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Abstract—We propose and analyze the Persistent Patrol beginning of the missions [1]-[3]. In other words, these
Problem (PPP). An unmanned aerial vehicle (UAV) moving works present problems in which the set of objects to
with constant speed and unbounded acceleration patrols a pe found is static. In the PPP by contrast, incidents of

bounded region of the plane where localized incidents occur . - : . . .
according to a renewal process with known time intensity and Interest arrive continuously with unknown arrival times, and

spatial distribution. The UAV can detect incidents using on- therefore the search effort must be persistent and preventive
board sensors with a limited visibility radius. We want to  over an infinite-time horizon.

minimize the expected waiting time between the occurrence A closely related problem is the Dynamic Traveling Re-
of an incident, and the time that it is detected. First, we pairman Problem (DTRP), see, e.g., [4]-[7]. Both the PPP

provide a lower bound on the achievable expected detection ! . .
time of any patrol policy in the limit as the visibility radius ~ @nd the DTRP have queuing phenomena in which demands

goes to zero. Second, we present the Biased Tile Sweep po|icy0r incidents arrive in the system and wait for service. How-
whose upper bound shows i) the lower bound’s tightness, ii) the ever, unlike the PPP, the DTRP assumes that all demands are
policy’s asymptotic optimality, and iii) that the desired spatial  known upon their arrival epochs. Thus, few works have been
distribution of the searching vehicle’s position is proportional  qeyoted to analyzing policies for the PPP other than our own

to the square root of the underlying spatial distribution of d . -
incidents it must find. Third, we present two online policies: [8]-[10]. Other studies such as [11] investigate the use of

i) a policy whose performance is provably within a constant approximate dynamic programming to construct policies for
factor of the optimal called TSP Sampling, ii) and the TSP a team of vehicles to perform persistent patrol or monitoring.
Sampling with Receding Horizon heuristically yielding better  However, the work does not provide a connection with the
performance than the former in practice. Fourth, we present queuing nature of the system. In our work, we highlight

a decision-theoretic approach to the PPP that attempts to . - : St
solve for optimal policies offline. In addition, we use numerical this connection by using Little’s theorem to convert the

experiments to compare performance of the four approaches Minimization of the expected waiting time into a dynamic

and suggest suitable operational scenarios for each one. programming formulation. Song, Kim and Yi considered the
problem of searching for a static object emitting intermittent
I. INTRODUCTION stochastic signals under a limited sensing range, and analyze

Persistent patrol missions arise in many contexts such Hi Performance of standard algorithms such as systematic
crime prevention, search and rescue, post-conflict stabilifVeeP and random walks [12]. Due to the intermittent signals
operations, and peace keeping. In these situations, militatyp™ the object, searching robots need to perform a persistent
or police units are not only effective deterrents to would-bgearch, thus making the work relevant to our problem.
adversaries but also a speedy task force to intercept any tr&iQwever, the authors assumed no prior information about

passers or provide swift security and assistance. With recéfi location of the target object is available; hence, their
advances in technology, unmanned aerial vehicles (UAVSELing is equivalent to the assumption of a uniform spatial
ribution. In our work, we explicitly consider non-uniform

are well-suited for these tasks because they possess a | Jor e ! / ; ;
bird's-eye view and are unhindered by ground obstacles. T atial distributions, which lead to different kinds of optimal

path planning algorithms used in such missions play a criticBPlicies. Mathew and Mezic presented an algorithm named
role in minimizing the required resources, and maximizingpPectral Multiscale Coverage (SMC) to devise trajectories
the quality of service provided. uch that the spatial distribution of the patrol vehicle’s

In this work, we propose and analyze the persistent patrBﬁSition asymptotically matches a given function [13]. We
problem (PPP), a generic mathematical model for UAvSNOW that when attempting to minimize discovery time, the
with limited sensors to perform such a mission in stochastfd€Sired spatial distribution of the patrol vehicle’s position is
environments. Incidents occur dynamically and stochasticaljePendent OPz but not Qquwalefz_nt to the underlying spatial
according to a general renewal process with known tim@istribution of incidents it must find. .

intensity and spatial distribution in the environment C In this paper, we introduce the mathematical mode| of the
R2. The UAV is modeled as a point mass traveling aProblem, prove bounds on achievable performance of any
a constant speed with unbounded acceleration. The UAgigorithm for the PPP, and propose a variety of policies.
detects incidents within the footprint of its on-board sensord,"€ @pproaches discussed include periodic path coverage
i.e., within its visibility ranges. We want to minimize the SWEe€ps of subregions of the environment, sampling the

expected waiting time between the occurrence of an inciderf?oWn spatial distribution of the incident generation process
and its detection epoch. and performing Traveling Salesman Problem (TSP) tours

