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Abstract
The year 2015 marked the first detection of a gravitational wave signal from a pair of black

holes located 410 megaparsecs (1.3 billion light-years) away. Their merger unleashed an immense
amount of energy, with the peak emission rate surpassing the combined power of all luminous stars
in the observable universe. Unlike stars, the merger of two black holes does not emit electromag-
netic radiation like visible light but instead illuminates the universe with gravitational radiation.
These waves traveled freely for over a billion years before being captured by the twin Laser Inter-
ferometer Gravitational-Wave Observatory (LIGO) detectors. Upon reaching Earth, these waves
caused a minuscule length change between the LIGO mirrors, on the order of 10−18 m, a thousand
times smaller than a proton.

The unprecedented sensitivity of LIGO requires an extremely low noise level. The design
of LIGO as an interferometer converts the gravitational-wave signal to an optical signal, which
is measured on photodiodes along with other noises. One of the noise sources is the quantum
noise due to the quantum vacuum fluctuations of the light itself. Besides the light, the mirror also
has quantum-mechanical features and experiences quantum back-actions when we probe it with
light. Knowing the position of the mirror very well would inevitably perturb its momentum, which
prevents us from precisely making the next measurement of the position. This is fundamental
physics dictated by Heisenberg’s uncertainty principle. In the case of continuous measurement
like LIGO, the quantum back-action leads to an apparent sensitivity limit known as the Standard
Quantum Limit (SQL). It tells us how precisely we can measure an object with light.

The SQL applies when using uncorrelated photons or coherent light to measure the object, such
as a laser beam. However, introducing quantum correlations through squeezed light, a technique
called squeezing (Chapter 2), can circumvent this limit. Squeezed vacuum, a non-classical light
state, exploits quantum correlations between photon pairs to reduce vacuum fluctuations in one

3



quadrature at the cost of another. By manipulating the quantum correlation between light and the
mirror, the squeezed vacuum can potentially reduce quantum noise below the SQL, a concept ex-
plored in frequency-dependent squeezing. This thesis develops a first-principle model of quantum
noise in LIGO (Chapter 3) and investigates how squeezing can mitigate it while considering prac-
tical factors like optical losses and mode-mismatch (Chapter 4). These theories are constructed
with a bottom-up approach. Experimental details on generating and utilizing frequency-dependent
squeezing for LIGO are also discussed (Chapter 5), culminating in the observation of LIGO’s quan-
tum noise below the SQL (Chapter 6).

Besides squeezing, increasing optical power can also reduce quantum shot noise. Nevertheless,
maintaining high power levels (fractions of megawatts) in LIGO is challenging due to experimental
imperfections, such as unintended point absorbers on the mirror coating. This thesis analyzes the
thermoelastic distortions caused by these absorbers, which limit achievable optical power in current
and future gravitational-wave detectors (Chapter 7).

Thesis Supervisor: Matthew Evans
Title: Professor of Physics
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1 INTRODUCTION

It was in 1915 that Albert Einstein completed his general theory of relativity, ten years after he pub-

lished his theory of special relativity. The new theory revolutionized our understanding of gravity,

which impacts us every single second. Apples fall to the ground because of the curved spacetime

caused by the mass of the Earth. General relativity brings us GPS navigation, precision timekeep-

ing, and, most interestingly, gravitational-wave astronomy. However, it took another 60 years for

humans to verify the existence of gravitational waves [21], and 100 years to directly observe them

with Laser Interferometer Gravitational-Wave Detectors (LIGO) [22]. To observe the infinitesimal

gravitational wave signals that are a thousand times smaller than the size of a proton, LIGO must

tremendously reduce its other noises. In this thesis, we focus on one of the dominant sources of

noise in LIGO, quantum noise, and ways to reduce it to achieve better instrument sensitivity and

detect gravitational waves from deeper regions of the universe. I’ll provide a phenomenological

overview of my thesis in the introductory chapter before delving into more formal details in the

following chapters.

1.1 Nature of Gravitational Waves

In Einstein’s worldview, space and time are not separate entities. Instead, they form a 4-

dimensional “spacetime” that treats 3-dimensional space and 1-dimensional time in equal footing.
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The geometry of the spacetime tells objects how to move. Conversely, mass interacts with space-

time by telling it how to curve [23]. In a vacuum with no massive objects (an empty Universe),

spacetime is flat as assumed in special relativity, and objects move in a straight line as expected

from Newton’s First Law. In a curved spacetime like those around the Earth, a mass falls freely

to the Earth as if it’s “attracted” by Earth’s gravity. The stronger the mass, the more curved the

spacetime is.

The 4-dimensional spacetime field has dynamics and follows wave equation analogous to the 3-

dimensional electromagnetic fields. The vacuum allows for the propagation of gravitational waves

at the speed of light, similar to the propagation of electromagnetic waves. Just like all accelerating

charges emit electromagnetic waves, all accelerating masses emit gravitational waves; but only

those from heavy bodies (several solar masses) with large accelerations (inspiral) have a large

enough amplitude to be remotely detected. The primary example is the binary merger of compact

objects. Consider a pair of black hole binary with mass 𝑚1, 𝑚2 in a circular orbit of distance 𝑎.
The amplitude of gravitational wave (in units of strain) at a distance 𝑟 away from the source is

approximately

ℎ ≈ 4𝐺2𝑚1𝑚2
𝑐4𝑎

1
𝑟 = 𝑟𝑆1𝑟𝑆2

𝑎
1
𝑟 (1.1)

where 𝑟𝑆 = 2𝐺𝑚/𝑐2 is the Schwarzchild radius of the black hole, roughly 2.9 km for our Sun. For

a pair of 30-solar mass black holes with a distance of 350 km away from each other and 400Mpc

away from Earth, the amplitude observed here is

ℎ = (90 km)(90 km)
350 km

1
(400)(3 × 1019 km)

≈ 2 × 10−21 (1.2)

which is an incredibly small number. When Einstein estimated the gravitational wave amplitude in

1916 [24, 25], he thought it was far too weak to be detectable. It indeed took a hundred years for

the technology to develop until we made the first direct observation of gravitational waves [22].
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1.2 Detecting Gravitational Waves with Advanced LIGO

When a gravitational wave sweeps across Earth, the spacetimewe inhabit oscillates. This space-

time fabric dictates how particles move, including massless particles like photons. The travel time

of a photon across a certain distance is determined by the local curvature of spacetime. Therefore,

we can detect these perturbations in spacetime by measuring changes in the travel time of lasers.

An interferometer is the perfect instrument for making such precise measurements.

A simple Michelson interferometer consists of two perpendicular arms with mirrors at the end.

A beam splitter splits the light injected from one port into two beams and unites them back after two

beams of light travel and reflect from the end mirror. As gravitational wave propagates through the

interferometer with the perfect polarization, there will be a time difference between two beams of

light traveling in their respective arm of the interferometer, which would be detected by measuring

the phase difference, or the intensity fluctuation by interfering with the two beams re-united from

the beam splitter. The time difference can be calibrated in the unit of gravitational-wave amplitude

ℎ, which is effectively the strain of the arm length, or the change of arm length Δ𝐿 divided by the

length 𝐿 itself.

LIGO is a complex interferometer designed to measure gravitational waves [26]. It essentially

converts a gravitational wave signal to a laser intensity signal that can be measured on a photodi-

ode. Accompanying the gravitational wave signal is the noise from other sources, one of the most

dominant is the quantum noise.

Fig. 1-1 shows the total theoretical noise budget of the LIGO detector. The noise amplitude is

in the unit of strain/√Hz, where the total root-mean-squared (RMS) strain noise of a time series is

decomposed into frequency before taking the square root. The sensitivity of LIGO is limited by the

quantum noise at both low frequencies (10–50Hz) and high frequencies (>100Hz), which contain
important astrophysical information such as the inspiral signal of binary black hole mergers [22]. In

general, our goal is to reduce the noise amplitude at all frequencies in the detection band (<6 kHz).
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Figure 1-1: Noise budget of LIGO in the designed configuration known as “A+” [6].

1.3 Quantum Noise

Quantum noise is a fundamental noise due to the discrete nature of light. The photodiode

sensor registers one photon at a time, giving the measured time series a fundamental shot noise

limit. The discrete nature of photons leads to the counting of discrete independent events. Suppose

the probability of counting one photon during time 𝑑𝑡 is 𝑎𝑑𝑡, where 𝑎 is the photon arrival rate. The
probability of counting 𝑛 photons in each measurement of duration 𝜏 is

Pr(𝑛) = lim
𝑑𝑡→0 (

𝜏/𝑑𝑡
𝑛 )(𝑎𝑑𝑡)𝑛(1 − 𝑎𝑑𝑡)𝜏/𝑑𝑡−𝑛 = (𝑎𝜏)𝑛𝑒−𝑎𝜏

𝑛! (1.3)
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which is a Poisson process. The relative uncertainty of the ensemble average of ⟨𝑛⟩ = 𝑎𝜏 counted

photons is 1/√⟨𝑛⟩. Therefore, the higher the laser power, the less the relative uncertainty or noise.
Alternatively, it is possible to reduce shot noise by squeezed states of light. The beam from a

standard laser is unsqueezed, also known as the coherent state of light. The quantum noise can be

depicted as extra fuzziness on the electromagnetic wave itself (Fig. 1-2).
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Figure 1-2: (a) An ideal electromagnetic wave without quantum noise versus (b) a realistic wave
with quantum noise. Quantum noise is inherent to the light itself and can not be removed.

While we can’t completely remove the quantum noise, we can re-distribute the noise in ampli-

tude and phase quadratures. The unsqueezed light has a quantum noise that is evenly distributed in

phase and amplitude, forming a round noise circle. The squeezed state of the light, however, could

have the noise circle squeezed on one quadrature and anti-squeezed on the other side, making the

total noise area unchanged without violating the Heisenberg uncertainty principle.

Since the measurement of the gravitational wave is a time measurement or a phase measure-

ment, we reduce the quantum noise by squeezing the phase quadrature of the light. However, the

amplitude quadrature would be anti-squeezed and become more noisy. The LIGO detector oper-

ates at very high optical power, so high that it converts some of the amplitude quadrature noise

to phase quadrature noise at low frequencies (<100Hz) by radiation pressure. Since the mirrors’
force-to-displacement transfer function is frequency-dependent, it requires a frequency-dependent
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Figure 1-3: An electromagnetic wavewith (a) phase squeezing and (b) amplitude squeezing. Phase-
squeezed wave has less phase noise but more amplitude noise, and vice versa.

instrument to compensate.

Increment of optical power and injection of frequency-dependent squeezing are therefore two

independent methods to reduce the quantum noise. Many experimental challenges need to be over-

come to achieve the designed sensitivity and observe more exciting astrophysical events through

the new window of gravitational waves. I will unfold these challenges in the following chapters.



2 SQUEEZED STATE OF LIGHT

Light was understood as classical waves until physicists revealed its quantum nature [27,28]. The

field of quantum optics was born to study the unique features and quantum-mechanical effects

of light. Squeezed state of light is one type of quantum state of the light, which is useful for

gravitational-wave detection. In this chapter, we discuss the quantum states of light in the language

of quantum mechanics, including the squeezed states of light.

2.1 Coherent State

Before discussing the squeezed state, we have to introduce the coherent state. It was Erwin

Schrödinger who first discovered the coherent state [29]. The coherent state is the state that re-

sembles a classical counterpart the most [30]. It’s also a minimum uncertainty state. The quantum

state of the light emitted from a laser is best described as the coherent state. It is an eigenstate of

annihilation operator 𝑎 in quantum mechanics. Since

𝜕𝛼(𝑒−𝛼𝑎†𝑎𝑒𝛼𝑎†) = [𝑎, 𝑎†] = 1 (2.1)

where 𝑎 is the annihilation operator and 𝛼 ∈ ℂ. We have the eigenstate

𝑎𝑒𝛼𝑎†|0⟩ = 𝛼𝑒𝛼𝑎†|0⟩ (2.2)

31



32 Chapter 2. SQUEEZED STATE OF LIGHT

where |0⟩ is the ground state of a quantum harmonic oscillator. The normalized coherent state is

therefore

|𝛼⟩ = 𝑒−|𝛼|2/2𝑒𝛼𝑎†|0⟩ = 𝑒−|𝛼|2/2
∑𝑛

𝛼𝑛

√𝑛!
|𝑛⟩ (2.3)

This is a minimum uncertainty state with equal uncertainty in position andmomentumΔ𝑥Δ𝑝 = 1/2,
the same as the vacuum state |0⟩. The photon number statistic has

⟨𝑁⟩ = ⟨𝛼|𝑎†𝑎|𝛼⟩ = |𝛼|2 (2.4)

and the probability of finding 𝑛 photon is

Pr(𝑛) = |⟨𝑛|𝛼⟩|2 = 𝑒−|𝛼|2 |𝛼|2𝑛

𝑛! = ⟨𝑁⟩𝑛𝑒−⟨𝑁⟩

𝑛! (2.5)

which is the Poisson distribution described in the introduction (Eq. (1.3)). Amazingly, both quan-

tum mechanics and pure statistics have converged to the same statistical distribution.

Alternatively, we can create a unitary operator that acts on vacuum Eq. (2.3) to create a coherent

state

𝐷(𝛼) = 𝑒−|𝛼|2/2𝑒𝛼𝑎†𝑒−𝛼∗𝑎 (2.6)

There are no eigenstates for the displacement operator 𝐷(𝛼), because it displaces any state on the
phase space. The coherent states are not orthogonal

|⟨𝛼1|𝛼2⟩|2 = exp (−|𝛼1 − 𝛼2|2) ≠ 0 (2.7)

but are complete

∫
𝑑2𝛼
𝜋 |𝛼⟩⟨𝛼| = 1 (2.8)
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2.2 Phase Space

In quantum mechanics, we define quadrature operator 𝑋1 = (𝑎 + 𝑎†)/2 (real part, “position”)

and 𝑋2 = (𝑎 − 𝑎†)/2𝑖 (imaginary part, “momentum”) and have the commutation relation

[𝑋1, 𝑋2] = 𝑖
2 (2.9)

For a coherent state |𝛼⟩, where 𝛼 is a complex number

𝛼 = |𝛼|𝑒𝑖𝜃 (2.10)

we get ⟨𝛼|𝑋1|𝛼⟩ = ℜ(𝛼) and ⟨𝛼|𝑋2|𝛼⟩ = ℑ(𝛼). The fluctuations are Δ𝑋1 = Δ𝑋2 = 1/2, inde-
pendent of 𝛼. So the coherent state is like a circle on the complex plane, centered at (𝑋1, 𝑋2) =
(ℜ(𝛼), ℑ(𝛼)) with equal uncertainty of 1/2.

Alternatively, we can use “polar coordinate” to describe the state. The squared amplitude is

obviously the number operator (𝑁 = 𝑋2
1 +𝑋2

2 = 𝑎†𝑎+1/2 ≈ 𝑎†𝑎), so ⟨𝛼|𝑁|𝛼⟩ = |𝛼|2 +1/2 ≈ |𝛼|2

and Δ𝑁2 = |𝛼|2, followed from Poisson statistics.

The amplitude itself is √|𝛼|2 + 1/2 ≈ |𝛼|. The phase operator is the Susskind–Glogower

operator [31]

𝑉 = (𝑎𝑎†)− 1
2 𝑎 =

∞

∑
𝑛=0

|𝑛⟩⟨𝑛 + 1| (2.11)

with

𝑉 𝑉 † = 1 and 𝑉 †𝑉 = 1 − |0⟩⟨0| (2.12)

so it’s not quite unitary. Its eigenstates are

𝑉 |𝜙⟩ = 𝑒𝑖𝜙|𝜙⟩ (2.13)
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and we can construct |𝜙⟩ using number states

|𝜙⟩ =
∞

∑
𝑛=0

𝑒𝑖𝑛𝜙|𝑛⟩ (2.14)

Note these eigenstates are not normalizable nor are they orthogonal. But they are complete

∫
2𝜋

0

𝑑𝜙
2𝜋 |𝜙⟩⟨𝜙| = ∑𝑛,𝑚

|𝑛⟩⟨𝑚| ∫
2𝜋

0

𝑑𝜙
2𝜋 𝑒𝑖(𝑛−𝑚)𝜙

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝛿𝑛𝑚

= 1 (2.15)

so the probability Pr(𝜙) = |⟨𝜓|𝜙⟩|2/2𝜋 sums up to 1. Technically, the completeness still holds if

we pick any integration range of 2𝜋 difference

∫
𝛿+𝜋

𝛿−𝜋

𝑑𝜙
2𝜋 |𝜙⟩⟨𝜙| = 1 (2.16)

For a coherent state, we have

Pr(𝜙) = 1
2𝜋 |⟨𝜙|𝛼⟩|2 = 𝑒−|𝛼|2

2𝜋 |

∞

∑
𝑛=0

𝛼𝑛

√𝑛!
𝑒−𝑖𝑛𝜙

|

2

= 𝑒−|𝛼|2

2𝜋

∞

∑
𝑛,𝑚=0

|𝛼|𝑛+𝑚

√𝑛!𝑚!
cos [(𝑚 − 𝑛)(𝜙 − 𝜃)]

(2.17)

The (𝑖 sin[...]) part is averaged out because it’s anti-symmetric. The expectation value is

⟨𝛼|𝜙|𝛼⟩ = ∫
𝛿+𝜋

𝛿−𝜋
𝑑𝜙Pr(𝜙)𝜙 = 𝜃 + ∫

𝛿+𝜋

𝛿−𝜋
𝑑𝜙Pr(𝜙)(𝜙 − 𝜃) = 𝜃 (2.18)

where the even and odd functions of 𝜙 cancel each other. We’ve used the trick of translating the

integration range even though it’s not from −∞ to ∞. The variance is

Δ𝜙2 = ∫
𝛿+𝜋

𝛿−𝜋
𝑑𝜙 Pr(𝜙)(𝜙 − 𝜃)2 = 𝑒−|𝛼|2

2𝜋

∞

∑
𝑛,𝑚=0

|𝛼|𝑛+𝑚

√𝑛!𝑚! [
2𝜋3

3 𝛿𝑚𝑛 + 4𝜋 (−1)𝑛−𝑚

(𝑛 − 𝑚)2 (1 − 𝛿𝑚𝑛)] (2.19)
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This result is exact but complicated. For very large |𝛼| ≫ 1, we can make smart approximations
on the probability density function

Pr(𝜙, |𝛼| ≫ 1) = 1
2𝜋

|
|
|
||

∞

∑
𝑛=0 (

(|𝛼|2)𝑛𝑒−|𝛼|2

𝑛! )

1
2

𝑒−𝑖𝑛𝜙
|
|
|
||

2

≈ 1
2𝜋

|
|
|
||

∞

∑
𝑛=0 (

1
√2𝜋|𝛼|2

𝑒− (𝑛−|𝛼|)2
2|𝛼|2

)

1
2

𝑒𝑖𝑛(𝜃−𝜙)
|
|
|
||

2

≈ 1
2𝜋√2𝜋|𝛼|2 |∫

∞

0
𝑑𝑛𝑒− (𝑛−|𝛼|)2

4|𝛼|2 −𝑖𝑛(𝜃−𝜙)

|

2

= √
2|𝛼|2

𝜋 𝑒−2|𝛼|2(𝜙−𝜃)2

(2.20)

We’ve used the trick to approximate Poisson distribution with Gaussian distribution. The approxi-

mate variance can be directly read off Δ𝜙 ≈ 1/(2|𝛼|), and the expectation is still 𝜃.
For a number state |𝑛⟩, we have ⟨𝑛|𝑋1|𝑛⟩ = ⟨𝑛|𝑋2|𝑛⟩ = 0, but the variance is Δ𝑋1 = Δ𝑋2 =

√2𝑛 + 1/2. So the number state is located at the center of phase space. Its shape can be seen from
polar coordinates. The amplitude has ⟨𝑛|𝑁|𝑛⟩ = 𝑛 and ⟨𝑛|𝑁2|𝑛⟩ = 𝑛2, so there’s no fluctuation in

the amplitude. Intuitively, there must be maximal fluctuations of phase. It’s easy to show that the

probability density is flat Pr(𝜙) = 1/(2𝜋) and Δ𝜙 = 𝜋/√3.
The vacuum state |0⟩ is has simply ⟨0|𝑋1|0⟩ = ⟨0|𝑋2|0⟩ = 0, Δ𝑋1 = Δ𝑋2 = 1/2. In

polar coordinates, it has 1/2 amplitude with zero fluctuation and flat phase probability density

Pr(𝜙) = 1/(2𝜋). This can be derived both from coherent states and number states.

Fig. 2-1 summarizes the distributions of quantum states in the phase space. The coherent state

resembles the classical counterpart the most so it’s the “most classical” quantum state, whereas the

number state is the “least classical” quantum state. Squeezed state is somewhere in between, as we

will show in the next section.
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Figure 2-1: Phase space distribution of (a) a coherent state |𝛼⟩ and (b) a number state |𝑛⟩. Note that
the phase of the coherent state scales inversely with the amplitude |𝛼|, following the Heisenberg
uncertainty principle. The phase is entirely random for the number state, which has zero uncertainty
in amplitude.

2.3 Squeezed State

The squeeze operator is defined as [32]:

𝑆(𝑧) = 𝑒
1
2 (𝑧∗𝑎2−𝑧(𝑎†)2) (2.21)

Compared with the displacement operator,

𝐷(𝛼) = 𝑒𝛼𝑎†−𝛼∗𝑎 (2.22)

both operators have a complex number as the parameter 𝛼 = |𝛼|𝑒𝑖𝜃, 𝑧 = |𝑧|𝑒𝑖𝜑. As we will show,

the squeeze operator will squeeze the vacuum fluctuation by a factor of exp (−|𝑧|). The squeeze
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operator is unitary obviously, but it doesn’t have proper eigenstates. Sadly, the 𝑎2, (𝑎†)2 on the

exponential of 𝑆(𝑧) can’t be separated because their commutations are not central up to any order.
Some of the identities are listed here

𝑆†(𝑧) = 𝑆(−𝑧) (2.23)

𝑆†(𝑧)𝑎𝑆(𝑧) = 𝑎
∞

∑
𝑛=0

|𝑧|2𝑛

(2𝑛)! − 𝑎† 𝑧
|𝑧|

∞

∑
𝑛=0

|𝑧|2𝑛+1

(2𝑛 + 1)! = 𝑎 cosh |𝑧| − 𝑎†𝑒𝑖𝜑 sinh |𝑧| (2.24)

𝑆(𝑧)𝑎𝑆†(𝑧) = 𝑎
∞

∑
𝑛=0

|𝑧|2𝑛

(2𝑛)! + 𝑎† 𝑧
|𝑧|

∞

∑
𝑛=0

|𝑧|2𝑛+1

(2𝑛 + 1)! = 𝑎 cosh |𝑧| + 𝑎†𝑒𝑖𝜑 sinh |𝑧| (2.25)

𝑆†(𝑧)𝑎†𝑆(𝑧) = 𝑎† cosh |𝑧| − 𝑎𝑒−𝑖𝜑 sinh |𝑧| (2.26)

𝑆(𝑧)𝑎†𝑆†(𝑧) = 𝑎† cosh |𝑧| + 𝑎𝑒−𝑖𝜑 sinh |𝑧| (2.27)

Let’s see what the squeeze operator does to the vacuum state |0⟩ and coherent state |𝛼⟩.

2.3.1 Squeezed vacuum state

Applying the squeeze operator to the vacuum state, we have

|𝑧⟩ = 𝑆(𝑧)|0⟩ (2.28)

The quadrature operators 𝑋1 and 𝑋2 still have zero expectation, but their uncertainties change

Δ𝑋1 = √
2 sinh2 |𝑧| − 2 sinh |𝑧| cosh |𝑧| cos𝜑 + 1

4 = 1
2√sin2 𝜑

2 𝑒2|𝑧| + cos2 𝜑
2 𝑒−2|𝑧| (2.29)

Δ𝑋2 = √
2 sinh2 |𝑧| + 2 sinh |𝑧| cosh |𝑧| cos𝜑 + 1

4 = 1
2√cos2 𝜑

2 𝑒2|𝑧| + sin2 𝜑
2 𝑒−2|𝑧| (2.30)
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So we can see that one of the quadratures is squeezed while the other one is anti-squeezed. The

uncertainty principle still holds

Δ𝑋1Δ𝑋2 = 1
4√1 + cosh 4|𝑧| − 1

2 sin2 𝜑 ≥ 1
4 (2.31)

The squeezed vacuum is at minimum uncertainty state only when it is squeezed along one of the

quadratures (𝜑 = 0 or 𝜋). The squeezed vacuum state can be represented as a squeezed ellipse in

the phase space, as seen in Fig. 2-2.
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Figure 2-2: Phase space distribution of the squeezed vacuum state with (a) 𝜓 = 0 and (b) 𝜓 = 𝜋.
The fluctuation of the squeezed quadrature can be reduced below the vacuum fluctuation by a factor
of 𝑒|𝑧|. However, the other quadrature is anti-squeezed by the same factor allowed by Heisenberg
uncertainty principle.

In polar coordinates, we have ⟨𝑧|𝑁|𝑧⟩ = sinh2 |𝑧| + 1/2 and Δ𝑁 = √2 |sinh |𝑧| cosh |𝑧||.
They are phase-independent and always larger than pure vacuum for nonzero 𝑧. This implies that
the squeezed vacuum state has a nonzero number of photons and can be measured on a photodiode.
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To get the number statistics Pr(𝑛), we need to decompose the squeezed vacuum state into number

states.

|𝑧⟩ =
∞

∑
𝑛=0

(−𝑒𝑖𝜑 tanh |𝑧|)𝑛

√cosh |𝑧| √(−1)𝑛
(

−1/2
𝑛 )|2𝑛⟩ (2.32)

Only even number states exist in the squeezed vacuum state. The probability density is now

Pr(2𝑛) =
|
(−𝑒𝑖𝜑 tanh |𝑧|)𝑛

√cosh |𝑧|
√(2𝑛)!

2𝑛𝑛! |

2

= tanh2𝑛 |𝑧|
cosh |𝑧| (

−1/2
𝑛 ) (2.33)
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Figure 2-3: Probability density function of (a) the number operator (“amplitude”) and (b) Susskind–
Glogower operator (“phase”) for the squeezed vacuum state |𝑧⟩. The complex number 𝑧 = |𝑧|𝑒𝑖𝜑 =
|𝑧| in this case given 𝜑 = 0.
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The phase probability density is

Pr(𝜙) = 1
2𝜋 |

∞

∑
𝑛=0

𝑒−𝑖2𝑛𝜙 (−𝑒𝑖𝜑 tanh |𝑧|)𝑛

√cosh |𝑧|
√(2𝑛)!

2𝑛𝑛! |

2

≈ 1
2𝜋 cosh |𝑧|

|
|
|
||
1 +

∞

∑
𝑛=1

(−𝑒𝑖(𝜑−2𝜙) tanh |𝑧|)𝑛 √√4𝜋𝑛(2𝑛/𝑒)2𝑛

2𝑛√2𝜋𝑛(𝑛/𝑒)𝑛

|
|
|
||

2

= 1
2𝜋 cosh |𝑧| |

1 + 1
𝜋

1
4
Li1/4(−𝑒𝑖(𝜑−2𝜙) tanh |𝑧|)

|

2

(2.34)

where we used Stirling’s approximation, and Li1/4 is the polylogarithm with order 1/4.

Fig. 2-3 shows the probability density function of the amplitude and phase operator. As the

squeezing parameter |𝑧| → ∞, tanh |𝑧| → 1, the amplitude probability spreads out and the phase
probability becomes narrower. Note that the amplitude and phase here are just pictorial entities in

the phase space and not referring to any of the actual fields.

2.3.2 Squeezed coherent state

Now that we know about the statistics of the squeezed vacuum state, let’s squeeze the coherent

state, namely the squeezed coherent state defined by

|𝛼, 𝑧⟩ = 𝐷(𝛼)𝑆(𝑧)|0⟩ (2.35)

The squeezed coherent state still has the same centroid as the coherent state in the phase space.

Their uncertainties equal to that of the squeezed vacuum state

⟨𝛼, 𝑧|Δ𝑋1|𝛼, 𝑧⟩ = ⟨𝑧|Δ𝑋1|𝑧⟩ = 1
2√sin2 𝜑

2 𝑒2|𝑧| + cos2 𝜑
2 𝑒−2|𝑧| (2.36)



Section 2.3. Squeezed State 41

⟨𝛼, 𝑧|Δ𝑋2|𝛼, 𝑧⟩ = ⟨𝑧|Δ𝑋2|𝑧⟩ = 1
2√cos2 𝜑

2 𝑒2|𝑧| + sin2 𝜑
2 𝑒−2|𝑧| (2.37)

If we squeeze the coherent state, for example, the light from a laser emitter, we can reduce its

quantum fluctuation below the quantum vacuum, as seen in Fig. 2-4. Experimentally, we can’t

squeeze a coherent state, but we can displace a squeezed vacuum state. We will discuss more when

we introduce input-output relations in Chapter 3.
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Figure 2-4: Phase space illustration of (a) the coherent state |𝛼⟩ and (b) the squeezed coherent
state |𝛼, 𝑧⟩. The vacuum fluctuations of the squeezed coherent state are squeezed below vacuum
fluctuations in one quadrature and anti-squeezed in the other. 𝑧 has phase 𝜑 = 𝜋 to squeeze the 𝑋2
quadrature.

In polar coordinates, we have

⟨𝛼, 𝑧|𝑁|𝛼, 𝑧⟩ = |𝛼|2 + ⟨𝑧|𝑁|𝑧⟩ = |𝛼|2 + sinh2 |𝑧| + 1
2 (2.38)

⟨𝛼, 𝑧|Δ𝑁2|𝛼, 𝑧⟩ = ⟨𝑧|Δ𝑁2|𝑧⟩ + |𝛼|2(2 sinh2 |𝑧| − 2 sinh |𝑧| cosh |𝑧| cos(𝜑 − 2𝜃) + 1) (2.39)

As |𝛼| → 0, the fluctuation tends to squeezed vacuum state ⟨𝑧|Δ𝑁2|𝑧⟩ = 2 sinh2 |𝑧| cosh2 |𝑧|. As
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|𝑧| → 0, it tends to coherent state (⟨𝛼|Δ𝑁2|𝛼⟩ = |𝛼|2). So everything is consistent.

The squeezed coherent state can be decomposed to the number states:

|𝛼, 𝑧⟩ = exp(−1
2|𝛼|2 − 1

2𝑒𝑖𝜑 tanh |𝑧|(𝛼∗)2
)

∞

∑
𝑛=0 √

(𝑒𝑖𝜑 tanh |𝑧|)𝑛

2𝑛𝑛! cosh |𝑧| 𝐻𝑛 (
𝛼 + 𝑒𝑖𝜑 tanh |𝑧|𝛼∗

√2𝑒𝑖𝜑 tanh |𝑧| )
|𝑛⟩

(2.40)

where 𝐻𝑛 is the physicist’s Hermite polynomials. A sanity check is to make 𝛼 or 𝑧 zero

lim
𝛼→0

|𝛼, 𝑧⟩ =
∞

∑
𝑛=0 √

(𝑒𝑖𝜑 tanh |𝑧|)𝑛

2𝑛𝑛! cosh |𝑧| 𝐻𝑛(0)|𝑛⟩ =
∞

∑
𝑛=0

(𝑒𝑖𝜑 tanh |𝑧|)𝑛

√cosh |𝑧|22𝑛(2𝑛)!
(−1)𝑛(2𝑛)!

𝑛! |2𝑛⟩ = |𝑧⟩

(2.41)

where 𝐻𝑛(0) are Hermite Numbers, only non-zero for even 𝑛.

lim
𝑧→0

|𝛼, 𝑧⟩ = 𝑒− 1
2 |𝛼|2

∞

∑
𝑛=0

√
(𝑒𝑖𝜑 tanh |𝑧|)𝑛

2𝑛𝑛! (
2𝑛

(
𝛼

√2𝑒𝑖𝜑 tanh |𝑧|)

𝑛

+ 0 ⋯
)

|𝑛⟩ = |𝛼⟩ (2.42)

where only the first term of Hermite polynomials survive after taking 𝑧 → 0 limit. So everything

is beautifully consistent.

The previous formalism is purely from a perspective of quantum mechanics. To relate to the

actual quantum noise that is measurable, we have to connect these quantum operators to electro-

magnetic fields through second quantization.

2.4 Two-Photon Formalism

An ideal electromagnetic wave behaves like a pure sine wave, as we’ve seen in Fig. 1-2.

𝐸(𝑡) = 𝐴0

√2
𝑒−𝑖𝜔0𝑡 + c.c. (2.43)
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where c.c. stands for complex conjugate, and 𝜔0 = 2𝜋𝑓0 is the angular frequency of the wave. In

real experiments, we can’t measure the amplitude of a field, but the time-averaged power

𝑃 = ⟨|𝐸(𝑡)|2⟩ = 𝐴2
0 (2.44)

A more complete picture of the field is to include all of its Fourier components if there are any

𝐸(𝑡) = 𝐴0

√2
𝑒−𝑖𝜔0𝑡 + ∫

∞

−∞

𝑑𝜔
2𝜋 √

ℏ𝜔
2 𝑎(𝜔)𝑒−𝑖𝜔𝑡 + h.c. (2.45)

≈ 𝑒−𝑖𝜔0𝑡
(

𝐴0

√2
+ √

ℏ𝜔0
2 ∫

∞

0

𝑑Ω
2𝜋 (𝑎(𝜔0 + Ω)𝑒−𝑖Ω𝑡 + 𝑎(𝜔0 − Ω)𝑒𝑖Ω𝑡))

+ c.c. (2.46)

where I perform a change of variable 𝜔 = 𝜔0 + Ω and make an approximation ℏ(𝜔0 + Ω) ≈ ℏ𝜔0

because the sideband frequency Ω/2𝜋 is at most MHz of our interest while 𝜔0/2𝜋 = 𝑐/1064 nm =
THz. The classical part 𝐴0/√2 is idealized as a Dirac delta function, and all the sideband oscilla-
tions are included in the Fourier modes 𝑎(𝜔). The integration range is also shifted by the carrier
frequency 𝜔0, with upper and lower complex coefficients 𝑎(𝜔0 + Ω). Note that this convention is
consistent with reference [33–36].

In the second quantization, the complex Fourier coefficients are promoted to the annihilation

operators in quantum mechanics. The complex conjugate is promoted to Hermitian conjugate.

These operators 𝑎(𝜔0 + Ω) are also known as quantum modes.

𝐸(𝑡) = 𝑒−𝑖𝜔0𝑡
(

𝐴0

√2
+ √

ℏ𝜔0
2 ∫

∞

0

𝑑Ω
2𝜋 (𝑎+𝑒−𝑖Ω𝑡 + 𝑎−𝑒𝑖Ω𝑡))

+ h.c. (2.47)

The above formalism is also known as “one-photon formalism” or the “sideband picture” of the

electric field. In 1985, Caves proposed the two-photon formalism by changing the sideband basis
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to the quadrature basis 𝑎± → 𝑎1,2 [37, 38].

𝐸(𝑡) = 𝐴0

√2
(𝑒−𝑖𝜔0𝑡 + 𝑒𝑖𝜔0𝑡) + (2.48)

√
ℏ𝜔0

2 ∫
∞

0

𝑑Ω
2𝜋 [𝑒−𝑖𝜔0𝑡 (𝑎+𝑒−𝑖Ω𝑡 + 𝑎−𝑒𝑖Ω𝑡) + 𝑒𝑖𝜔0𝑡

(𝑎†
+𝑒𝑖Ω𝑡 + 𝑎†

−𝑒−𝑖Ω𝑡
)] (2.49)

= √2𝐴0 cos𝜔0𝑡 + √ℏ𝜔0 ∫
∞

0

𝑑Ω
2𝜋 [ cos𝜔0𝑡(

𝑎+ + 𝑎†
−

√2⏟⏟⏟
𝑎1

𝑒−𝑖Ω𝑡 +
𝑎†

+ + 𝑎−

√2
𝑒𝑖Ω𝑡

) (2.50)

+ sin𝜔0𝑡( − 𝑖
𝑎+ − 𝑎†

−

√2⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑎2

𝑒−𝑖Ω𝑡 + 𝑖
𝑎†

+ − 𝑎−

√2
𝑒𝑖Ω𝑡

)] (2.51)

= √2 [cos𝜔0𝑡 sin𝜔0𝑡]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝜔⃗⊺

0(𝑡)

⎛
⎜
⎜
⎜
⎝

𝐴0𝑣 + √
ℏ𝜔0

2 ∫
∞

0

𝑑Ω
2𝜋

⎛
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎣

𝑎1

𝑎2

⎤
⎥
⎥
⎥
⎦

𝑒−𝑖Ω𝑡 +
⎡
⎢
⎢
⎢
⎣

𝑎†
1

𝑎†
2

⎤
⎥
⎥
⎥
⎦

𝑒𝑖Ω𝑡
⎞
⎟
⎟
⎟
⎠

⎞
⎟
⎟
⎟
⎠

(2.52)

= 𝜔⃗⊺
0(𝑡)

(
𝐴0 + √

ℏ𝜔0
2 ∫

∞

−∞

𝑑Ω
2𝜋 𝑎𝑒−𝑖Ω𝑡

)
(2.53)

where vector 𝐴0 = 𝐴0𝑣 = 𝐴0[1 0]⊺ is the classical part of the field and the vector 𝑎 = [𝑎1 𝑎2]⊺ is

the quantum mode. Notice that the integration range is changed again in Eq. (2.53). I will omit the

integration range if it’s the full −∞ to ∞.

Without loss of generality, the convention of the Fourier transform is up to the author. Unfor-

tunately, the convention has been mixed in literature commonly used in squeezing. In this thesis,

we will follow the literature presented in [33,34], which means that we have to flip the exponential

in the previous equation.

