + K2+ 2 ((s)2 = 1)k2 - k2) % A (72 + 1) +1) % (C.40)
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and

1 wz
g" (ke ky) = (K + )+ 4k + k) (5 - Dk - k) =
4
+2 [(352’4 — 25"+ 2)ki+2 ((s”2 +1)*+ 1) kiks — ((s;'2 +1)% - 3) ki] %

X X

6 8
+ a5 (s +2) (P - 1)k + K2) % Ls(s 4 2)2%. (C.41)

We expand Eq. (C.39) into a Taylor series with respect to Ay, and Ay . The lowest-order-term

representation of the series, shown in the order of ascending powers of Ay, is

4 s"7-1 w
—Aky+O(Aiy) Aix

4 w?
PR

(03)* = [m 2 A} + O(Aiy)] + l

1
+ l(sllz N 1)3#2 + O(Aky)] Aix + O(Aix) (C.42)

Because Ag, ~ 0 and Ay, ~ 0, the O(Azx) and O(Azy) terms in Egs. (C.38) and (C.42)
can be ignored. Then, we realize that (0,%)? = (0,3)?/(s%* +1)? and thus () < (6,%)>.

Therefore, the lowest-order approximation of [0min(T;*)]?* around k, = 0 and k,, = w/c is

4 w? 4 5112_1 ) 1
w2 | % W |2 Sy 1w 2 — | A}
[Umin(Tko)] ~ |:(1+S;C/2)#2 = Aky] [#2 (5;’2+1)3 c Aky] Akx + l(S;IZ +1)3ﬂ2]Akx.
(C.43)

The lowest-order approximation of [ 0min( 7T, )]* can be derived similarly by expanding

(03)* and (o) )* into Taylor series and choosing the smaller of the two:

4 w2 4 §?-1 w 1
2 | 22 A2 I e 2 4
[O'min(TliCO)] ~ [/42 % Aky] + [ i (s”2 T c Aky] Akx + [—(SHZ " I)Z,Ltz] Akx. (C.44)

We realize that Eq. (C.43) is proportional to Eq. (C.44) with the proportionality factor
1/(1+ s/’*). Therefore, around k = ¥(w/c) we have

O-min(Tlllo) -~ 1 1

Umin(leCO) - \/1+S;’2 B @

> (C.45)

which is Eq. (2.62).



Appendix D

Eigenvalues and eigenfunctions of

Vx(Vx )andV(V- )

Using the k-space representations of the operators, in this section we derive the eigenvalues
Eq. (3.11) of V x (Vx ) and Eq. (3.12) of V(V- ) as well as their corresponding eigen-

functions.

Becauseboth Vx(Vx )and V(V- ) aretranslationally invariant, their eigenfunctions

have the form [485¢¢- 232 49Sec. 2.61]
F = Fe kT, (D.1)

where r represents position, k = %k, + yk, + 2k, is a real constant wavevector, and Fy =

XF] + §F] + 2F; is a k-dependent vector.

We reformulate the eigenvalue equations V x (V x F) = AF and V(V - F) = AF by substi-
tuting Eq. (D.1) for F. Then, the eigenvalue equation for V x (Vx ) is

Kk —kk, kK |[ B Fy
Kk, k2+k: —kk || B [=2| B | (D.2)
“kke  —kk, K2k || E F:
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and the eigenvalue equation for V(V- ) is

K kk, kk |[ B F;
| kke K2 Kk || B|=A| B | (D.3)
kke kk, k|| E F?

By solving Egs. (D.2) and (D.3) for a given k, we obtain
A=0, kP, [k, (D4)

which is Eq. (3.11), as the eigenvalues of V x (Vx ), and
A =-k[’, 0, 0, (D.5)

which is Eq. (3.12), as the eigenvalues of V(V- ), and Eq. (D.1) with

®
tan
N
|
==
=

(D.6)

o]
pE
Il
X A A&
NN
|
> O
x®
»‘
®

as the eigenfunctions corresponding to both Egs. (D.4) and (D.5).
We note from Egs. (D.4) and (D.5) that Vx(Vx )and V(V- ) are positive-semidefinite

and negative-semidefinite, respectively.



Appendix E

Effect of the smallest root of p,, € P, on
the slopes at the roots

In this section, we show that the slopes at the roots of a polynomial p,, € P,, with all posi-
tive roots become steeper when the smallest root decreases in magnitude. This behavior is

illustrated in Fig. 3.6.