Related research focuses on search and rescue missi@ig’ them, and an application of approximate dynamic

in which the number of searched objects is known at thBrogramming (ADP) [14]. The contribution of this paper is
ourfold. First, we provide a lower bound on the achievable
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searching vehicle’s position is porportional to the square roset of n points independently sampled from an absolutely
of the underlying spatial distribution of incidents it must find.continuous distribution with spatial densigy with compact
Third, we present two online and easy-to-implement policiesupportA C R?, there exists a constaftc R such that the

i) a policy whose performance is provably within a constaniength of the Euclidean Traveling Salesman Problem (ETSP)
factor of the optimal called TSP Sampling (TSP-S), ii) andour through alln points satisfies the following limit, almost
the TSP Sampling with Receding Horizon (TSP-SRH( surely [15]:

heuristically yielding better performance than the former in

practice. All three are adaptive to time intensity of the inci- lim ETSP(n) - ﬂ/ /o(z) da, as.  (3)
dent process. While the TS policy is deterministic, TSP-S and n—+too  \/n A

TSP-SRH() p'ol'icies are ;tochasticall_y driven. Fourth, WeThe current best estimate of the constangis- 0.7120 £+
present a decision-theoretic model using a Markov DeC|5|o(510002 [16], [17] ’
Process (MDP) that attempts to solve for optimal policies’ ' '

offline using ADP. In addition, we use numerical experiments IIl. LOWER BOUND
to compare performance of the four approaches and suggest , ) o .
suitable conditions for each one. We now investigate the performance limits of any stabiliz-

The organization of this paper is as follows. In Section 11iNg policy for the PPDP. The following result can be directly
we formally state the problem. We prove a lower bound fopXtended to the multi-vehicle case. However, for the scope
the class of policies of interest in Section Il and present ol this paper, we reduce it to the single-vehicle case.
policies in Section IV. In Section V, we present an alternative Theorem 1:The optimal detection time for the PPDP
MDP model of the problem. We discuss results in Sectiofatisfies

VI and conclude with final remarks in Section VII. . 1 2
lim T o> — Volx)dr | . 4
Il. PROBLEM STATEMENT omoe 75 4 (/A #() “L) @)
Consider a planar regiod C R* of unit area. Incidents e will refer to the RHS of Eq. 4 divided by asT; 5.
arrive according to a renewal process with time intensity Proof: In the following, we denote the sensor footprint

and upon arrival are independently and identically assigneg 4 vehicle at positio as S, (p). The probability that an
a location, according to an absolutely continuous distributiopycigent's location is within the sensor footprint at the time
supported onA, with spatial densityp. For simplicity, we o arrival is bounded byPr(z € S,(p)] < Bro?. In this

modely as a piecewise constant function, oveisubregions 5se, the detection time for the incident is zero. However,
(such a model can approximate any spatial density of interegfy any given distributiony

arbitrarily well):

lim P . < lim @ro? =
o) =pp, forzeds, k=12...K (1) Jm, Priz € S, (p)] < lim pro” =0, VreA

with K | op4x = 1, where 4, > 0 is the area of the and thereforelim, o+ Priz ¢ S,(p)] = 1. We note that
subregionAy,. Letp = max,c 4 ¢(z) be the maximum value in this limit, from the perspective of a point € A, the
attained by, over the entire regiom. actions of any _stablllzmg pollqu can be described by the

A single UAV, moving at a constant speegdhas on-board following (possibly nondeterministic) sequence of variables:
sensors that detect incidents within a distamoef the vehi- the lengths of the time intervals during which the point is
cle. The motion of the UAV is determined by a search policy0t contained in the sensor footpriri;(z). To denote the
i.e., an algorithm that determines the flight direction based dRean of the sequence under the actions of a given policy,
the vehicle’s position and on the available information aboUlt€ Usé
the locations of the incidents (e.g., an estimate of the spati s ) .
distribution of the currently outstanding incidents or priorﬂ V()] = jlggoE[Yj(x) + the UAV- executes policyr],
statistics on the incident generation process). The detection , . . .
time 7; of the i*" incident is defined as the elapsed time2nd similarly to denote the variance and sQecond moment of
from its arrival to the moment the incident is detected byUch @ sequence, we user Yz (x)] andE [Y;?(x)], respec- ,
the UAV. Given a search policy, the system detection time tvely: Due to random incidences [18], [19], an incident's