𝐸(𝑡) → 𝜔⃗⊺
0(𝑡)

(
𝐴0 + √

ℏ𝜔0
2 ∫

∞

−∞

𝑑Ω
2𝜋 𝑎𝑒𝑖Ω𝑡

)
(2.54)
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The measured power of the laser field is thus

𝑃 (𝑡) = ⟨|𝐸(𝑡)|2⟩ (2.55)

=
(

𝐴0
† + √

ℏ𝜔0
2 ∫

𝑑Ω
2𝜋 𝑎†𝑒−𝑖Ω𝑡

) ⟨𝜔⃗0(𝑡)𝜔⃗⊺
0(𝑡)⟩ (

𝐴0 + √
ℏ𝜔0

2 ∫
𝑑Ω
2𝜋 𝑎𝑒𝑖Ω𝑡

)
(2.56)

= 𝐴2
0 + √2ℏ𝜔0 ∫

𝑑Ω
2𝜋 𝐴0

†𝑎𝑒𝑖Ω𝑡 + 𝒪(ℏ) (2.57)

where the brackets are time-averaging of the fast oscillations (the carrier frequency) to give

⟨𝜔⃗0(𝑡)𝜔⃗⊺
0(𝑡)⟩ = 1 (2.58)

The final result is simplified using the properties of the operators

𝑎1(−Ω) = 𝑎†
1(Ω) and 𝑎2(−Ω) = 𝑎†

2(Ω) (2.59)

and the fact that 𝐴𝑣 is real.

It can be shown that if we propagate the field by changing 𝑡 → 𝑡 − 𝑥/𝑐, the electric field is

𝐸(𝑡, 𝑥) = 𝜔⃗⊺
0(𝑡)

(
R (𝜙𝑥) 𝐴0 + √

ℏ𝜔0
2 ∫

𝑑Ω
2𝜋 R (𝜙𝑥) (𝑎𝑒−𝑖𝜑𝑥)𝑒−𝑖Ω𝑡

)
(2.60)

where

R (𝜙) =
⎡
⎢
⎢
⎢
⎣

cos𝜙 − sin𝜙

sin𝜙 cos𝜙

⎤
⎥
⎥
⎥
⎦

(2.61)

is the rotation matrix and 𝜙𝑥 = 𝜔0𝑥/𝑐 and 𝜑𝑥 = Ω𝑥/𝑐. The classical part acquires the phase 𝜙𝑥

as usual and the quantum mechanical sidebands acquire an additional phase of 𝜑𝑥. This is in full

quadrature picture so the classical part R (𝜙𝑥) 𝐴0 is always real.

In this formalism, the quantum-mechanical parts are carried with classical parts of the field all
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the time. The fluctuations of the power due to quantum modes can be expressed compactly in the

frequency domain

𝑃 (Ω) = √2ℏ𝜔0𝐴0
†𝑎(Ω) (2.62)

This is a very elegant expression of the power fluctuations, from which the quantum noise origi-

nates. It enables a very direct and intuitive way to calculate quantum noise, given all the experimen-

tal nonidealities like optical losses and mode-mismatches. I will discuss the formalism of directly

calculating quantum noise in the next chapter.



3 DIRECT CALCULATION OF QUANTUMNOISE

In Chapter 1, I introduced the uncertainty when you measure the power of a light beam on a pho-

todetector. The uncertainty of the measurement is calculated from the Poisson statistics of the

discrete photons. This is the simplest picture of the quantum uncertainty. A slightly more compli-

cated picture of the quantum uncertainty is the quantum-mechanical coherent state introduced in

Chapter 2. In this theory, the Poisson nature of the photon detection process is derived from the

photon statistics of the coherent state.

Notice that we have only discussed the quantum uncertainty but not the quantum noise itself.

In this chapter, we will derive the quantum noise from Poisson statistics and quantum mechanics.

Then we extend the analysis to describe the quantum noise of the LIGO optical system, which has

been an active area of research for decades.

3.1 Simple Picture

The noise of a measured signal is represented by the power spectral density where the total

variance is decomposed into frequencies. For a stationary and ergodic random process, the time

series of the signal counts as proper measurements of the random process. It’s simple to calculate

the quantum noise assuming it’s a white noise, meaning that it is independent of frequency.

The power of the light we measured is a random variable, equivalent to the time-averaged

47
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number of photons ⟨𝑛⟩ in the duration 𝜏: 𝑃 = ℏ𝜔𝑛/𝜏. Thus, we have

𝜎𝑃
𝑃 = 𝜎𝑛

𝑛 = 1
√𝑛

= √
ℏ𝜔
𝜏𝑃 (3.1)

according to the Poisson statistics. Now we string these sets of 𝜏-second measurements together
to form a long time series of 𝑃 (𝑡). The sampling frequency of such time series is 1/𝜏, which limits
the bandwidth of our measurement. Therefore:

𝜎2
𝑃 = ℏ𝜔𝑃

𝜏 = ∫
1/2𝜏

0
𝑑𝑓𝑆𝑃 (𝑓 ) (3.2)

where 𝑆𝑃 (𝑓 ) is the single-sided power spectral density of the power fluctuation. Assuming the
shot noise is a white noise, we have

𝑆𝑃 (𝑓 ) = 𝑆𝑃 = 2ℏ𝜔𝑃 (3.3)

which has a unit of W2/Hz and only depends on the power. It’s essentially the same as the other
types of shot noise like Schottky’s shot noise in electronic devices.

3.2 Direct Calculation

There is extensive literature on the derivation and mitigation of quantum noise for gravitational

wave detectors. The most seminal articles are “KLMTV” [36], “BnC” [39], and “DnD” [35]. We

give each one a unique name from its authors or titles since they are very frequently used to discuss

quantum noise. Their formulations are correct of course, but they are very analytical and lead

to cumbersome equations if they are not performing approximations. In addition, it’s difficult to

add new optical systems on top of their analytical results. In this thesis, we utilize a direct way

to calculate quantum noise. We obtain the full field information first, and the quantum noise can



Section 3.2. Direct Calculation 49

be trivially calculated afterward. I’ll show that this formalism doesn’t require approximations to

be physically intuitive, and it’s very extensible to new systems, for example, the filter cavity that

enables frequency-dependent squeezing.

In Section 2.4, I introduced two-photon formalism and presented the analytical expression of the

field that contains classical and quantum-mechanical parts. The power of the field with amplitude

𝐴0 and frequency 𝜔0 is (repeated from Eq. (2.55))

𝑃 (𝑡) = 𝐴2
0 + √2ℏ𝜔0 ∫

∞

−∞

𝑑Ω
2𝜋 𝐴0

†𝑎(Ω)𝑒𝑖Ω𝑡 + 𝒪(ℏ) (3.4)

The Fourier-transformed time series can be read-off directly

𝑃 (Ω) = √2ℏ𝜔0𝐴0
†𝑎(Ω) (3.5)

The single-sided power spectral density can be calculated with standard formula [40, 41]

1
2𝑆(𝑓)𝛿(𝑓 − 𝑓 ′) = ⟨𝑃 (𝑓)𝑃 ∗(𝑓 ′)⟩ (3.6)

The bracket indicates time-averaging for complex numbers. For the quantum-mechanical opera-

tors, the bracket works by computing the expectation value of the symmetrized operators. From

KLMTV [36], we have

⟨0|𝑎𝑗(Ω)𝑎†
𝑘(Ω′)|0⟩𝑠𝑦𝑚 = 1

22𝜋𝛿(Ω − Ω′)𝛿𝑗𝑘 (3.7)
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Since Ω = 2𝜋𝑓 and thus 𝛿(𝑓 − 𝑓 ′) = 2𝜋𝛿(Ω − Ω′), the power spectral density can be found

𝑆(Ω) = 1
2𝜋𝛿(Ω − Ω′)/2⟨0|𝑃 (Ω)𝑃 †(Ω′)|0⟩𝑠𝑦𝑚 (3.8)

= 2ℏ𝜔0
⟨0|𝐴0

†𝑎(Ω)𝑎†(Ω′)𝐴0|0⟩𝑠𝑦𝑚
2𝜋𝛿(Ω − Ω′)/2 (3.9)

= 2ℏ𝜔0𝐴0
†𝐴0 = 2ℏ𝜔0𝑃 (3.10)

which is identical to the calculation from Poisson statistics in Eq. (3.3).

In this thesis, we will simplify writing by denoting

⟨𝑎𝑗𝑎†
𝑘⟩ =

⟨0|𝑎𝑗(Ω)𝑎†
𝑘(Ω′)|0⟩𝑠𝑦𝑚

2𝜋𝛿(Ω − Ω′)/2 = 𝛿𝑗𝑘 (3.11)

If the beam propagates path length 𝑥 and acquires additional phase 𝜙 = 𝜔0𝑥/𝑐 and sideband
phase 𝜑 = Ω𝑥/𝑐, it is easy to check that transforming 𝐴0 → R (𝜙) 𝐴0 and 𝑎 → R (𝜙) 𝑎𝑒−𝑖𝜑 won’t

change the calculated quantum noise from Eq. (3.9). Now that we have obtained the quantum

noise measured from a simple photodiode, it’s time to calculate the quantum noise of a complicated

optical or optomechanical system such as Advanced LIGO.

3.3 Input-Output Relations

Almost all of the optical systems are made of one thing - the beam splitter. Although the current

Advanced LIGO is a complex dual-recycled Fabry-Pérot Michelson interferometer, it essentially is

a bunch of beam splitters with carefully designed transmissions that are aligned perfectly together.

We will start discussing input-output relations with the simplest instrument, namely beam splitter.
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3.3.1 Beam splitter
Classically, the beam splitter is a simple device that splits a beamormixes two beams. Quantum-

mechanically, it also splits and mixes the quantum modes. However, the empty port in the classical

context still has nonzero quantum vacuum fluctuations in the quantum regime. This is the mecha-

nism of losses and how vacuum is mixed with squeezed states.

LIGO-Gxxxx 8

a

b c

d

Figure 3-1: A quantum-mechanical beam splitter with input operators 𝑎, 𝑏⃗ and output 𝑐, 𝑑.

The beam splitter can be represented as a unitary 4 × 4 matrix so it preserves the inner product
and commutation relation. The input-output relation is written as follows

⎡
⎢
⎢
⎢
⎣

𝑐

𝑑

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟 ⋅ 1 𝑡 ⋅ 1

𝑡 ⋅ 1 −𝑟 ⋅ 1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑎

𝑏⃗

⎤
⎥
⎥
⎥
⎦

and |𝑟|2 + |𝑡|2 = 1 (3.12)

where 𝑟 and 𝑡 are the amplitude reflectivity and transmissivity of the beam splitter. The identity

matrix 1will be omitted from now because it’s easy to infer from the context. I used the convention

where the minus sign is assigned to the bottom surface in Fig. 3-1. Other conventions put a minus

sign on transmissions or break them into imaginary numbers, as long as the matrix is unitary.

For a lossy beam splitter, it can be thought of as two beam splitters with the first one acting as

a source of loss with transmissivity 𝑡 = √1 − 𝐿, where 𝐿 is the power loss. Therefore, each beam
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splitter is still a unitary matrix on the operators. In fact, all the optical losses can be modeled as a

beam splitter on the path.

It is important to note that Eq. (3.12) also holds for the classical part of the field. Therefore,

we only need to find one input-output relation that works for both the classical and quantum parts

of the same field. Additionally, the diagram illustration also works for both classical and quantum

parts.

3.3.2 Homodyne detector

LIGO-Gxxxx 9

a

b c

d
Ic

Id
Ic - Id

Figure 3-2: A homodyne detector with one input port being the measured beam and the other port
being the local oscillator beam.

A homodyne detector is a device to detect squeezing. It’s made of a beam splitter and two

photodiodes, as shown in Fig. 3-2. If the beam splitter splits the beam into equal powers, the

detector is the balanced homodyne detector. Suppose the measured field is

𝐸(𝑡, 𝑥) = 𝜔⃗⊺
0(𝑡)

(
𝐴 + √

ℏ𝜔0
2 ∫

∞

−∞

𝑑Ω
2𝜋 𝑎𝑒𝑖Ω𝑡

)
(3.13)
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with classical amplitude 𝐴 and quantum operators 𝑎. The local oscillator field entering from

the other port of the beam splitter has classical amplitude 𝐵⃗ = R (𝜙) 𝐵 and quantum operators

R (𝜙) 𝑒−𝑖𝜑𝑏⃗, where 𝜙 is the relative phase difference and 𝜑 is the extra sideband phase.

𝐸𝐿𝑂(𝑡, 𝑥) = 𝜔⃗⊺
0(𝑡)

(
𝐵⃗ + √

ℏ𝜔0
2 ∫

∞

−∞

𝑑Ω
2𝜋 R (𝜙) (𝑏⃗𝑒−𝑖𝜑)𝑒𝑖Ω𝑡

)
(3.14)

The field at output 𝐶 of beam splitter is

𝐶 = 𝑟𝐴 + 𝑡𝐵⃗ (3.15)

with quantum part

𝑐 = 𝑟𝑎 + 𝑡R (𝜙) 𝑒−𝑖𝜑𝑏⃗ (3.16)

The measured photocurrent 𝐼𝑐 is

𝐼𝑐(𝑡) = 𝑃𝑐(𝑡) =
(

𝐶† + √
ℏ𝜔0

2 ∫
𝑑Ω
2𝜋 𝑐†𝑒−𝑖Ω𝑡

) ⟨𝜔⃗0(𝑡)𝜔⃗⊺
0(𝑡)⟩ (

𝐶 + √
ℏ𝜔0

2 ∫
𝑑Ω
2𝜋 𝑐𝑒𝑖Ω𝑡

)
(3.17)

= 𝐶†𝐶 + √2ℏ𝜔0 ∫
𝑑Ω
2𝜋 𝐶†𝑐𝑒𝑖Ω𝑡 (3.18)

Similarly, the photocurrent measured at photodiode D is

𝐼𝑑(𝑡) = 𝐷⃗†𝐷⃗ + √2ℏ𝜔0 ∫
𝑑Ω
2𝜋 𝐷⃗†𝑑𝑒𝑖Ω𝑡 (3.19)

where 𝐷⃗ = 𝑡𝐴 − 𝑟𝐵⃗ and 𝑑 = 𝑡𝑎 − 𝑟R (𝜙) 𝑒−𝑖𝜑𝑏⃗. It’s apparent that each photodiode measures

the shot noise of the power by itself, for example, 𝑆𝑐 = 2ℏ𝜔0𝐶†𝐶 . This makes sense because
a beam splitter can not change the quantum noise of a beam. The homodyne signal subtracts the
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photocurrents

𝐼diff(𝑡) = 𝐼𝑐 − 𝐼𝑑 = (𝐶†𝐶 − 𝐷†𝐷) + √2ℏ𝜔0 ∫
𝑑Ω
2𝜋 (𝐶†𝑐 − 𝐷†𝑑)𝑒𝑖Ω𝑡 (3.20)

Without squeezing, the expectation of symmetrized operators have

⟨0|𝑐(Ω)𝑐†(Ω′)|0⟩𝑠𝑦𝑚 = ⟨0|𝑟2𝑎(Ω)𝑎†(Ω′) + 𝑡2𝑏⃗(Ω)𝑏⃗†(Ω′)|0⟩𝑠𝑦𝑚 (3.21)

because the cross-spectral density of different quantum operators vanishes. The power spectral

density of the difference signal is

𝑆diff = 2ℏ𝜔0(𝐶†𝐶 + 𝐷†𝐷) (3.22)

This is equal to the total shot noises of individual photodiodes added in quadrature, even if the power

(𝐶†𝐶 − 𝐷†𝐷) is zero. This is expected when you have two incoherent noises added together.

When we squeeze one of the input beams, it can be shown that the measured noise from the

homodyne detector is reduced. We will leave it in the next chapter when we introduce squeezing.

3.3.3 Fabry-Pérot cavity

A Fabry-Pérot cavity is an optical device made of two or more beam splitters (more commonly

referred to as mirrors), as shown in Fig. 3-3. Let the amplitude reflectivity of two mirrors be 𝑟1 and

𝑟2. Using the representation of the beam splitter, we have

⎡
⎢
⎢
⎢
⎣

𝑔

R (−𝜙) 𝑒𝑖𝜑𝑗

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟1 𝑡1

𝑡1 −𝑟1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑓

𝑘⃗

⎤
⎥
⎥
⎥
⎦

(3.23)
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LIGO-Gxxxx 10
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Figure 3-3: A Fabry-Pérot cavity constructed by two beam splitters with amplitude reflectivity 𝑟1
and 𝑟2. The input and output fields are labeled. The (−1) sign is assigned to the high-reflection
surface of the beam splitter.

and
⎡
⎢
⎢
⎢
⎣

𝑛

R (−𝜙) 𝑒𝑖𝜑𝑘⃗

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟2 𝑡2

𝑡2 −𝑟2

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑞

𝑗

⎤
⎥
⎥
⎥
⎦

(3.24)

where 𝜙 = 𝜔0𝐿/𝑐 (𝜑 = Ω𝐿/𝑐) is the single-trip phase and 𝐿 is the length of the cavity.

When the cavity is locked on resonance. meaning that the fields inside the cavity are standing

waves, we have the round-trip phase 𝜔02𝐿/𝑐 = 2𝜋𝑁 where 𝑁 ∈ ℕ. Solving the two beam splitter

equations, we have

𝑔(Ω) = 𝑟1 − 𝑟2𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
rcav(Ω)

𝑓 + 𝑡1𝑡2
1 − 𝑟1𝑟2𝑒−𝑖2𝜑R (𝜋𝑁) 𝑒−𝑖𝜑
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

tcav(Ω)

𝑞 (3.25)

where rcav and tcav are the equivalent amplitude reflectivity and transmissivity of the cavity. In a

general case where the cavity is detuned from resonance (R (2𝜙) ≠ 1), the reflection and transmis-

sion of the cavity are

rcav(Ω) = 𝑟11 − 𝑡1R (𝜙) 𝑒−𝑖𝜑𝑟2 [1 − 𝑟1𝑟2R (2𝜙) 𝑒−𝑖2𝜑]
−1 R (𝜙) 𝑒−𝑖𝜑𝑡1 (3.26)

tcav(Ω) = 𝑡1𝑡2R (𝜙) 𝑒−𝑖𝜑 + 𝑡1R (𝜙) 𝑒−𝑖𝜑𝑟2 [1 − 𝑟1𝑟2R (2𝜙) 𝑒−𝑖2𝜑]
−1 R (2𝜙) 𝑒−𝑖2𝜑𝑟1𝑡2 (3.27)
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We can expand rcav(Ω)

rcav(Ω) =
⎡
⎢
⎢
⎢
⎣

𝑟11 𝑟12

𝑟21 𝑟22

⎤
⎥
⎥
⎥
⎦

(3.28)

where

𝑟11 = 𝑟1(1 − 𝑟1𝑟2 cos 2𝜙𝑒−𝑖2𝜑) − 𝑟2𝑒−𝑖2𝜑(cos 2𝜙 − 𝑟1𝑟2𝑒−𝑖2𝜑)
1 − 2𝑟1𝑟2 cos 2𝜙𝑒−𝑖2𝜑 + 𝑟2

1𝑟2
2𝑒−𝑖4𝜑

(3.29)

𝑟12 = −
𝑡2
1𝑟2 sin 2𝜙𝑒−𝑖2𝜑

1 − 2𝑟1𝑟2 cos 2𝜙𝑒−𝑖2𝜑 + 𝑟2
1𝑟2

2𝑒−𝑖4𝜑
(3.30)

𝑟21 = 𝑟12 (3.31)

𝑟22 = 𝑟11 (3.32)

The circulating field inside the cavity 𝑗 is

𝑗 = 𝑡1
1 − 𝑟1𝑟2𝑒−𝑖2𝜑R (𝜋𝑁) 𝑒−𝑖𝜑
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

gcav(Ω)

𝑓 − 𝑟1𝑡2𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑 𝑞 (3.33)

where gcav(Ω) is the cavity’s amplitude optical gain with a general form

gcav(Ω) = 𝑡1 [1 − 𝑟1𝑟2R (2𝜙) 𝑒−𝑖2𝜑]
−1 R (𝜙) 𝑒−𝑖𝜑 (3.34)

The exact solutions above can be approximated when the mirrors are highly reflective

𝑟 = √1 − 𝑇 ≈ 𝑒−𝑇 /2 (3.35)

where 𝑇 ≪ 1 is the power transmission. For a resonant cavity, the amplitude reflectivity can be

simplified as

𝑟cav(Ω) = 𝑟1 − 𝑟2𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑 ≈ −𝑇1 + 𝑇2 + 𝑖4𝜑
𝑇1 + 𝑇2 + 𝑖4𝜑 = −𝛾 + 𝜆 + 𝑖Ω

𝛾 + 𝜆 + 𝑖Ω (3.36)



Section 3.3. Input-Output Relations 57

where

𝛾 = 𝑇1𝑐
4𝐿 (3.37)

is the frequency (in rad/s) of the half width at half maximum of the resonance peak. 𝛾/(2𝜋) is
also known as (in Hz) (half) linewidth, cavity pole, decay rate, and 1/storage time.

The other frequency (in rad/s) is

𝜆 = 𝑇2𝑐
4𝐿 (3.38)

is the loss-limited bandwidth, dominated by loss.

The cavity gain in amplitude is approximately

𝑔cav(Ω) = 𝑡1𝑒−𝑖𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑 ≈
2√𝑇1

𝑇1 + 𝑇2 + 𝑖4𝜑 = √𝛾𝑐/𝐿
𝛾 + 𝜆 + 𝑖Ω (3.39)

For an overcoupled (low-loss) cavity, we have 𝑇1 ≫ 𝑇2. The cavity gain in power is

𝐺 = 𝑔2
cav(0) ≈ 4

𝑇1
(3.40)

The finesse of the cavity is also defined as the full width at half maximum over the free spectral

range (FSR = 𝑐/(2𝐿)) of the cavity. The higher the finesse, the smaller the linewidth of the cavity
(sharper resonance peaks).

ℱ =
𝜋√𝑟1𝑟2
1 − 𝑟1𝑟2

≈ 𝜋𝐺
2 (3.41)

It is easy to check that (assuming an over-coupled cavity)

ℱ = 2𝜋(𝑐/2𝐿)
2𝛾 = 𝜋𝐺

2 (3.42)

A resonant cavity requires the round-trip phase of the circulating field to be the integer number

of 2𝜋, which means that the cavity length has to be stable at the scale of wavelength (1064 nm for

LIGO). This requirement is even more stringent for high-finesse cavities. The reflected field 𝑔 is
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therefore very sensitive to cavity mirror motions.

To find the sensitivity of the reflected field to the cavity motion, one naive way is to take

the derivative of the cavity’s amplitude reflectivity with respect to the round-trip phase, 𝑑rcav/𝑑𝜙.
However, it can be shown that the derivative is frequency-independent, which implies the cavity

has infinite bandwidth and is sensitive up to infinite frequency. This is because we have assumed a

steady-state cavity rcav, which is not fundamental and ignores the dynamics of the cavity. A more

accurate picture of the cavity is that the reflection is the sum of all the fields traversed cavity at an

integer number of times, as shown in Fig. 3-4.

LIGO-Gxxxx 11

f

r1

g0

g1

g2

g3

..
.

Figure 3-4: Reflected field from the cavity as a sum of individual fields.

The zeroth reflected field is just 𝑔0 = 𝑟1𝑓 . The first field traversed the cavity once and propa-
gated back can be written as (note that all things the field sees are written from right to left)

𝑔1 = 𝑡1R (𝜙0) 𝑒−𝑖𝜑0(−𝑟2)R (𝜙1) 𝑒−𝑖𝜑1𝑡1𝑓 = −𝑟2𝑡2
1𝑒−𝑖(𝜑0+𝜑1)R (𝜙0 + 𝜙1) 𝑓 (3.43)

where

𝜙𝑛 = 𝜔0
𝑐 𝐿(𝑡 − 𝑛𝐿

𝑐 ) = 𝜔0
𝑐 (𝐿 + 𝛿𝐿(𝑡 − 𝑛𝐿

𝑐 )) = 𝜙 + 𝜔0
𝑐 𝛿𝐿(𝑡 − 𝑛𝐿

𝑐 ) (3.44)
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which is the single-trip phase in the past times 𝑡 − 𝑛𝐿/𝑐. Same thing applies to 𝜑.

𝜑𝑛 = Ω𝐿
𝑐 + Ω

𝑐 𝛿𝐿(𝑡 − 𝑛𝐿
𝑐 ) (3.45)

The steady-state cavity reflection in Eq. (3.26) takes no information about the cavity in the past. It

would make a difference at higher frequencies because a cavity has limited bandwidth.

The field traversed cavity twice is

𝑔2 = 𝑡1R (𝜙0) 𝑒−𝑖𝜑0(−𝑟2)R (𝜙1) 𝑒−𝑖𝜑1 [(−𝑟1)R (𝜙2) 𝑒−𝑖𝜑2(−𝑟2)R (𝜙3) 𝑒−𝑖𝜑3] 𝑡1𝑓 (3.46)

= −𝑟2𝑡2
1𝑟1𝑟2

3

∏
𝑘=0

𝑒−𝑖𝜑𝑘R (𝜙𝑘) 𝑓 (3.47)

Therefore, the summation of all fields give an equivalent rcav = (∑𝑛 𝑔𝑛)/𝑓

rcav = 𝑟1 − 𝑟2𝑡2
1

∞

∑
𝑛=0

(𝑟1𝑟2)𝑛
2𝑛+1

∏
𝑘=0

𝑒−𝑖𝜑𝑘R (𝜙𝑘) = 𝑟1 − 𝑟2𝑡2
1

∞

∑
𝑛=0

(𝑟1𝑟2)𝑛 exp
⎛
⎜
⎜
⎝
−𝑖

2𝑛+1

∑
𝑘=0

𝜑𝑘
⎞
⎟
⎟
⎠
R

⎛
⎜
⎜
⎝

2𝑛+1

∑
𝑘=0

𝜙𝑘
⎞
⎟
⎟
⎠

(3.48)

Let’s work on the terms one by one

2𝑛+1

∑
𝑘=0

𝜙𝑘(𝑡) = 2(𝑛 + 1)𝜙 + 𝜔0
𝑐

2𝑛+1

∑
𝑘=0

𝛿𝐿(𝑡 − 𝑘𝐿
𝑐 ) (3.49)

It’s easier to transfer it in frequency domain

2𝑛+1

∑
𝑘=0

𝜙𝑘(Ω) = 2(𝑛 + 1)𝜙 + 𝜔0
𝑐

2𝑛+1

∑
𝑘=0

𝛿𝐿(Ω)(𝑒−𝑖Ω𝐿/𝑐)𝑘 (3.50)

= 2(𝑛 + 1)𝜙 + 𝜔0
𝑐 𝛿𝐿(Ω)1 − 𝑒−𝑖𝜑2(𝑛+1)

1 − 𝑒−𝑖𝜑 (3.51)
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and thus

R
⎛
⎜
⎜
⎝

2𝑛+1

∑
𝑘=0

𝜙𝑘
⎞
⎟
⎟
⎠

= R (2(𝑛 + 1)𝜙)R(
𝜔0
𝑐 𝛿𝐿(Ω)1 − 𝑒−𝑖𝜑2(𝑛+1)

1 − 𝑒−𝑖𝜑 ) (3.52)

= R (2𝜙)R𝑛(2𝜙) [1 + R(
𝜋
2 )

𝜔0
𝑐 𝛿𝐿(Ω)1 − 𝑒−𝑖𝜑2(𝑛+1)

1 − 𝑒−𝑖𝜑 + 𝒪(𝛿𝐿2)] (3.53)

Similarly, the term relating to sidebands are

exp
⎛
⎜
⎜
⎝
−𝑖

2𝑛+1

∑
𝑘=0

𝜑𝑘
⎞
⎟
⎟
⎠

= 𝑒−𝑖2𝜑𝑒𝑖2𝜑𝑛
[1 − 𝑖Ω

𝑐 𝛿𝐿(Ω)1 − 𝑒−𝑖𝜑2(𝑛+1)

1 − 𝑒−𝑖𝜑 + 𝒪(𝛿𝐿2)] (3.54)

= 1 − 𝑖𝑒−𝑖2𝜑𝑒−𝑖2𝜑𝑛 Ω
𝑐 𝛿𝐿(Ω)1 − 𝑒−𝑖𝜑2(𝑛+1)

1 − 𝑒−𝑖𝜑 + 𝒪(𝛿𝐿2) (3.55)

Notice that the last line of previous equation is not an approximation. The term 𝑒−𝑖2𝜑𝑒−𝑖2𝜑𝑛 only

affects on sideband generated by the 𝛿𝐿(Ω) and not on the classical part 𝐹 . If 𝑒𝑖2𝜑 acts on 𝐹 , the
𝜑 is zero. It’s only nonzero when acting on R (𝜙𝑘) 𝐹 . Doing this will prevent its multiplication to
the classical part 𝐹 . The ordering matters here.

The sum of infinite series is

∞

∑
𝑛=0

(𝑟1𝑟2)𝑛 exp
⎛
⎜
⎜
⎝
−𝑖

2𝑛+1

∑
𝑘=0

𝜑𝑘
⎞
⎟
⎟
⎠
R

⎛
⎜
⎜
⎝

2𝑛+1

∑
𝑘=0

𝜙𝑘
⎞
⎟
⎟
⎠

= R (2𝜙)
1 − 𝑟1𝑟2R (2𝜙) + 𝛿𝐿(Ω)(...) (3.56)

and the total reflectivity is

rcav(Ω) = 𝑟1 − 𝑟2𝑡2
1

∞

∑
𝑛=0

(𝑟1𝑟2)𝑛 exp
⎛
⎜
⎜
⎝
−𝑖

2𝑛+1

∑
𝑘=0

𝜑𝑘
⎞
⎟
⎟
⎠
R

⎛
⎜
⎜
⎝

2𝑛+1

∑
𝑘=0

𝜙𝑘
⎞
⎟
⎟
⎠

(3.57)

= rcav(0) + 𝛿rcav
𝛿𝜙 (Ω)𝜔0

𝑐 𝛿𝐿(𝑡) (3.58)
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where

𝛿rcav
𝛿𝜙 (Ω) = −𝑟2𝑡1

R (2𝜙)
1 − 𝑒−𝑖𝜑

∞

∑
𝑛=0

(𝑟1𝑟2R (2𝜙))𝑛(1 − 𝑒−𝑖𝜑2(𝑛+1)) (R(
𝜋
2 ) − 𝑖 Ω

𝜔0
𝑒−𝑖𝜑2(𝑛+1)1) (3.59)

= −(1 + 𝑒−𝑖𝜑)R (2𝜙) 𝑟2𝑡2
1[R(

𝜋
2 )

1
(1 − 𝑟1𝑟2R (2𝜙))(1 − 𝑟1𝑟2R (2𝜙) 𝑒−𝑖2𝜑)

− (3.60)

𝑖 Ω
𝜔0

1
(𝑒𝑖2𝜑 − 𝑟1𝑟2R (2𝜙))(𝑒𝑖2𝜑 − 𝑟1𝑟2R (2𝜙) 𝑒−𝑖2𝜑)] (3.61)

= −𝑟2(1 + 𝑒𝑖𝜑)R(
𝜋
2 ) gcav(0)gcav(Ω) + 𝒪 (

Ω
𝜔0 ) (3.62)

This is a surprisingly simple result. The fluctuation of the cavity reflected field can be thought of as

if the classical part gets amplified once (g(0)) before hitting the cavity end mirror, which modulates
it into sidebands due to 𝛿𝐿. The final signal is amplified again (g(Ω)) by the cavity when it exits.

3.4 Cavity Optomechanics

The cavity is a passive device in most cases. However, it can be a nonlinear device when

the circulating power is so high that it couples the amplitude quadrature of the light to the phase

quadrature, causing correlations between the two quadratures of the light. This is an optomechani-

cal effect known as ponderomotive squeezing [42–45]. Such an effect is the cause for the quantum

back-action noise, manifested as quantum radiation pressure noise in Advanced LIGO [46] and Ad-

vanced Virgo [47]. In this section, we will discuss cavity optomechanics in the context of LIGO,

which is not necessarily the same language used in other contexts [48].

For a resonant cavity holding hundreds of kilowatts of power, the quantum noise of the cir-

culating field would produce a noisy radiation pressure on the mirrors and thus a noisy motion.

The motion then modulates the field circulating inside and thus converts noise from the amplitude

quadrature to the phase quadrature.
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In Fig. 3-3, the field power at mirror 1 has a classical part

𝐽 = 𝑡1
1 − 𝑟1𝑟2

R (𝜋𝑁) 𝐹 (3.63)

with quantum-mechanical part

𝑗 = 𝑡1
1 − 𝑟1𝑟2𝑒−𝑖2𝜑R (𝜋𝑁) 𝑒−𝑖𝜑𝑓 − 𝑟1𝑡2𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑 𝑞 (3.64)

Therefore, the radiation power on the mirror 1 is

𝑃1(𝑡) = 𝐽 †𝐽 + √2ℏ𝜔0 ∫
𝑑Ω
2𝜋 𝐽 †𝑗𝑒𝑖Ω𝑡 (3.65)

so

𝑃1(Ω) = √2ℏ𝜔0𝐽 †𝑗(Ω) (3.66)

Similarly, the radiation power on the other mirror 2 is

𝑃2(Ω) = √2ℏ𝜔0𝐾⃗†𝑘⃗(Ω) (3.67)

where

𝐾⃗ = − 𝑟2𝑡1
1 − 𝑟1𝑟2

𝐹 (3.68)

and

𝑘⃗ = 𝑡2
1 − 𝑟1𝑟2𝑒−𝑖2𝜑R (𝜋𝑁) 𝑒−𝑖𝜑𝑞 − 𝑟2𝑡1𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑 𝑓 (3.69)

A simple formulation of the free motion of the mirror using Newtonian dynamics gives

𝑑2

𝑑𝑡2 𝑋(𝑡) = 𝐹 (𝑡)
𝑚 = 2𝑃 (𝑡)

𝑚𝑐 (3.70)

where𝑚 is the mirror mass, 𝛿𝐹 (𝑡) is the radiation force, and 𝛿𝑃 (𝑡) is the circulating radiation power.
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In the frequency domain, the differential equation is rewritten as

𝑋(Ω) = −2𝑃 (Ω)
𝑚𝑐Ω2 (3.71)

Therefore, the motions of each mirror caused by radiation pressure are

𝛿𝑋1(Ω) = −2(−𝑃1(Ω))
𝑚𝑐Ω2 and 𝛿𝑋2(Ω) = −2𝑃2(Ω)

𝑚𝑐Ω2 (3.72)

and they modulate the cavity length 𝐿(𝑡) to produce a field fluctuation.

𝐿(𝑡) = 𝐿 + 𝛿𝐿(𝑡) (3.73)

where 𝛿𝐿(𝑡) = 𝛿𝑋2(𝑡) − 𝛿𝑋1(𝑡) is the dynamic part due to radiation pressure noise. In general, the
fluctuation of the reflection field is

𝐺⃗(𝑡) = (rcav(𝜙, Ω = 0) + 𝛿rcav(𝜙, Ω = 0)
𝛿𝜙 𝛿𝜙) 𝐹 (3.74)

= rcav𝐹 + 𝛿rcav
𝛿𝜙 (Ω = 0)𝜔0

𝑐 𝛿𝐿(𝑡)𝐹 (3.75)

Including the quantum fluctuation parts, the total reflected field is

𝐸𝑔(𝑡, 𝑥) = 𝜔⃗⊺
0(𝑡)

[
𝐺⃗(𝑡) + √

ℏ𝜔0
2 ∫

𝑑Ω
2𝜋 𝑔𝑒𝑖Ω𝑡

]
(3.76)

= 𝜔⃗⊺
0(𝑡)

[
rcav𝐹 + 𝛿rcav

𝛿𝜙 (Ω)𝜔0
𝑐 𝐹 ∫

𝑑Ω
2𝜋 𝛿𝐿(Ω)𝑒𝑖Ω𝑡 + √

ℏ𝜔0
2 ∫

𝑑Ω
2𝜋 𝑔𝑒𝑖Ω𝑡

]
(3.77)

The radiation pressure term can be merged with the shot noise term because they are of the
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same order of magnitude, which will be shown.

𝛿𝐸𝑔(Ω) = √
ℏ𝜔0

2 𝑔(Ω) + 𝛿rcav
𝛿𝜙 (Ω)𝜔0

𝑐 𝐹 𝛿𝐿(Ω) (3.78)

where

𝛿𝐿(Ω) = − 2
𝑚𝑐Ω2 (𝑃1(Ω) + 𝑃2(Ω)) (3.79)

= − 2
𝑚𝑐Ω2 √2ℏ𝜔0[𝐽 †𝑗(Ω) + 𝐾†𝑘⃗(Ω)] (3.80)

= − 2
𝑚𝑐Ω2 √2ℏ𝜔0𝐹 †g†

cavgcav(Ω) [(𝑒−𝑖𝜑 + 𝑟2
2𝑒−𝑖2𝜑)𝑓 − (𝑟1𝑒−𝑖𝜑 + 𝑟2) 𝑡2

𝑡1
R (𝜋𝑁) 𝑒−𝑖𝜑𝑞]

(3.81)

This is the full solutionwithout any approximation, to the first order of the quantum fluctuations.

Plug it back to Eq. (3.76) and we have

𝛿𝐸𝑔(Ω) = √
ℏ𝜔0

2 𝑔(Ω) + 𝛿rcav
𝛿𝜙 (Ω)𝜔0

𝑐 𝐹 𝛿𝐿(Ω) + (...)𝑞 (3.82)

= √
ℏ𝜔0

2

⎡
⎢
⎢
⎢
⎢
⎣

rcav(Ω)𝑓 − 4𝜔0
𝑚𝑐2Ω2

𝛿rcav
𝛿𝜙 (Ω)𝐹 𝐹 †g†

cavgcav(Ω)(𝑒−𝑖𝜑 + 𝑟2
2𝑒−𝑖2𝜑)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝓚(Ω)

𝑓

⎤
⎥
⎥
⎥
⎥
⎦

+ (...)𝑞

(3.83)

= √
ℏ𝜔0

2 r𝑜𝑝𝑡𝑜(Ω)𝑓 + (...)𝑞 (3.84)

where

r𝑜𝑝𝑡𝑜(Ω) = rcav(Ω) − 𝓚(Ω) (3.85)
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The exact solution above can be approximated assuming R (2𝜙) = 1 for a resonant cavity.

r𝑜𝑝𝑡𝑜(Ω) ≈
⎡
⎢
⎢
⎢
⎣

𝑟cav(Ω) 0

−𝒦(Ω) 𝑟cav(Ω)

⎤
⎥
⎥
⎥
⎦

(3.86)

where rcav reduces to a diagonal matrix with diagonal element

𝑟cav(Ω) = 𝑟1 − 𝑟2𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑒−𝑖2𝜑 = 𝑟1 − 𝑟2𝑒𝑖2Ω𝐿/𝑐

1 − 𝑟1𝑟2𝑒𝑖2Ω𝐿/𝑐 (3.87)

and 𝓚 reduces to [0 𝒦]⊺ because

R (𝜋/2) 𝐹 𝐹 † = 𝐹 2R (𝜋/2)
⎡
⎢
⎢
⎢
⎣

1 0

0 0

⎤
⎥
⎥
⎥
⎦

= 𝐹 2
⎡
⎢
⎢
⎢
⎣

0 0

1 0

⎤
⎥
⎥
⎥
⎦

(3.88)

Assuming 𝜑 ≪ 1 for a short cavity length, the optomechanical coupling coefficient can be approx-
imated as

𝒦(Ω) ≈ 8𝐹 2𝜔0
𝑚𝑐2Ω2

𝛿rcav
𝛿𝜙 (Ω)gcavgcav(Ω) ≈ 16𝑃𝑎𝑟𝑚𝜔0

𝑚𝑐2Ω2 𝑔2
cav(Ω) (3.89)

using Eq. (3.59) and 𝑃𝑎𝑟𝑚 = 𝑔2
cav𝐹 2. We will derive the terms in the parenthesis before 𝑞 later.