Since p,, € P, satisfies the condition (3.16), it can be factored as

. o ¢
-1~ ¢ ). 1)

where d,, < m is the degree of p,, and (;’s are the roots of p,,. Hence, the slope of p,, at a

root (j is

ooy L G
P = 11 (1 : ) (E2)

Now, suppose that 0 < {; < -+ < {3,,. We can easily show that |p/,({i)| increases for any

k when (; decreases toward zero (while remaining positive) as follows. For k = 1, we have

Rt P T P
|Pm((1)|—(1(1 (2) (1 Cdm)’ (E.3)
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which clearly increases as (; decreases to 0. For k > 1, we have

%

1
|pm((k)| (__1)[(k ZH Cz

1,k

] (E4)

where the parentheses enclose the only quantity that is dependent on ;. We can therefore
see that |p/, ({x)| increases as {; decreases for k > 1 as well. Therefore, for a given p,, € P,
whose roots are all positive, the slopes of p,, at the roots become steeper if the smallest
root decreases in magnitude while remaining positive. This situation is illustrated by the
transition from Fig. 3.6a to Fig. 3.6b.

The slopes at the roots also become steeper when the originally positive {; is replaced by
a negative value, as long as the negative value is smaller in magnitude than the original ;.
Replacing the originally positive {; with a negative quantity that is smaller in magnitude is
equivalent to first replacing {; with a smaller positive value and then flipping its sign. Because
we have already shown above that the slopes get steeper when the originally positive (; is
replaced by a smaller positive value, it is sufficient to show that flipping the sign of {; makes

the slopes even steeper. For a negative (;, the slopes at the roots are

G\ (L
(0] - |(|( ) (1 (dm) 5

1
%

|pm(Ck)| (m+1)l(k 11;11]( (1

for k > 1. These slopes are steeper than Egs. (E.3) and (E.4), respectively, which are the slopes

and

] (E.6)

for a positive (; with the same magnitude. Therefore, for a given p,, € P,, whose roots are all
positive, the slopes of p,, at the roots become steeper if the smallest root is replaced by the
one that is smaller in magnitude but negative. This situation is illustrated by the transition

from Fig. 3.6a to Fig. 3.6c¢.



Appendix F

Trend in the slopes of a polynomial at the

roots

In this section, we consider a polynomial p with all real roots, and show that the slope of
p evaluated at a root closer to the median of the roots tends to be gentler than the slope
evaluated at a root farther away from the median of the roots. This behavior is illustrated in
Fig. 3.8.

Consider a polynomial of degree m,

p(O)=al](C- ), (E1)
i=1
with (; < -+- < {,,,. The slope of p at a root (j is

p'(G) = aT(G-G). (E2)

itk

Now, we evaluate |p’({x.1)|/|p'({k)|- We first consider the case where the roots are evenly

spaced, i.e., {;;; — (; = (const.), for which we have

p'(Gen)| _ KI(m—k-1! _ k
(G (k=D (m-k) m-k

(E3)

Equation (E.3) is an increasing function of k for 1 < k < m -1, and it is less than 1 for
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k < m/2 and greater than 1 for k > m/2. Therefore, |p’({})| is largest for k = 1 and k = m,
and it decreases as k becomes closer to k = | (m +1)/2| and k = [(m +1)/2], which are the
medians of the indices. In other words, for p with evenly spaced roots, the slopes of p get
gentler at the roots closer to the median of the roots.

It is reasonable to expect that the above trend in the slopes also holds for p with unevenly

spaced roots, unless the unevenness is too severe. To verify the expectation, we examine

Ip" (Cks1)|/|p! (Ck)| without assuming (;; — {; = (const.):

|P’((k+1)| _ Hi¢k+1 |Ck+1 - C1| H |Ck+1 X I(Ckﬂ ) - (Cz - (k+1)
i=k+2

PO TLalle=Gl ia 1G-Gl S\ G-G G- G

-[H( "z:_ék)nigz(l—4“;;:;;)1.

Here, the factors within the first (second) brackets are always greater (less) than 1, so the

number of factors greater (less) than 1 increases (decreases) for increasing k. Therefore,
1P’ (Cks1)|/1p’ (Ck)| tends to be less than 1 for smaller k, and it tends to be greater than 1 for
larger k. This means that as k increases |p’({})| tends to decrease first and then tends to
increase. Hence, even if the roots of p are unevenly spaced, the slopes of p tend to get gentler

at the roots closer to the median of the roots.
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