is thus defined as detection time, conditioned upon its location, is written as
— 2
T, = lim E[T} : the UAV executes policyr], (2) - I E[YZ(2)]
1— 00 g{%ﬂ’ E [CZ-‘Z“Q;’L - x] - Uli>r{]1+ Pr[x ¢ SU(p)] 2E [Yﬂ(l‘)]
where we assume the limits exits. 2
A policy is called stable if the expected number of unde- = E[Yn(2)]” + var [Vr (o) > 11[»3 Y (z)].
tected incidents is uniformly bounded at all times. Zebe a 2E [Yr ()] 2

set of all causal, stable, ancijtationarlpolicies. The optimal other words. for fixedE [V, (x)], the detection time is
detection time is denoted &' = inf 7. The objective minimized if var [V, («)] is zer0.

of this work is to find a policy thatﬂpergvably achieves either The remainder of the proof assumes the limitras: 0.
the optimal detection time, or an approximation thereof. Ihet us definef(z) as the frequency at which point is
particular, we say that a search polizyachieves a constant searched, i.e.f(x) = 1/E [Yz(z)], and so
factor approximations if T, < kT . ) (@)

In addition to the problem statement, we require the T:/ o(x) E[Ti|z; = 2] dax > ,/ had dx.
following classic result throughout our own proofs. For a A 2 )4 fz)




The vehicle is capable of searching at a maximum ragwef Algorithm 1 Biased Tile Sweep Policy
(area per unit time), and so the average searching frequencly procedure BTS
is bounded byfA f(z)/A dz < 2vo/A. Initialize ¢, «— 1fork=1,2,..., K

v _ 3: for i «+— 1,2, ...,00 do
Thus, we haveT > %Tf, where 4: for k —1,2,..,K do
5: Execute SWEEP-SERVICE on til§y, o,
— . S@(x) 6: if £, < Ni then
Ty = min dx 7: Ly — (L +1)
FoJaf(=) 8: else
N 9: [k — 1
. 10: d if
subject to / f(z) de <2voc and f(z)>0. 11 endefrz,r'
A 12: end for

Since the objective function is convex ifi(x) and the 13: end procedure
constraints are linear, the above is an infinite-dimensional
convex program. Relaxing the constraint with a multiplier,
we arrive at the Lagrange dual:

areaAy /Ny = Ak /o /N.. We assuméV,. is chosen large

min U @ de +T </ f(x) dz — QW>] enough that an intege¥;, can be found such that, /N is
F(@)>0 [J 4 f(2) A sufficiently close ta/zy. For example, one way of achieving

. o(z) ) such a tiling is to partition4, into strip-like tiles of equal
= i t@eo | f) +If(z)| do—2vol. measure with\V, — 1 parallel lines. Let us give the tiles of
' Ay, an ordered labelingy 1, Sk 2, - - ., SN, -

Differentiating the integrand with respect fdx) and setting

it equal to zero, we find the pair The BTS policy is defined in Algorithm 1, where the index

i is a label for the current phase of the policy. The aim of the
2 algorithm is to perform a periodic sweep of every point in
‘ A G J— 1 > - . : .
ff(x) = —, "= (/ V() da:) (5) the domain with the following two properties. The intervals
I A between sweeps are identical in length, i.e., they have zero
satisfy the Kuhn-Tucker necessary conditions for optimalariance. The frequency with which a point is searched is
ity [20], [21]. Since it is a convex program, these conditiongroportional to the square root of its density. During each
are sufficient to insure global optimality. Upon substitutionphase, the UAV sweeps one tile from each constant-density
(4) is proved. m subregion. Since all the tiles of a given subregion are equal
Oftentimes, a tight lower bound offers insight into thein area, each phase is equal in duration (asymptotically as
optimal solution of a problem. Assuming that this lowerc — 07). The number of phases a point must wait between
bound is tight, Eg. (5) suggests that the optimal policgweeps is equal to the number of tiles in its subregiip)(
searches the neighborhood of a painat identical intervals which is chosen to be inversely proportional to the square
at a relative frequency proportional tg'p(z). In fact, this  root of that regions density. This causes the frequency with
lower bound is shown to be asymptotically tight through avhich a point is searched to be proportional to the square
constructive proof using one of the policies presented in thi®ot of its density. Since the phase durations are identical,

paper. the intervals between sweeping any given tile are identical.
To ensure that each point is searched at identical intervals,
IV. ONLINE POLICIES SWEEP-SERVICE should always execute the same path on