Notice that the optomechanical coupling coefficient is consistent withKLMTV [36] and [33], which

are written here

𝒦KLMTV(Ω) = 16𝑃𝑎𝑟𝑚𝜔0
𝑚𝑐2Ω2 𝑔2

𝑎𝑟𝑚(Ω) (3.90)

The extra minus sign comes from the phase convention or equivalently the Fourier transform con-

vention.

The optomechanical coupling 𝒦 is shown in Fig. 3-5. It’s usually negligible when the cavity

has a low finesse and a low circulating power. Observing back action is typically difficult and

requires specific experimental design [42, 49]. The characteristic frequency where 𝒦(Ω) = 1 is
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Figure 3-5: The magnitude of optomechanical coupling versus frequency. The parameters used
to plot are from LIGO arm cavities. Note that 𝒦 ∼ 1/𝑓 2 at low frequencies where 𝒦 ≪ 1, and
𝒦 ∼ 1/𝑓 4 at high frequencies where 𝒦 ≫ 1.

defined as the SQL frequency ΩSQL where SQL stands for Standard Quantum Limit. We will see

where the name comes from in the next chapters.

There is one subtlety between this formalism (Eq. (3.89)) and KLMTV (Eq. (3.90)): the cav-

ity gain 𝑔(Ω). In KLMTV, there is no signal-recycling cavity at the anti-symmetric port of the

interferometer. The Advanced LIGO detector has a signal-recycling cavity, which forms an ef-

fective coupled cavity with arm cavities [50, 51]. The coupled cavity can be approximated with a

single-cavity equation

𝑔cav(Ω) ≈ √𝛾0𝑐/𝐿
𝛾0 + 𝑖Ω (3.91)

Plug it back to Eq. (3.89) to approximate the SQL frequency assuming it is much less than the
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linewidth of the coupled cavity ΩSQL ≪ 𝛾0

ΩSQL ≈ √
16𝑘0𝑃𝑎𝑟𝑚

𝑚𝛾0𝐿 = 2𝜋 × 37Hz (3.92)

where 𝑘0 = 𝜔0/𝑐. 𝑃𝑎𝑟𝑚 = 260 kW, 𝐿𝑎𝑟𝑚 = 4000m, 𝑚 = 40 kg, and 𝛾0 ≈ 2𝜋 × 450Hz.

Conversely, the cavity has to have a high enough circulating power to see the quantum back ac-

tion at frequencies where it’s not submerged by other noises at low frequency, for example, seismic

noises [52].

Besides the reflected field 𝑓 , the vacuum fluctuations 𝑞 entering from the end mirror also expe-

rience the optomechanical effects that I didn’t derive in Eq. (3.84). It can read off from Eq. (3.81)

𝛿𝐸𝑔(Ω) = √
ℏ𝜔0

2 [
r𝑜𝑝𝑡𝑜(Ω)𝑓 + tcav(Ω)R (𝜋𝑁) 𝑞 − 𝓚(Ω) 𝑟1𝑒−𝑖𝜑 + 𝑟2

𝑒−𝑖𝜑 + 𝑟2
2𝑒−𝑖2𝜑

𝑡2
𝑡1
R (𝜋𝑁) 𝑒−𝑖𝜑𝑞

]
(3.93)

= √
ℏ𝜔0

2 [r𝑜𝑝𝑡𝑜(Ω)𝑓 + t𝑜𝑝𝑡𝑜(Ω)𝑞] (3.94)

where (assuming short cavity 𝑒−𝑖𝜑 ≈ 1)

t𝑜𝑝𝑡𝑜(Ω) ≈ R (𝜋𝑁)
⎡
⎢
⎢
⎢
⎣

tcav(Ω) 0
𝑡2
𝑡1

𝒦(Ω) tcav(Ω)

⎤
⎥
⎥
⎥
⎦

(3.95)

The optomechanical coupling for the vacuum entering from end mirror is reduced by a factor

of 𝑡2/𝑡1 for an overcoupled cavity.

In summary, the input-output relation for a Fabry-Pérot cavity, including optomechanical cou-

pling, is

𝑔(Ω) = r𝑜𝑝𝑡𝑜(Ω)𝑓 + t𝑜𝑝𝑡𝑜(Ω)𝑞 (3.96)
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where r𝑜𝑝𝑡𝑜 is Eq. (3.85) with approximation in Eq. (3.86), and t𝑜𝑝𝑡𝑜 is Eq. (3.93) approximated in

Eq. (3.95).

3.5 Advanced LIGO

The Advanced LIGO is a dual-recycled Fabry-Pérot Michelson interferometer. We can derive

its full input-output relations from the tools developed in the previous section.

3.5.1 Lossy Fabry-Pérot cavity
For a lossy cavity, it can be thought as a cavity with a beam splitter inserted inside. If we

only care about the reflected fields for an overcoupled cavity (𝑡3 ∼ 𝑡2 ≪ 𝑡1), we can assign the

transmission to the end mirror because they are degenerate. However, the vacuum leaked from the

free space is different from those from the end mirror. It is not correct to attribute diffraction loss to

the end mirror. The better model of a lossy cavity is shown in Fig. 3-6. Besides the two equations

LIGO-Gxxxx 12
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l

m

Figure 3-6: Lossy Fabry-Pérot cavity with input and output fields. An additional mirror 3 is inserted
to act as a loss source. The (-1) is assigned to the anti-reflective surface of the middle mirror, unlike
other mirrors.

written for the two mirrors of the cavity in Eq. (3.23) and Eq. (3.24), there is an extra one for the
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beam splitter inside.
⎡
⎢
⎢
⎢
⎣

𝑔

R (−𝜙) 𝑒𝑖𝜑𝑙

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟1 𝑡1

𝑡1 −𝑟1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑓

𝑘⃗

⎤
⎥
⎥
⎥
⎦

(3.97)

⎡
⎢
⎢
⎢
⎣

𝑛

R (−𝜙) 𝑒𝑖𝜑𝑘⃗

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟2 𝑡2

𝑡2 −𝑟2

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑞

𝑗

⎤
⎥
⎥
⎥
⎦

(3.98)

⎡
⎢
⎢
⎢
⎣

𝑗

𝑚⃗

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟3 𝑡3

𝑡3 −𝑟3

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑙

𝑝

⎤
⎥
⎥
⎥
⎦

(3.99)

where 𝑡3 = √loss is the loss source and at the same order of magnitude as 𝑡2 (𝑡2 ≪ 1). Here we
assume the round-trip loss is due to the diffraction clipping of the end mirror. So the inserted beam

splitter is infinitely closed to the end mirror. The new cavity reflection, transmission, and gain

when on resonance are

rcav(Ω) = (𝑟11 − 𝑟2𝑟3R (2𝜙) 𝑒−𝑖2𝜑) [1 − 𝑟1𝑟2𝑟3R (2𝜙) 𝑒−𝑖2𝜑]
−1 ≈ 𝑟1 − 𝑟2𝑟3𝑒−𝑖2𝜑

1 − 𝑟1𝑟2𝑟3𝑒−𝑖2𝜑1 (3.100)

tcav(Ω) = 𝑡1𝑡2R (𝜙) 𝑒−𝑖𝜑 [1 − 𝑟1𝑟2𝑟3R (2𝜙) 𝑒−𝑖2𝜑]
−1 ≈ 𝑡1𝑡2𝑒−𝑖𝜑

1 − 𝑟1𝑟2𝑟3𝑒−𝑖2𝜑R (𝜋𝑁) (3.101)

gcav(Ω) = 𝑡1𝑟3R (𝜙) 𝑒−𝑖𝜑 [1 − 𝑟1𝑟2𝑟3R (2𝜙) 𝑒−𝑖2𝜑]
−1 ≈ 𝑡1𝑟3𝑒−𝑖𝜑

1 − 𝑟1𝑟2𝑟3𝑒−𝑖2𝜑R (𝜋𝑁) (3.102)

with approximation applied when the cavity is on resonance. Note that the operations with 𝑓(R)
commutes with R, just like the complex numbers commute (you can prove it using Taylor expan-

sions). It’s slightly different from previous equations (Eq. (3.25), Eq. (3.33)) by adding a 𝑟3 to the

𝑟2 to make for the total optics seen in a round-trip. Knowing the cavity elements, one can easily

write out the reflection and transmission by observing the round trip traveled by light and putting

them in the numerator. The denominator is the same 1 − (round trip).
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The fields circulating in the cavity are

𝐽 = gcav𝐹 (3.103)

with quantum-mechanical part

𝑗 = gcav(Ω) [𝑓 − 𝑟1𝑡2
𝑡1

R (𝜙) 𝑒−𝑖𝜑𝑞 + 𝑡3
𝑡1𝑟3

R (−𝜙) 𝑒𝑖𝜑𝑝] (3.104)

and

𝐾⃗ = −𝑟2gcavR (𝜙) 𝐹 (3.105)

with quantum part

𝑘⃗ = gcav(Ω) [−𝑟2R (𝜙) 𝑒−𝑖𝜑𝑓 + 𝑡2
𝑡1𝑟3

𝑞 − 𝑟2𝑡3
𝑡1𝑟3

𝑝] (3.106)

These two fields are contributing to the radiation pressure on the cavity mirrors, whereas 𝐿⃗ doesn’t.

The cavity length fluctuation due to the radiation pressure is

𝛿𝐿(Ω) = − 2
𝑚𝑐Ω2 (𝑃1(Ω) + 𝑃2(Ω)) = − 2

𝑚𝑐Ω2 √2ℏ𝜔0[𝐽 †𝑗(Ω) + 𝐾⃗†𝑘⃗(Ω)] (3.107)

= − 2
𝑚𝑐Ω2 √2ℏ𝜔0𝐹 †g†

cavgcav(Ω)× (3.108)

[(1 + 𝑟2
2𝑒−𝑖𝜑)𝑓 − 𝑡2

𝑡1 (𝑟1R (𝜙) 𝑒−𝑖𝜑 + 𝑟2
𝑟3
R (−𝜙)) 𝑞 + (𝑒𝑖𝜑 + 𝑟2

2) 𝑡3
𝑡1𝑟3

R (−𝜙) 𝑝]
(3.109)

The ratio between cavity round-trip loss and end mirror transmission is roughly 𝑡3/𝑡2, as seen from
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the previous equation. The sidebands of the reflected field caused by cavity length fluctuation is

𝛿𝐸(Ω) = 𝛿rcav
𝛿𝜙 (Ω)𝜔0

𝑐 𝐹 𝛿𝐿(Ω) (3.110)

= −√
ℏ𝜔0

2
4𝜔0

𝑚𝑐2Ω2
𝛿rcav
𝛿𝜙 (Ω)𝐹 𝐹 †𝑔†

cavgcav(Ω)× (3.111)

[(1 + 𝑟2
2𝑒−𝑖𝜑)𝑓 − 𝑡2

𝑡1 (𝑟1R (𝜙) 𝑒−𝑖𝜑 + 𝑟2
𝑟3
R (−𝜙)) 𝑞 + (𝑒𝑖𝜑 + 𝑟2

2) 𝑡3
𝑡1𝑟3

R (−𝜙) 𝑝]
(3.112)

where
𝛿rcav
𝛿𝜙 (Ω) = −𝑟2𝑟3(1 + 𝑒𝑖𝜑)R(

𝜋
2 ) gcav(0)gcav(Ω) + 𝒪 (

Ω
𝜔0 ) (3.113)

Summing it up with the cavity reflection without optomechanical coupling, the final reflected field

is

𝑔(Ω) = r𝑜𝑝𝑡𝑜(Ω)𝑓 + t𝑜𝑝𝑡𝑜(Ω)𝑞 + l𝑜𝑝𝑡𝑜(Ω)𝑝 (3.114)

where r𝑜𝑝𝑡𝑜 is identical to Eq. (3.85)

r𝑜𝑝𝑡𝑜(Ω) = rcav(Ω) − 𝓚𝑟(Ω) (3.115)

with

𝓚𝑟(Ω) = 4𝜔0
𝑚𝑐2Ω2 (1 + 𝑟2

2𝑒−𝑖𝜑)𝛿rcav
𝛿𝜙 (Ω)𝐹 𝐹 †𝑔†

cavgcav(Ω) (3.116)

The transmission matrix is

t𝑜𝑝𝑡𝑜(Ω) = tcav(Ω) − 𝓚𝑡(Ω) (3.117)

with

𝓚𝑡(Ω) = − 4𝜔0
𝑚𝑐2Ω2

𝑡2
𝑡1 (𝑟1R (𝜙) 𝑒−𝑖𝜑 + 𝑟2

𝑟3
R (−𝜙))

𝛿rcav
𝛿𝜙 (Ω)𝐹 𝐹 †𝑔†

cavgcav(Ω) (3.118)
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and the loss matrix is

l𝑜𝑝𝑡𝑜(Ω) = lcav(Ω) − 𝓚𝑙(Ω) (3.119)

where

lcav(Ω) = 𝑡1𝑟2𝑡3R (𝜙) 𝑒−𝑖𝜑 [1 − 𝑟1𝑟2𝑟3R (2𝜙) 𝑒−𝑖2𝜑]
−1 ≈ − 𝑡1𝑟2𝑡3𝑒−𝑖𝜑

1 − 𝑟1𝑟2𝑟3𝑒−𝑖2𝜑1 (3.120)

and

𝓚𝑙(Ω) = 4𝜔0
𝑚𝑐2Ω2 (𝑒𝑖𝜑 + 𝑟2

2) 𝑡3
𝑡1𝑟3

R (−𝜙) 𝛿rcav
𝛿𝜙 (Ω)𝐹 𝐹 †𝑔†

cavgcav(Ω) (3.121)

Again, the ratio between vacuum from loss and that from end mirror transmission is 𝒦𝑙/𝒦𝑡 ∼
𝑡3/𝑡2. Approximately, the total vacuum leaked is the sum of these two as if they are degenerate.

Notice that even though the loss vacuum didn’t enter the cavity through one of the massive mirrors,

it is still imprinted by the optomechanical coupling.

3.5.2 Michelson interferometer

The Michelson interferometer is the last puzzle for the Advanced LIGO topology. An inter-

ferometer is an extremely sensitive device relying on the interference of two beams traveling in

different paths, as shown in Fig. 3-7.

There are two input-output relations for the center beam splitter

⎡
⎢
⎢
⎢
⎣

𝑓𝑦

𝑓𝑥

⎤
⎥
⎥
⎥
⎦

= 1
√2

⎡
⎢
⎢
⎢
⎣

1 1

1 −1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

= HBS

⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

(3.122)
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Figure 3-7: Michelson interferometer with path length 𝐿𝑥 and 𝐿𝑦. The arm cavity can be thought
of as a simple mirror with a frequency-dependent reflectivity.

The center beam splitter is balanced for Michelson.

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

= HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) 𝑒−𝑖𝜑𝑦𝑔𝑦

R (𝜙𝑥) 𝑒−𝑖𝜑𝑥𝑔𝑥

⎤
⎥
⎥
⎥
⎦

(3.123)

where 𝜙𝑦 = 𝜔0𝐿𝑦/𝑐 and 𝜑𝑦 = Ω𝐿𝑦/𝑐. The symmetric or bright port of the Michelson is 𝑐, and the
anti-symmetric or dark port is 𝑏⃗. The equation for end mirrors are

⎡
⎢
⎢
⎢
⎣

𝑔𝑦

𝑛𝑦

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑦 𝑡𝑦

𝑡𝑦 −𝑟𝑦

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) 𝑒−𝑖𝜑𝑦𝑓𝑦

𝑞𝑦

⎤
⎥
⎥
⎥
⎦

(3.124)
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⎡
⎢
⎢
⎢
⎣

𝑔𝑥

𝑛𝑥

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑥 𝑡𝑥

𝑡𝑥 −𝑟𝑥

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑥) 𝑒−𝑖𝜑𝑥𝑓𝑥

𝑞𝑥

⎤
⎥
⎥
⎥
⎦

(3.125)

For the Advanced LIGO, the end mirrors are 4-km long Fabry-Pérot cavities, also known as the

arm cavities. Therefore, we can simplify Eq. (3.124) and Eq. (3.125) using Eq. (3.114).

⎡
⎢
⎢
⎢
⎣

𝑔𝑦

𝑔𝑥

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

r𝑜𝑝𝑡𝑜𝑦R (𝜙𝑦) 𝑒−𝑖𝜑𝑦 0

0 r𝑜𝑝𝑡𝑜𝑥R (𝜙𝑥) 𝑒−𝑖𝜑𝑥

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑓𝑦

𝑓𝑥

⎤
⎥
⎥
⎥
⎦

+
⎡
⎢
⎢
⎢
⎣

t𝑜𝑝𝑡𝑜𝑦 0

0 t𝑜𝑝𝑡𝑜𝑥

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑞𝑦

𝑞𝑥

⎤
⎥
⎥
⎥
⎦

+
⎡
⎢
⎢
⎢
⎣

l𝑜𝑝𝑡𝑜𝑦 0

0 l𝑜𝑝𝑡𝑜𝑥

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑝𝑦

𝑝𝑥

⎤
⎥
⎥
⎥
⎦

(3.126)

If both 𝑞 and 𝑝 are just unsqueezed vacuum, they can be combined to give an effective loss. The

total input-output relation is

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

= hMICH

⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

+ lMICHq

⎡
⎢
⎢
⎢
⎣

𝑞𝑦

𝑞𝑥

⎤
⎥
⎥
⎥
⎦

+ lMICHp

⎡
⎢
⎢
⎢
⎣

𝑝𝑦

𝑝𝑥

⎤
⎥
⎥
⎥
⎦

(3.127)

where the Michelson transfer function is

hMICH = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) r𝑜𝑝𝑡𝑜𝑦R (𝜙𝑦) 𝑒−𝑖2𝜑𝑦 0

0 R (𝜙𝑥) r𝑜𝑝𝑡𝑜𝑥R (𝜙𝑥) 𝑒−𝑖2𝜑𝑥

⎤
⎥
⎥
⎥
⎦
HBS (3.128)

and the loss transfer functions are

lMICHq = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) t𝑜𝑝𝑡𝑜𝑦𝑒−𝑖𝜑𝑦 0

0 R (𝜙𝑥) t𝑜𝑝𝑡𝑜𝑥𝑒−𝑖𝜑𝑥

⎤
⎥
⎥
⎥
⎦

(3.129)
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lMICHp = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) l𝑜𝑝𝑡𝑜𝑦𝑒−𝑖𝜑𝑦 0

0 R (𝜙𝑥) l𝑜𝑝𝑡𝑜𝑥𝑒−𝑖𝜑𝑥

⎤
⎥
⎥
⎥
⎦

(3.130)

I use h for transfer functions relating to the quantum parts and H are for the classical transfer

functions. The classical parts are easier to derive by removing the quantum-mechanical dependence

such as the additional sideband phase 𝜑.

⎡
⎢
⎢
⎢
⎣

𝐶

𝐵

⎤
⎥
⎥
⎥
⎦

= HMICH

⎡
⎢
⎢
⎢
⎣

𝐷

𝐴

⎤
⎥
⎥
⎥
⎦

(3.131)

where

HMICH = HBS

⎡
⎢
⎢
⎢
⎣

𝑟𝑦𝑎𝑟𝑚R (2𝜙𝑦) 0

0 𝑟𝑥𝑎𝑟𝑚R (2𝜙𝑥)

⎤
⎥
⎥
⎥
⎦
HBS (3.132)

3.5.3 Recycling cavities

The core optics of the Advanced LIGO is a dual-recycled Fabry-PérotMichelson interferometer

(DRFPMI), as shown in Fig. 3-8. The dual-recycling means power-recycling and signal-recycling,

although the latter of which should be called resonant sideband extraction. That’s also the reason

why the signal-recycling cavity is sometimes referred to as the signal extraction cavity. The dual-

cycling cavities are enabled by the two extra mirrors (beam splitters) at the symmetric and anti-

symmetric ports.

Denote the single-trip phase as 𝜙𝑝 = 𝜔0𝐿𝑝/𝑐 and 𝜑𝑝 = Ω𝐿𝑝/𝑐, where 𝐿𝑝 is the power-recycling

cavity length. Denote 𝜙𝑠 for the signal-recycling cavity length 𝐿𝑠. The input-output relation for a
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Figure 3-8: The dual recycling cavities. The Michelson part is simplified as a central beam splitter

Michelson interferometer has been worked out in the previous section (Eq. (3.127)).

⎡
⎢
⎢
⎢
⎣

𝑚⃗

𝑛

⎤
⎥
⎥
⎥
⎦

= hMICH

⎡
⎢
⎢
⎢
⎣

𝑥⃗

𝑦

⎤
⎥
⎥
⎥
⎦

+ lMICHq

⎡
⎢
⎢
⎢
⎣

𝑞𝑦

𝑞𝑥

⎤
⎥
⎥
⎥
⎦

+ lMICHp

⎡
⎢
⎢
⎢
⎣

𝑝𝑦

𝑝𝑥

⎤
⎥
⎥
⎥
⎦

= hMICH

⎡
⎢
⎢
⎢
⎣

𝑥⃗

𝑦

⎤
⎥
⎥
⎥
⎦

+ ∑
𝑖
l𝑖𝑞𝑖 (3.133)

where 𝑞 and 𝑝 are vacuum fields introduced due to loss in the arm cavity. The equations for the

two recycling mirrors are

⎡
⎢
⎢
⎢
⎣

𝑐

𝑓

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑝 𝑡𝑝

𝑡𝑝 −𝑟𝑝

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑑

R (𝜙𝑝) 𝑒−𝑖𝜑𝑝𝑚⃗

⎤
⎥
⎥
⎥
⎦

(3.134)

⎡
⎢
⎢
⎢
⎣

𝑥⃗

𝑛𝑝

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑝𝑙 𝑡𝑝𝑙

𝑡𝑝𝑙 −𝑟𝑝𝑙

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑝) 𝑒−𝑖𝜑𝑝𝑓

𝑞𝑝

⎤
⎥
⎥
⎥
⎦

(3.135)
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where 𝑡𝑝𝑙 = √loss acts as an effective loss in the power-recycling cavity. Similarly, the signal-

recycling cavity has
⎡
⎢
⎢
⎢
⎣

𝑏⃗

𝑗

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑠 𝑡𝑠

𝑡𝑠 −𝑟𝑠

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑎

R (𝜙𝑠) 𝑒−𝑖𝜑𝑠𝑛

⎤
⎥
⎥
⎥
⎦

(3.136)

⎡
⎢
⎢
⎢
⎣

𝑦

𝑛𝑞

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟𝑠𝑙 𝑡𝑠𝑙

𝑡𝑠𝑙 −𝑟𝑠𝑙

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑠) 𝑒−𝑖𝜑𝑠𝑗

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

(3.137)

The power recycling cavity is always locked on resonance to maximize the circulating power

in the arm cavity (𝜙𝑝 = 𝜋𝑁). The signal-recycling cavity, however, can be locked with carefully

selected offset to maximize the sensitivity at certain frequency bands [53]. The two common con-

figurations are 𝜙𝑠 = 0 for extreme signal-recycling and 𝜙𝑠 = 𝜋/2 for extreme resonant-sideband

extraction [39].

It’s possible to write out the transfer function by the trick of propagating each element in the

cavity loop. However, the order of the elementsmatters in this double cavity calculation. Therefore,

I will still derive the relations from the equations given above.

The equation for the effective lossy mirror is

⎡
⎢
⎢
⎢
⎣

𝑥⃗

𝑦

⎤
⎥
⎥
⎥
⎦

= rle
⎡
⎢
⎢
⎢
⎣

𝑓

𝑗

⎤
⎥
⎥
⎥
⎦

+ tl
⎡
⎢
⎢
⎢
⎣

𝑞𝑝

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

(3.138)

where the reflection and transmission matrices are all diagonal

rl =
⎡
⎢
⎢
⎢
⎣

𝑟𝑝𝑙 0

0 𝑟𝑠𝑙

⎤
⎥
⎥
⎥
⎦

(3.139)
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tl =
⎡
⎢
⎢
⎢
⎣

𝑡𝑝𝑙 0

0 𝑡𝑠𝑙

⎤
⎥
⎥
⎥
⎦

(3.140)

and the propagation matrix is also diagonal

e =
⎡
⎢
⎢
⎢
⎣

R (𝜙𝑝) 𝑒−𝑖𝜑𝑝 0

0 R (𝜙𝑠) 𝑒−𝑖𝜑𝑠

⎤
⎥
⎥
⎥
⎦

(3.141)

The round-trip transfer function is

⎡
⎢
⎢
⎢
⎣

𝑓

𝑗

⎤
⎥
⎥
⎥
⎦

= −re
⎡
⎢
⎢
⎢
⎣

𝑚⃗

𝑛

⎤
⎥
⎥
⎥
⎦

+ t
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

(3.142)

where the recycling mirrors’ reflection and transmission are

r =
⎡
⎢
⎢
⎢
⎣

𝑟𝑝 0

0 𝑟𝑠

⎤
⎥
⎥
⎥
⎦

(3.143)

t =
⎡
⎢
⎢
⎢
⎣

𝑡𝑝 0

0 𝑡𝑠

⎤
⎥
⎥
⎥
⎦

(3.144)

Using Eq. (3.127), we have

⎡
⎢
⎢
⎢
⎣

𝑓

𝑗

⎤
⎥
⎥
⎥
⎦

= (1 + rehMICHrle)−1
⎛
⎜
⎜
⎜
⎝

t
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

− rehMICHtl
⎡
⎢
⎢
⎢
⎣

𝑞𝑝

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

− re∑
𝑖
l𝑖𝑞𝑖

⎞
⎟
⎟
⎟
⎠

(3.145)
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Therefore, the input-output relation for the double cavity is

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

= r
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

+ te
⎡
⎢
⎢
⎢
⎣

𝑚⃗

𝑛

⎤
⎥
⎥
⎥
⎦

(3.146)

= hDC(Ω)
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

+ lDCq
⎡
⎢
⎢
⎢
⎣

𝑞𝑝

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

+ lDCm ∑
𝑖
l𝑖𝑞𝑖 (3.147)

where

hDC(Ω) = r + tehMICHrle(1 + rehMICHrle)−1t = r + ehMICHrle
1 + rehMICHrle

+ Commutators (3.148)

is the transfer function for the doubly coupled cavity, and

lDCq = te (1 − hMICHrle(1 + rehMICHrle)−1re)hMICHtl = tehMICHtl
1 + rehMICHrle

+ Commutators

(3.149)

lDCm = te (1 − hMICHrle(1 + rehMICHrle)−1re) = te
1 + rehMICHrle

+ Commutators (3.150)

are the transfer functions for the losses from Michelson or the recycling cavities themselves. Note

that the approximated form ignoring the commutators of Michelson matrix hMICH gives the identi-

cal form as if it’s a single cavity, except for an extra minus sign absorbed in hMICH. For example,

let hMICH = −1 as if the Michelson is just a perfectly-reflective mirror. It can be shown that the

transfer function of the double cavity is a diagonal matrix with no cross terms, which means that

the two recycling cavities are totally independent of each other. They are just two separate cavities

written together. Of course, the Michelson interferometer mixes the signals from bright and dark

ports, and the ordering of matrices matters.
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3.5.4 Readout chain

Besides DRFPMI, the readout chain of Advanced LIGO is composed of output mode cleaners

and Faraday isolators. They can be simplified as beam splitters with some transmissions acting as

losses. The output field before the mode cleaner is

𝑏⃗ = [0 1]

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

= [0 1]

⎛
⎜
⎜
⎜
⎝

hDC(Ω)
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

+ lDCq
⎡
⎢
⎢
⎢
⎣

𝑞𝑝

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

+ lDCm ∑
𝑖
l𝑖𝑞𝑖

⎞
⎟
⎟
⎟
⎠

(3.151)

= [0 1]

⎛
⎜
⎜
⎜
⎝

hDC(Ω)
⎡
⎢
⎢
⎢
⎣

1

0

⎤
⎥
⎥
⎥
⎦

𝑑 + hDC(Ω)
⎡
⎢
⎢
⎢
⎣

0

1

⎤
⎥
⎥
⎥
⎦

𝑎 + lDCq
⎡
⎢
⎢
⎢
⎣

1

0

⎤
⎥
⎥
⎥
⎦

𝑞𝑝 + ...
⎞
⎟
⎟
⎟
⎠

(3.152)

Inserting a beam splitter as the lossy source, we have the final quantum-mechanical part ob-

served by the readout photodiode:

𝑏⃗ → 𝑟RO𝑏⃗ + 𝑡RO𝑞 (3.153)

where 𝑞 is the vacuum mixed and 𝑡RO = √loss is the readout loss. Interestingly, we still haven’t

touched the gravitational-wave signals yet, which will be discussed in the next section.

3.6 DC Readout Scheme

One of the famous questions on gravitational wave measurement is to identify the stretch of

laser wavelength from the stretch of the 4-km arm cavity. It’s like measuring a changing length

with a changing ruler. The answer is that we are essentially measuring a time difference with a

limited bandwidth. We won’t be sensible at very high frequencies above the arm cavity pole. The

time measurement will be calibrated to a gravitational wave strain measurement.

Suppose the gravitational wave enters the Advanced LIGO detector with amplitude ℎ and per-

fect polarization and direction. One of the arm cavity length 𝐿 would experience a stretch ℎ𝐿/2



Section 3.6. DC Readout Scheme 81

and the other one would experience a contraction with the same amplitude.

𝛿𝐿 → 𝛿𝐿 ± ℎ𝐿
2 (3.154)

Using Eq. (3.110), the additional field fluctuations due to gravitational wave is

𝛿𝐸(Ω) → 𝛿𝐸(Ω) + 𝛿rcav
𝛿𝜙 (Ω)𝜔0

𝑐 𝐹 ℎ𝐿
2 (3.155)

It’s a purely classical effect, but it can be grouped into quantum-mechanical parts due to its in-

finitesimal nature. Using Eq. (3.114), the additional term from gravitational wave is

𝑔(Ω) → 𝑔(Ω) + ℎgGW(Ω) (3.156)

where

gGW(Ω) =
√

2
ℏ𝜔0

𝜔0𝐿
2𝑐

𝛿rcav
𝛿𝜙 (Ω)𝐹 (3.157)

If we apply the approximation with 𝑟𝑖 ∼ 1 and the classical laser is infinitely thin, we have

gGW = √𝒦
ℎSQL

⎡
⎢
⎢
⎢
⎣

0

1

⎤
⎥
⎥
⎥
⎦

(3.158)

where 𝒦 is the approximated in Eq. (3.83) and ℎSQL is the standard quantum limit

ℎSQL(Ω) = √
8ℏ

𝑚Ω2𝐿2 (3.159)

The other arm, for example, X arm without loss of generality, experiences negative ℎ𝐿/2 and

has

𝑔𝑥(Ω) → 𝑔𝑥(Ω) − ℎgGW𝑥(Ω) (3.160)
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Therefore, the Michelson output Eq. (3.127) has an additional term

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

→
⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

+ ℎlMICHh

⎡
⎢
⎢
⎢
⎣

gGW𝑦

−gGW𝑥

⎤
⎥
⎥
⎥
⎦

(3.161)

where

lMICHh = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) 𝑒−𝑖𝜑𝑦 0

0 R (𝜙𝑥) 𝑒−𝑖𝜑𝑥

⎤
⎥
⎥
⎥
⎦

(3.162)

is analogous to the transfer function of loss in arm cavity Eq. (3.129). The final output of the

DRFPMI is thus

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

= hDC(Ω)
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

+ lDCq
⎡
⎢
⎢
⎢
⎣

𝑞𝑝

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

+ lDCm ∑
𝑖
l𝑖𝑞𝑖 + ℎlDCmlMICHh

⎡
⎢
⎢
⎢
⎣

gGW𝑦

−gGW𝑥

⎤
⎥
⎥
⎥
⎦

(3.163)

To calibrate the quantum noise to the gravitational wave signal, we need to isolate the contri-

bution to the output field from gravitational waves.

𝑏⃗|GW = ℎ𝑟RO [0 1] lDCmlMICHh

⎡
⎢
⎢
⎢
⎣

gGW𝑦

−gGW𝑥

⎤
⎥
⎥
⎥
⎦

(3.164)

The power fluctuation observed on the readout photodiode is

𝑃 (Ω) = √2ℏ𝜔0𝐵⃗†
0 𝑏⃗(Ω) = ℎ𝑔cal (3.165)

where 𝑔cal is the calibration coefficient with the unit of Watt and 𝐵⃗ is the DC power leaked from

the anti-symmetric port (therefore the DC readout) [54]. Therefore, the quantum noise calibrated
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to strain is

𝑆ℎ(Ω) = 𝑆𝑃 (Ω)
𝑔2
cal

(3.166)

where

𝑆𝑃 (Ω) = 2ℏ𝜔0
⟨0|𝐵⃗†𝑏⃗(Ω)𝑏⃗†(Ω′)𝐵⃗|0⟩𝑠𝑦𝑚

2𝜋𝛿(Ω − Ω′)/2 (3.167)

and

𝑏⃗ = 𝑏⃗|QN = 𝑟RO [0 1]

⎛
⎜
⎜
⎜
⎝

hDC(Ω)
⎡
⎢
⎢
⎢
⎣

𝑑

𝑎

⎤
⎥
⎥
⎥
⎦

+ lDCq
⎡
⎢
⎢
⎢
⎣

𝑞𝑝

𝑞𝑠

⎤
⎥
⎥
⎥
⎦

+ lDCm ∑
𝑖
l𝑖𝑞𝑖

⎞
⎟
⎟
⎟
⎠

+ 𝑡RO𝑞RO (3.168)

The first step to calculate quantum noise is to find the classical field 𝐹𝑥,𝑦 required to get op-

tomechanical coupling coefficients 𝓚. Fortunately, everything is laid out and the classical field is

just a special case with Ω = 0. Using Eq. (3.122), Eq. (3.138), Eq. (3.145), we have

⎡
⎢
⎢
⎢
⎣

𝐹𝑦

𝐹𝑥

⎤
⎥
⎥
⎥
⎦

= HBSrle(1 + rehMICHrle)−1t|Ω=0

⎡
⎢
⎢
⎢
⎣

𝐷⃗

𝐴

⎤
⎥
⎥
⎥
⎦

(3.169)

where 𝐷⃗ and𝐴 are classical fields entering the symmetric and asymmetric port of Advanced LIGO.

Although Eq. (3.166) tells us exactly how to convert the measured quantum noise fromW2/Hz

to strain2/Hz, it is experimentally challenging to find the numerical values of 𝑔𝑐𝑎𝑙. The process of

measuring parameters of 𝑔𝑐𝑎𝑙 is called calibration, which is detailed in the next section.
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3.7 Calibration

In Advanced LIGO, we use the photon calibrator (Pcal) to actively calibrate the response of the

interferometer to a differential arm length at a specific frequency [55,56]. Specifically, Pcal sends

an intensity-modulated laser beam with a known power to the arm cavity mirror. The radiation

pressure of the Pcal laser beam will drive the motion of the mirror at a very precise amplitude and

frequency.

It’s similar to the sensing of gravitational wave, but the Pcal line is only injected into one arm

to create a displacement 𝛿𝐿𝑃 𝑐𝑎𝑙.

𝛿𝐿 → 𝛿𝐿 + 𝛿𝐿𝑃 𝑐𝑎𝑙 (3.170)

where

𝛿𝐿𝑃 𝑐𝑎𝑙(𝑡) = 𝐴𝑃 𝑐𝑎𝑙 cos(Ω𝑃 𝑐𝑎𝑙𝑡) (3.171)

𝛿𝐿𝑃 𝑐𝑎𝑙(Ω) = 𝐴𝑃 𝑐𝑎𝑙𝛿(Ω − Ω𝑃 𝑐𝑎𝑙) (3.172)

Using Eq. (3.110), the additional field fluctuations due to the Pcal line is

𝛿𝐸(Ω) → 𝛿𝐸(Ω) + 𝛿rcav
𝛿𝜙 (Ω)𝜔0

𝑐 𝐹 𝛿𝐿𝑃 𝑐𝑎𝑙(Ω) (3.173)

Using Eq. (3.114), the additional term of the reflected field is

𝑔(Ω) → 𝑔(Ω) + 𝛿𝐿𝑃 𝑐𝑎𝑙(Ω)g𝑃 𝑐𝑎𝑙𝑦(Ω) (3.174)

where

g𝑃 𝑐𝑎𝑙𝑦(Ω) =
√

2
ℏ𝜔0

𝜔0
𝑐

𝛿rcav
𝛿𝜙 (Ω)𝐹 = 𝐿

2 gGW(Ω) (3.175)
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Therefore, the Michelson output Eq. (3.127) has an additional term

⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

→
⎡
⎢
⎢
⎢
⎣

𝑐

𝑏⃗

⎤
⎥
⎥
⎥
⎦

+ 𝛿𝐿𝑃 𝑐𝑎𝑙(Ω)lMICHh

⎡
⎢
⎢
⎢
⎣

g𝑃 𝑐𝑎𝑙𝑦

0

⎤
⎥
⎥
⎥
⎦

(3.176)

where

lMICHh = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) 𝑒−𝑖𝜑𝑦 0

0 R (𝜙𝑥) 𝑒−𝑖𝜑𝑥

⎤
⎥
⎥
⎥
⎦

(3.177)

is analogous to the transfer function of loss in the arm cavity (Eq. (3.129)). The output of the

interferometer has the contribution of Pcal injection

𝑏⃗|𝑃 𝑐𝑎𝑙
= 𝛿𝐿𝑃 𝑐𝑎𝑙(Ω)𝑟𝑄𝐸𝑡𝑂𝑀𝐶U𝑂𝑀𝐶𝑟RO [0 1] lDCmlMICHh

⎡
⎢
⎢
⎢
⎣

g𝑃 𝑐𝑎𝑙𝑦

0

⎤
⎥
⎥
⎥
⎦

(3.178)

The power fluctuation observed on the readout photodiode is

𝑃 (Ω) = √2ℏ𝜔0𝐵⃗†
0 𝑏⃗(Ω) = 𝛿𝐿𝑃 𝑐𝑎𝑙(Ω)𝑔Pcal (3.179)

where 𝐵⃗ is the classical part and 𝑔Pcal is the calibration coefficient with the unit of Watt/meter. It

can be read off from the root mean square of the photodiode current in mA and that of the Pcal line

in meter.

Another piece of information from the Pcal line is the coupled cavity pole frequency. Assuming

a simple single cavity pole, the transfer function is

𝐺(𝑓) = 𝐴
1 + 𝑖𝑓 /𝑓𝐶𝐶

(3.180)
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The pole frequency can be derived if we have a complex gain at a certain frequency

𝑓𝐶𝐶 = −𝑓 real(𝐺(𝑓))
imag(𝐺(𝑓)) (3.181)

However, the actual system is a coupled cavity with unknown loss and detuning of the signal-

recycling cavity. The mode-mismatches in the system would also break the single-pole approxi-

mation. We will explain more in the next few chapters why the coupled-cavity pole frequency isn’t

a good quantity to fit.

Here concludes the chapter on quantum noise. In this chapter, we provided a direct calcu-

lation of quantum noise from first principles. Then we derive input-output relations for the full

Advanced LIGO detector, including all the optical losses happening everywhere. The formalism

in this chapter is still limited to the field in the fundamental spatial mode of each cavity, assuming

no mode-mismatches. We will show in the next chapter how to easily incorporate mode-mismatch

in the quantum noise calculation by extending the field to the next higher-order spatial mode. We

will also discuss how mode-mismatch would affect squeezing separately from optical losses.



4 FREQUENCY-DEPENDENT SQUEEZING

In Chapter 2, we discussed the squeezed states of light and examined how it is possible to reduce

the quantum uncertainty without violating the Heisenberg uncertainty principle, by “squeezing”

one quadrature of the light while “anti-squeezing” the conjugate quadrature. In Chapter 3, we

introduced the formalism that directly calculates the quantum noise of the light. In this chapter, we

will combine the knowledge from previous chapters and theoretically start squeezing the quantum

noise of the LIGO detector.

4.1 Generation of Squeezing

The quantum mechanics of squeezing was introduced in Chapter 2; here we briefly recapitulate

the theory. The squeezing operator is defined as

𝑆(𝑧) = 𝑒
1
2 (𝑧∗𝑎2−𝑧(𝑎†)2) (4.1)

And here are some of its useful properties.

𝑆†(𝑧) = 𝑆(−𝑧) (4.2)

𝑆†(𝑧)𝑎𝑆(𝑧) = 𝑎 cosh |𝑧| − 𝑎†𝑒−𝑖𝜑 sinh |𝑧| (4.3)

87
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𝑆(𝑧)𝑎𝑆†(𝑧) = 𝑎 cosh |𝑧| + 𝑎†𝑒−𝑖𝜑 sinh |𝑧| (4.4)

𝑆†(𝑧)𝑎†𝑆(𝑧) = 𝑎† cosh |𝑧| − 𝑎𝑒𝑖𝜑 sinh |𝑧| (4.5)

𝑆(𝑧)𝑎†𝑆†(𝑧) = 𝑎† cosh |𝑧| + 𝑎𝑒𝑖𝜑 sinh |𝑧| (4.6)

While Chapter 2 introduced squeezing in Schrödinger’s picture, it is often useful to use Heisen-

berg’s picture where the operators are evolving.

Since the light itself is made of infinite harmonic oscillators (Eq. (2.53))

𝐸(𝑡) = 𝜔⃗⊺
0(𝑡)

(
𝐴0 + √

ℏ𝜔0
2 ∫

𝑑Ω
2𝜋 𝑎(Ω)𝑒𝑖Ω𝑡

)
(4.7)

where the quantum mode is

𝑎 =
⎡
⎢
⎢
⎢
⎣

𝑎1

𝑎2

⎤
⎥
⎥
⎥
⎦

= 1
√2

⎡
⎢
⎢
⎢
⎣

1 1

−𝑖 𝑖

⎤
⎥
⎥
⎥
⎦⏟⏟⏟⏟⏟⏟⏟⏟⏟

A2

⎡
⎢
⎢
⎢
⎣

𝑎+

𝑎†
−

⎤
⎥
⎥
⎥
⎦

(4.8)

The squeezing operator is redefined as annihilating sideband at frequency (𝜔0 ± Ω) and copying it
over to the other side (𝜔0 ∓ Ω)

𝑆(𝑧) = 𝑒𝑧∗𝑎+𝑎−−𝑧𝑎†
+𝑎†

− (4.9)

where 𝑧 = |𝑧|𝑒𝑖2𝜙. The re-definition of the phase can be understood from Eq. (2.29) in Chapter 2.

The new properties are

𝑆†(𝑧) = 𝑆(−𝑧) (4.10)

𝑆(𝑧)𝑎±𝑆†(𝑧) = 𝑎± cosh |𝑧| + 𝑎†
∓𝑒𝑖2𝜙 sinh |𝑧| (4.11)

𝑆†(𝑧)𝑎±𝑆(𝑧) = 𝑆(−𝑧)𝑎±𝑆†(−𝑧) = 𝑎± cosh |𝑧| − 𝑎†
∓𝑒𝑖2𝜙 sinh |𝑧| (4.12)

It can be shown that

𝑆†(𝑧)𝑎𝑆(𝑧) = R (𝜙)S1(|𝑧|)R (−𝜙) 𝑎 (4.13)
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where

S1 =
⎡
⎢
⎢
⎢
⎣

𝑒|𝑧|

𝑒−|𝑧|

⎤
⎥
⎥
⎥
⎦

(4.14)

The squeezing matrix S1 represents a one-time squeezing operation. It can be thought of as

a single-pass of the nonlinear crystal in a real experiment. To enhance the squeezing, we put the

crystal inside a resonant cavity to drastically increase the number of passes of light through the

nonlinear medium.

Fig. 4-1 shows the nonlinear crystal sitting inside a resonant cavity. When the end mirror isn’t

perfectly reflective 𝑟2 < 1, there is some vacuum 𝑞2 leaked into the squeezer cavity. The input-

LIGO-Gxxxx 15

r1 r2

q1

a q2

Figure 4-1: Vacuum 𝑞1 and 𝑞2 entering from different ports of the squeezer cavity, which enhances
the nonlinear interaction by increasing the number of passes of the light through the crystal.

output relations give the reflectivity of the light from the input port of the squeezer

𝐻refl = (1 − (−𝑟1)(−𝑟2)S1)−1𝑡2
1S1(−𝑟2) + 𝑟11 (4.15)

=
⎡
⎢
⎢
⎢
⎢
⎣

𝑟1 −
𝑟2𝑡2

1𝑒𝑧1

1 − 𝑟1𝑟2𝑒𝑧1

𝑟1 −
𝑟2𝑡2

1𝑒−𝑧1

1 − 𝑟1𝑟2𝑒−𝑧1

⎤
⎥
⎥
⎥
⎥
⎦

(4.16)

= S𝑟 (4.17)
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Similarly, the transfer function of the vacuum 𝑞2 transmission is

𝐻trans = (1 − (−𝑟1)(−𝑟2)S1)−1𝑡2S1𝑡1 (4.18)

=
⎡
⎢
⎢
⎢
⎣

𝑡1𝑡2𝑒𝑧1

1 − 𝑟1𝑟2𝑒𝑧1

𝑡1𝑡2𝑒−𝑧1

1 − 𝑟1𝑟2𝑒−𝑧1

⎤
⎥
⎥
⎥
⎦

(4.19)

= S𝑡 (4.20)

Thus, the total output of the squeezed vacuum is

𝑎 = 𝐻refl𝑞1 + 𝐻trans𝑞2 (4.21)

and the variance measured is

⟨𝑎𝑎†⟩ = (S2
𝑟 + S2

𝑡 ) (4.22)

Now let’s focus on the diagonal elements of the diagonal matrix S2
𝑟 + S2

𝑡 . At the lossless limit

𝑟2 = 1, 𝑡2 = 0, the upper diagonal element (anti-squeezing) is

(
𝑟1 − 𝑒𝑧1

1 − 𝑟1𝑒𝑧1 )
2

= 𝑒2𝑧 (4.23)

which connects single-pass squeezing parameter 𝑧1 to the total squeezing observed 𝑧 outside the

cavity. This also holds for the lower diagonal element (𝑒−2𝑧).

When there is loss (𝑇2 > 0), the anti-squeezing becomes

𝑒2𝑧𝜂+ + (1 − 𝜂+) (4.24)

where

𝜂+ = 1 −
2𝑟1(1 − 𝑟2)𝑒𝑧1 − 𝑟2

1𝑇2𝑒2𝑧1

(1 − 𝑟1𝑒𝑧1)2 (4.25)
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Similarly, the squeezing is

𝑒−2𝑧𝜂− + (1 − 𝜂−) (4.26)

where

𝜂− = 1 −
2𝑟1(1 − 𝑟2)𝑒−𝑧1 − 𝑟2

1𝑇2𝑒−2𝑧1

(1 − 𝑟1𝑒−𝑧1)2 (4.27)

The new escape efficiencies can also be re-written as

(1 − 𝜂±) = (1 − 𝜂)(𝑟2
1 + 𝑟1𝑒±𝑧) + 𝒪(𝑇 2

2 ) (4.28)

where 𝑇2 acts as an effective loss term. The losses decrease squeezing by mixing the unsqueezed

vacuum in it, as expected. Therefore, the measured variance is

⟨𝑎𝑎†⟩ =
⎡
⎢
⎢
⎢
⎣

𝜂+𝑒2𝑧 + (1 − 𝜂+)

𝜂−𝑒−2𝑧 + (1 − 𝜂−)

⎤
⎥
⎥
⎥
⎦

(4.29)

which is a more generalized form. The unsqueezed vacuum due to loss is not identical to both

anti-squeezing and squeezing. The loss is also squeezing-level dependent, which is different from

the Quantum Langevin approach [57].

At the low-squeezing limit 𝑒𝑧1 ≈ 1, the loss terms are identical for squeezing and anti-squeezing
𝜂+ ≈ 𝜂− = 𝜂, giving the familiar equation when there’s losses

⟨𝑎𝑎†⟩ ≈ 𝜂
⎡
⎢
⎢
⎢
⎣

𝑒2𝑧

𝑒−2𝑧

⎤
⎥
⎥
⎥
⎦

+ (1 − 𝜂)1 = 𝜂S(𝑧) + (1 − 𝜂)1 (4.30)
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4.2 Frequency-Independent Squeezing

Before discussing frequency-dependent squeezing, we need to understand its preliminary work

known as frequency-independent squeezing. Even before that, we need to quantitatively analyze

the unsqueezed quantum noise of LIGO.

4.2.1 Homodyne revisited

In Section 3.3.2, we introduced the balanced homodyne detector that is typically used to observe

squeezing. The measured photocurrent difference is

𝐼diff(𝑡) = 𝐼𝑐 − 𝐼𝑑 = (𝐶†𝐶 − 𝐷†𝐷) + √2ℏ𝜔0 ∫
𝑑Ω
2𝜋 (𝐶†𝑐 − 𝐷†𝑑)𝑒𝑖Ω𝑡 (4.31)

where the output fields are from a beam splitter (Eq. (3.12))

⎡
⎢
⎢
⎢
⎣

𝑐

𝑑

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

𝑟 ⋅ 1 𝑡 ⋅ 1

𝑡 ⋅ 1 −𝑟 ⋅ 1

⎤
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎣

𝑎

𝑏⃗

⎤
⎥
⎥
⎥
⎦

and |𝑟|2 + |𝑡|2 = 1 (4.32)

Let 𝑎 → R (𝜙𝑠)S (𝑧)R (−𝜙𝑠) be the squeezed field with zero classical part𝐴 = 0. The other input
port of the beam splitter is the readout field 𝐵⃗, also known as the local oscillator (LO) field, with
unsqueezed quantum modes 𝑏⃗.

Re-write Eq. (4.31) into input fields, and the power fluctuations due to quantum modes are

𝑃diff(Ω) = √2ℏ𝜔0𝐵⃗[2𝑟𝑡𝑎 + (𝑡2 − 𝑟2)𝑏⃗] (4.33)

For a perfect beam splitter (𝑟2 = 𝑡2 = 1/2), the vacuum of the local oscillator field gets subtracted

out, leaving only the squeezed vacuum, which gets “read out” by the classical part of the LO field
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𝐵⃗.

𝑆diff = 2ℏ𝜔0
⟨0|𝐵⃗†𝑎(Ω)𝑎†(Ω′)𝐵⃗|0⟩𝑠𝑦𝑚

2𝜋𝛿(Ω − Ω′)/2 (4.34)

= 2ℏ𝜔0𝐵2𝑣†R† (𝜙LO)R (𝜙𝑠)S2(𝑧)R† (𝜙𝑠)R (𝜙LO) 𝑣 (4.35)

= 2ℏ𝜔0𝐵2(𝑒2𝑧 cos2 (𝜙LO − 𝜙𝑠) + 𝑒−2𝑧 sin2 (𝜙LO − 𝜙𝑠)) (4.36)

where 𝑣 = [1 0]𝑇 is the reference vector.

The most important point is that the measured quantum noise depends heavily on the phase

difference𝜙LO−𝜙𝑠. It’s possible to read out either desired squeezing𝑆 = 2ℏ𝜔0𝐵2𝑒−2𝑧 or undesired

anti-squeezing 𝑆 = 2ℏ𝜔0𝐵2𝑒2𝑧, depending on if you are reading out the squeezed quadrature or

the anti-squeezed quadrature.

4.2.2 Unsqueezed LIGO

In Section 3.6, we introduced the full solution of the quantum noise for a full LIGO system. It is

often useful to have a simplified and approximated solution to reveal the essential part of physics.

Assuming a lossless arm cavity, the amplitude reflectivity is

𝑔(Ω) ≈ r𝑜𝑝𝑡𝑜(Ω)𝑓 (4.37)

where

r𝑜𝑝𝑡𝑜(Ω) ≈
⎡
⎢
⎢
⎢
⎣

𝑟𝑎𝑟𝑚(Ω) 0

−𝒦(Ω) 𝑟𝑎𝑟𝑚(Ω)

⎤
⎥
⎥
⎥
⎦

(4.38)

and

𝒦(Ω) ≈ 16𝑃𝑎𝑟𝑚𝜔0
𝑚𝑐2Ω2 𝑔2

𝑎𝑟𝑚(Ω) (4.39)

are from Eq. (3.86) and Eq. (3.89).
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The lossless assumption continues to the dual-recycledMichelsonwith symmetric arms r𝑜𝑝𝑡𝑜𝑦(Ω) =
r𝑜𝑝𝑡𝑜𝑥(Ω), which has a simplified transfer function from Eq. (3.150)

hDC(Ω) ≈ r + tehMICHe(1 + rehMICHe)−1t (4.40)

with a lossless Michelson interferometer simplified from Eq. (3.127)

hMICH(Ω) ≈ HBS

⎡
⎢
⎢
⎢
⎣

r𝑜𝑝𝑡𝑜𝑦(Ω) 0

0 r𝑜𝑝𝑡𝑜𝑥(Ω)

⎤
⎥
⎥
⎥
⎦
HBS =

⎡
⎢
⎢
⎢
⎣

r𝑜𝑝𝑡𝑜(Ω) 0

0 r𝑜𝑝𝑡𝑜(Ω)

⎤
⎥
⎥
⎥
⎦

(4.41)

A diagonal hMICH implies that the power-recycling and signal-recycling are completely de-

coupled from each other. Mathematically, the double cavity transfer function hDC(Ω) becomes
diagonal. The output field 𝑏⃗ at LIGO’s anti-symmetric (dark) port only depends on the input field
at the same port 𝑎 and decouples from the input field at the symmetric (bright) port.

𝑏⃗ = 𝑎 [𝑟𝑠1 + 𝑡2
𝑠R (𝜙𝑠) 𝑒−𝑖𝜑𝑠r𝑜𝑝𝑡𝑜(Ω)R (𝜙𝑠) 𝑒−𝑖𝜑𝑠(1 + 𝑟𝑠R (𝜙𝑠) 𝑒−𝑖𝜑𝑠r𝑜𝑝𝑡𝑜(Ω)R (𝜙𝑠) 𝑒−𝑖𝜑𝑠)−1]

(4.42)

= 𝑎 [𝑟𝑠1 − 𝑡2
𝑠𝑒−𝑖2𝜑𝑠r𝑜𝑝𝑡𝑜(Ω)(1 − 𝑟𝑠𝑒−𝑖2𝜑𝑠r𝑜𝑝𝑡𝑜(Ω))−1] (4.43)

This is just a reflectivity of a double cavity. The double cavity can be further approximated to a

single cavity by replacing 𝑟𝑎𝑟𝑚(Ω) in Eq. (4.38) to 𝑟DC(Ω).

𝑟DC(Ω) ≈ −𝛾DC + 𝜆 + 𝑖Ω
𝛾DC + 𝜆 + 𝑖Ω ≈ −𝛾DC + 𝑖Ω

𝛾DC + 𝑖Ω (4.44)

where 𝛾DC is the coupled-cavity pole in rad/s and 𝜆 = 0 in the lossless case. The quantum mode at
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the LIGO output port is effectively

𝑏⃗ =
⎡
⎢
⎢
⎢
⎣

𝑟DC(Ω) 0

−𝒦DC(Ω) 𝑟DC(Ω)

⎤
⎥
⎥
⎥
⎦

𝑎 = rDC(Ω)𝑎 (4.45)

The gravitational wave contributes to the output signal as

𝑏⃗|GW = ℎ [0 1] lDCmlMICHh

⎡
⎢
⎢
⎢
⎣

gGW

−gGW

⎤
⎥
⎥
⎥
⎦

≈ ℎ√2gGW (4.46)

where

lMICHh = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦) 𝑒−𝑖𝜑𝑦 0

0 R (𝜙𝑥) 𝑒−𝑖𝜑𝑥

⎤
⎥
⎥
⎥
⎦

≈ HBS (4.47)

and

lDCm = te (1 − hMICHe(1 + rehMICHe)−1re) ≈ 1 (4.48)

in single-cavity approximation. The coupling from gravitational waves is from Eq. (3.158)

gGW = √𝒦
ℎSQL

⎡
⎢
⎢
⎢
⎣

0

1

⎤
⎥
⎥
⎥
⎦

(4.49)

Therefore, we need the phase of the local oscillator field to be 𝐵⃗ = 𝐵[0 1]⊺ to read out gravi-

tational waves. The uncalibrated quantum noise in W2/Hz is

𝑆𝑃 (Ω) = 2ℏ𝜔0𝐵⃗†⟨𝑏⃗(Ω)𝑏⃗†(Ω′)⟩𝐵⃗ = 2ℏ𝜔0𝐵2(𝒦 2
DC(Ω) + 1) (4.50)
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and the signal from gravitational wave has

𝑆GW(Ω) = 2ℏ𝜔0𝐵⃗†⟨𝑏⃗GW(Ω)𝑏⃗†
GW(Ω′)⟩𝐵⃗ = 2ℏ𝜔0𝐵22|𝒦DC(Ω)| ℎ2

ℎ2
SQL

= ℎ2𝑔2
cal (4.51)

Therefore, the unsqueezed quantum noise calibrated in strain2/Hz is

𝑆ℎ(Ω) = 𝑆𝑃 (Ω)
𝑔2
cal

=
ℎ2
SQL

2 (|𝒦DC(Ω)| + 1
|𝒦DC(Ω)|) (4.52)

where

ℎSQL(Ω) = √
8ℏ

𝑚Ω2𝐿2 (4.53)

and

𝒦DC(Ω) = 16𝑘𝑃𝑎𝑟𝑚
𝑚𝛾DC𝐿𝑎𝑟𝑚

1
Ω2 (

1 + Ω2

𝛾2
DC)

−1

(4.54)

𝑘 is the wavenumber of the 1064-nm field. As we can see, the first term in 𝑆ℎ is due to quantum

back-action from radiation pressure noise, whereas the second term is shot noise. The total quantum

noise also never breaks ℎSQL for any given |𝒦|.

4.2.3 Squeezed LIGO

Whenwe squeeze the quantum noise of LIGO, we actually squeeze the quantummodes entering

from the anti-symmetric port 𝑎, such that (ignoring all losses)

𝑎 → R (𝜙)S(𝑟)R (−𝜙) 𝑎 (4.55)
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This will modify Eq. (4.50) to be

𝑆𝑃 (Ω) = 2ℏ𝜔0𝐵⃗†⟨𝑏⃗(Ω)𝑏⃗†(Ω′)⟩𝐵⃗ (4.56)

= 2ℏ𝜔0𝐵⃗†rDC(Ω)R (𝜙)S2(𝑧)R (−𝜙) r†
DC(Ω)𝐵⃗ (4.57)

= 2ℏ𝜔0𝐵2[𝑒2𝑟(cos2 𝜙|𝒦|2 + sin2 𝜙 − cos𝜙 sin𝜙𝒦𝑟†
DC − cos𝜙 sin𝜙𝒦 †𝑟DC)+ (4.58)

𝑒−2𝑟(sin2 𝜙|𝒦|2 + cos2 𝜙 + cos𝜙 sin𝜙𝒦𝑟†
DC + cos𝜙 sin𝜙𝒦 †𝑟DC)] (4.59)

Using approximations Eq. (3.36) and Eq. (3.39), we have

𝒦 = |𝒦|𝑒−𝑖2 tan−1(Ω/𝛾) (4.60)

and

𝑟DC = 𝑒−𝑖2 tan−1(Ω/𝛾) (4.61)

Note that they have the same complex phase. Thus, we can further re-write Eq. (4.56) to

𝑆𝑃 (Ω) = 2ℏ𝜔0𝐵2[𝑒2𝑟(cos𝜙|𝒦| − sin𝜙)2 + 𝑒−2𝑟(cos𝜙|𝒦| + sin𝜙)2] (4.62)

= 2ℏ𝜔0𝐵2(|𝒦|2 + 1)[𝑒2𝑟 sin2(𝜙 − 𝜃) + 𝑒−2𝑟 cos2(𝜙 − 𝜃)] (4.63)

where

𝜃(Ω) = tan−1 |𝒦(Ω)| (4.64)

In the strain unit, the squeezed quantum noise is

𝑆ℎ(Ω) =
ℎ2
SQL

2 (|𝒦DC(Ω)| + 1
|𝒦DC(Ω)|) [𝑒2𝑟 sin2(𝜙 − 𝜃) + 𝑒−2𝑟 cos2(𝜙 − 𝜃)] (4.65)

It is easy to see that enforcing 𝜙 = 𝜙(Ω) = 𝜃(Ω)will give a broadband quantum noise reduction

by a factor of 𝑒−2𝑟. However, the squeezing angle produced by a squeezer has a constant 𝜙, which
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is frequency-independent. This motivates us to find a way to add frequency dependence to the

squeezing angle, namely producing frequency-dependent squeezing.

4.3 Detuned Fabry-Pérot Cavity

The goal of frequency-dependent squeezing is to change the phase 𝜙 of the squeezed beam such

that

𝜙 → 𝜙(Ω) = tan−1 |𝒦(Ω)| (4.66)

without reducing the amplitude of the squeezed beam. This phase-shifting “filtering” effect can

be approximately produced by a lossless over-coupled Fabry-Pérot cavity operated at a detuned

frequency Δ𝜔. The amplitude reflectivity of the filter cavity is (at the low-loss limit)

𝑟fc(Ω) ≈ −𝛾 + 𝜆 + 𝑖(Ω − Δ𝜔)
𝛾 + 𝜆 + 𝑖(Ω − Δ𝜔) (4.67)

Following Eq. (7) in the optimal detuning paper [34], the filter cavity will produce an effective

phase-shifting

𝜙(Ω) ≈ tan−1 2𝛾Δ𝜔
𝛾2 − 𝜆2 + Ω2 − Δ𝜔2 (4.68)

Equalizing it with

𝜃(Ω) = tan−1 |𝒦(Ω)| ≈ tan−1
Ω2
SQL

Ω2 (4.69)

because ΩSQL ≪ 𝛾DC, we have
⎧⎪
⎨
⎪⎩

2𝛾Δ𝜔 = Ω2
SQL

𝛾2 = Δ𝜔2 + 𝜆2
(4.70)
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where ΩSQL is the frequency where |𝒦(ΩSQL)| = 1

ΩSQL ≈ √
16𝑘𝑃𝑎𝑟𝑚

𝑚𝐿𝑎𝑟𝑚𝛾DC
(4.71)

In the lossless case, an optimal filter cavity would have

𝛾 = Δ𝜔 =
ΩSQL

√2
(4.72)

Current LIGO has ΩSQL = 2𝜋 × 37Hz at 𝑃𝑎𝑟𝑚 = 260 kW. This requires the filter cavity to have a

very small linewidth, which is experimentally challenging.

In the formalism of direct calculation of quantum noise, it is very easy to model the detuned

filter cavity. Unlike the arm cavity, the filter cavity has negligible optomechanical interaction but

always stays detuned from resonance. The optomechanical coupling𝒦 is totally negligible because

of the very low power of squeezed light.

The detuning frequency of the cavity Δ𝜔 = 2𝜋Δ𝑓 is the frequency difference between the

cavity resonance frequency and the carrier frequency 𝜔0.

(𝜔0 + Δ𝜔)2(𝐿 + Δ𝐿)
𝑐 = 𝜔02𝐿

𝑐 = 2𝜋ℕ (4.73)

where the length detuning is

Δ𝐿 = −Δ𝜔
𝜔0

𝐿 + 𝒪(Δ𝜔2) (4.74)

Therefore, the round-trip phase is

R (2𝜙) = R(
2𝜔0(𝐿 + Δ𝐿)

𝑐 ) = R(2𝜋ℕ − 2Δ𝜔𝐿
𝑐 ) = R(−2Δ𝜔𝐿

𝑐 ) (4.75)

and

R (2𝜑) = R(
2Ω(𝐿 + Δ𝐿)

𝑐 ) ≈ R(
2Ω𝐿

𝑐 ) (4.76)
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Only the 𝜙 is affected and that’s all. The rest is identical to the standard input-output relation of an

optical cavity introduced in Section 3.3.3.

4.4 Mode-Mismatch

Besides optical losses, mismatches between spatial modes of two cavities are also significant

degradation to squeezing. However, it manifests as a “frequency-dependent loss” in contrast to

regular losses that affect squeezed vacuum equally at all frequencies. Mode-mismatch was known

to affect squeezing in Observing Run 3 (2020), but we didn’t have the theory to model it. The

formalism was finally available before Observing Run 4 (2023) [33], and it has been added to the

Gravitational Wave Interferometer Noise Calculator (GWINC) [58]. We will explain the physics

in this chapter.

4.4.1 A more complete picture of light

We have already known the electric field after the second quantization (Eq. (2.54)).

𝐸(𝑡) → 𝜔⃗⊺
0(𝑡)

(
𝐴0 + √

ℏ𝜔0
2 ∫

∞

−∞

𝑑Ω
2𝜋 𝑎𝑒𝑖Ω𝑡

)
(4.77)

This is the temporal picture of the light with quantum modes. The spatial picture of the light is to

decompose the field into higher-order spatial modes (orthogonal Hermite-Gaussian or Laguerre-

Gaussian modes). Here we use Hermite-Gaussian (HG) modes, for example.

𝐸(𝑥, 𝑦, 𝑧) = 𝐴0 ∑
𝑙,𝑚

𝐻𝑙,𝑚(𝑥, 𝑦)𝑒𝑖𝜓𝑙,𝑚(𝑧)𝑒−𝑖𝑘𝑧 (4.78)
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The straightforward way to unite these two pictures is just to multiply them.

𝐸full(𝑥, 𝑦, 𝑧, 𝑡) = 𝐸(𝑡)𝐸(𝑥, 𝑦, 𝑧) (4.79)

The spatial terms 𝐻𝑙,𝑚(𝑥, 𝑦) are not important to us because we usually don’t measure the spatial
distribution of the power. The Gouy phase 𝜓𝑙,𝑚(𝑧) is very important because it carries the phase
information of the squeezed vacuum.

As aforementioned, one advantage of the direct calculation formalism is that it is trivial to

extend from the fundamental spatial mode to any higher-order mode. Suppose we want to extend

to the 𝑛-th order. The classical part is promoted to

𝐴 → [𝐴00 ⋯ 𝐴𝑛]⊺ (4.80)

The propagation matrix is promoted accordingly

R (𝜙) →

⎡
⎢
⎢
⎢
⎢
⎢
⎣

R (𝜙)

⋱

R (𝜙 − 𝜓𝑛)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(4.81)

Besides these two, the quantum modes are also generalized. If we have squeezing, the output field

from the squeezer is expressed as

𝑎 → [RSR†𝑎00 ⋯ 𝑎𝑛]⊺ (4.82)

Only the fundamental mode is squeezed in the squeezer cavity’s basis.
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To generate mode-mismatch, we need a scattering matrix among spatial modes

U =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

√1 − Υ ⋯ R (−𝜃𝑛) √Υ𝑛

⋮ ⋱ ⋮

−R (𝜃𝑛) √Υ𝑛 ⋯ √1 − Υ

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, and UU† = U†U = 1 (4.83)

This is it! All the equations in Chapter 3 still hold when we introduce mode-mismatches.

The exact equations after we promote these fields and matrices are presented in the next section.

You can skip this part and jump to Section 4.4.3 to see an example of mode-mismatch in practice.

4.4.2 Equations of mode-mismatch

The cavity responses for 𝑛-th order higher-order mode (HOM) are

rcav(Ω, 𝑛) = (𝑟11 − 𝑟2𝑟3R (2(𝜙 − 𝑛𝜓)) 𝑒−𝑖2𝜑) [1 − 𝑟1𝑟2𝑟3R (2(𝜙 − 𝑛𝜓)) 𝑒−𝑖2𝜑]
−1 (4.84)

tcav(Ω, 𝑛) = 𝑡1𝑡2R (𝜙 − 𝑛𝜓) 𝑒−𝑖𝜑 [1 − 𝑟1𝑟2𝑟3R (2(𝜙 − 𝑛𝜓)) 𝑒−𝑖2𝜑]
−1 (4.85)

gcav(Ω, 𝑛) = 𝑡1𝑟3R (𝜙 − 𝑛𝜓) 𝑒−𝑖𝜑 [1 − 𝑟1𝑟2𝑟3R (2(𝜙 − 𝑛𝜓)) 𝑒−𝑖2𝜑]
−1 (4.86)

where 𝜓 is the single-trip Gouy phase of the cavity, and we’ve ignored the Gouy phase of the 00

mode since the round-trip phase 2𝜙 = 2𝜋ℕ when on-resonance. The Gouy phase is only accounted

for in the classical field instead of the quantum modes. It’s also only accounted for once in two-

photon formalism. This is also the cavity response without any optomechanical coupling.

The squeezer outputs squeezed vacuum only in 00 and not in other HOMs.

𝑎SQZ =
⎡
⎢
⎢
⎢
⎣

RSR†𝑞1

𝑞2

⎤
⎥
⎥
⎥
⎦

(4.87)



Section 4.4. Mode-Mismatch 103

where 𝑞𝑖 are vacuum fields. If the squeezed beam isn’t mode-matched to the cavity, aka U ≠ 1,

then the squeezing can be scattered into HOM, which would see a detuned cavity response due to

extra Gouy phase. The 4x4 cavity response matrix is (only considering 2nd order mode because

4th is higher order correction)

rcav =
⎡
⎢
⎢
⎢
⎣

r00
cav(Ω) 0

0 rHOMcav (Ω)

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

rcav(Ω, 0) 0

0 rcav(Ω, 2)

⎤
⎥
⎥
⎥
⎦

(4.88)

acting onU𝑎SQZ. Note that it’s a 4x4 matrix instead of an 8x8 like a beam splitter because we don’t

care about the transmission vacuum. The other two cavity responses are analogous.

gcav =
⎡
⎢
⎢
⎢
⎣

gcav(Ω, 0) 0

0 gcav(Ω, 2)

⎤
⎥
⎥
⎥
⎦

(4.89)

tcav =
⎡
⎢
⎢
⎢
⎣

tcav(Ω, 0) 0

0 tcav(Ω, 2)

⎤
⎥
⎥
⎥
⎦

(4.90)

Essentially, we just promote the rotation matrix to 4x4

R (𝜙) →
⎡
⎢
⎢
⎢
⎣

R (𝜙)

R (𝜙 − 𝑛𝜓)

⎤
⎥
⎥
⎥
⎦

(4.91)

and insert mode conversionmatrixU to the appropriate places in the previous formulation. The cav-

ity response including optomechanical coupling remains the same. The change of cavity reflection
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due to radiation pressure is

𝛿rcav
𝛿𝜙 (Ω) = −𝑟2𝑟3(1 + 𝑒𝑖𝜑)

⎡
⎢
⎢
⎢
⎣

R(
𝜋
2 )

R(
𝜋
2 )

⎤
⎥
⎥
⎥
⎦
gcav(0)gcav(Ω) + 𝒪 (

Ω
𝜔0 ) (4.92)

The only difference is R becomes 4x4. The cavity reflection is still

𝑅𝑜𝑝𝑡𝑜(Ω) = rcav(Ω) − 𝓚𝑟(Ω) (4.93)

with

𝓚𝑟(Ω) = 4𝜔0
𝑚𝑐2Ω2 (1 + 𝑟2

2𝑒−𝑖𝜑)𝛿rcav
𝛿𝜙 (Ω)𝐹 𝐹 †𝑔†

cavgcav(Ω) (4.94)

This also becomes 4x4 naturally. Same for other 𝓚 for losses.

The Michelson transfer function is the same with some U plugged in. The X-arm and Y-arm

might not have the same cavity basis due to non-idealities. Define the Michelson mode to be

perfectly matched to X-arm without losing generalities. The Michelson transfer function is

hMICH = HBS

⎡
⎢
⎢
⎢
⎣

R (𝜙𝑦)U†
𝑋𝑌 𝑅𝑜𝑝𝑡𝑜𝑦U𝑋𝑌 R (𝜙𝑦) 𝑒𝑖2𝜑𝑦

R (𝜙𝑥) 𝑅𝑜𝑝𝑡𝑜𝑥R (𝜙𝑥) 𝑒𝑖2𝜑𝑥

⎤
⎥
⎥
⎥
⎦
HBS (4.95)

where U𝑋𝑌 is responsible for the mismatch. It’s easy to see that if the Y-arm cavity is simply a

mirror 𝑟1, the mode-mismatch would cancel each other because it doesn’t matter.

There could also bemode-mismatch between the power-recycling cavity to arms, and the signal-

recycling cavity to arm cavities. It’s taken care of by changing

hMICH → U†
DChMICHUDC (4.96)
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where

UDC =
⎡
⎢
⎢
⎢
⎣

U𝑝

U𝑠

⎤
⎥
⎥
⎥
⎦

(4.97)

andU𝑝 is themismatch between power-recycling cavity andX-arm, andU𝑠 is themismatch between

signal-recycling cavity and X-arm.

4.4.3 Homodyne re-revisited

The balanced homodyne detection introduced (Section 3.3.2) tomeasure squeezing (Section 4.2.1)

is also an excellent example to evaluate mode-mismatch. The homodyne visibility 𝜈 is fundamen-
tally a mode-mismatch effect. It’s the square root of the mode-matching coefficient or efficiency

in power

𝜈 = √𝜂 (4.98)

When we try to measure the visibility, we send a coherent beam co-aligned with the squeezed

vacuum (known as seed) to the homodyne 𝐴SQZ = 𝐴seed > 0. If it is not mode-matched to the
local oscillator (LO) beam, it can be converted to LO basis as

𝐴SQZ =
⎡
⎢
⎢
⎢
⎣

R (𝜙SQZ) 𝐴0

0

⎤
⎥
⎥
⎥
⎦

→ U𝐴SQZ (4.99)

where

U =
⎡
⎢
⎢
⎢
⎣

𝜈1 R (−𝜙𝑚𝑚) √1 − 𝜈2

−R (𝜙𝑚𝑚) √1 − 𝜈2 𝜈1

⎤
⎥
⎥
⎥
⎦

(4.100)

is an orthonormal basis-conversion matrix, or scattering matrix. It doesn’t have to be complex
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because the mode-mismatch is a classical effect. The mode-mismatch angle is

𝜙𝑚𝑚 = 𝜋
2 + √1 − 𝜈2 (4.101)

It’s the additional phase scattered to the higher-order mode (HOM) from the fundamental TEM00

mode. Its sign is arbitrary because we don’t know if the waist location mismatch is positive or

negative. The HOM is naturally incorporated by extending the 2-by-1 classical field vector to a

4-by-1 vector with the top being 00 mode and the bottom being HOM. The LO field in its own LO

basis is

𝐴LO =
⎡
⎢
⎢
⎢
⎣

R (𝜙LO) 𝐴0

0

⎤
⎥
⎥
⎥
⎦

(4.102)

Since the field is already 4-by-1, the beam splitter is now upgraded to 8x8 matrix

ℎ𝐵𝑆 =
⎡
⎢
⎢
⎢
⎣

𝑟1 𝑡1

𝑡1 −𝑟1

⎤
⎥
⎥
⎥
⎦

(4.103)

with 1 = 14×4 and the input-output relation is

⎡
⎢
⎢
⎢
⎣

𝐴1

𝐴2

⎤
⎥
⎥
⎥
⎦

= ℎ𝐵𝑆

⎡
⎢
⎢
⎢
⎣

U𝐴SQZ

𝐴LO

⎤
⎥
⎥
⎥
⎦

(4.104)

The measured power at one photodiode, for example, is

𝐴⊺
1𝐴1 =

⎛
⎜
⎜
⎜
⎝
[1 0] ℎ𝐵𝑆

⎡
⎢
⎢
⎢
⎣

U𝐴SQZ

𝐴LO

⎤
⎥
⎥
⎥
⎦

⎞
⎟
⎟
⎟
⎠

2

(4.105)

= 1
2 (U𝐴SQZ + 𝐴LO)

2
=

𝐴2
0

2 ((𝜈2 + 2𝜈 cos(𝜙SQZ − 𝜙LO) + 1) + 1 − 𝜈2) (4.106)
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which ranges between 𝑃𝑚𝑖𝑛 = 𝐴2
0(1 − 𝜈) and 𝑃𝑚𝑎𝑥 = 𝐴2

0(1 + 𝜈). Therefore, we have

𝑃𝑚𝑎𝑥 − 𝑃𝑚𝑖𝑛
𝑃𝑚𝑎𝑥 + 𝑃𝑚𝑖𝑛

= 𝜈 (4.107)

which recovers the definition of visibility.

When we send squeezing to the homodyne, we have 𝐴SQZ = 0 and 𝑎SQZ = RSR†𝑎. Similarly,
the quantum-mechanical parts can also be represented in this way. The great thing about this for-

malism is that it’s compatible with both classical and quantum fields. The quantum vacuum at the

photodiode is

𝑎1 = [1 0] ℎ𝐵𝑆

⎡
⎢
⎢
⎢
⎣

U𝑎SQZ

𝑎LO

⎤
⎥
⎥
⎥
⎦

(4.108)

with

⎡
⎢
⎢
⎢
⎣

U𝑎SQZ

𝑎LO

⎤
⎥
⎥
⎥
⎦

=
⎡
⎢
⎢
⎢
⎣

1

0

⎤
⎥
⎥
⎥
⎦
U𝑎SQZ +

⎡
⎢
⎢
⎢
⎣
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(4.111)

Note that the spatial 00 mode and spatial HOM of the same quantummode have zero cross-spectral

density.

⟨𝑎†
(00)𝑎

†
(HOM)⟩ = 0 (4.112)
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and

⟨𝑎SQZ𝑎†
SQZ⟩ = 1 (4.113)

The measured power fluctuation on the difference of photocurrents is

𝑃diff(Ω) = √2ℏ𝜔0𝐵⃗U𝑎SQZ = √2ℏ𝜔0 [0 1] (𝜈𝑎(00)
SQZ + R (−𝜙𝑚𝑚) √1 − 𝜈2𝑎(HOM)

SQZ ) (4.114)

Note that the LO classical part 𝐵⃗ = [0 1 0 0]⊺ only has power in the fundamental mode of its own

basis. When we have the right squeezing angle, the measured quantum noise is

𝑆diff(Ω) = 2ℏ𝜔0𝐵2(𝜈2𝑒−2𝑟 + (1 − 𝜈2)) (4.115)

Here we recover visibility 𝜈 from mode-mismatch as effectively the efficiency to the squeezing

(4.98).

In this example, the mode-mismatch acts the same as optical loss to squeezing. However, it

becomes more interesting when we have more than one mode-mismatch along the squeezed path.

Physically, the squeezed vacuum will be scattered to the HOM in the first mode-mismatch, and

then scattered back to 00 in the second mode-mismatch down the path. The final squeezed vacuum

that gets read out will be the coherent sum of the original squeezing from the squeezer and the

squeezing scattered back, which will have a different phasing due to the Gouy phase.

In this chapter, we discussed how squeezing will alter the quantum noise in LIGO. When in-

jected with frequency-dependent squeezing, the quantum noise will reduce by a factor of 𝑒−2𝑟 at all

frequencies. However, the experimental degradations like optical losses and mode-mismatch will

prevent us from seeing the amount of squeezing generated from the squeezer.

We also finish all the formalism we need to fully understand the physics of squeezing and how

it will affect LIGO’s quantum noise. In the next chapter, we will delve into the experimental land

and discuss how we implement the squeezing system in real gravitational-wave detectors.



5 SQUEEZING EXPERIMENT IN LIGO

In previous chapters, we introduced the squeezed vacuum state of light and understood how it

can reduce quantum noise, especially for gravitational-wave detectors like LIGO. Experimentally,

frequency-independent squeezing has been deployed to reduce quantum noise of gravitational-

wave detectors [59, 60], for example, in LIGO [61, 62], Virgo [63], and GEO600 [64–66]. This

chapter will describe the experimental work to realize frequency-dependent squeezing in real LIGO

interferometers.

Since I spent most of my time at LIGO Livingston Observatory (L1), the experiment presented

in this chapter will be focused on L1. The stories here will be closely related to our published

work [3].

5.1 System Overview

As introduced in Chapter 4, the frequency-dependent squeezing requires three key components:

• Squeezer: generating squeezed vacuum states, which is physically a beam of correlated pho-

tons.

• Filter cavity: producing the frequency-dependent phase shift of the squeezed beam.

• Detection: observing a reduced quantum noise thanks to squeezing.

109
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Figure 5-1: Experimental setup of frequency-dependent squeezing in LIGO [3].

In LIGO, the detection part already exists as we detect incoming gravitational waves. Fig. 5-1

shows the experimental overview of the squeezing subsystem.

The blue panel shows a simplified overview of the main experimental components. The LIGO

detector is the dual-recycled Michelson interferometer with two Fabry-Pérot arm cavities. The

LIGO squeezer [62] generates the squeezed vacuum at 1064 nm using a sub-threshold optical para-

metric amplifier, pumped at 532 nm. The frequency-independent squeezed beam reflects from the

300m filter cavity and becomes frequency-dependent. Three Faraday isolators are in place to block

any interfering light from reaching the squeezer and filter cavity. The use of active steering optics

facilitates the alignment and mode-matching between the squeezed beam and the filter cavity & in-

terferometer [8]. The squeezed beam travels alongside the outgoing interferometer beam through

the output mode cleaner cavity, where it is measured by the readout photodetectors, as outlined in

the LIGO design [67].

The yellow panels display uncertainty ellipses representing squeezed states in phase space [36].

These ellipses demonstrate how vacuum fluctuations are squeezed along the vertical readout quadra-
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ture. In the left panel, the illustration portrays the frequency-dependent rotation caused by the filter

cavity resonance (upper) on the generated squeezed vacuum state (lower). The right panel illus-

trates how the interferometer back-action impacts the injected squeezed state, which can be either

frequency-independent (light) or frequency-dependent (dark). In both scenarios, the ellipse under-

goes rotation and stretching, indicating the rotation and squeezing of the squeezed state. In the case

of frequency-independent squeezing, there’s an increase in uncertainty in the readout quadrature at

low frequencies, as highlighted by the vertical red arrows. Conversely, for frequency-dependent

squeezing where the appropriate rotation is applied to counteract back-action, a reduction in uncer-

tainty in the readout quadrature is observed at low frequencies.

We will discuss each component in the following sections.

5.2 Squeezer

The LIGO squeezer generates correlated photon pairs through spontaneous parametric down-

conversion (SPDC), which is a physical process enabled by a nonlinear 𝜒 (2) crystal made of pe-

riodically poled potassium titanyl phosphate (PPKTP) [62, 68, 69]. SPDC essentially splits one

green 532 nm photon to a pair of entangled red 1064 nm photons, allowed by the conservation of

energy [70]. Since the signal in the squeezer is the vacuum as we are doing vacuum squeezing,

we also call SPDC in a cavity an optical parametric amplifier because it operates below the lasing

threshold.

SPDC is a 𝜒 (2) process, which is from the second-order nonlinearity in the crystal. The dis-

placement electric field 𝐷⃗ in the crystal can be expressed as

𝐷⃗ = 𝜀0𝐸⃗ + 𝑃 (5.1)

Taking a divergence, we have

∇ ⋅ 𝐷⃗ = 𝜌𝑓 = 𝜌 − 𝜌𝑏 (5.2)
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namely, the free charge is equal to the total charge minus the bound charge.

For a nonlinear crystal, we have

𝐷⃗ = 𝜀0[(1 + 𝜒 (1))𝐸⃗ + 𝜒 (2)𝐸⃗2 + ⋯] (5.3)

The 𝜒 (2) term generates sum and difference frequency photon. This allows us to write the Hamil-

tonian of the nonlinear process

𝐻 = ℏ𝜔𝑎𝑎 † 𝑎 + ℏ𝜔𝑏𝑏†𝑏 + 𝑖ℏ
2 (𝜖(𝑎†)2𝑏 − 𝜖∗𝑎2𝑏†) (5.4)

where 𝑎 is the fundamental field in 1064 nm, 𝑏 is pump field 532 nm, and 𝜖 is the nonlinear coupling
parameter. The down conversion can be seen as we annihilate one pump photon 𝑏 and create two
entangled red photon (𝑎†)2.

Assuming the process is parametric (no depletion of the pump field), we can write the pump

field as a strong coherent field 𝑏 → 𝛽𝑒𝑖𝜔𝑏𝑡 and 𝜔𝑏 = 2𝜔𝑎 = 2𝜔. The Hamiltonian is

𝐻 = ℏ𝜔𝑎†𝑎⏟
𝐻0

+ 𝑖ℏ𝜖
2 (𝛽𝑒𝑖2𝜔𝑡(𝑎†)2 − 𝛽∗𝑒−𝑖2𝜔𝑡𝑎2)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐻1

(5.5)

The Hamiltonian in the interaction picture is

𝐻𝐼 = 𝑈 †
0 𝐻1𝑈0 = 𝑖ℏ𝜖

2 (𝛽(𝑎†)2 − 𝛽∗𝑎2) (5.6)

where

𝑈0 = 𝑒−𝑖𝐻0𝑡/ℏ (5.7)
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Therefore, the state evolves with

|𝑡⟩𝐼 = 𝑒−𝑖𝐻𝐼 𝑡/ℏ|𝑡0⟩𝐼 = 𝑒
𝜖𝑡
2 (𝛽(𝑎†)2−𝛽∗𝑎2)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑆(𝑧)

|𝑡0⟩𝐼 (5.8)

which recovers the squeezing operator 𝑆(𝑧) introduced in the previous chapters.
The formalism above stands for the SPDC. The LIGO squeezer cavity has the SPDC process

in a lossy Fabry-Pérot cavity to increase the interaction time 𝑡. The full input-output relations are
derived fromQuantum Langevin equations, which can be found in previous theses [71]. The results

are summarized here.

The nonlinear interaction strength 𝑥 is

𝑥 = 𝜖𝛽
𝛾 = √

𝑃pump

𝑃threshold
(5.9)

where 𝛾 is the linewidth of the cavity in red 1064 nm. The parameter 𝑥 is analogous to 𝑧 in the

squeezing operator 𝑆(𝑧) derived above. The higher 𝑥, the more generated squeezing. When the

pump power surpasses the threshold 𝑥 > 1, the cavity starts lasing. Therefore, we always operate
the squeezer below threshold power.

There are three other useful quantities that describe nonlinearity and are determined by the

interaction strength 𝑥:

• Nonlinear gain: NLG = 1
(1 − 𝑥)2

• Nonlinear attenuation: NLA = 1
(1 + 𝑥)2

• Nonlinear ratio NLR =
(1 + 𝑥)2

(1 − 𝑥)2 = 𝑒2𝑟

where 𝑒±2𝑟 are the (anti)squeezing diagonal elements in the squeezing matrix S(r)
The squeezer cavity is suspended and situated in the ultra-high vacuum chamber [72]. The

double suspension will isolate the squeezer from ground motions to reduce the phase fluctuation of
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the squeezed beam. The vacuum chamber is coupled with the main interferometer vacuum system

to prevent air currents from causing fluctuations in the index of refraction of the medium that also

leads to phase noises. Compared to the cavity parameters of Observing Run 3, the finesse has been

increased from 37 (17.6) to 85 (110) for fundamental 1064 nm (pump 532 nm) [68, 73, 74].

The squeezed vacuum beam generated from the squeezer is directed to the filter cavity by relay

optics, some of which have deformable surfaces to allow for optimization of the mode-matching

between the squeezer cavity and filter cavity. We will discuss these deformable mirrors in the next

section.

5.3 Active Mode-Matching Optics

The relay optics from the squeezer to the filter cavity and from the filter cavity to the interfer-

ometer are called Suspended Active Matching Stages (SAMS). They are suspended in the vacuum

chamber with actuators on pitch and yaw.

The deformable optics can be actuated by piezoelectric [8] or thermoelastic force [75, 76].

Fig. 5-2a shows the diagram of the piezo-deformable optics suspended on active matching stages

(PSAMS). PSAMS refers to the whole assembly, but it is often used to refer to the deformable

mirror itself. The radius of curvature of the mirror can be actively changed by stress-deforming it

with a piezoelectric transducer (PZT).

Fig. 5-2b shows the actual PSAMS optics with a 2-inch diameter and 5-mm thickness. The

cross-section of the whole optics assembly is shown in Fig. 5-2c. The axis of the mirror is aligned

with the axis of the PZT, which transduces a DC voltage to a normal stress on the mirror. It pushes

the inverted hat-shaped axisymmetric flexure that distributes the bendingmoment around themirror

circumference, deforming its radius of curvature [8].

At the bottom of the assembly, we have a pre-loading plate that can be screwed in to increase

the normal stress on the mirror without applying any voltage to PZT. Since the dynamic range of
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(a)

DPDM ≈ Dmirror + Dpreload + Dactuation (2)

(b)

(c)

Figure 5-2: Illustration of the piezo-deformable suspended optics (PSAMS). (a) shows the drawing
of the assembly [7] that suspends the (b) deformable mirror with (c) picture of cross-section [8].

the PSAMS is limited by the actuator, pre-loading allows us to choose the range of operation.

5.3.1 Defocus characterization

The physics intuition for PSAMS is very simple. Define the complex beam parameter 𝑞 for a

Gaussian beam
1
𝑞 = 1

𝑅(𝑧) − 𝑖𝜆
𝑛𝜋𝑤2(𝑧)

(5.10)

where 𝑅(𝑧) is the radius of curvature (ROC) of the beam, 𝑤(𝑧) is beam width, 𝜆 is the wavelength,
and 𝑛 is the index of refraction of the medium (assume 𝑛 = 1). The ABCD transfer matrix for the
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PSAMS optics is
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(5.11)

where 𝑅 < 0 is the ROC of the convex mirror, and 𝑓 is focal length.

The reflected beam 𝑞2 given the input beam 𝑞1 is

1
𝑞2

= 𝐶 + 𝐷/𝑞1
𝐴 + 𝐵/𝑞1

(5.12)

which gives
1

𝑅2
= 1

𝑅1
+ 2

𝑅 (5.13)

where 𝑅1 and 𝑅2 are the ROC of the beam just before and after reflected by the mirror. The beam

width is not altered by reflection as expected.

We usually use optical power 𝑃 to describe the curvature of the mirror. It’s defined as

𝑃 [D] = 1
𝑓 [m] = 2

𝑅 [m] (5.14)

where D stands for diopter.

To measure the mirror deformation, we set up a simple Michelson interferometer to measure

the displacement of the center of the optics under various input voltages to PZT. The deformation

is measured versus the input PZT voltage at various pre-loading forces, as seen in Fig. 5-3. At each

pre-loading in in-lb, we swept the PZT from 0 to 100V to load the stress on the mirror and then

swept down the voltage to unload it. The response of the optics is very linear, which is expected

as we should operate in the linear or elastic region of the deformation. However, we did observe a

significant hysteresis as the loading and unloading curves are different. More in-depth testing was

carried out on the Zygo interferometer at Caltech and can be found in [8].
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Figure 5-3: Measurement of the displacement of the mirror center due to deformation caused by
PZT actuator.

5.3.2 Displacement noise

Besides measuring the deformation, we also need to quantify the noise of the displacement as

the PZT is set at a constant voltage. Therefore, we set up a simple Michelson interferometer with

the end mirror of one arm replaced by the PSAMS. The schematics of the set-up are shown in

Fig. 5-4.

The intensity stabilization servo (ISS) is employed to reduce the relative intensity noise (RIN) of

the laser before sending it to the vacuum chamber, which hosts the simpleMichelson interferometer.

One arm of the Michelson is folded to increase the displacement sensitivity of the PSAMS by a

factor of two. The other arm is shorter so we put a lens to mode-match two beams from two arms.

Note that the reflection path of each arm is misaligned on purpose because the lens is partially

reflective and forms an etalon with the end mirror.

The visibility 𝜈 measures the mode-matching between two beams of the interferometer. It de-
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Figure 5-4: Schematics of the simple Michelson interferometer. The left side shows the laser
intensity stabilization servo. The laser is then coupled to the fiber and sent to the interferometer in
the vacuum chamber [9].
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Figure 5-5: (a) SNR of signal to RIN as a function of operating offset 𝛿 at various visibility 𝜈. (b)
The maximum achievable SNR as a function of visibility [9].

termines the sensitivity of the output power 𝑃 (𝑡) to the displacement 𝑥(𝑡) and the coupling of RIN.

𝑃 = 𝑃0(1 + RIN) (
1
2 + 1

2𝜈 cos(2𝑘 (
𝜆
4 + 𝛿 + 𝑥(𝑡)))) (5.15)

= 𝑃0 [
1
2(1 − 𝜈 cos(2𝑘𝛿)) + 𝜈 sin(2𝑘𝛿)𝑘𝑥(𝑡) + 1

2(1 − 𝜈 cos(2𝑘𝛿))(RIN) + 𝒪(𝑘2𝑥2)] (5.16)
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where 𝛿 is the offset from the dark fringe. If we define the signal-to-noise ratio (SNR) of signal to

RIN

SNR = (
2𝜈 sin(2𝑘𝛿)

1 − 𝜈 cos(2𝑘𝛿))
2

(5.17)

We can plot it as a function of 𝜈, as shown in Fig. 5-5.

The key takeaway is that there exists an optimal operating DC offset from dark fringe given the

visibility and RIN. If the total noise is limited by RIN, the optimal offset 𝛿𝑚 is

cos 2𝑘𝛿𝑚 = 𝜈 (5.18)

This motivates us to optimize visibility as much as possible. Besides alignment, we find the

polarization to be the last hindrance from achieving a 99% visibility. While one arm is the PSAMS,

the end mirror of the other arm is a PZT actuator to lock the Michelson at the correct offset.

Figure 5-6: Picture of the Michelson interferometer inside a vacuum chamber. The PSAMS mirror
is on the Y arm [9].
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Figure 5-7: Noise budget of the Michelson interferometer at (a) 0V and (b) input voltage 100V to
PSAMS. It is sensitive at the scale of femtometer [9].

The actual experimental set-up is shown in Fig. 5-6. Here are the key experimental techniques

to reduce various noise sources:

• Seismic noise: we add four springs at each corner of the bottom of the optical table to isolate

the 48-Hz vertical mode of the vacuum chamber. The Viton pads are attached at both ends of

the spring to add damping. Four weights are also put at each corner of the top of the optical

table to press against the spring.

• Laser noise: the frequency noise is higher-order than intensity noise. We deploy the ISS loop

to stabilize intensity. The out-loop witness of RIN is below 10−7 1/√Hz.

• Acoustic noise: the interferometer resides in the vacuum chamber with a pressure of 7 ×
10−6 mbar.

• Scattered light noise: we used an IR camera to find all the stray light and addedAcktar-coated

films everywhere to block them.

• Control noise: the noise from the PZT actuator is the main control noise. We replace the

standard Thorlabs MDT693A high-voltage driver with HP E3612A high-voltage driver.
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Fig. 5-7 shows the noise budget of the Michelson interferometer calibrated in m/√Hz. At low

frequency (10–50Hz), we have a lot of extra noises that are not budgeted, most of which are from
ground motion because we didn’t suspend any of our optics. At high frequency > 1 kHz, we are
dominated by shot noise. In the mid-frequency band, we are limited by RIN and unknown noises

near 400Hz (probably acoustic noise coupled through optical fiber).

Figure 5-8: Qualification of PSAMS displacement noise that fulfills the LIGO’s requirements of,
for example, filter cavity (FC) optics and output mirror (OM2) [9].

Fig. 5-8 compares the measured displacement noise with LIGO’s stringent requirement. It is

below the requirement at all frequencies by up to a factor of 100 at high frequencies. The addition

of PSAMS will not introduce noticeable phase noise to the squeezed beam.
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5.4 Low-Loss Faraday Isolator

Besides relay optics, we have installed Faraday isolators on the path of the squeezed beam to

block the stray light scattered back from the interferometer. This spurious light will propagate to

the filter cavity and reflect back to the interferometer [77]. Reducing the backscattered light in

Observing Run 3 (without filter cavity) was part of the reason why the squeezer was designed to be

a bow-tie-shaped cavity. The addition of a linear filter cavity in the backscatter path poses a severe

challenge to backscattered light mitigation.

Three low-loss Faraday isolators are installed in the squeezed beam path to provide a total of

103 dB reduction of the backscatter [78], as seen in Fig. 5-9. The addition of isolators also comes

with the price of introducing losses in the squeezing. For Observing Run 4, the newly developed

Faraday isolators are measured to have 99%-99.5% throughput or less than 1% loss in a single-

pass [79]. These technological improvements are the key steps to enable high-dB squeezing in

LIGO.

300-meter 
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Figure 5-9: Simplified layout of the squeezing system in LIGO.
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5.5 Filter Cavity

As discussed in Section 4.3, the goal of the filter cavity is to produce a frequency-dependent

phase shift 𝜙(Ω) on the squeezed vacuum

𝜙 → 𝜙(Ω) = tan−1 |𝒦(Ω)| (5.19)

which requires the filter cavity to have a half linewidth 𝛾 and frequency detuning Δ𝜔 such that

𝛾 = Δ𝜔 =
ΩSQL

√2
(5.20)

assuming a lossless cavity. The SQL frequency ΩSQL for LIGO is at the order of tens of Hz, so

the filter cavity must have a very thin linewidth to be operational. This requires the cavity to have

either a small FSR (long length) or a very high finesse. The filter cavity has been demonstrated at

various length across experiments all over the world [80–84].

A high-finesse cavity would lead to several problems [85].

• The stray light scattered back to the filter cavity would see higher amplification for a higher

finesse, which requires a higher dB of backscatter isolation.

• High-finesse cavity is harder to control than low-finesse cavity

• It’s more difficult to achieve a high finesse given realistic loss estimates.

Therefore, the designed filter cavity has a finesse as low as possible, or a cavity length as long as

possible. Given the cost constraints, the final cavity length is set to 300m.
To minimize loss, the filter cavity is a linear cavity situated along the Y arm of the LIGO

interferometer. Both mirrors of the cavity have a 6-inch diameter and are triply suspended and

mounted on isolated in-vacuum optical tables. The beam size has a diameter of 18.5mm (28.6mm)
on the input (end) mirror. The designed filter cavity has 𝛾design = 2𝜋 ×42Hz, using an input coupler
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power transmissivity of 𝑇in ≈ 1000 ppm [3] and assuming 60 ppm optical loss, to approximately

match ΩSQL = √2𝛾FC = 2𝜋 × 59 Hz for a circulating arm power of 500 kW.

5.6 Alignment Challenges

The beautiful theories of frequency-dependent squeezing assume that everything is aligned and

coupled well in the real system, which is very nontrivial to achieve. In this section, we will discuss

some of the challenges when aligning optical beams in LIGO, one of the most complex optical

systems.

5.6.1 Squeezer alignment
Fig. 5-10 shows the pictures of the squeezer, which is a traveling-wave bow-tie cavity doubly

resonant at both pump (532 nm) and fundamental (1064 nm) light. The pump field is generated
from a single harmonic generator on an in-air table. The green beam is then coupled to the fiber,

which is fed through the vacuum chamber and aligned to the input mirror of the squeezer.

Since the spontaneous parametric down-conversion process heavily depends on the phase-

matching between the pump and down-converted fields, which is very sensitive to the temperature

of the crystal. We detune the crystal temperature from optimal for initial alignment to prevent a

nonlinear process. We swept the PZT on the cavity mirror and could see the transmitted cavity

flashes, which were used to fine-tune the alignment [86].

Once the initial alignment is done, we should be able to see the transmitted light on a camera.

The spatial mode of the light might not be the fundamental mode that has a nice and round circle.

We can fine-tune the input beam to find the 00 mode. At this stage, we should have enough signal

for Pound-Drever-Hall (PDH) locking [87]. If the cavity can be locked on resonance, we can further

tune the alignment until we see a stable lock on 00 mode and maximize the transmitted power.

The final step of alignment is to scan the PZT such that transmitted light sees through a whole
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Figure 5-10: Pictures of (a) the squeezer bow-tie cavity [10] (b) when it is locked on green reso-
nance [11].

FSR. If the cavity is mode-mismatched, we would see higher-order mode peaks in a single FSR.

Minimizing these peaks will optimize the final alignment to the cavity.

The alignment for red locking is similar. We can send a coherent red beam known as the seed

to the squeezer cavity. Since we don’t have a PDH signal for red, we lock the red on resonance by

dithering the PZT at high frequency (∼kHz) and demodulating the beatnote of the reflected light.
The bandwidth of the dither-lock is lower than the dither frequency, but we only need it to see the

transmitted seed light whose alignment is defined by the squeezer cavity. In nominal operation, we

don’t have the seed and the dither-locking loop.

The transmitted seed beam when the squeezer is on red resonance would be co-aligned with the

squeezed vacuum. It can be used as a proxy beam to do power budgeting and estimate losses.
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5.6.2 Faraday alignment

The seed beam (co-aligned with squeezed vacuum) will be retro-reflected after being directed

to the filter cavity. The retro beam will then propagate through two Faraday isolators, two PSAMS

mirrors, and other relay optics before coupling with interferometer output at the output Faraday iso-

lator. A beam aligned well to the filter cavity will have the perfect retro-reflected beam. However,

we didn’t have a filter cavity in some of our early experimental works.

To optimize the retro alignment, we added another waveplate in the path to re-direct the retro-

reflected beam back to the squeezer cavity. If the retro beam is truly following the same path back, it

will be aligned back to the squeezer cavity again [88]. This allows us to align the beams downstream

without a filter cavity, especially through the Faraday isolators to estimate its throughput efficiency.

5.6.3 Align to interferometer

The alignment of the seed beam (co-aligned with the squeezed beam) to the interferometer is

independent of the existence of the filter cavity, which acts as a retro-reflector of the squeezed beam.

To simplify the anti-symmetric part of LIGO (known as differential arm, DARM), we misaligned

the folded cavity mirror (SR2) such that the seed beam would not see the signal-recycling cavity

but a single bounce from the signal recycling mirror (SRM). The seed beam is directed to the output

Faraday isolator, single-bounced by SRM, and enters the anti-symmetric (AS) port of LIGO. It is

easy to check the alignment by looking at the AS port camera and searching for the seed beam.

Once the seed beam is on camera, it can be aligned properly by the quadrant photodiode (QPD)

at the AS port. After this is done, we should be able to see the seed beam coupled to the output mode

cleaner (OMC) cavity. The fine-tuning of the alignment can be done by maximizing the resonant

peak of the fundamental mode at the transmission photodiode.
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5.6.4 Filter cavity alignment
Once the filter cavity is installed and qualified for vacuum, we opened the gate valve to merge

the vacuum of the squeezer chamber (HAM7), filter cavity, and chamber (HAM8) that hosts the

filter cavity end mirror (FC2). The first step to aligning a filter cavity is to find the transmitted

beam from the input mirror (FC1). It is non-trivial to search for a laser beam landing on a 6-inch

optics from 300-meter away. The required angular resolution is 6 in/300m = 500 × 10−6 rad.

Remember that a lossless filter cavity requires the end mirror to be perfectly reflective, which

implies that there won’t be any transmitted beam. To solve this problem, we coated the mirrors

to be dual-reflective on both green 532 nm and red 1064 nm. The green finesse is much lower

than red, so we can use green to search for transmissions and perform preliminary locking before

handing it over to red. By changing the input alignment of the green beam, we were able to find

the transmitted beam through the viewport of the HAM8 chamber.

The next step is to retro-reflect the beam from FC2 back to FC1. It’s very difficult to find the

retro beam back to HAM7 if FC2 is misaligned, given the 300-m long baseline. Therefore, we set

up a lens and a mirror near the HAM8 viewport to reflect the FC2 transmitted beam back to FC2,

which reflects the retro beam again through the viewport. This baseline is much shorter so we can

align FC2 to overlap these reflected beam spots [89, 90]. This rough alignment of FC2 will help

us find the green beam reflected back to FC1 and even on the in-air photodiode that measures the

reflection of the green light.

After FC2 is aligned, we can adjust FC1 to reflect the retro beam back to FC2. This part is

almost as difficult as finding the first light in the filter cavity. Nonetheless, scanning the full range

of the FC1 actuator should allow us to find the beam and overlap with the first light that passes

through the cavity. We were able to see the cavity flashes when FC1 and FC2 are roughly aligned.

The rest of the work is very standard to align any cavities such as the squeezer cavity mentioned

above.
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5.7 Length Sensing and Control

The beautiful theories of frequency-dependent squeezing discussed in Chapter 4 didn’t mention

one important reality - that the whole system moves around the mathematically optimized point

and is continuously disturbed by the outside environment. To suppress the environmental noise

and maintain the system at the optimal operating point, we deploy hundreds of control loops to

stabilize the LIGO detector [91]. In this chapter, we will focus on the sensing and control of the

length degree of freedom of cavities and optical paths.

Before diving into the control system, there’s an important lesson I learned on what “control”

often means in LIGO context. Coming from a Mechanical Engineering field, I often take control

as a way to control the dynamics of the system, for example, to actuate a torsional pendulum to

a desired position with minimal overshoot, steady-state error, etc. However, “control” in LIGO

usually means to suppress the free-running error. LIGO cares more about the noise suppression

at steady state than the dynamics for the system to reach a steady-state. The different take on the

control system was confusing to me when I first started working on LIGO.

5.7.1 Squeezing control overview
The goal for the length sensing and control (LSC) is to stabilize two things

• Squeezing angle 𝜙. This is the relative phase between the squeezed vacuum and the inter-

ferometer output light.

• Filter cavity detuning Δ𝜔. This is the frequency detuning of the cavity from the resonance

of the carrier field.

Fig. 5-11 shows the experimental overview of the length sensing and control for the frequency-

dependent squeezing system. The whole system is divided into colored blocks for each control
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Figure 5-11: Overview of the length sensing and control loops for the L1 squeezing system in
Observing Run 4 [12].

loop. The right two blocks (FCGS and RLF) are for filter cavity control, while the left blocks are

for squeezing angle control. We will explain the simplest one first.

5.7.2 TTFSS loop

The table-top frequency stabilization servo (TTFSS) is the loop that phase-locks the SQZ laser

with the interferometer light such that the generated squeezed vacuum has a frequency reference

with respect to the carrier light. The phase-locking loop (PLL) is very standard. We double pass

the light from the pre-stabilized laser (PSL), which is the laser source for LIGO [92,93], through an

acousto-optic modulator (AOM) to generate 160-MHz sideband. These sidebands are then routed

to the squeezer table with a long optical fiber, beaten against the SQZ laser, and read out by hetero-

dyning. The error signal is fed back to both the PZT of the SQZ laser (for large dynamic range) and

the electro-optic modulator (EOM, for large bandwidth). The total bandwidth is around 300 kHz.
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5.7.3 OPO loop
The squeezer, sometimes referred to as an optical parametric amplifier (OPA) or optical para-

metric oscillator (OPO), is locked on dual resonance of 532-nm pump light and 1064-nm carrier

light. We use a standard PDH loop to sense error signals and feed them back to the cavity length

by a PZT actuator. The pump light is generated by a single harmonic generator from the SQZ

laser, so the pump beam is phase-locked with the SQZ laser. We use EOM to produce the 80-MHz

sidebands and demodulate the beatnote on the reflection (REFL) photodiode. The temperature

control loop allows the fine-tuning of the phase-matching condition for the spontaneous paramet-

ric down conversion process. The down-converted and entangled photon pairs (squeezed vacuum)

will propagate from the OPO REFL port to the filter cavity.

5.7.4 CLF loop
The coherent locking field (CLF) uses the technique of coherent control to witness and lock the

phase of the squeezed vacuum [94, 95]. Normally when we phase-lock two laser beams, we can

use either heterodyne or homodyne readout to sense the relative phase fluctuations. However, it is

difficult to do this with a squeezed vacuum because it is not a coherent beam.

To sense the phase of the squeezed vacuum, we can measure the squeezing it produces, but the

measured squeezing level is fluctuating too quickly or we don’t have enough bandwidth to control

it. Instead, we send a co-propagating auxiliary field that is a single-side sideband at 3.125MHz,

which is the CLF field. Unlike the spontaneous parametric down conversion that produces squeezed

photon pairs 𝜔 ± Ω from one pump photon 2𝜔, the nonlinear process converts one pump photon
and CLF photon at 𝜔 + ΩCLF to 2(𝜔 + ΩCLF) and one 𝜔 − ΩCLF, known as the difference frequency

generation. Since both the CLF field and squeezed vacuum are from the same pump field, they are

phase-coherent with each other.

The CLF REFL PD will see the CLF field beating with the converted CLF to produce a 2ΩCLF

beatnote. Feeding back this error signal to the frequency actuator AOM will phase-lock the CLF
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field with the pump field and therefore with the squeezed vacuum. The transmitted CLF field will

co-propagate with the squeezed vacuum and serve as its phase witness.

We generate the CLF by two AOMs with opposite directions of photon momentum. The first

AOM gives 203.125-MHz sideband, and the second AOM kicks back 200MHz to produce the final

3.125MHz CLF field. We do this trick to generate sideband at a very low radio frequency and even

audio frequency range [4].

5.7.5 LO loop

The local oscillator (LO) loop phase-locks the CLF field with respect to the output carrier light

from the interferometer output. At the transmission of output mode cleaner (OMC) cavity, there are

a pair of photodiode that readout gravitational wave signals and all noises, known as OMC DCPD.

We demodulate the 3.125-MHz beatnote between CLF and carrier light and feed the error signal to

the SQZ laser.

By locking CLF to the squeezed vacuum and then locking CLF to the output light, we eventually

phase-lock the squeezed vacuum to the interferometer output. This is the idea of coherent control

of squeezed vacuum, by using CLF as a proxy field to bridge the connection between squeezed

vacuum and output carrier light.

5.7.6 FCGS loop

Filter cavity green sensing (FCGS) is a preliminary control loop to lock the filter cavity at a

frequency detuning from the resonance. As mentioned in Section 5.6.4, the FC mirrors are dual

coated with green finesse (370) much lower than red (7000). This allows us to hierarchically lock

the filter cavity from green to red.

The filter cavity is stabilized first by the FCGS loop. We pick some green light from the SHG

and add 40-MHz sideband to it via EOM. Then the green light passes through two AOMs that are
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used to actuate the frequency of the light. The PDH signals are fed back to the AOM first for a

wider dynamic range. Once the green lock is achieved, we transfer the error signal from AOM to

suspensions of FC2, known as the mass feedback.

The relatively low green finesse allows the FCGS loop to engage fast enough to catch the green

resonance with freely swinging cavity mirrors. We notice that engaging the TTFSS loop helps

reduce the noise of the SQZ laser, and thus helps the locking of the filter cavity on green.

5.7.7 RLF loop

With the filter cavity locked on green, the last step is to lock it on the red resonance at the

right frequency detuning with the resonant locking field (RLF). RLF field is co-generated with

CLF from the same AOM so they are always co-aligned. Unlike CLF field with frequency shift of

3.125MHz, RLF is generated at ΩRLF = 203.125 − 200.105 = 3.02MHz. By design, the FSR of

the filter cavity is 𝑐/2𝐿, and

6 × FSR = 6 × 𝑐
2𝐿 = 6 × 299 792 458m/s

2 × 297.85m = 6 × 503.26 kHz = 3.0196MHz (5.21)

which is the RLF frequency. Therefore, RLF is exactly on the resonance of the filter cavity, but 6

FSR away from carrier resonance.

To find the red resonance, we lock the filter cavity on green and scan the 79.4-MHz voltage-

controlled oscillator (VCO). The mass feedback will move the FC mirror to follow the green reso-

nance. We can dither-lock the OPO on the seed light to help find the first red resonance of the filter

cavity.

After finding the red resonance, we can optimize the alignment of the red beam by maximizing

FC transmission, minimizing higher-order peaks in cavity sweep, etc. When we send the CLF and

RLF to the filter cavity near red resonance, we will sense the PDH signal from the QPD on the FC

reflection. The RLF would be resonant in the cavity, but the CLF is 105-kHz away and outside
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the FC full linewidth of 84Hz. So the RLF plays the role of “local oscillator”, and CLF is the

“sideband” in this case. Their beatnote is demodulated at 105 kHz and fed back to FC2. Note that
the resonance of the CLF field would also give a 105-kHz error signal, but it’s not the right field to

be resonant in the filter cavity.

A stable green locking loop will stabilize the cavity length to have a root-mean-square (RMS)

motion less than the linewidth of the red resonance. This allows us to hand over the mass feedback

from green to red. This is similar to the lock acquisition of the 4-km arm cavity [96, 97]. The

FCGS will disengage and the green beam will be blocked to the filter cavity once the RLF loop is

stabilized.

The detuning frequency Δ𝜔 can be controlled via the selection of the RLF frequency offset

from the carrier laser, namely

ΩRLF = 3.0196MHz + Δ𝜔
2𝜋 (5.22)

The demodulation frequency also has to change correspondingly. This part of the control system

is digital so it’s easier to adjust for best filter cavity performance [98].

This concludes the nominal loop topology for the squeezing system in Observing Run 4. The

loop bandwidth is summarized in Table 5.1.

Table 5.1: Bandwidth of individual control loops of the squeezing system [19,20].

TTFSS OPO CLF LO RLF
Bandwidth 300 kHz 3.2 kHz 1.1 kHz 4.1 kHz 50Hz

5.7.8 Alternative topology
Fig. 5-11 shows the nominal control scheme employed in Observing Run 4. The dashed line

in the schematics offers an alternative loop topology. Two dashed signal lines offer different error

signals.

The first one is the RLF loop. We use the 1% pick-off light from the squeezed path to measure
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the 105-kHz RLF-CLF beatnote. This means a 1% loss of the squeezed vacuum. Alternatively,

we can measure the RLF signals on the OMC DCPD. We didn’t try it during commissioning but it

should work in principle.

The CLF loop also has an alternative error signal. Instead of measuring the 2ΩCLF at the CLF

REFL PD, we can use the Q-quadrature of the demodulated 3.125-MHz signal from the DCPD.

The reason is that the converted CLF sideband records phase information of the pump field. It will

be read out by beating with regular CLF (manifested on CLF REFL RF6) or the carrier light (OMC

DCPD RF3-Q). In fact, we observe a more stable squeezing level when we use RF3-Q to control

the phase between CLF and pump [99]. The drawback is that the RF3-Q error signal has an error

slope that is dependent upon the demodulate phasing. It sometimes changes from lock to lock.

5.8 Alignment Sensing and Control

While length sensing and control (LSC) is responsible for stabilizing frequencies and phases,

alignment sensing and control (ASC) is engaged to stabilize the angular pointing of optical beams

or alignment to the cavity [100–102]. The ASC loop bandwidth is usually much lower than that of

LSC because the alignment drifts are slow.

There are twomajor ASC loops to control alignments of the squeezed vacuum to the filter cavity

and the squeezed vacuum to the interferometer. We will discuss each one separately.

5.8.1 Filter cavity ASC
The filter cavity alignment is sensed by the 105-kHz wavefront sensor (WFS), which demodu-

lates the 105-kHz RLF-CLF beatnote from each quadrant of the QPD. This is a common technique

used in LIGO for various ASC loops [103,104]. A misaligned filter cavity would move the REFL

beam spot on the QPD, which would see the change of demodulated signal from all of the four

quadrants. Therefore, they are good sensors for the FC alignment.
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Figure 5-12: A complete overview of the squeezing system, including LSC loops, ASC loops, and
ISS [3].

We diagonalize these WFS signals such that they are independently witnessing the pitch/yaw

alignment of FC1/2. These signals are then fed back to the optics stage of the FC triple suspen-

sion [105]. The bandwidth of the FC ASC loops is less than 0.1Hz to control slow driftings.

In addition, we have an alignment dithering system (ADS) to center the beam on the FCmirrors.

We dither FC1/2 at a low frequency in pitch/yaw. If the beam is not at the center of the optics, the

demodulated RLF-CLF signal would sense the oscillation at the dither frequency with amplitude

proportional to the distance of the beam spot from the center of optics. The ADS system was not

employed in real-time, but a one-time action to center the beam spots on the FC mirrors [106].
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5.8.2 Squeezing ASC
The SQZ ASC is responsible for keeping the squeezed vacuum aligned with the interferometer

output field to ensure an optimal squeezing injection all the time. We pick off 1% of the beam

after the output Faraday isolator and send them to the two QPD, known as anti-symmetric A and

B (AS-A, AS-B). Note that this pick-off is inevitably a 1% loss of the squeezed vacuum and the

gravitational wave signal.

The 3-MHzCLF (co-propagatedwith SQZ)will beat with the 45-MHz sideband (co-propagated

with interferometer light) to form a 42-MHz RF signal on the WFS QPD. We use the same method

as above to sense the alignment drift [107].

Besides the ASC loops, we also have various intensity stabilization servo (ISS) to control the

squeezing level. The CLF intensity is controlled by stabilizing the 6.25-MHz RF power on the CLF

REFL PD. The pump intensity is stabilized by controlling the transmitted pump power. These ISS

also help to maintain the stable reference offset for various ASC loops.

5.9 Observation of Frequency-Dependent Squeezing

Everything aforementioned in this thesis culminateswith the observation of frequency-dependent

squeezing at both LIGO detectors.

Fig. 5-13 shows the frequency-dependent squeezing working at both detectors. It’s the first

demonstration of the technique on real gravitational-wave detectors that benefit astrophysical ob-

servations. The unsqueezed are shown in black. The frequency-independent squeezing (without

filter cavity) is shown in green, which has high-squeezing at high frequency but suffers from extra

quantum radiation pressure noise at low frequency. With a filter cavity that provides the frequency-

dependent phase rotation, we can achieve broadband squeezing as shown in purple traces. The

estimate of non-quantum (“classical”) noises and the model for unsqueezed quantum noise are also

shown in the plot.
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Figure 5-13: Observation of frequency-dependent squeezing in LIGOHanford (top) and Livingston
(bottom) detectors. The total interferometer noises see squeezing of 4.0 dB (Hanford) and 5.8 dB
(Livingston) at high frequencies, and up to 1–2 dB from 60–100Hz [3].

While Fig. 5-13 shows the experimental observations of the frequency-dependent squeezing,

there are lots of work to do in order to understand the whole system, especially the quantum noise

part. In the next chapter, we will solve the full interferometer to understand all the losses and
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degradations to squeezing. More importantly, the squeezed quantum noise can be shown to surpass

the Standard Quantum Limit, a milestone in the field of quantum measurement.

5.10 Impact of Squeezing to LIGO

Besides frequency-dependent squeezing, many instrument upgrades have been implemented

to increase the sensitivity of both LIGO detectors [2] more than before [108–110]. A figure of

merit of LIGO’s sensitivity is the SenseMon range or binary neutron star (BNS) range [111]. It

corresponds to the radius of the sensitive volume of the Universe for 1.4–1.4 𝑀⊙ neutron star

binary systems (assuming a detection threshold with a matched-filter signal-to-noise ratio of 8 in

a single detector), integrated over the interferometer antenna pattern, and averaged over all binary

inclinations and orientations [112]. The analytical expression is [113]

BNS range =
(

5𝑀5/3𝜃2

96𝜋4/3𝜌2
0

∫
∞

0
𝑑𝑓 𝑓 −7/3

𝑆ℎ(𝑓 ))

1/2

(5.23)

where 𝜃 = 1.77 accounts for the averaging over the binary positions and orientations, 𝜌0 = 8 is the
minimal SNR, and 𝑀 = 1.2𝑀⊙ is the binary chirp mass of a pair of 1.4-𝑀⊙ neutron stars. The

BNS range weights heavily at the low-frequency part of the detector’s total noise 𝑆ℎ(𝑓 ), motivat-
ing the frequency-dependent squeezing that reduces the quantum radiation pressure noise at low

frequencies.
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Figure 5-14: The BNS range trends for the LIGO Hanford (red) and LIGO Livingston (blue) ob-
servatories during the first half of the fourth observing run. The left plot shows the hourly binary
neutron star range over time of the LIGO Hanford and LIGO Livingston detectors during O4a. The
right plot shows the range histograms of each site, with the Hanford Observatory range being bi-
modal. Both detectors achieved ranges over 160 Mpc during the run, with the Livingston detector
achieving close to 170 Mpc [2].

Fig. 5-14 shows the BNS range of both LIGO detectors during the first part of Observing Run

4 (O4a). The median of the LIGO Livingston detector is 156Mpc, compared to O3’s median range

of 133Mpc. The increase of the range is credited to the instrument upgrade at the front lines of all

noise sources.

Fig. 5-15 shows the total noise budget of the Livingston detector during O4a. The measured

noise is the total detector noise with frequency-dependent squeezing. The sum of known noises

includes analytical noises from the model (dashed lines like quantum, thermal, and residual gas)

and projected noises from all other sources listed in the legend.

The detector noise is limited by quantum shot noise and laser noise at high frequencies (>

500 Hz) [114, 115]. The coating Brownian noise limits the detector at the mid-frequency band
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Figure 5-15: Noise budget of LIGO Livingston Observatory [2].

(50–500Hz) [116]. Below 50Hz, the noise contributions are complicated. Quantum radiation

pressure noise can be a limiting factor, while the control noises, including LSC loops [96] and ASC

loops [100], are comparable to the quantum noise. Themeasured noise of the twin Hanford detector

is also shown in the background for comparison.

There is still a noticeable gap between the sum of known noises and the total measured noise.

The reason is largely due to the underestimation of coating Brownian noise measured from witness

samples [117], and scattered noise from stray light that couples the beam tube motions to the phase

noise of the output light. Ongoing effort have been put to investigate the mysterious noises in

LIGO.

Fig. 5-16 shows the cumulative detection of gravitational-wave events since the first Observing

Run (O1) [118–120]. Thanks to the instrument upgrade including frequency-dependent squeezing,

the detection rate or the slope of the curve nearly doubles in O4, compared to O3.
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Figure 5-16: Cumulative events up to January 9, 2024, including the entirety of O4a. O4a entries
are preliminary candidates identified in online real-time triggers [2].

The success of the squeezing experiment, along with other technological advances at many

other fronts of the detector in O4, paves the way for the designed goal of A+ upgrade with 750 kW
of arm power and 6 dB broadband squeezing. Assuming that we could find a new coating material

that reduces the coating Brownian noise by a factor of 2, the A+ LIGO would be able to see more

than half of the total black holes that exist in our known Universe. Next-generation detectors like

Cosmic Explorer (CE) and Einstein Telescope (ET) are motivated to detect all binary compact

objects in the known Universe.
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Figure 1. Detection capability of selected current and next-generation gravitational-wave interferom-
eters. Each curve indicates the highest cosmological redshift at which an equal-mass, non-spinning
compact binary coalescence could be detected with amplitude signal-to-noise ratio of 8, if the system
is optimally oriented on the sky. Solid lines indicate detection using the gravitational radiation from
the (`, m) = (2, 2) angular mode of the system only; dashed lines show the inclusion of higher-order
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on the left and 30 + 30 M� black hole mergers on the right; the radial coordinate is cosmological
redshift z. The distribution of mergers as a function of redshift assumes the Madau–Dickinson star
formation rate and that the typical time from binary formation to merger is 100 million years [37,
38]; under these assumptions, most of these binaries merge at z ∼2. The first gravitational-wave
detections of a binary black hole merger (GW150914) and a binary neutron star merger (GW170817)
are indicated [39,40]. The colored bands then show the detection capabilities of selected gravitational-
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Figure 5-17: The cosmic history of binary stellar remnant mergers, and the range of current and
proposed detectors that are possible to see them [13].



6 LIGO BREAKS STANDARD QUANTUM LIMIT

The Standard Quantum Limit (SQL) describes an apparent limit on how well you can measure the

position of an object with light. As discussed in previous chapters, the discrete nature of light yields

a fundamental quantum noise to the measurement precision. Although the power of the light can

be increased to reduce the relative shot noise, it will cause a stronger quantum back-action to the

measured object. This is the result of the Heisenberg uncertainty principle.

The heuristic model of the uncertainty principle is the Heisenberg’s microscope. It is a thought

experiment came up by Heisenberg to grasp the intuition of the uncertainty principle.

This chapter discusses about the quantumnoise of LIGOLivingstonObservatory that is squeezed

below the SQL [1].

6.1 Heisenberg’s Microscope

Suppose that we are measuring the position of a particle under a microscope. Given the aperture

size 𝑎 of the lens and the wavelength 𝜆 of the light, we can resolve the angular resolution up to the

diffraction limit, which is known as the Rayleigh criterion.

Δ𝜃 ∼ 𝜆
𝑎 (6.1)

143
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Therefore, the position uncertainty of the particle is

Δ𝑥 ∼ 𝐿Δ𝜃 (6.2)

where 𝐿 is the distance between the particle and the lens.

When we measure the position of the particle, we actually “see” the photon scattered from the

particle. The scattering of the photon from the particle will lead to a recoil to the particle itself.

This is the quantum back-action.

LIGO-Gxxxx 16

L

a

p0

Δp

pf

ϕ

Before After

Δθ

Figure 6-1: Set-up of the Heisenberg’s microscope thought experiment.

Fig. 6-1 shows the set-up of the thought experiment. The momentum conservation gives

Δ𝑝 ∼ 𝑝0𝜙 ∼ ℏ
𝜆

𝑎
𝐿 (6.3)

The scatter angle 𝜙 has to be smaller than 𝑎/𝐿 to be able to go through the lens. Therefore, we have

Δ𝑥Δ𝑝 ∼ 𝐿𝜆
𝑎

ℏ𝑎
𝜆𝐿 ∼ ℏ (6.4)

If we wish to increase the position uncertainty, we need a smaller wavelength to probe the
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particle harder with a higher-energy photon. However, this would lead to a higher momentum

uncertainty. It’s clear to see the trade-off between uncertainties of conjugate observables.

The Heisenberg’s microscope is a one-off measurement of the particle, whereas in LIGO, we

perform a continuousmeasurement of themirror. The direct implication of the uncertainty principle

in continuous measurement is the Standard Quantum Limit.

6.2 Standard Quantum Limit

The Heisenberg uncertainty principle asserts that the product of the uncertainties in the mea-

surements of conjugate observables (like position and momentum) cannot be less than ℏ/2. When

we measure the position 𝑥 of an object with an uncertainty Δ𝑥, it inevitably disturbs its momentum
by Δ𝑝 ≥ ℏ/(2Δ𝑥). After a time interval 𝜏, the object with mass 𝑚 will evolve with an additional

uncertainty in position Δ𝑥′ due to the momentum disturbance, Δ𝑥′ = 𝜏Δ𝑝/𝑚 = ℏ𝜏/(2𝑚Δ𝑥). A
highly precise measurement (Δ𝑥 → 0) will result in the next position measurement being entirely
unpredictable (Δ𝑥′ → ∞) due to quantum back-action [121–125]. The minimal achievable un-

certainty is attained when Δ𝑥 = Δ𝑥′ = √ℏ𝜏/(2𝑚), referred to as the Standard Quantum Limit

(SQL) [126]. While the SQL is relevant to measurements of microscopic particles, it also limits

the measurements conducted by the LIGO interferometric detectors, which measure the differential

positions of a pair of 40-kg arm cavity mirrors.

In the continuous measurement context like LIGO, the SQL can be easily seen from the un-

squeezed quantum noise model developed in Section 4.2.2, namely Eq. (4.52)

𝑆(Ω) =
ℎ2
SQL

2 (|𝒦(Ω)| + 1
|𝒦(Ω)|) (6.5)

where

ℎSQL(Ω) = √
8ℏ

𝑚Ω2𝐿2 (6.6)
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is the SQL represented in the strain noise of the interferometer. The first term is due to quantum

back-action from the quantum radiation pressure noise, while the second term is the imprecision

noise due to quantum shot noise. No matter how hard we probe the mirror (changing the value of

𝒦 ), we are always limited by the SQL, dictated by Heisenberg’s uncertainty principle. This is true

even in the ideal case where the whole system is lossless. Any realistic experimental degradation

will increase the quantum noise [127,128].

Eq. (6.5) enforces the SQL because it is an incoherent superposition of quantum back-action

and imprecision noise, as we probe the mirror with uncorrelated photons. When we send entangled

photon pairs like squeezing, we can manipulate the quantum correlation between light and mirror

due to ponderomotive squeezing [36]. Quantum correlation has been observed in many experi-

ments, including LIGO [45,46,129,130]. As alluded in Eq. (4.65), the squeezed quantum noise is

(Eq. (4.65))

𝑆SQZ(Ω) = 2ℏ𝜔0𝐵2(|𝒦|2 + 1)[𝑒2𝑟 sin2(𝜙 − 𝜃) + 𝑒−2𝑟 cos2(𝜙 − 𝜃)] (6.7)

When we have a perfect filter cavity that creates 𝜙 = 𝜙(Ω) = 𝜃(Ω), the squeezed quantum noise

can surpass the SQL near the SQL frequency ΩSQL where |𝒦(ΩSQL)| = 1

𝑆FDSQZ(ΩSQL) = ℎ2
SQL(ΩSQL)𝑒−2𝑟 < ℎ2

SQL (6.8)

Given our success with frequency-dependent squeezing as shown in the previous chapter, it

might seem trivial to claim that our quantum noise is below SQL. However, LIGO measures not

only quantum noise but also non-quantum (“classical”) noises that have comparable or even a factor

of three higher than quantum noises in amplitude, depending on the frequency of measurement.

Precisely quantifying the classical noise and obtaining the underlying quantum noise is the most

difficult part of the work.

Since LIGO measures the total noise of the interferometer, the classical noise can be obtained
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trivially by subtracting the total noise with an accurate quantum noise model. As discussed in

Chapter 3, the full quantum noise model is very complicated and has a lot of parameters. For

each cavity, we have optical losses and mis-detunings. Between two cavities, we have mode-

mismatches. The parameter space can easily go above 30. A clever parameter estimation is required

to find the correct model.

In the following sections, we will infer the quantum noise model provided by the Gravitational

Wave Interferometer Noise Calculator (GWINC) by isolating a simpler subsystem and fitting its

parameters [58]. Then we can use these parameters to infer new parameters introduced in the full

system. We would be able to find all parameters in a stepwise fashion.

All of the experiments obtained in this chapter were also done at LIGO Livingston Observatory.

Qualitatively similar results have also been observed in LIGO Hanford Observatory. The first

measurement we fit first is the sensing function.

6.3 Analysis of Sensing Function

The sensing function is the optical gain (𝑔cal in Eq. (4.51)) that converts the measured optical
power fluctuation inWatt to the change of the length difference between two arms of LIGO, known

as differential arm lengths (DARM). The sensing function depends only on the unsqueezed interfer-

ometer’s response to the arm-length perturbations, mostly including degradation of the output path

and responses of the signal-recycling cavity (SRC, sometimes also called a sideband-extraction

cavity, SEC). Therefore, we can isolate and infer the SRC parameters by fitting the sensing func-

tion.

LIGO employs an active calibration system known as the Photon Calibrator (Pcal) [55]. The

system actively modulates the differential arm length by sending an amplitude-modulated laser

beam on the test mass. Therefore, we can directly measure the interferometer’s sensing function

by sweeping the Pcal laser frequency.
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The calibration team infers coupled-cavity pole (𝑓𝑐𝑐) and SRC spring information at low fre-

quencies from the s [131]. Nevertheless, the 𝑓𝑐𝑐 uses single-cavity transfer function to approximate

the coupled cavity, and it is not correct if we have mode-mismatches. Therefore, we infer SRC pa-

rameters ourselves from sensing functions produced by GWINC, which has these parameters:

Table 6.1: The major 9 GWINC parameters that affect the sensing function.

Physical quantity GWINC variable name Symbol
Arm power ArmPower 𝑃arm

Readout loss 1 - PhotoDetectorEfficiency ΛRO

Mode-mismatch between IFO and OMC MM_IFO_OMC ΥOMC

Mode-mismatch phase of IFO to OMC MM_IFO_OMCphi ΥOMC phase
SRC loss BSLoss ΛSR

Mode-mismatch between Arm and SRC MM_ARM_SRC ΥSR

Mode-mismatch phase of Arm to SRC MM_ARM_SRCphi ΥSR phase
SRC Gouy phase SRCGouy_rad 𝜓SR

SRCL detuning SRM.Tunephase Δ𝜙SR

6.3.1 Parametric study
We perform a parametric study to understand how each GWINC parameter affects the sensing

function. We first find a canonical set of parameters that closely represents the truth, and then

perturb each parameter independently from the canonical set. The change of the modeled sensing

function is plotted concerning each perturbed dimension.

There are two scenarios with the arm to SRC mismatch ΥSR, controlled by the parameter

is_OPD.When is_OPD is true, the thermal lensing ismore dominant than quadraticmode-mismatch,

creating the optical path distortion (OPD) and thus the name of the parameter. Mathematically, the

transfer function of the arm cavity (assuming lossless) with OPD is

hOPD = UrarmU (6.9)
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whereas the no-OPD transfer function is

hNoOPD = U†rarmU (6.10)

where U is the scatter matrix to convert the field to the arm cavity basis. The no-OPD case is the

standard quadratic mode-mismatch picture as discussed in Section 4.4. The OPD case assumes

strong thermal lensing due to the absorption of high circulating power in the arm cavity. The truth

might be a combination of both instead of a binary case. Anyway, we will analyze both cases

separately.

Fig. 6-2 shows how the sensing function from GWINC is affected by IFO parameters. The

title shows the canonical parameter set where we perturb from. For each subplot, the title says the

perturbed parameter. The various values of such parameters are labeled in the legend. The sensing

function is therefore very sensitive to ΥSR.

The top row represents the degeneracy between arm power and readout loss/mode-mismatches.

With only 0.1% of ΥSR and 5% of ΥOMC, ΥOMC is quite degenerate with readout loss, and both of

them affect the sensing function in a similar way as arm power. Note that it is with small ΥSR.
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Figure 6-2: Parametric study of the sensing function as we perturb model parameters from a canoni-
cal set. The perturbed GWINC parameter is labeled in the title of each subplot. Roughly degenerate
parameters are plotted in the same row [14].

The center row represents loss/mismatches in SRC. The simple SRC loss changes the coupled

cavity pole by a tiny bit, as the high frequency of the sensing function changes but not the low
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Figure 6-3: Parametric study of the sensing function in the case where quadratic mode-mismatch
is dominant (OPD = false) [14].

frequency. ΥSR doesn’t change the cavity pole by much, but they affect the SRC spring heavily

due to the extra mismatch phasing. At low ΥSR, it affects the sensing function like SRCL detuning.

When it’s large, it also reduces high-frequency optical gain.
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The SRCGouy phase is kind of a hidden parameter that can change over thermalizing. A higher

Gouy phase damps the spring by changing the mismatch phasing that reduces the mis-rotation when

coherently summed with 00 modes.

The bottom row represents another phasing due to cavity detuning and mismatches. The SRCL

detuning affects the spring heavily as expected. Note that it could counteract the effect due to ΥSR

so they form a degenerate pair. The other mismatch phasings contribute relatively less than other

phasings. Given the low-frequency shape of the measured Pcal sweep, the ΥSR couldn’t be too

high and therefore the mismatch phasing doesn’t matter much. They would definitely matter with

squeezing.

Fig. 6-3 shows the case where is_OPD is false so the thermal lensing is less dominant than

quadratic mode-mismatch. The sensing function is not super sensitive to ΥSR. We need at least 1%

of arm to SRC mismatch to see any effect.

Without thermal lensing, ΥSR affects the SRC spring in the opposite way, making it more pro-

spring. Everything else is pretty much the same as the OPD=true case. The mismatch phasings are

not significant here.

6.3.2 MCMC on the calibration sweep
The sensing function from GWINC (d_sense) is in the unit of √W/m. To convert it to W/m,

we need to multiply it with the square root of the power of the interferometer light measured on

DCPD. We manually fit the Pcal data first with both OPD scenarios, as shown in Fig. 6-4.

There’s a factor of two difference between the GWINC model and the measured sensing func-

tion. I couldn’t find the missing factor but I will still fit the scale anyway. The GWINC model with

the parameter set agrees fairly well with measured data.

Knowing one set of parameters that’s close to the truth, we can perform aMonte-Carlo-Markov-

Chain (MCMC) method to infer those parameters that could significantly affect the sensing func-

tion. We have 5 degrees of freedom in the MCMC run: scale factor, SRC loss, SRCL offset, ARM
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Figure 6-4: Comparison between measured Pcal sweeps and GWINC model of sensing function.
The parameter set is shown on top of the plot, which is the initial point for MCMC [14].

to SRC mismatch, and IFO to OMC mismatch. The arm power and readout loss are absorbed in

the scale factor. The initial walkers are distributed perturbatively around the parameter set. The

MCMC result for the case where OPD is true is shown in Table 6.2.

Table 6.2: MCMC result of fitting sensing function assuming OPD is true.

Parameter MCMC result

scale 2.01+0.07
−0.04

SRC loss −42.33+1.47
−3.96 dB

SRCL detuning −0.20+0.12
−0.28 deg

Arm to SRC mode-mismatch −61.34+6.30
−5.54 dB

IFO to OMC mode-mismatch −24.25+5.01
−5.26 dB

For the strong thermal lensing case (Table 6.2), we’ve set the upper bound of ΥSR to be -60 dB

(0.1%). The distribution of the ΥSR also shows that the likelihood of it being above -60 dB is very
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small, which means that the arm to SRC mode-mismatch has to be incredibly small < 0.1%. This
is against other evidences of thermal effects observed in LIGO. Therefore, we will not assume a

strong thermal lensing case in the GWINC model.

Table 6.3: MCMC result of fitting sensing function assuming OPD is false.

Parameter MCMC result

scale 1.93+0.05
−0.01

SRC loss −65.89+16.71
−22.51 dB

SRCL detuning 0.14+0.01
−0.03 deg

Arm to SRC mode-mismatch −31.46+0.63
−3.06 dB

IFO to OMC mode-mismatch −39.75+14.37
−14.44 dB

In the case where thermal lensing is negligible (Table 6.3), the MCMC constrains the scale and

SRCL detuning pretty well. Other parameters like losses and mismatches are not well constrained

as they are pretty degenerate and absorbed in the scale factor. The ΥSR already has an upper bound

to be more than -30 dB (3%), which is a reasonable non-ideality. Note that these degrees of freedom

are not orthogonal with each other; we can see a strong correlation between scale factor and ΥOMC,

SRCL detuning and ΥSR, etc.

In conclusion, we choose the default case where quadratic mismatch dominates and gives the

most reasonable SRC parameters for later analysis. The SRC parameters inferred from sensing

functions are

Table 6.4: Inferred parameters from Pcal sweep measurements.

Parameter MCMC result
Arm to SRC mode-mismatch 2.8%

SRCL detuning 0.14 degree
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6.4 Analysis of Strain Noise Difference

The quantum noise can be directly modeled with GWINC. However, it can’t be directly ob-

served since we can only measure the total strain noise of the unsqueezed interferometer.

𝑆total = 𝑆Quantum + 𝑆Classical (6.11)

Although we can’t measure classical noises, we have an important knob, the squeezing angle 𝜙, to
actively change the quantum noise of the interferometer, as seen in Eq. (4.65) (written here again)

𝑆Quantum(𝑟, 𝜙) =
ℎ2
SQL

2 (|𝒦| + 1
|𝒦|) [𝑒2𝑟 sin2(𝜙 − 𝜃) + 𝑒−2𝑟 cos2(𝜙 − 𝜃)] (6.12)

To simplify the problem, we misalign the filter cavity and send frequency-independent squeezing

(𝜙 has no frequency-dependence) to the interferometer. Assuming the classical noise is stationary,

we can subtract the frequency-independent squeezed total noise with unsqueezed total noise

𝑆diff = 𝑆total(𝑟, 𝜙) − 𝑆total(𝑟 = 0) = 𝑆Quantum(𝑟, 𝜙) − 𝑆Quantum(𝑟 = 0) (6.13)

which is the quantum noise difference because the classical noise contributions are subtracted out.

The quantum noise difference is something we can measure and is directly modeled by GWINC,

providing a nice fitting strategy.

The quantum noise 𝑆Quantum has much more parameters than 𝑟 and 𝜙 in the realistic case where

there is degradation. Many parameters are very degenerate, as seen in the previous section on the

sensing function. To constrain the parameter space, we took 11 different squeezing angles while

attempting to keep other parameters to be the same. The goal is to find a common set of parameters

that accurately models the noise difference for each 𝜙.

While the strain noise difference samples the relative change of the noise level, we still need
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a measurement of the absolute strain noise. The NULL channel of the output is ideal for this. We

will explain it in the next subsection.

6.4.1 SUM, NULL, and XCORR

The DC readout uses two OMC DCPDs instead of one, so we can actually take advantage of

that by finding useful information from these two PDs. Let the OMC output field be 𝐵⃗ for the

classical part and 𝑏⃗ for the quantum mechanical part. A beamsplitter ℎ𝐵𝑆 splits the output into two

fields entering two independent PDs.

⎡
⎢
⎢
⎢
⎣

𝐴1

𝐴2

⎤
⎥
⎥
⎥
⎦

= ℎ𝐵𝑆

⎡
⎢
⎢
⎢
⎣

𝐵⃗

0

⎤
⎥
⎥
⎥
⎦

(6.14)

and for quantum parts
⎡
⎢
⎢
⎢
⎣

𝑎1

𝑎2

⎤
⎥
⎥
⎥
⎦

= ℎ𝐵𝑆

⎡
⎢
⎢
⎢
⎣

𝑏⃗

𝑑

⎤
⎥
⎥
⎥
⎦

(6.15)

where the ideal BS has zero loss and amplitude reflectivity 𝑟 = 1/√2.

There’s no classical field entering from the other port of the BS, but the vacuum fluctuation 𝑑
always exists. The power measured on each PD is

𝑃1(Ω) = √2ℏ𝜔0𝐵⃗†(𝑟2𝑏⃗ + 𝑟𝑡𝑑) (6.16)

𝑃2(Ω) = √2ℏ𝜔0𝐵⃗†(𝑡2𝑏⃗ − 𝑟𝑡𝑑) (6.17)

The SUM of the DCPD is what we use to observe gravitational waves:

𝑃SUM = √2ℏ𝜔0𝐵⃗†
[(𝑟2 + 𝑡2)𝑏⃗ + (𝑟𝑡 − 𝑟𝑡)𝑑] (6.18)
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and the NULL is the difference

𝑃NULL = √2ℏ𝜔0𝐵⃗†
[(𝑟2 − 𝑡2)𝑏⃗ + 2𝑟𝑡𝑑] (6.19)

Ideally, 𝑟 = 𝑡 = 1/√2 and the usual SUM channel is recovered as if there’s only one PD measuring

all the OMC transmitted light.

The NULL can be used as a reference of an unsqueezed condition because the field 𝑏⃗ that

contains radiation pressure noise (quantum correlations) gets subtracted out. The measured field

𝑑 is purely vacuum. Note that this is opposite to the balanced homodyne readout as discussed in

Section 3.3.2.

The other useful channel is the XCORR when we cross-correlate individual PD signals [132].

𝑆1×2(Ω) = 1
2𝜋𝛿(Ω − Ω′)/2⟨0|𝑃1(Ω)𝑃2

†(Ω′)|0⟩𝑠𝑦𝑚 (6.20)

= 2ℏ𝜔0
⟨0|𝐵⃗†(𝑟2𝑏⃗ + 𝑟𝑡𝑑)(𝑡2𝑏⃗† − 𝑟𝑡𝑑†)𝐵⃗|0⟩𝑠𝑦𝑚

2𝜋𝛿(Ω − Ω′)/2 (6.21)

= 2ℏ𝜔0𝑟2𝑡2𝐵⃗†(⟨𝑏⃗𝑏⃗†⟩ − ⟨𝑑𝑑†⟩)𝐵⃗ (6.22)

The vacuum state ⟨𝑑𝑑†⟩ is just 1, but the ⟨𝑏⃗𝑏⃗†⟩ contains quantum correlations from quantum ra-

diation pressure noise (QRPN). At high frequencies, the shot noise cancels out so the rest of the

measured cross-correlation spectrum is just classical noise. At low frequencies, the QRPN still

exists in 𝑏⃗.

It can be verified that

𝑆SUM = 𝑆1 + 𝑆2 + 𝑆1×2 + 𝑆2×1 (6.23)

This holds true when we add classical noise to the equation. The classical sidebands can be orga-

nized in parallel to the quantum part, although it’s not quantum by nature

𝑃SUM = √2ℏ𝜔0𝐵⃗†
[(𝑟2 + 𝑡2)𝑏⃗ + (𝑟𝑡 − 𝑟𝑡)𝑑] + 𝐵⃗†𝑏⃗𝑐 (6.24)
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𝑏⃗𝑐 is not a quantum operator and it is very small. The PSD of the SUM channel is

𝑆SUM = 2ℏ𝜔0(𝑟2 + 𝑡2)2𝐵⃗†⟨𝑏⃗𝑏⃗†⟩𝐵⃗ + 𝐵⃗†⟨𝑏⃗𝑐 𝑏⃗†
𝑐⟩𝐵⃗

2𝜋𝛿(Ω − Ω′)/2⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑆𝑐

(6.25)

It can be shown that

𝑆1 = 2ℏ𝜔0𝐵⃗†(𝑟4⟨𝑏⃗𝑏⃗†⟩ + 𝑟2𝑡2⟨𝑑𝑑†⟩)𝐵⃗ + 𝑟4𝑆𝑐 (6.26)

𝑆2 = 2ℏ𝜔0𝐵⃗†(𝑡4⟨𝑏⃗𝑏⃗†⟩ + 𝑟2𝑡2⟨𝑑𝑑†⟩)𝐵⃗ + 𝑡4𝑆𝑐 (6.27)

𝑆1×2 = 2ℏ𝜔0𝐵⃗†(𝑟2𝑡2⟨𝑏⃗𝑏⃗†⟩ − 𝑟2𝑡2⟨𝑑𝑑†⟩)𝐵⃗ + 𝑟2𝑡2𝑆𝑐 (6.28)

What’s different with the vacuum state is that they cross-correlate negatively, whereas the clas-

sical part cross-correlates positively. This makes sense because shot noise is a local noise on each

individual PD. There is no cross-correlation on that.

Fig. 6-5 shows the calculated SUM, NULL, and XCORR channels. In fact, we could obtain the

NULL spectrum either by subtracting cross-correlation from the SUM, or just directly calculating

the PSD of the difference of two DCPD time series. The results are verified to be approximately the

same. In this plot, the blue “GDS” curve is the PSD calculated from GDS-STRAIN channel. The

orange “SUM” curve is calculated from the DCPD SUM channel CAL-DELTAL_EXTERNAL. A

frequency-dependent correction function is applied to make sure the GDS and SUM are identical.

This correction will also be applied to individual PD signals from CAL-DELTAL. The red “NULL”

curve is calculated from the difference of the raw time series of two PD (CAL-DELTAL_A and

CAL-DELTAL_B), and the purple “XCORR” is the cross-spectral density of two raw time series.

The “SUM - NULL” curve is verified to overlap with XCORR. The “GDS - XCORR” curve,

however, deviates from the NULL at low frequencies. This is because the difference between GDS

and XCORR are small and have a large uncertainty after subtraction. The NULL channel is best

to estimate the calibrated shot noise (after subtracting the gray DARK trace). The pink “XORR,
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Figure 6-5: Comparison of SUM, NULL, and XCORR channel measured on OMC DCPD [14].

LPSD” uses a different algorithm to obtain cross-PSD as a sanity check [133]; it is equal to the

XCORR curve.

Since the NULL PSD is cleaner at low frequencies compared with subtraction, we will use

(NULL noise - dark) noise as the shot noise from now on. The dark noise is a factor of 30 smaller

at high frequency and a factor of 7 smaller at low frequency, in ASD.

The other nice thing with NULL is that it is independent of the squeezing set-up because the

quantum correlations created in the quantummodes 𝑏⃗ are subtracted out. The NULL channel serves
as a real-time measurement of the shot noise at all times.
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6.4.2 Uncertainty analysis
We follow [46] for the uncertainty propagation. It is nice to follow the notation used in the

previous literature. We redefine

𝐷𝑠 = 𝑆total(𝑟, 𝜙) (6.29)

for squeezed total noise, and

𝐷𝑟 = 𝑆total(𝑟 = 0) (6.30)

for unsqueezed total noise, or “reference” total noise as used in [46]. The noise difference is

𝑆 = 𝐷𝑠 − 𝐷𝑟 (6.31)

with uncertainty

Δ𝑆2 = 𝑆2𝛿𝐺2 + Δ𝐷2
𝑠 + Δ𝐷2

𝑟 + 𝐶2(𝛿𝑁2
𝑡 + 𝛿𝑁2

𝑚) (6.32)

where

• 𝛿𝐺𝑐𝑎𝑙(Ω) is the reported combined calibration error and uncertainty estimate [134],

• Δ𝐷(Ω) is the statistical uncertainty due to PSD estimation, and

• 𝛿𝑁(Ω) describes the non-stationary changes in the classical noise 𝐶 contributions, where

𝛿𝑁𝑡(Ω) is time-nonstationarity and 𝛿𝑁𝑚(Ω) is the operating mode nonstationarity between
unsqueezed and squeezed operating modes [135].

We also follow the convention in [46] and use Δ to describe the 1-𝜎 uncertainty of the variable

and use 𝛿 for the relative uncertainty 𝛿𝐷 = Δ𝐷/𝐷.

Since we don’t have the unsqueezed quantum noise model𝑀𝑟, we can’t do subtraction to obtain

the classical noise 𝐶 , but we can replace it with 𝐷𝑟 which would only overestimate the uncertainty

at high frequencies where the error is already small. It won’t underestimate the error.
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6.4.3 Re-binning power spectral density
The statistical uncertainty 𝛿𝐷 of the PSD scales inversely with the square root of the number of

averages, which is proportional to the product of the duration 𝑇 of the time series and the frequency

bin width 𝑓
𝛿𝐷 = 1

√𝑇 𝑓
. (6.33)

We first take the linear FFT of the raw time series to estimate the total noise PSD. For each

frequency bin, we take the median statistics to indirectly remove potential glitches in the time

series, as described in our previous work [46].

The linearly spaced PSD has the constant frequency bin width, for which we choose a fre-

quency resolution of 0.0625Hz. To reduce the statistical uncertainty and fit the model, we re-bin
the PSD into a log-spaced frequency bins. Each new frequency bin collects all the energy of the

old frequency bins that fall into the bin so that the total spectral energy is conserved. The statis-

tical uncertainty of the new PSD with log-spaced and larger bin width still follows the relation of

Eq. (6.33).

The raw PSD measures the total differential displacement between the two pairs of arm cavity

mirrors, which contain many peaks and resonances including harmonics of the 60-Hz power line

and 500-Hz violin mechanical modes of test masses suspensions, etc. These peaks would inflate the

energy of our re-binned PSD. Therefore, we remove all the known noise peaks before re-binning.

6.4.4 Non-stationarity verification
The stationarity uncertainty has two contributing terms: time-nonstationarity 𝛿𝑁𝑡(Ω) that cap-

tures slow thermal drifts of the interferometer, and mode-nonstationarity 𝛿𝑁𝑚(Ω) that contains
changes introduced by different operating modes of the interferometer, namely with and without

squeezing.

The time-nonstationarity 𝛿𝑁𝑡 occurs due to thermal drifts of the interferometer. We follow the
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same calculation from [46]

𝛿𝑁2
𝑡 ≈

𝒩 2
Σ

𝑛 (6.34)

where 𝑛 is the number of observed unsqueezed strain noise at various times, and

𝒩 2
Σ = 2

𝑛(𝑛 − 1)

𝑛

∑
𝑖≠𝑗

𝒩 2
𝑖𝑗 (6.35)

where 𝒩 2
𝑖𝑗 is the pairwise relative non-stationarity between two such discontiguous segments with

PSD 𝐷𝑖 and 𝐷𝑗

𝒩𝑖𝑗 = 2
𝐷𝑖 − 𝐷𝑗
𝐷𝑖 + 𝐷𝑗

(6.36)

For the faster averaging timescales used in our measurements, slow drifts can be reduced with

longer averaging times, similar to statistical PSD estimation. Therefore, both of drifts and statistical

uncertainties are reduced after the re-binning process.

Tomeasure the unsqueezed total noise as closely as the configuration with frequency-dependent

squeezing, we set up the squeezing configuration but without the squeezed vacuum generated.

Specifically, we leave both the squeezer and filter cavity locked on resonance but without the non-

linear parametric down-conversion process.

Experimentally, we dither-lock the squeezer on red but don’t send any pump light so there

is no squeezed vacuum generated. The red resonance allows the transmission of CLF and RLF

fields. However, they are only one-side RF sidebands because we don’t have a difference frequency

generation without the pump. The filter cavity is also locked on resonance with RLF-CLF beatnote

to mimic the nominal operation with frequency-dependent squeezing. The demodulation phasing

and control loop gains are re-tuned for single-side RLF-CLF [136]. If there is any extra technical

noise introduced with frequency-dependent squeezing, for example backscatter noise driven by

filter cavity length fluctuations, the interferometer would sense it in the total noise spectra in both

configurations. The subtracted strain noise should not have any extra classical noise contributions.
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Figure 6-6: Comparison of the 𝛿𝑁𝑚 using two PSDs measured in the same unsqueezed operating
mode (e.g. two segments with the squeezer beam diverter open), or measured in two different
unsqueezed operating modes (e.g. with squeezer beam diverter open and beam diverter closed).
Both uncertainties are the same, suggesting the squeezer system does not introduce excess technical
noise in the full detectors [1, 14].

To confirm if there are any excessive noises including backscatter, we compare the total un-

squeezed interferometer noise with the following two operating modes. The first one is to open the

squeezer beam diverter to mimic the frequency-dependent squeezing case as mentioned above, and

the second one is to close the squeezer beam diverter on the injection path such that no backscattered

light can be transmitted between the interferometer and squeezing system.

We have two PSD of each mode and calculate 𝛿𝑁(Ω) following Eq. (6.34). For two 𝛿𝑁𝑚

calculated, we select 𝐷𝑖 and 𝐷𝑗 using PSDs of the same and different operating modes.

Fig. 6-6 shows that the stationarity uncertainty curves are nearly identical between two PSDs

taken at the same operatingmode or different operatingmodes, confirming that themode-nonstationarity
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contribution to the total stationarity uncertainty is negligible.

Calibration uncertainty 𝛿𝐺𝑐𝑎𝑙(Ω) are estimated in the same way as [46]. Note that it is a form
of systematic error instead of statistical error. Therefore, the calibration error is added to the to-

tal uncertainty after re-binning, since it can not be reduced by averaging. The contributions of

aforementioned uncertainties to the total uncertainty are shown in Fig. 6-12.

6.4.5 Data taking procedures
As hinted by the estimation of statistical noise (Eq. (6.33)), we prefer to take the strain noise for

a duration as long as possible. However, LIGO is a billion-dollor instrument that needs to observe

gravitational waves. So we decided to limit our time to 20minutes for each PSD, which gives a
statistical uncertainty comparable to other sources of errors.

Things to check before taking data:

• Check if the calibration is working. It is preferable to have recent Pcal sweep data for sensing

function inference.

• Check if individual OMC DCPD time series are calibrated. This is usually handled by CAL-

DELTAL pipeline.

• Disengage unnecessary loops. For example, the alignment dithering (ADS) and squeezing

to interferometer alignment sensing (SQZ ASC) loops are off.

• Optimize squeezer. This includes crystal temperature (TEC), mirror alignment (ZM), and

mode-matching (PSAMS).

• Mis-align the filter cavity end mirror.

• Any known scattering sources (e.g. HVAC) that can be disabled for a short period while we

take data? Wewant stationary, non-drifting, non-scattering-noise, and non-glitching classical

noise background for the analysis.
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• The interferometer has to be locked for at least 3 hours so it is well-thermalized. Otherwise,

the classical noise is changing across different measurements.

There are preferences for squeezing angle selection. We found that anti-squeezing isn’t very

useful to us because it will inflate the quantum noise near the calibration lines, which biases the

calibration process [14]. The best squeezing angles are those creating maximal squeezing at 40–
4000Hz. We typically select them such that the squeezing dips occurs uniformly in the log-spaced

frequencies. These squeezing angles are negative, so we also need one or two positive squeezing

angles less than 10 degrees. The phase-squeezing (where max squeezing happens at high frequen-

cies) is defined with zero squeezing angle.

The unsqueezed data should be taken with a squeezer dither-locked on red and the pump shut-

tered. The ISS for CLF and LO loop should be re-tuned. We can also just close the beam diverter

but we need to verify that both scenarios give the same unsqueezed noise (Fig. 6-6).

Ideally, the data is taken with 20-minute unsqueezed + 20-minute squeezing at angle 𝜙1 + 20-

minute squeezing at angle 𝜙2. We can repeat this cycle 6 times to acquire a total of 12 spectra. We

will also need to take one unsqueezed noise at the end of the test. The total time required is 6 hours

and 20 minutes. However, there might be lock loss during this time period due to earthquakes, etc.

If so, we take the rest data in the next lock with an interferometer thermalized. The non-stationaries

between these two locks should be small, and they are included in the non-stationarity uncertainty.
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6.4.6 Parametric study
We perform a parametric study similar to Section 6.3.1 to understand how each parameter af-

fects the strain noise difference. The studied parameters are summarized in Table 6.5.

Table 6.5: The relevant 16 GWINC parameters that affect the sensing function.

Physical quantity GWINC variable name Symbol
Squeezing angle 𝜃SQZ
SRCL detuning SRM.Tunephase Δ𝜙SR

SRC Gouy phase SRCGouy_rad 𝜓SR

Mode-mismatch between Arm and SRC MM_ARM_SRC ΥSR

Mode-mismatch phase of Arm to SRC MM_ARM_SRCphi ΥSR phase
Mode-mismatch between IFO and OMC MM_IFO_OMC ΥOMC

Mode-mismatch phase of IFO to OMC MM_IFO_OMCphi ΥOMC phase
Mode-mismatch between SQZ and OMC MM_SQZ_OMC ΥSQZ

Mode-mismatch phase of SQZ to OMC MM_SQZ_OMCphi ΥSQZ phase
Arm power ArmPower 𝑃arm

Homodyne angle Quadrature.dc 𝜃LO
SRC loss BSLoss ΛSR

Phase noise SQZAngleRMS 𝜙2
rms

Generated squeezing AmplitudedB
Injection loss InjectionLoss ΛINJ

Readout loss 1 - PhotoDetectorEfficiency ΛRO
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Figure 6-7: Parametric study of strain noise difference (frequency-independent squeezing - un-
squeezed total noise) [14].
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Fig. 6-7 shows the parametric study. We manually find a canonical set of parameters that are

pretty close to the truth (as seen in the super-title of the figure). We perturb parameters around the

canonical setting and see how each one affects the strain noise differences.

For each subplot, the title says the perturbed parameter. The various values of such parameters

are labeled in the legend. The solid curve is the positive of the difference, and the dashed curve is

the negative part of the difference that is flipped to the positive side. The negative difference means

that the squeezed noise is less than the unsqueezed noise, meaning that we are squeezing there.

We can possibly observe some constraints from the squeezed spectra. At high frequencies, the

strain difference sets a bound on the arm power. The higher the power, the lower the absolute noise

difference is. This is because the shot noise scales inversely with arm power, so the difference is

less for higher power. The phase parameters only reduce the difference as the squeezing angle is

not optimized. Similarly, loss and phase noise also reduce differences in one way. More generated

squeezing increases the difference, but it will plateau as the optical losses prevent more squeezing

from being observed. This gives an upper bound of the arm power, in this case, is 280–300 kW.

Note that this is different from the arm power calculated from power recycling gain (PRG), which

gives 310 kW. We will discuss it a bit later.

At low frequency, the arm power and squeezing are degenerate. The loss will affect the QRPN,

but it’s small for a small loss of around 10%. This can set a lower bound of injected squeezing

using the upper bound of arm power.

Note that Fig. 6-7 only shows 15 of the total 16 parameters in Table 6.5. The missing parameter

is the readout loss, which is totally decoupled from the strain noise difference! This is counter-

intuitive, but it helps us to break one of the most important degeneracies - between arm power and

loss.

The preliminary study is done to remove parameters that don’t make any difference [14]. We

will also use parameters obtained from sensing function Table 6.1. To explain this, we can define the

readout loss as an effective beam splitter with amplitude reflectivity 𝑟 = √1 − loss. The quantum
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noise in power is

𝑆𝑃 = 2ℏ𝜔0𝑟𝐵†(𝑟2⟨𝑎𝑎†⟩ + 𝑡2⟨𝑣𝑣†⟩)𝑟𝐵 (6.37)

where 𝑎 is the quantum field from interferometer and 𝑣 is the vacuum fluctuations introduced by

readout loss. The LO power 𝐵 is also reduced by readout loss. Without squeezing, 𝑎 is identical to
𝑣 at high frequency and larger than 𝑣 at low frequency.

𝑆𝑃 ∝ 𝑟2(𝑟2(1 + 𝒦 2) + 𝑡2) ∝ 𝑟2(1 + 𝒦 2𝑟2) (6.38)

where 𝒦 is the optomechanical coefficient. Note that the sensing function also depends on the

loss:

𝑔2 ∝ 𝑟4 (6.39)

Therefore, increasing the loss would decrease the sensitivity 𝑆𝑃 /𝑔2 at high frequency (1/𝑟2), but

doesn’t change anything at low frequency limit (𝑟 cancels).

When we inject squeezing and take the strain noise difference, the difference PSD is

Δ𝑆𝑃 = 2ℏ𝜔0𝑟𝐵†(𝑟2⟨𝑎(𝐹 𝐼𝑆)𝑎(𝐹 𝐼𝑆)
†⟩ − 𝑟2⟨𝑎(𝑈𝑁𝑆)𝑎(𝑈𝑁𝑆)

†⟩)𝑟𝐵 ∝ 𝑟4 (6.40)

The vacuum are the same between the two 𝑣𝐹 𝐼𝑆 = 𝑣𝑈𝑁𝑆 and get subtracted out completely. There-

fore the difference DARM is Δ𝑆ℎ = Δ𝑆𝑃 /|𝑔|2; so no more dependence on 𝑟 broadbandly.

Besides readout loss, the strain noise difference is also less sensitive to ΛSR and ΛINJ. These

losses are mostly adjusting how much squeezing we can observe, which is removed when we take

the difference of two strain noises. We will infer them from a different observable.

ΥSR slightly changes the observable at around 100 - 1000 Hz, below 2e-47 (so near squeezing).

ΥSQZ only changes spectra above 100 Hz near squeezing (-12 to 12 degrees of relative squeezing

angle). ΥOMC heavily affects broadbandly and creates an interesting twist at 500-700 Hz when it’s

around 20%.
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The generated squeezing and 𝑃arm pretty much serves as a scaling factor, except that the arm

power flips scaling sign at SQL frequency. Phase noise is also effectively a loss that only impacts

the squeezing instead of anti-squeezing.

The mismatch phase between SQZ and OMC, ΥSQZ phase, also affects the DARM difference

negligibly. It’s probably because the amount of scattered squeezed fields are too small, and the

scattered back squeezed fields are even less so their actual phase doesn’t matter. The scattered

back fields scale with the product of all mismatches along the path. Even 10% mismatches along

the path would contribute to 1%.

On the contrary, the ΥSR phase and ΥOMC phase change the DARM difference heavily because

they affect the phase of the main laser and therefore LO angle. In addition, ΥSR phase and 𝜓SR are

pretty much the same, where they only affect at the band of ~60 - 1000 Hz.

The SQZ angle 𝜃SQZ determines the squeezing level. The SRCL detuning Δ𝜙SR also changes

the squeezing level, but it only affects frequencies above 100 Hz.

We can also categorize the parameters based on the bandwidth it affects:

• Broadband: SQZ_dB > 𝑃arm > ΥOMC + phase

• Above 100 Hz: ΥSQZ ~ 𝜙rms ~ 𝜃SQZ ~ Δ𝜙SR

• 100 - 1000 Hz: 𝜓SR ~ ΥSR + phase

• Negligible: ΛINJ > ΛSR > ΥSQZ phase ~ ΛRO

The three parameters affecting 100-1000 Hz have very similar impacts on the observable shape.

Therefore, we can reduce them to one for simplicity, and we pick ΥSR phase as the representative

because it gives the largest dynamic range. We can down-select it along with the top two types as

the most influential parameters and plot them.

Fig. 6-8 shows that only these 5 parameters are able to move the frequency of the dip, namely

where the squeezed quadrature gets read out.
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Figure 6-8: Parametric study of down-selected parameters [14].

• 𝜃SQZ

• 𝜓SR (or equivalently other SR phasing parameters)

• ΥOMC

• ΥOMC phase
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• 𝑃arm

There is no single parameter from them that canmove the dip without messing with other things.

Therefore, we need to tweak all of them to find a set that fits the data. Adding them to the 𝜙rms,

ΥSQZ and ΛRO, we have total 8 parameters to fit.

Having some understanding of which parameters are useful and how they affect our observable,

we can start fitting them with MCMC. We will allow each parameter to change for each measure-

ment and fit them separately first.

6.5 MCMC on Individual Quantum Noise Difference

As discussed in previous section, we want to find a common set of parameters that fits all of

the strain noise differences. These parameters not only include those 8 plotted before, but also the

squeezing angle for each of the total 11 measurements. These are almost 20 degrees of freedom,

too much for MCMC.

We can start simply by fitting individual noise differences separately. It is also necessary to

see if we are even able to fit the measurement, as a proof-of-principle test. The 8 parameters we

down-selected from the previous section affect different frequency bands:

• Broadband: 𝜃SQZ, 𝑃arm, ΥOMC + phase

• Above 100 Hz: ΥSQZ, 𝜙rms

• 100 - 1000 Hz: 𝜓SR

Besides the strain noise difference, we also fit the shot noise from NULL to make sure the scale

level is correct. This requires another parameter

• Broadband: ΛRO
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So total of 8 degrees of freedom for each individual data. Since each parameter is free to change

for each measurement. they are “over-fitting” in some sense because some of them are common.

For example, the readout loss ΛRO is not expected to change in a single lock. Still, we are trying

to see if it is even possible to fit these PSD differences + NULL PSD.

6.5.1 Set-up

A flat prior isn’t a good practice for Bayesian analysis, especially when we have certain knowl-

edge about the parameters. Even the truth is outside a few sigmas of the standard deviation of

the prior, it will still have enough likelihood to counter prior reduction and increase the posterior

overall.

We choose a Gaussian likelihood despite that one of the uncertainties, the calibration uncer-

tainty, is asymmetrical. The reason is that the log- likelihood of Gaussian is a closed form, whereas

the skewed Gaussian is numerical and gives −∞ when we have a small log-likelihood. This limits

the space the walkers can explore. We average the positive and negative error bars for Gaussian

likelihood.

On the computer cluster (ldas-pcdev6.ligo-la.caltech.edu), each GWINC run takes about 210 ×
60/128/2000/2 = 0.025 sec. To model one measurement, we need to run it twice to model DARM
difference. Therefore, running oneMCMCwith 256 walkers and 3000 steps takes 0.025×2×256×
3000/3600 = 10.6 hours

6.5.2 Result

We first fit each individual strain noise and NULL spectra measured at various squeezing an-

gle. This doesn’t require the interferometer parameters to be common, namely they are allowed to

change for different measurements. This assumption is not realistic because parameters like arm

power shouldn’t change in a single thermalized lock, but it allows us to see if it’s even possible, in
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principle, to fit all PSD differences.

Each parameter of the model is classified as:

• Fixed: the parameter is fixed for all individual measurements. They are summarized in the

title of the plot below.

• Independent: MCMC will change independent parameters to optimize individual measure-

ment.

Table 6.6: Set-up of the MCMC on the individual strain noise difference.

MCMC Set-up Inferred
Fixed/ Prior Initial walker Common/
Chosen Gaussian (−𝜎, 𝜎) Flat probability Independent

Interferometer parameters
Circulating power in arm cavity 270 kW
Arm to SEC mismatch 2.7%
Arm to SEC mismatch phase 0∘

SEC round-trip detuning phase 0.14∘

SEC round-trip Gouy phase (20, 50) ∘ 10∘ - 80∘ Independent
Readout angle -11∘

Total readout loss (8, 10) % 1% - 15% Independent
IFO to OMC mismatch (4, 12) % 1% - 15% Independent
IFO to OMC mismatch phase (-40, -10) ∘ -60∘ - -20∘ Independent

Squeezing parameters
Generated squeezing 17.4 dB
Squeezing angle Independent

Total Injection efficiency 92.9%
SQZ to OMC mismatch (1, 8) % 1% - 12 % Independent
SQZ to OMC mismatch phase -45∘

Phase noise (RMS) (20, 30) mrad 10 - 70 mrad Independent

The initial parameters are summarized in Table 6.6. The prior probability is Gaussian with
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the 16th-84th percentile shown in the Prior column for each parameter. The initial walkers are dis-

tributed with a flat probability in the range shown in the initial walker column. The fixed parameter

is not touched by MCMC. Independent parameters inferred by MCMC for each individual data are

plotted against the squeezing angles of each measurement, as shown in Fig. 6-9.
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Figure 6-9: Result of MCMC on individual measurement at various squeezing angles [14].

The inferred squeezing angle is shown to be linearly correlated with the input squeezing angle,

which makes sense because it is the parameter that we actively change to get various measurements.
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There is a non-zero offset between two angles, namely 𝜃SQZ = 0 (phase squeezing) corresponds

to ~12 degree in GWINC model. This is due to the non-zero homodyne angle and other phasing

degradations.

Other parameters shouldn’t depend on the relative 𝜃SQZ because they are not actively changed.
The readout loss has a little dependency with the squeezing angle given their error bars. The IFO

parameters like ΥOMC and 𝜓SR vary a little bit to the squeezing angle, which is promising to us

after we set them to be common parameters.

The parameters that change with squeezing angles are ΥOMC phase, ΥSQZ, and 𝜙rms. Phase

noise is known to change with different squeezing angles (different locking point changes the con-

trol loop). The ΥOMC phase is changed probably because it tries to mimic the change of the phase

of squeezed vacuum due to X/Y arm cavity mode-mismatch or differential loss, which leads to the

non-zero LO angle and is not modeled in the current version of GWINC (superQK branch). The

ΥSQZ is also drifting because SQZ ASC was not engaged during the data taking. Keep in mind that

we are actually “over-fitting” the individual measurement in some senses, since we allow parame-

ters that shouldn’t change over time to be a variable that fits the individual strain noise difference.

Our goal is to find a set of common parameters that fit all of the data simultaneously. This would

be the physical case close to the reality.

The last subplot shows how good the MCMC result is at each squeezing angle. The green

is the perfect likelihood where the residuals are zero. The MCMC likelihood is pretty close to

the theoretical maximum likelihood, proving that the MCMC fitting is reasonably good. Now

that we’ve demonstrated the possibility of modeling the strain noise difference, we can proceed to

finding the common set of parameters that fit all of the measurements simultaneously.
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6.6 MCMC on All Quantum Noise Difference

Knowing that it’s possible to fit individual strain noise differences, we now try to fit all of them

simultaneously. The initialized parameters are categorized as:

• “Fixed” parameters are fixed across all squeeze angle datasets. For example, the signal re-

cycling cavity parameters we inferred earlier are assumed to be the same for all.

• “Chosen” parameters are selected and different for each squeeze angle dataset. For example,

the squeezing angle is actively changed to obtain different squeezing PSD.

• “Common” parameters are shared degrees of freedom thatMCMC infers a single value across

all squeeze angle datasets. For example, the power within the arm cavity should be the same

across measurements, and we use MCMC to infer its exact number.

• “Independent” parameters are degrees of freedomofMCMC infers differently for each squeeze

angle dataset.

We can only allow one independent parameter because of the time constraint. To fit all 11

measurements simultaneously, we have 22more parameters forMCMC because each measurement

has a unique squeezing angle and phase noise. The time to run it with 10000 steps per walker is

0.025 × 27 × 10000 × 54/3600 = 100 hours, which is way too long to iterate.
Instead, we choose the squeezing angle and phase noise for each measurement, given the fitted

values from the previous section. The set-up and results are shown in Table 6.7.



178 Chapter 6. LIGO BREAKS STANDARD QUANTUM LIMIT

−10−44

−10−45

−10−46

−10−47

−10−48

0

10−48

10−47

10−46

10−45

10−44

To
ta

ln
oi

se
di

ff
er

en
ce

[1
/H

z]

φ =-38◦

φ =-26◦

φ =-22◦

φ =-19◦

φ =-13◦

φ =-11◦

φ =-10◦

φ =0◦

φ =5◦

φ =8◦

φ =23◦

20 50 100 200 500 1000 2000
Frequency [Hz]

−4

−3

−2

−1

0

1

2

3

4

R
es

id
ua

l/
σ

Figure 6-10: Inference results on the difference of total noise between frequency-independent
squeezed and unsqueezed interferometer at various squeezing angles. The negative PSD difference
means that the quantum noise is being squeezed. The residual between the model and measure-
ments are normalized by the 1-𝜎 uncertainty and shown in the bottom plot [1, 14].
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Fig. 6-10 shows the best model that is able to minimize residuals for all strain noise differences.

Notably, the arm power is inferred to be around 260 kW instead of 300 kW calculated from power

recycling gain (PRG). The underestimation of the arm power raised lots of eyebrows when we first

reported the analysis, as PRG calculation has been reliable since the Observing Run 3. Interestingly,

the recent measurement of arm power using radiation pressure agreed with our analysis [137]. This

is encouraging and validating our inference method on interferometer parameters.

Don’t forget that we also fit NULL channels of all the measurements at the same time. The

NULL channels are much easier to fit than strain noise differences. The results are shown in Fig. 6-

11.
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Figure 6-11: Inference results on the NULL channels, which are fit at the same time as the strain
noise differences (Fig. 6-10).

This concludes the most difficult part of the inference. We’ve obtained all the parameters of

the full LIGO, except for the filter cavity. We will fit filter cavity parameters in the next section.
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6.7 MCMC on Frequency-Dependent Squeezing

The inferred interferometer parameters fully determine the unsqueezed quantum noise model

𝑀𝑟, which can be used to subtract for classical noise.

𝐶 = 𝐷𝑟 − 𝑀𝑟 (6.41)

The classical noise stays the same when we are squeezing with or without the filter cavity, as proved

in Section 6.4.4. The nominal squeezed quantum noise is

𝑄(Ω) = 𝐷𝑠(Ω) − (𝐷𝑟(Ω) − 𝑀𝑟(Ω)). (6.42)

The total uncertainty of 𝑄(Ω) is

Δ𝑄2(Ω) = 𝑄2(Ω)𝛿𝐺2
𝑐𝑎𝑙(Ω) + [Δ𝐷2

𝑠 (Ω) + Δ𝐷2
𝑟 (Ω) + Δ𝑀2

𝑟 (Ω)+ (6.43)

(𝐷𝑟(Ω) − 𝑀𝑟(Ω))2(𝛿𝑁2
𝑡 (Ω) + 𝛿𝑁2

𝑚(Ω))] (6.44)

where the new uncertainty Δ𝑀𝑟(Ω) is the uncertainty of the unsqueezed reference quantum noise

model. It can be calculated by feeding the MCMC chains to the GWINC model.

We plot the noise spectrum in units of amplitude spectral density (ASD) 𝑞(Ω) = √𝑄(Ω). The
relative error in ASD is

𝛿𝑞(Ω) = 1
2𝛿𝑄(Ω) (6.45)

= √
𝛿𝐺2

𝑐𝑎𝑙(Ω)
4 + 1

4𝑄2(Ω) [Δ𝐷2
𝑠 (Ω) + Δ𝐷2

𝑟 (Ω) + Δ𝑀2
𝑟 (Ω) + 𝐶2(Ω)(𝛿𝑁2

𝑡 (Ω) + 𝛿𝑁2
𝑚(Ω))].

(6.46)

Fig. 6-12 shows the contributions of each uncertainty. The statistical uncertainty dominates
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Figure 6-12: Total uncertainty budget of inferred quantum noise from various error sources [1,14].

both positive and negative error bars at low frequency due to the small frequency binwidth (Eq. (6.33)).

At high frequencies above 500Hz, the statistical error decreases as there are more averages avail-
able per bin width. Both statistical and stationarity error are symmetrical, whereas the calibration

error and modeling error are not. The calibration error, obtained from the calibration pipeline [134],

dominates at a high frequency above 200Hz.
With the frequency-dependent squeezing quantum noise and uncertainties, we can find the filter

cavity parameters to model it directly with GWINC. The set-up of MCMC and results are summa-

rized in the Table 6.7
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Table 6.7: Parameters of the LIGO Livingston detector inferred using Markov Chain Monte Carlo
(MCMC) methods.

MCMC Set-up Inferred
Fixed/ Prior Initial walker Common/
Chosen Gaussian (−𝜎, 𝜎) Flat probability Independent

Interferometer parameters
Circulating power in arm cavity (270, 320) kW 270 - 310 kW 257+3.9

−1.6 kW
Arm to SEC mismatch 2.7%
Arm to SEC mismatch phase 0∘

SEC round-trip detuning phase 0.14∘

SEC round-trip Gouy phase (20, 50) ∘ 20∘ - 70∘ 43.0+4.5
−5.2

∘

Readout angle -11∘

Total readout loss (8, 10) % 6% - 10% 8.0+1.2
−0.5 %

IFO to OMC mismatch (6, 8) % 4% - 10% 3.6+0.5
−0.5 %

IFO to OMC mismatch phase Independent
Squeezing parameters
Generated squeezing 17.4 dB
Squeezing angle Chosen

Total Injection efficiency 92.9%
SQZ to OMC mismatch (1, 8) % 1% - 8 % 1.1+1.3

−0.2 %
SQZ to OMC mismatch phase -45∘

Phase noise (RMS) Chosen
Filter cavity parameters
Length 300 m
Detuning (−28, −25) Hz −31 Hz - −26 Hz −25.6 Hz
Finesse 7000
Full-linewidth 71 Hz
Input coupler transmission (800, 900) ppm 750 ppm - 880 ppm 797 ppm
Derived round-trip loss 100 ppm
Squeezer to FC mismatch 0.2%
Squeezer to FC mismatch phase (−180, 180) ∘ −180∘ - 180∘ −65∘

Length noise (RMS) (0.1, 1) pm 0.1 pm - 2 pm 0.2 pm
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This concludes the parameter estimation of the quantum noise for the LIGO Livingston Obser-

vatory. We will show the fitted quantum noise result in the next section.

6.8 Sub-SQL Performance

Without further ado, let’s see the quantum noise with nominal frequency-dependent squeezing.
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Figure 6-13: Strain sensitivity of the LIGO L1 interferometer. The squeezed quantum noise sur-
passes the standard quantum limit ℎSQL by up to 3 dB in the shaded region between 35–75Hz. This
configuration is representative of the nominal detector noise during O4, demonstrating the use of
quantum correlations to directly improve astrophysical sensitivity [1].

The total detector noise spectrum is an incoherent sum of the classical and quantum noise.

The unsqueezed reference total noise (solid black) is measured without squeezing injection. An
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unsqueezed quantum noise model (dashed black) is subtracted from the measured reference total

noise to obtain an estimate of the underlying classical noise (gray). The inferred detector quantum

noise with squeezing (purple dots) is obtained by subtracting the classical noise estimate (gray)

from the measured squeezed total noise spectra (solid purple). The dashed purple trace shows

a fitted model of frequency-dependent squeezed noise spectra, given our best knowledge of the

detector and squeezer parameters.

Considering all measurement uncertainties, the LIGO detector operates with sub-SQL quantum

noise at more than 3-σ statistical confidence, as enabled by frequency-dependent squeezing.
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Figure 6-14: Quantum noise reduction in strain amplitude spectral density. Blue, olive, lime, and
teal traces show the inferred quantum noise with frequency-independent squeezing injected at four
different squeeze angles 𝜙. The three purple traces show the quantum noise with three frequency-
dependent squeezing configurations [1].

Fig. 6-14 compares the sub-SQL performance with frequency-independent squeezing (constant

squeezing angle 𝜙) and frequency-dependent squeezing (𝜙 = 𝜙(Ω)). The sub-SQL dip can be

produced by sending squeezing at a fixed angle, as previously observed [46]. However, the dip

has a very narrow frequency range. Although we can move the dip frequency by changing the

squeezing angle, it is not an optimal configuration for maximum sensitivity at all frequencies. As
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mentioned in the main text, frequency-dependent squeezing can theoretically achieve the sub-SQL

envelope that covers all dips that frequency-independent squeezing can achieve (dotted purple).

6.9 Future Filter cavity Upgrade

While the current frequency-dependent squeezing configuration achieves quantum-noise sup-

pression above 35Hz (see the dashed purple “current FC” curve in Fig. 6-14), frequency-independent
squeezing models and measurements all suggest that an optimal filter cavity would yield signifi-

cantly greater quantum noise reduction at astrophysically-important low frequencies (solid purple

“optimal FC” curve).
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Figure 6-15: Comparison of the quantum noise with various filter cavity configurations.

The discrepancy between the current and optimal filter cavity arises from themismatch between
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the current SQL frequency and the filter cavity linewidth. In the lossless case, the optimal filter

cavity would have an equal half-width-half-maximum linewidth 𝛾FC and detuning both determined
by the SQL frequency, 𝛾FC = ΩSQL/√2 [138]. The current filter cavity was designed to have

𝛾FC = 2𝜋×42Hz, using an input coupler power transmissivity of 𝑇in ≈ 1000 ppm [3] and assuming

60 ppm optical loss, to approximately match ΩSQL = √2𝛾FC = 2𝜋 × 59 Hz. However, the current
SQL frequency is at ΩSQL = 2𝜋 × 37 Hz. Since ΩSQL is proportional to the square root of arm

power as in Eq. (4.71), the optimal filter cavity curve in Fig. 6-14 could be approached by either

reducing the filter cavity linewidth (reducing 𝑇in, solid purple) or increasing the current arm power

from 260 kW to 500 kW, as shown in Fig. 6-15. This is because a higher circulating laser power

couples back action into the measurement over a larger bandwidth, requiring a higher bandwidth

filter cavity to compensate.

With frequency-dependent squeezing, the LIGOA+detectors now operatewith quantum-limited

sensitivity surpassing the SQL, as envisioned for the first time over two decades ago [36]. The

methods described here enabled us to accurately model quantum noise through the complex optical

systems of the LIGO interferometers, with important insights that inform the next steps toward the

A+ target of 6 dB of broadband squeezing enhancement.

Concepts for future upgrades in the LIGO facilities and the next generation of gravitational-

wave detectors like Cosmic Explorer [139] and Einstein Telescope [140] include the ambitious

goal of 10 dB squeezing enhancement. Techniques and methods presented here are fundamental to

achieving this goal and further enhancing the scientific potential of gravitational-wave observato-

ries.





7 POINTABSORBERLIMITS TOGWDETECTOR

In the previous chapters, we have explored squeezed state of light as a way to reduce quantum

noise. Alternatively, we still have to increase the amount of optical power in the arm cavity to

reduce quantum shot noise and enable the optimal filter cavity. However, unintended micron-scale

contaminants known as point absorbers on the arm cavity mirrors can absorb the light circulating in

the cavity, causing thermoelastic deformation of the mirror surfaces and increasing losses by scat-

tering light out of the fundamental cavity mode. This point absorber effect is a significant limiting

factor in some high-power cavity experiments, such as the Advanced LIGO gravitational wave

detector. In this chapter, we present an analytical approach to understanding the point absorber

effect from first principles and simulate its impact on increased scattering. We statistically calcu-

late the achievable circulating power in current and future gravitational-wave detectors based on

various point absorber configurations. Our theoretical formulation is validated experimentally by

comparing it with the scattered power measured in the arm cavity of Advanced LIGO using in-situ

photodiodes. This understanding is a crucial tool in the global effort to design future gravitational

wave detectors capable of supporting high optical power and thereby reducing quantum noise.

189
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7.1 Introduction

A wide variety of precision optical experiments rely on resonant optical cavities to enable pre-

cise measurements of space, time, and spacetime itself. These experiments often require high op-

tical intensity incidents on the mirrors of the cavity to boost the signal-to-noise ratio. However,

unintended defects may be deposited on the reflective surface of the mirror during the coating

process or exposure to a dusty environment [141]. These localized defects, known as “point ab-

sorbers”, absorb optical power and cause undesired thermal effects on the optics under irradiation,

especially in cavities containing high circulating power. The point absorber becomes a limiting

factor in various precision measurement experiments that require a high-finesse cavity with low

round-trip loss, such as cavity QED [142], axion detection [143], qubit experiments [144], and

gravitational-wave detectors [145–147]. It is thus necessary to develop a quantitative understand-

ing of the point absorber effect in high-power optical cavities.

With a 4 km long baseline and a circulating power of more than 200 kW, the arm cavity of Ad-

vanced Laser Interferometer Gravitational-Wave Observatory (aLIGO) serves as a good example

of the point absorber effect [110]. aLIGO is a dual-recycled Fabry-Pérot Michelson interferometer

designed to measure tiny perturbations of spacetime with unprecedented precision [145]. One of

the fundamental noises that limit aLIGO’s performance is quantum shot noise, which can be re-

duced either by increasing the arm power or by manipulating the quantum states of light through

squeezing [62]. However, arm power can be limited by point absorbers (studied here), other ther-

mal distortions [148], and a variety of instabilities [100,149–151]. The arm power during the third

Observing Run O3 was limited to one-third of the designed value of 750 kW, mainly due to point

absorbers on the mirror [110, 145] that scatter light out of the fundamental cavity mode.

Point absorbers were known to exist since the first observing run. Many analyses have been car-

ried out to understand how they deform the optics and scatter light out of the cavity [141,152,153].

In this paper, we provide a more general approach from first principles. The traditional formalism is
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extended to include arbitrary heating functions with any nonlinear boundary conditions, such as the

Stefan-Boltzmann law. With the correction from nonlinear boundary condition, we can make more

accurate statistical estimations of the arm power for the next planned upgrade of aLIGO (known

as “A+”) and the next generation of gravitational-wave detectors with a variety of potential point

absorber configurations.

We start by calculating the differential temperature profile from a single-point absorber heating

with proper boundary conditions. Then the thermoelastic deformation of the mirror is derived using

the thermoelasticity equation. Next, this deformation is incorporated in an FFT-based simulation

to obtain the field in the arm cavity, which is used to calculate its round-trip loss and achievable

power. In addition, we simulate the low-angle scattered light intensity and compare this with in-situ

measurements. Our results reveal a good match between these measurements and simulation, thus

confirming our understanding of point absorbers.

7.2 Temperature Solution

Point absorber deteriorates the performance of an optical resonator through a mechanism of

absorbing laser power, thermally expanding the mirror, and scattering excessive light. We will

model the process step-by-step. The analytical solution of the differential temperature is shown

first.

Consider a cylindrical optics with radius 𝑎 and heightℎ. Select the cylindrical coordinate system
at the center of the mirror with 𝑧 direction pointing towards the high-reflective (HR) side and cavity.
One point absorber is put at the center of HR side for circular symmetry. When the cavity is locked,

the system is stationary, and the heat equation simplifies to the Laplace equation.

∇2𝑇 = 0 (7.1)

where 𝑇 (𝑟, 𝑧) is the differential temperature higher than the ambient 𝑇∞. The boundary conditions
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have a heating intensity 𝐼(𝑟) due to the absorption of a Gaussian intensity by the absorber plus
thermal radiation on all of its surfaces.

⎧⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪⎩

−𝐾 𝜕
𝜕𝑧𝑇 (𝑟, 𝑧 = ℎ

2 ) = −𝐼(𝑟) + 𝜖𝜎 [(𝑇∞ + 𝑇 (𝑟, 𝑧 = ℎ
2 ))

4
− 𝑇 4

∞]

−𝐾 𝜕
𝜕𝑟𝑇 (𝑟 = 𝑎, 𝑧) = 𝜖𝜎 [(𝑇∞ + 𝑇 (𝑟 = 𝑎, 𝑧))

4 − 𝑇 4
∞]

−𝐾 𝜕
𝜕𝑧𝑇 (𝑟, 𝑧 = −ℎ

2 ) = −𝜖𝜎 [(𝑇∞ + 𝑇 (𝑟, 𝑧 = −ℎ
2 ))

4
− 𝑇 4

∞]

(7.2)

where 𝐾 is thermal conductivity, 𝜖 is emissivity/absorptivity, and 𝜎 is Stefan-Boltzmann constant.

By linearizing the radiative term for small 𝑇 , the exact solution of the Laplace equation can be
expressed in Dini series [154].

𝑇 (𝑟, 𝑧) = ∑
𝑘

{𝐽0 (
𝑘𝑟
𝑎 )}

⎧⎪
⎨
⎪⎩

𝑒𝑘𝑧/𝑎

𝑒−𝑘𝑧/𝑎

⎫⎪
⎬
⎪⎭

= ∑
𝑘

𝐽0 (
𝜁𝑘𝑟
𝑎 ) (𝐴𝑘𝑒𝜁𝑘𝑧/𝑎 + 𝐵𝑘𝑒−𝜁𝑘𝑧/𝑎) (7.3)

with {𝜁𝑘} solved from the Robin boundary condition of the cylindrical side. The coefficients 𝐴𝑘

and 𝐵𝑘 are then solved from the other two boundary conditions in (Eq. (7.2)). Although Dini series

method provides an exact solution to the temperature, it becomes computationally expensive as

the number of effective terms is inversely proportional to the absorber size. For a point absorber

of a few microns, the computations require effective terms on the order of 105, and the exponent

exceeds the maximum of the finite floating-point number in double precision. A simple yet good

approximation is desired.

Semi-infinite approximation simplifies the solution by treating the optics as a semi-infinite

solid [155]. Take the Hankel transform of the second-order partial differential equation with respect
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to 𝑟, we get
−𝑘2 ̃𝑇 (𝑘, 𝑧) + 𝜕2

𝑧 ̃𝑇 (𝑘, 𝑧) = 0 (7.4)

where
̃𝑇 (𝑘, 𝑧) = ℋ0[𝑇 (𝑟, 𝑧)] = ∫

∞

0
d𝑟 𝑟 𝐽0(𝑘𝑟)𝑇 (𝑟, 𝑧) (7.5)

The angular dependence is removed due to symmetry. The solution of Eq. (7.4) is simply

̃𝑇 (𝑘, 𝑧) = 𝐴(𝑘)𝑒𝑘𝑧 + 𝐵(𝑘)𝑒−𝑘𝑧 (7.6)

Assuming a semi-infinite solid, we can drop the second term. The conditions 𝑇 (𝑟 → ∞, 𝑧) =
𝑇 (𝑟, 𝑧 → −∞) = 0 are already used, so the only one left is the radiative boundary condition at HR
surface:

−𝐾 𝜕
𝜕𝑧𝑇 (𝑟, 𝑧 = ℎ

2 ) = −𝐼(𝑟) + 𝑔 (𝑇 (𝑟, 𝑧 = ℎ
2 )) (7.7)

𝑔(𝑇 ) is generally a non-linear function but can be linearized for small 𝑇 . We present a general way

of solving it first. Let the heating source be fully from a point absorber:

𝐼(𝑟) = 𝑃𝑎𝑏𝑠
𝜋𝑤2 𝑒−𝑟2/𝑤2 = 𝜖𝐼𝑎𝑏𝑠𝑒−𝑟2/𝑤2

(7.8)

where 𝑃𝑎𝑏𝑠 is the power absorbed, 𝑤 is the absorber radius, and 𝐼𝑎𝑏𝑠 is the laser intensity at point

absorber. The intensity profile is not necessarily Gaussian, but we choose it to simplify calculations,

since it’s an eigenfunction of useful transformations.

Take Hankel transform again on both sides of the boundary condition at the HR surface:

−𝐾𝜕𝑧 ̃𝑇 (𝑘, 𝑧 = ℎ/2) = ℋ0[ − 𝐼(𝑟) + 𝑔(𝑇 (𝑟, 𝑧 = ℎ/2))] = 𝐻(𝑘) (7.9)

Therefore
̃𝑇 (𝑘, 𝑧) = 𝐴(𝑘)𝑒𝑘𝑧 = −𝐻(𝑘)𝑒𝑘(𝑧−ℎ/2)

𝐾𝑘 (7.10)
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We are most interested in the temperature profile at HR surface 𝑇𝐻𝑅(𝑟) = 𝑇 (𝑟, 𝑧 = ℎ/2)

𝑇𝐻𝑅(𝑟) = ℋ −1
0 [ ̃𝑇 (𝑘, 𝑧 = ℎ

2 )]

= 2
𝜋𝐾 ∫

𝑟

0
𝑑𝑟′𝑟′ (𝐼(𝑟′) − 𝑔 (𝑇𝐻𝑅(𝑟′)))

1
𝑟 𝒦 (

𝑟′2

𝑟2 )

+ 2
𝜋𝐾 ∫

∞

𝑟
𝑑𝑟′ (𝐼(𝑟′) − 𝑔 (𝑇𝐻𝑅(𝑟′)) 𝒦 (

𝑟2

𝑟′2 )

(7.11)

where 𝒦 is the complete elliptic integral of the first kind (not the optomechanical coupling coeffi-

cient from the previous chapters). This is a nonlinear integral equation with no analytical solution.

An approximate solution can be achieved by either linearizing the boundary function 𝑔 or solving

it successively with feedback.

The linearized boundary solution has been given in [155]. We just summarize them here. If we

assume small 𝑇 , the boundary condition can be linearized as

𝑔(𝑇𝐻𝑅(𝑟)) = 𝜖𝜎 [(𝑇∞ + 𝑇𝐻𝑅(𝑟))
4 − 𝑇 4

∞] ≈ 4𝜖𝜎𝑇 3
∞𝑇𝐻𝑅(𝑟) (7.12)

Plug back to Eq. (7.9) and Eq. (7.10)

𝑇𝐻𝑅(𝑟) = ∫
∞

0
𝑑𝑘𝑘𝐽0(𝑘𝑟)

̃𝐼(𝑘)
𝐾𝑘 + 4𝜖𝜎𝑇 3

∞
= 𝜖𝐼𝑎𝑏𝑠𝑤2

2𝐾 ∫
∞

0
𝑑𝑘𝐽0(𝑘𝑟) 𝑒−𝑘2𝑤2/4

1 + 4𝜖𝜎𝑇 3
∞/(𝐾𝑘)

(7.13)

The complete temperature function can also be solved:

̃𝑇 (𝑘, 𝑧) = 𝑒𝑘(𝑧−ℎ/2) ̃𝑇𝐻𝑅(𝑘) (7.14)

Instead of summing infinite Dini series, the semi-infinite solution integrates absorbed intensity in

the spatial frequency domain weighted by Bessel functions. Both methods are compared in Fig. 7-1

for various absorber sizes.

The semi-infinite solution can be well fitted with an analytical expression (Fig. 7-1), which
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Figure 7-1: There are two approximations that can be applied: semi-infinite approximation and
linearized boundary approximation. This plot shows that semi-infinite approximation and exact
differential temperature solutions using Dini series agree very well, given different point absorber
radii. The incident intensity on the centered absorber is 4.1 × 107 W/m2 (unity thermal emissivity),
which is equivalent to the center intensity of the 240-kW beam on ETM of aLIGO arm cavity. Note
that the number of Dini series required increases inverse proportionally to the absorber size.

unveils the physics of absorber heating.

𝑇𝐻𝑅(𝑟) ≈ √𝜋
2

𝜖𝐼𝑎𝑏𝑠𝑤
𝐾

1
(1 + (𝑟/(0.46𝑤))3.2)1/3.2 (7.15)

For small absorbed power 𝑃𝑎𝑏𝑠, the heat from the point absorber is primarily dissipated by conduc-

tion. This estimation breaks down for large absorbed power. For example, if we have 𝑃𝑎𝑏𝑠 = 10
mW, 𝑤 = 10 𝜇m and 𝐾 = 1.38 W/mK for fused silica optics, we would have 𝑇𝐻𝑅(0) = 204
K larger than the ambient, invalidating the linearization assumption. Alternatively, the correction

will matter if the radiative contribution becomes significant. This motivates us to find the solution
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to the general boundary condition.

The nonlinear integral equation (Eq. (7.11)) can be solved by successive approximation with

feedback [156,157]. Start the zeroth iteration by guessing a solution 𝑇0(𝑟) such as the solution from
the linearized boundary condition mentioned before. The real solution is denoted as 𝑇𝑆(𝑟). The
zeroth error function is defined as

𝜀0(𝑟) = 𝑇0(𝑟) − 𝑇𝑆(𝑟) (7.16)

Send it to Eq. (7.11) and keep the first non-trivial order of the error.

𝑔0(𝑟) = 𝜖𝜎 [(𝑇∞ + 𝑇0)
4 − 𝑇 4

∞] = 𝑔𝑆(𝑟) + 4𝜖𝜎(𝑇∞ + 𝑇0)3𝜀0 + 𝒪(𝜀2) (7.17)

Assume the error has weak variation over radius: 𝜀0(𝑟) ≈ 𝜀0.

𝑇 (𝑇0(𝑟)) = 2
𝜋𝐾 [∫

𝑟

0
𝑑𝑟′ 𝑟′

𝑟 (𝐼(𝑟′) − 𝑔0(𝑟′)) 𝒦 (
𝑟′2

𝑟2 ) + ∫
∞

𝑟
𝑑𝑟′ (𝐼(𝑟′) − 𝑔0(𝑟′)) 𝒦 (

𝑟2

𝑟′2 )]

= 𝑇𝑆(𝑟) − 𝜀0
8𝜖𝜎
𝜋𝐾 [∫

𝑟

0
𝑑𝑟′ 𝑟′

𝑟 (𝑇∞ + 𝑇0)3𝒦 (
𝑟′2

𝑟2 ) + ∫
∞

𝑟
𝑑𝑟′(𝑇∞ + 𝑇0)3𝒦 (

𝑟2

𝑟′2 )]

= 𝑇𝑆(𝑟) − 𝜀0𝐶0(𝑟)

= 𝑇𝑆(𝑟) − (𝑇0(𝑟) − 𝑇𝑆(𝑟))𝐶0(𝑟)
(7.18)

Therefore, the solution is

𝑇𝑆(𝑟) = lim
𝑖→∞

𝑇𝑖(𝑟) (7.19)

where

𝑇𝑖+1 = 𝑇 (𝑇𝑖) + 𝐶𝑖𝑇𝑖
1 + 𝐶𝑖

(7.20)

As 𝑇𝑖 approaches real solution, 𝑇 (𝑇𝑖) = 𝑇𝑖 and 𝑇𝑖+1 = 𝑇𝑖. Iterate the solution until it converges.

For small point absorbers, the temperature is relatively low, and the radiative corrections are

negligible. The linearized boundary solution is very accurate. However, the correction becomes
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Figure 7-2: Solution of temperature profile under linearized and nonlinear boundary conditions.
The parameters are the same as Fig. 7-1. The analytical fit of the approximation is Eq. (7.15).

significant for absorbers with radii larger than 100 𝜇m, up to a factor of three in the 500-𝜇m case.

The nonlinear boundary solution is necessary for unusually large point absorbers.

The solution of the temperature distribution allows us to proceed on solving the thermoelastic

deformation of the mirror surface induced by point-absorber heating.

7.3 Displacement Solution

Given the temperature distribution 𝑇 (𝑟, 𝑧) solved in previous section, we can find the displace-
ment vector field u of the mirror next. We follow Hello and Vinet’s formalism, but apply it to the
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semi-infinite solution [158]. The elasticity equation to solve is the static Navier-Cauchy equation:

∇ ⋅ T = 𝑇𝑖𝑗;𝑗 = 0 (7.21)

where 𝑇𝑖𝑗 is the stress tensor and the semicolon stands for covariant derivative. The gravity is not

included because we are interested in the net thermal effect caused by the point absorber. The stress

tensor has a thermoelastic stress-strain relationship:

𝑇𝑖𝑗 = −𝜆Θ𝑔𝑖𝑗 − 2𝜇𝐸𝑖𝑗 + (3𝜆 + 2𝜇)𝛼𝑇 𝑔𝑖𝑗 (7.22)

where 𝐸𝑖𝑗 = (𝑢𝑖;𝑗 + 𝑢𝑗;𝑖)/2 is the strain tensor, Θ =Tr(𝐸) is the expansion of the body, and 𝑔𝑖𝑗 is

the 3-D metric. Other constants are 𝜇 (first Lamé coefficient), 𝜆 (second Lamé coefficient), and 𝛼
(thermal expansion coefficient). The stress tensor (𝑇𝑖𝑗) should not be confused with temperature
distribution 𝑇 (𝑟, 𝑧). Under a differential temperature 𝑇 (𝑟, 𝑧) = 𝑇𝑎𝑏𝑠 − 𝑇∞, the mirror undergoes

an additional expansion of 𝛼𝑇 in all directions. Assuming axial symmetry and no rotation, we

have 𝑢𝜙 = 0 and remove one component of Eq. (7.21). The other remaining two coupled partial

differential equations are broken down in terms of our most interesting variable 𝑢𝑖:

𝑢𝑖;𝑗 = 𝑢𝑖,𝑗 + Γ𝑖𝑗𝑙𝑢𝑙 (7.23)

where comma stands for partial derivative. The Christoffel symbols are Γ𝜙𝜙𝑟 = Γ𝜙𝑟𝜙 = 1
𝑟 , Γ𝑟𝜙𝜙 =

−1
𝑟 , and all rest are zero. The surviving components of the strain tensor are

𝐸𝑟𝑟 = 𝑢𝑟;𝑟 = 𝑢𝑟,𝑟 + Γ𝑟𝑟𝑙𝑢𝑙 = 𝑢𝑟,𝑟 (7.24)

𝐸𝜙𝜙 = 𝑢𝜙;𝜙 = 𝑢𝜙,𝜙 + Γ𝜙𝜙𝑙𝑢𝑙 = 𝑢𝑟
𝑟 (7.25)

𝐸𝑧𝑧 = 𝑢𝑧;𝑧 = 𝑢𝑧,𝑧 + Γ𝑧𝑧𝑙𝑢𝑙 = 𝑢𝑧,𝑧 (7.26)

𝐸𝑟𝑧 = 1
2(𝑢𝑟;𝑧 + 𝑢𝑧;𝑟) = 1

2(𝑢𝑟,𝑧 + Γ𝑟𝑧𝑙𝑢𝑙 + 𝑢𝑧,𝑟 + Γ𝑧𝑟𝑘𝑢𝑘) = 1
2(𝑢𝑟,𝑧 + 𝑢𝑧,𝑟) (7.27)
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The new stress-strain relationship is

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝑇𝑟𝑟 = 𝜆(Θ − 3𝛼𝑇 (𝑟, 𝑧)) + 2𝜇(𝐸𝑟𝑟 − 𝛼𝑇 (𝑟, 𝑧)) = 𝜆Θ + 2𝜇𝐸𝑟𝑟 − (3𝜆 + 2𝜇)𝛼𝑇 (𝑟, 𝑧)

𝑇𝜙𝜙 = 𝜆(Θ − 3𝛼𝑇 (𝑟, 𝑧)) + 2𝜇(𝐸𝜙𝜙 − 𝛼𝑇 (𝑟, 𝑧)) = 𝜆Θ + 2𝜇𝐸𝜙𝜙 − (3𝜆 + 2𝜇)𝛼𝑇 (𝑟, 𝑧)

𝑇𝑧𝑧 = 𝜆(Θ − 3𝛼𝑇 (𝑟, 𝑧)) + 2𝜇(𝐸𝑧𝑧 − 𝛼𝑇 (𝑟, 𝑧)) = 𝜆Θ + 2𝜇𝐸𝑧𝑧 − (3𝜆 + 2𝜇)𝛼𝑇 (𝑟, 𝑧)

𝑇𝑟𝑧 = 2𝜇𝐸𝑟𝑧

(7.28)

All other components of the stress tensor are zero. In the steady-state condition with no external

pressure (ignoring gravitational contribution), the total force F acting on the volume element is

zero:

F = − ∫𝜕𝑉
T ⋅ 𝑑A = − ∫𝑉

∇ ⋅ T𝑑𝑉 = 0 (7.29)

So

∇ ⋅ T = 𝑇𝑖𝑗;𝑗 = 𝑇𝑖𝑗,𝑗 + Γ𝑖𝑗𝑙𝑇𝑙𝑗 + Γ𝑗𝑗𝑙𝑇𝑖𝑙 = 0 ⇒

⎧⎪
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪⎩

𝑇𝑟𝑗;𝑗 = 𝜕𝑇𝑟𝑟
𝜕𝑟 + 𝜕𝑇𝑟𝑧

𝜕𝑧 +
𝑇𝑟𝑟 − 𝑇𝜙𝜙

𝑟 = 0

𝑇𝜙𝑗;𝑗 =
𝜕𝑇𝑟𝜙
𝜕𝑟 +

𝜕𝑇𝑧𝜙
𝜕𝑧 +

3𝑇𝑟𝜙
𝑟 = 0

𝑇𝑧𝑗;𝑗 = 𝜕𝑇𝑟𝑧
𝜕𝑟 + 𝜕𝑇𝑧𝑧

𝜕𝑧 + 𝑇𝑟𝑧
𝑟 = 0

(7.30)
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The second equation is trivial because all 𝑇𝑖𝜙 = 0. These two coupled partial differential equations
can be represented in the variable 𝑢𝑖 of interest.

⎧
⎪
⎪
⎨
⎪
⎪
⎩

(𝜆 + 2𝜇)𝜕2
𝑟 𝑢𝑟 + (𝜆 + 𝜇)𝜕𝑟𝜕𝑧𝑢𝑧 + 𝜇𝜕2

𝑧𝑢𝑟 + 𝜆 + 2𝜇
𝑟 𝜕𝑟𝑢𝑟 − 𝜆 + 2𝜇

𝑟2 𝑢𝑟 = 𝛼(3𝜆 + 2𝜇)𝜕𝑟𝑇 (𝑟, 𝑧)

(𝜆 + 2𝜇)𝜕2
𝑧𝑢𝑧 + (𝜆 + 𝜇)𝜕𝑟𝜕𝑧𝑢𝑟 + 𝜇𝜕2

𝑟 𝑢𝑧 + 𝜆 + 𝜇
𝑟 𝜕𝑧𝑢𝑟 + 𝜇

𝑟 𝜕𝑟𝑢𝑧 = 𝛼(3𝜆 + 2𝜇)𝜕𝑧𝑇 (𝑟, 𝑧)
(7.31)

One solution of 𝑢𝑖(𝑟, 𝑧) that satisfies Eq. (7.31) is [158]

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

𝑢𝑟(𝑟, 𝑧) = 𝛼(3𝜆 + 2𝜇)
2(𝜆 + 𝜇)

1
𝑟 ∫

𝑟

0
𝑑𝑟′𝑟′𝑇 (𝑟′, 𝑧) + 𝜆 + 2𝜇

2𝜇(3𝜆 + 2𝜇)(𝐴𝑟 + 𝐵𝑟𝑧)

𝑢𝑧(𝑟, 𝑧) = 𝛼(3𝜆 + 2𝜇)
2(𝜆 + 𝜇) [∫

𝑧

ℎ/2
𝑇 (𝑟, 𝑧′)𝑑𝑧′ − ∫

𝑟

0

𝑑𝑟′

𝑟′ ∫
𝑟′

0
𝜕𝑧𝑇 (𝑟″, ℎ/2)𝑟″𝑑𝑟″ + 𝐶

]

− 𝜆
𝜇(3𝜆 + 2𝜇) (𝐴𝑧 + 𝐵𝑧2

2 ) − 𝜆 + 2𝜇
4𝜇(3𝜆 + 2𝜇)𝐵𝑟2

(7.32)

where 𝐴, 𝐵, 𝐶 are constants constrained by realistic boundary conditions.

𝑇𝑟𝑟(𝑎, 𝑧) = 0 and 𝑢𝑧(𝑎, ℎ/2) = 0 (7.33)

Expand the first one:

𝑇𝑟𝑟(𝑎, 𝑧) = (𝜆 + 2𝜇)𝑢𝑟,𝑟 + 𝜆
𝑟 𝑢𝑟 + 𝜆𝑢𝑧,𝑧 − 𝛼(3𝜆 + 2𝜇)𝑇 (𝑎, 𝑧)

= − 𝑃𝑎𝑏𝑠
2𝜋𝐾

𝜇𝛼(3𝜆 + 2𝜇)
𝜆 + 𝜇

1
𝑎 ∫

∞

0
𝑑𝑘𝑒𝑘(𝑧−ℎ/2) 𝑒−𝑘2𝑤2/8

1 + 4𝜖𝜎𝑇 3
∞/(𝐾𝑘)

𝐽1(𝑘𝑎)
𝑘 + 𝐴 + 𝐵𝑧

= 0

(7.34)
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These constants𝐴, 𝐵 are used to approximately compensate the stress 𝑇𝑟𝑟 variation at the edge along

the thickness. Since 𝐴, 𝐵 are relatively small compared to the other terms, they are calculated with

linearized 𝑇 (𝑟, 𝑧). We are most interested in the HR surface deformation in the axial direction.

ℎ(𝑟) = 𝑢𝑧(𝑟, ℎ/2) = 𝛼(3𝜆 + 2𝜇)
2(𝜆 + 𝜇)𝐾 ∫

𝑟

0

𝑑𝑟′

𝑟′ ∫
𝑟′

0
𝑑𝑟″𝑟″(−𝐼(𝑟″) + 𝑔(𝑟″)) − 𝜆 + 2𝜇

4𝜇(3𝜆 + 2𝜇)𝐵𝑟2 + 𝐶′

(7.35)

where 𝐶′ is enforced by ℎ(𝑎) = 0.
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Figure 7-3: Thermoelastic displacements on the HR surface by various point absorber radii (labeled
near each curve). The edge of the 17-cm radius optic has zero deformation. The incident intensity
on the centered absorber is 4.1 × 107 W/m2, equivalent to the center intensity of the 240 kW beam
on the mirror of aLIGO arm cavity. Analytic fits to the linearized boundary solution (Eq. (7.36))
are also shown [5].

The simple linearized boundary solution overestimates the surface displacement as it does on

the temperature. A micro-absorber can cause surface deformation on the scale of nm in height and

cm in size. The analytical fit of displacement is:
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ℎ(𝑟) ≈ 0.12 (
3𝜆 + 2𝜇
𝜆 + 𝜇 )

𝜖𝐼b𝑤2𝛼
𝐾 ln

⎛
⎜
⎜
⎝

𝑎2

𝑟2 (1 − 𝑤2

𝑎2 ) + 𝑤2

⎞
⎟
⎟
⎠

(7.36)

The important caveat of failing of Eq. (7.36) holds at high absorbed power. With the deformation

known, we can superpose it onto the test mass phase map data and calculate fields in a static cavity.

7.4 Arm Power Limited by Point Absorber

Advanced gravitational-wave detectors are Michelson interferometers using Fabry–Perot cav-

ities as arms to increase optical power and thus the signal produced by gravitational-wave strain.

The arm power is further increased by the addition of a mirror at the symmetric port of the interfer-

ometer to form a power-recycling cavity [50, 145]. However, the power buildup can be degraded

by the point absorber effect as follows.

Without any thermoelastic deformation, the round-trip loss in the cavity is constant, and the

arm power is linearly proportional to the input power with the slope set by the round-trip loss of

the cold cavity (gray lines in Fig. 7-4). However, the thermoelastic deformation from the point

absorbers contributes to the optical loss by scattering light out of the fundamental cavity mode.

Thus, an increase in arm power leads to an increase in the optical loss of the arm, which decreases

the optical gain of the power recycling cavity [141]. As a result, for sufficiently high power levels

the arm power saturates and becomes largely independent of the input power.

Understanding the limitations of point absorbers on the achievable arm power in realistic sit-

uations with multiple absorbers is important in planning future detectors—for example, the next-

generation gravitational-wave detector Cosmic Explorer (CE) [139,159]. CE will achieve a factor

of ten increase in sensitivity relative to A+ by scaling up the A+ design to use 40 km long arm

cavities and increasing the arm power by a factor of two. The key parameters of the coupled arm

cavities of both detectors are summarized in Table 7.1.
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Table 7.1: Parameters of the Y-arm cavity of LIGO Livingston Observatory measured in Observing
Run O3b and the proposed Cosmic Explorer. Note that, with the exception of the optical gain and
round-trip loss, the A+ design parameters are the same as those of aLIGO.

Parameter aLIGO CE
Designed arm power 750 kW 1.5MW
Optical gain of:

Power recycling cavity 40 76
Arm cavity 270 280

Round-trip loss of:
Power recycling cavity 500 ppm 500 ppm
Cold arm (no absorber) 66 ppm 40 ppm

Cavity length 3995m 40 km
Mirror

Aperture 34 cm 70 cm
Material Fused Silica Fused Silica
Temperature 290K 290K

Beam radius on:
Input mirror 5.2 cm 12 cm
End mirror 6.1 cm 12 cm

To investigate the achievable arm power in CE and the upcoming A+ observing runs, we con-

ducted a Monte Carlo statistical analysis of round-trip loss by calculating fields under a thousand-

point absorber maps generated on the arm cavity mirrors. For each map, the absorber locations are

uniformly distributed; radii are governed by a Rayleigh distribution, and number are governed by

a Poisson distribution with mean number density one per 60 cm2, characteristic of coated aLIGO

mirrors. We investigate the cases of mean absorber radius ⟨𝑤⟩ = 5µm (optimistic) and larger

absorbers with ⟨𝑤⟩ = 12µm (pessimistic). The FFT-based simulation package Stationary Inter-

ferometer Simulation (SIS) [160] is used to calculate the field amplitudes in the cavity given these

point absorber maps. The round-trip loss for each map is calculated at several arm powers from



204 Chapter 7. POINT ABSORBER LIMITS TO GW DETECTOR

which the power recycling gain is computed. The recycling gain is then converted to the input

power required to reach a given arm power.

Figure 7-4: Circulating power in the arm cavity versus input power for two different detectors and
mean radii of point absorbers (optimistic 5µm and pessimistic 12µm). The solid line is the median
with shadings corresponding to the 16th and 84th percentile. The gray lines (no absorber case)
increase linearly with the initial slopes set by the round-trip loss of the cold cavity (Table 7.1), and
the designed power is 750 kW for A+ and 1.5MW for CE. In the absence of point absorbers, the
required input power is 120W for A+ and 140W for CE. In the zoomed-in graph, the data points
collected from LIGO Livingston Observatory throughout Observing Run O3b are fit to obtain the
radii of point absorbers. It is statistically more confident for A+ to achieve the designed power with
⟨𝑤⟩ = 5µm [5].

Fig. 7-4 shows the results for these two cases for both the A+ and CE arm cavities. The medians

are shown as solid lines and the shadings correspond to the 16th and 84th percentile. The arm

power saturation is evident in the ⟨𝑤⟩ = 12µm case and, while it may be possible for A+ to

reach its 750 kW design arm power, it is unlikely that CE would ever reach its design of 1.5MW

with absorbers of this size. On the other hand, our analysis suggests that point absorbers with

⟨𝑤⟩ = 5µm pose little risk of damaging the A+ arm power, but it requires on average 30% more

input power for CE to achieve the designed goal. In both cases, the point absorbers limit the arm

power of CE more significantly than that of A+.
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This statistical model is consistent with measured arm powers in the LIGO Livingston obser-

vatory during Observing Run O3, which deviates from linear growth at high power due to the point

absorber effect. This data, shown in the inset graph of Fig. 7-4, is fit to yield a 12.6µm radius

absorber and 66 ppm round-trip loss of the cold cavity. The thermal absorptivity is taken as unity

to break its degeneracy with the radius of the point absorber (Eq. (7.36)). The data sits in the pre-

dicted region of the pessimistic case. These results are also consistent with measurements of the

total absorbed power of the point absorber [161].

7.5 Experimental Verification

Knowing the absorber radii, beam position, and cavity parameters, we can calculate the scat-

tered fields through FFT simulation and compare the theoretical modeling with measurements.

Inside the arm cavity, there are four silicon photodiodes (PDs) mounted on each of the baffles in-

stalled in front of the test mass optics to block and monitor scattered light. As the power in the

interferometer increases, the absorbers cause thermoelastic aberration of the HR surface of the test

mass, which in turn results in an increased scattering. PD1 and PD4 facing the cavity sample the

Airy patterns of scattered light, as shown in Fig. 7-5(a, d).

There were roughly a dozen point absorbers scattered around the surface of the end mirror,

including one dominant absorber with the largest size near the center of the mirror (Fig. 7-5 (b)).

After the Observing Run O3, we moved the beam spot at 23 locations on the end mirror to change

the intensity incident on the absorbers while fixing the beam spot on the input mirror (Fig. 7-5).

Simulations of each of these 23 alignments reveal that this large and centrally located absorber

dominates the optical scatter (Fig. 7-4). The FFT results are shown in Fig. 7-5(e-f) for each of the

23 spot locations. We moved the beam to the same location repeatedly at indices 12, 17, 18, and

23. It is seen that the measurements at these indices are equal, indicating that our measurements are

reproducible over a week. The simulation is capable of predicting the magnitude and variation of
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(a) (b) (c)

ITM

ETM

4000 m
0.34 m

PD 1

PD 4

(d) (e) (f)

PD 4

PD 1

Figure 7-5: (a) Schematics of the Y arm cavity of LIGO Livingston Observatory with photodiodes
(PD1 and PD4) marked. (b) Map of point absorbers on ETMY with the scale bar marked. (c)
Beam trajectory on ETMY over four days while the beam location on ITMY is fixed. Note that
we couldn’t put the beam very close to the largest (dominant) absorber, which would scatter sig-
nificantly and disrupt the lock acquisition. (d) Intensity distribution of the field incident on the end
mirror baffle with a through-hole at the origin. (e-f) Experimental measurement (with 5×error bar)
of normalized scatter power landing on PD1 and PD4 versus FFT simulation with point absorber
formulation incorporated. The error bar of simulation is due to the 3mm uncertainty of beam po-
sition. The data is taken at 23 beam spot locations on the end mirror at four different days. The
relative scatter of clean optics without any absorber is roughly an order of magnitude lower than
the plotted simulation curve (not shown).

the low-angle scatter, even though the field amplitude shows a great amount of structure along the

radial distance from the beam center. The consistency between data and simulation lends further

credibility to our modeling and improves our understanding of the point absorber effect. Without
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the scattering due to point absorbers, the simulated relative scatter magnitude is roughly a factor of

ten lower, and the simulated variations show little coherence with the PD measurements.

7.6 Future Implications

In summary, we carried out an analytical approach to the point absorber problem in a high-

power resonant cavity. We propose an analytical solution to the thermoelastic deformation of the

optics with arbitrary point absorber heating function and boundary conditions. Both temperature

and displacement profiles are derived and incorporated in the state-of-the-art FFT-based optical

simulation. With a more advanced and accurate understanding of the point absorber effect, we

make a statistical prediction of arm power in current and future gravitational-wave detectors for

different mean radii of point absorbers. Our analysis of resonant field power in the cavity suggests

that point absorbers of mean 5µm radii will not prevent future gravitational-wave detectors from

achieving their design sensitivity. Active research is being carried out to mitigate both the size and

number of point absorbers on future optics. Finally, our formulation shows a strong coherence with

data when compared with in-situ measurements of scattered light, thus confirming our model.

Future analyses on the distortion of phase and mode-shape of the fields from point absorbers are

needed to estimate the degradation on the Michelson contrast, which impacts the signal-to-noise

ratio and thus the sensitivity of the gravitational wave detectors.





8 CONCLUSION & OUTLOOK

In summary, this thesis focuses on two ways to reduce the quantum noise in gravitational-wave

detectors by sending an exotic quantum state of light (squeezing) or sending more quanta of light

(powering up). These are the only methods to reduce the quantum noise in the foreseeable future

without drastically changing the infrastructure of the detector (for example, increasing mirror mass

or arm length). Tremendous efforts have been put to reduce quantum noise in these two front lines,

and we will certainly continue improving the detector and achieve the A+ design goal of 750 kW
in the arm and 6 dB broadband squeezing.

While powering up is a standardway to reduce quantum noise, we have lots of known challenges

operating with a good fraction of Megawatts stored in the arm cavity. The point absorber is a

potential limit to the arm power (Chapter 7). Our result suggests that a mean absorber radius

⟨𝑤⟩ = 5µm (optimistic) is unlikely to stop us, but larger absorbers with ⟨𝑤⟩ = 12µm (pessimistic)

will certainly limit us from possibly achieving the designed arm power for both current and next-

generation gravitational-wave detectors [5].

Squeezed state of light provides an alternative way to mitigate the quantum noise (Chapter 2).

We formulate the direct calculation of quantum noise from first principles (Chapter 3). The theory

can be easily extended to higher-order spatial modes or reduced to an approximated form commonly

used in literature (Chapter 4). This bottom-up approach is the most intuitive understanding of

squeezing as far as I know, although the essential physics has been covered by many other excellent

works [33, 35, 36, 39].
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Squeezing was introduced to convert LIGO to a quantum nondemolition detector by clev-

erly taking advantage of the quantum correlations between light and mirror at a high operating

power [36]. It motivates the design that is finally realized in actual gravitational-wave detec-

tors after two decades of research and development [3]. We thoroughly discussed the frequency-

dependent squeezing system (Chapter 5), whose filter cavity enables us to prepare the quantum

state and surpass the Standard Quantum Limit (SQL) [1]. It is a milestone in the field of quantum

metrology and precision measurement.

With frequency-dependent squeezing, the LIGOdetector is operatingwith quantum noise below

the Standard Quantum Limit (Chapter 6). Together with other upgrades, both LIGO are detecting

gravitational waves with an event rate doubled compared to the last observing run [2]. With more

detections, we would collect enough statistics to constrain the distribution of mass, redshift, and

spin properties of compact object populations [120, 162]. It allows us to study the formation and

evolutionary pathways of these objects. With a higher signal-to-noise ratio, we can perform precise

studies such as testing general relativity and constraining the equation of state of neutron stars [163,

164]. On multi-messenger astronomy, LIGO will be co-observing with the Rubin Observatory that

is planning to operate in early 2025. With the state-of-the-art low-latency pipelines, we are ready

to observe astrophysical events that release both gravitational and electromagnetic wave signals,

for example, binary neutron star mergers [111, 165].

Looking into the future, we still have plenty of compact binary coalescence farther away in

the Universe waiting to be detected. The era of multi-messenger astronomy had just begun. The

mission of reducing quantum noise will continue by increasing the arm power and the broadband

squeezing levels. Both efforts are not parallel with each other but rather enable each other mutually,

as we see that the optimal filter cavity would require a higher arm power than the current. Nonethe-

less, we will have to drastically change our infrastructure by increasing the arm cavity length and

mirror mass, as will be done by the next-generation gravitational-wave detectors to see even older

cosmological history of the Universe imprinted in gravitational waves.
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A LIST OF ACRONYMS

A+: A+ intrument upgrade of LIGO.

ABCD matrix: A ray-transfer matrix analysis that has four elements

AC: Alternating Current

ADS: Alignment Dither System

aLIGO: Advanced LIGO

AOM: Acousto-Optic Modulator

AR: Anti-reflective

AS: Anti-Symmetric

ASC: Angular (or Alignment) Sensing and Control

ASD: Amplitude Spectral Density

BH: Black Hole

BnC: Paper by Buonanno and Chen [39]

BNS: Binary Neutron Star
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BS: Beam Splitter

Caltech: California Institute of Technology

CE: Cosmic Explorer

CLF: Control Locking Field

DARM: Differential Arm Length

dB: Decibel

DC: Direct Current (time-independent part)

DC Readout: Direct Current Readout of gravitational wave

DCPD: Often referred to as the photodiode at the transmission port of the output mode

cleaner cavity

DnD: Paper with title starting “Decoherence and Degradation” [35]

DRFPMI: Dual-recycled Fabry-Pérot Michelson Interferometer

EOAM: Electro-Optic Amplitude Modulator

EOM: Electro-Optic Modulator

ET: Einstein Telescope

ETM: End Test Mass

ETMX/Y: End Test Mass of X/Y arm

FC: Filter Cavity

FC1: Filter Cavity input mirror
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FC2: Filter Cavity end mirror

FCGS: Filter Cavity Green Sensing

FFT: Fast Fourier Transform

FP: Fabry-Pérot Cavity

FSR: Free Spectral Range

GAOM: Acousto-Optic Modulator for green light

GW: Gravitational Wave

GWINC: Gravitational Wave Interferometer Noise Calculator

H1: LIGO Hanford Interferometer

HAM: Horizontal Axis Module, a vacuum chamber hosting LIGO optical system

HAM7: The vacuum chamber hosting squeezer cavity

HAM8: The vacuum chamber hosting filter cavity end mirror

HG: Hermite-Gaussian

HOM: Higher-Order Mode

HR: High-Reflective

HVAC: Heating, Ventilation, and Air Conditioning

Hz: Hertz

IFO: Interferometer

in: Inch
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IR: Infrared

ISS: Intensity Stabilization Servo

ITM: Input Test Mass

ITMX/Y: Input Test Mass of X/Y arm

kHz: kilohertz

KLMTV: Paper written by Kimble, Levin, Matsko, Thorne, and Vyatchanin [36]

L1: LIGO Livingston Interferometer

lb: Pound

LG: Laguerre-Gaussian

LHO: LIGO Hanford Observatory, same as H1

LIGO: Laser Interferometer Gravitational Wave Observatory

LLO: LIGO Livingston Observatory, same as L1

LO: Local Oscillator

LSC: Length Sensing and Control

MCMC: Markov Chain Monte Carlo

MHz: Megahertz

MICH: Michelson cavity length

MIT: Massachusetts Institute of Technology

Mpc: Megaparsec
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NS: Neutron Star

NULL: The difference channel of two detection photodiodes

O3, O4: Oberving Run 3, 4

OFI: Output Faraday Isolator

OM2: The second mirror before the output mode cleaner

OMC: Output Mode Cleaner

OPA: Optical Parametric Amplifier

OPD: Optical Path Distortion

OPO: Optical Parametric Oscillator

Pcal: Photon Calibrator

PD: Photodiode

PDH: Pound-Drever-Hall locking technique

PLL: Phase-Locking-Loop

PPKTP: Periodically Poled Potassium Titanyl Phosphate, a nonlinear crystal

ppm: parts per million

PRC: Power-Recycling Cavity

PRG: Power-Recycling Gain

PRM: Power-Recycling Mirror

PSAMS: Piezo-deformable optics on Suspended Active Matching Stages
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PSD: Power Spectral Density

PSL: Pre-Stabilized Laser

PZT: Piezoelectric Transducer

QND: Quantum non-demolition

QPD: Quadrant Photodiode

QRPN: Quantum Radiation Pressure Noise

rad: Radian

REFL: Reflected light port

RF: Radio Frequency

RIN: Relative Intensity Noise

RLF: Resonant Locking Field

RMS: Root-Mean Square

ROC: Radius of Curvature

rtHz: Square root Hertz

SAMS: Suspended Active Matching Stages

SEC: Signal Extraction Cavity, also known as signal-recycling cavity

SHG: Single Harmonic Generator

SIS: Stationary Interferometer Simulation

SNR: Signal-to-Noise Ratio
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SPDC: Spontaneous Parametric Down Conversion

SQL: Standard Quantum Limit

SQZ: Squeezing

SR2: The optic before signal-recycling mirror

SRC: Signal-Recycling Cavity

SRCL: Signal-Recycling Cavity Length

SRM: Signal-Recycling Mirror

SUM: The sum channel of two detection photodiodes

TCS: Thermal Compensation System

TEC: Temperature Control

TEM: Transverse Electromagnetic Mode

TEM00: Fundamental 00 Transverse Electromagnetic Mode

TRANS: Transmission light port

TTFSS: Table Top Frequency Stabilization Servo

UGF: Unity Gain Frequency

VCO: Voltage Controlled Oscillator

VOPO: in-Vacuum Optical Parametric Oscillator

WFS: Wave Front Sensors

XCORR: The cross-correlation of two detection photodiodes
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ZM: Relay mirror in the Squeezing path
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B USEFUL DIAGRAMS

Here are some useful diagrams related to squeezing system.
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Figure B-2: Overall layout of the entire squeezing subsystem [16].
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