A. Biased Tile Sweep (BTS) a given tile.

We begin with a description of a subroutine used by the Theorem 3:The system detection time of an agent oper-

i . i i T
BTS policy. ating onA under the BTS policy satlsﬁeskim+ ;;rs =1.

oc—0
SWEEP-SERVICE Proof: The total distance traveled between tiles during a

(jiven a subregir?ns, partiti?n it ithO| StfiPSd(?f V‘I’igf[ma phase is ho more thai' diam(A). The duration of a single
and execute a path running along the longitudinal bisector 0 e i S L (Skoe )+ K diam(A)

each strip, visiting all strips from top-to-bottom, connectingofhas'e,Tp satisfiesT i < == hlase o :
adjacent strip bisectors by their endpoints. We now stat®PPIlying Proposition 2]im,_.o+ TP"**c is smaller than:

a bound on the lengtti(S) of the path planned by the

algorithm. K .
Proposition 2: The lengthLg(S) of the path planned by lim 2kt Lo (Shtn )0 + lim K diam(A)o
SWEEP-SERVICE for regio satisfies i v P
| As = D ANk i A VPR
hm+ Lys(S)o < - 2v 2N.v .

o—0
Although the full proof is omitted for brevity, it is a simple

extension of the following fact: given a grid of squares whose g gjtioned upon its location € Ay, a target waits one
side-lengths ares, the number of squares with nonzerop gt of N, phases to be serviced

intersection withS satisfies [22]: lim+ Nyo(S)o? = Ag /4.
o—0
This policy requires a tiling of the environmedtwith the

following properties. For some chosen positive intefyere E [Ters|lz € A = lNk,TPhase = lﬂTphase_
N, partition each subset,, into N;, = N,/ /@y, tiles, each of 2 2/ ¢k



Algorlthm 2 Distribution Sampllng TSP POllcy Opt|ma| Samp"ng rates and upper bound

1: procedure TSP-SQ3, A3, ... . . .

2: P Initialize TSP g\onst2anﬂ }671)15) In the T_SP—S policy, we can compute dete_ct|0n time

3 while true do as a function of the sampling rates,... \}., which are

4 fork—12..,Kdo _ design parameters. Thus, we can optimize the sampling
5: g = A (Z \/’\ 45)%. ) rate parameters to minimize the system detection time. We
6 ong Cmpler; vitual targets uniformly ind. represent the sampling rates as a function of the visibility
8: ComputeN :=T7; + ... + Tig. radius:

9: Compute the TSP tour through” virtual targets. !

10: Traverse the TSP tour with random direction with speed s _ k + _

11: Detect real incidents within sensor radiasalong the tour. Ak = NS wherel, e RT k=12, K. (7)

12 end while

13: end procedure . . . .
P ! In each iteration, the number of sampled virtual targets is

N =Yl =X, \/W)Q. We note that

Noting thatPr[z € Ax] = ¢r Ax and unconditioning on

x € Ay to find the system time, 12 : ”
K </A¢(x) d‘”) B Z P34 ) = G

TBTS = Z Pr[x € Ak] -E FBTs‘x € Ak}

k=1 When N\ is large, the length of a TSP tour can be approxi-
K 1 N, N phase K mated by
Z (Ak or) (2 FTphase) _ (f Z A /i « )
k=1 k=1 _ 1/2 _ 132 s
ETSP(N)_\//W/ () 2dx = 3 < ,/A.A.> .
Thus, A ; "
K
. Ne : ‘ Now, let ider the™ incident. If the UAV does not
lim T _ [ DNe lim TPhase Now, let us consider t incident. e oes not
oo - BTSY < 2 kZZ: k) vt 7 discover the incident in the current TSP tour, the vehicle

9 needs to complete the current tour, sample new virtual
1 targets, and traverse a new TSP tour. This process is repeated
= (Z A M) : until there is a nearby sampled virtual target whose distance
k= to thes*" incident is no more than. Thus, theit” detection

Combining with the lower bound on the optimal system timdéime can be bounded by the sum of three components: (i)
in Theorem 1, the claim is proved. m waiting time d; between arrival of the actual target and the
Theorem 3 shows that the optimal policy for small sensoffirst virtual target sampling iteration to occur after its arrival

range searches a point in the environment at identical epoch, (ii) waiting timef; from the first sampling iteration

intervals at a relative frequency proportional {6p(z), as after its arrival epoch until a virtual target appears within the

suggested by Eg. (5) in the proof of the correspondmg loweircular neighborhood of radius, and (iii) waiting timew;
bound in Theorem 1. for the vehicle to visit the virtual target. We have:

B. TSP-Sampling (TSP-S) Ty < d; + fi + w;. 9)
The key idea of the TSP-S policy, shown in Algorithm 2,

is to simulate an arrival process for incidents, by sampling &ince virtual targets are identically and independently sam-

distribution in the environment to create virtual targets. Weled according to the spatial distributief{z) in each sam-

sample virtual targets inl with a rateA® = "5 | As and a  Pling iteration, we have

spatial distribution ETSP(N)

Ap Eldi] < ———,
d(x) = A for z € Ay. (6) 2v

i : G
In each sampling iteration, let us sample, = In addition, letV; ;, be the event that the” incident

5 in the subregion;. Conditioned onV;y, the

)\252(2 A5 A;)? virtual targets in the subregiod;, pa- appears In t ; o L

rameterljzed ythe sampling ra%¢, and up on their arrivals, mc(y:l\cji?tnutalnte:;ds to wait for the next sampling iteration if
get appears in its neighborhood in the current

virtual targets are distributed independently uniformly in th ampling iteration. which occurs with probabilit

subregionA;. The path is constructed by computing a serie ping ' P y

of TSP solutions through sampled virtual targets. An incident o\ Tk

is detected when the UAV visits a virtual target whose p(Ag,mg) = (1 — ) _ (11)

distance to the incident is less than the radius of sensor range A

o. Although solving an exact TSP tour througlpoints is an

NP-hard problem, efficient solvers such as Linkern [23], [24

can obtain approximate TSP tours of length within a constant _

factor of optimal tours fom in the order of 10,000 in real  ELfilVix] = p(Aw, 7x) + E[fz‘|Vz‘.,k])> (12)

time. We note that in Subsections IV-B and IV-C, positions _

of virtual targets are additional information to estimate the g[f;|V; ;] = p(A’“n’“z ETSP(N)_

spatial distribution of the currently outstanding incidents. 1 — p(Ay, k) v

ETSP(A)

9 (20)

Elw;] <

e have:

(ETSP(J\/)

(13)



Algorithm 3 TSP Sampling with Receding Horizon the sampling process as a Poisson process and then apply

1: procedure TSP-SRH{)(A], A5, ..., Ay, 1,0, 9) the receding horizon policy to them, much like the standard
S e S RN = 0712 DTRP. In [7], the authors heuristically argue that the receding
4' _ sk XYRE horizon policy is optimal for the DTRP when the parameter
. In"tT 2v? (Zt:FIlt\/ Jt J).f' W ind n is small. The experimental value gfis within [0.1,0.2].
2 endfor T e Virual targets tnfformly inde. We conjecture that the receding horizon policy is optimal for
7 ComputeN :=7y + ... + k. the DTRP, and at steady state, the variance of outstanding
8, Wh"gotrfrl]leu?g the TSP tour through virtual targets virtual targets is small. Thus, the optimal waiting time of any
10- Trav(frse the) portion of TSP tour with Spged.' virtual target for suitably small parameteris conjectured
11: Choose the direction that visits more virtual targets. to be:
12: Count the number of cleared virtual targets; .- 2 9 52 K 9
13: Detect real incidents with sensor of radissalong the tour. .
14: for k —1,2,...,K do lim E[w;] = 02 </ ¢1/2(l‘)d$) = 22(2 \/AzAk) .
15: ANy, := )(\:FT_]ETSP(N).' _ _ tee v A v\ oL
?75: dsfample acditionali Ny virual targets In subregiot. Using Little’s theorem, we can obtain the steady expected
: end for s
18: ComputeN' := N — Neicar + AN1 + ... + ANk number of outstanding virtual targets
19: end while
20: end procedure B . A5 32 K 2
Thus, using the iterative expectation rule and upon substitut- L — ﬁﬁ _ A3 8° i o A, ’ (18)
ing Egs. 10, 13 into Eq. 9, we have = 202 \ KR )
K oL AL ETSP(N) Therefore, in Algorithm 3, we initialize the system at steady
E[T)] < Z 1— p(Ap, 7ir) v - (14)  state at Line 5 and sample additional virtual targets as
k=1 ’ expected values of Poisson random variables at Line 16.

Using Eq. 7, we can express, and TSP(A) in terms of imilar to the TSP-S policy, we consider sampling rates

I as a function of the visibility radius\s = I, \/g[;—’d When
I B parameterm is small, we can approximately bourild; +

T = ?;S(Z), ETSP(N) = WS(I)v (15)  f;|Vi] from above byﬁ, which is the expected value
of the first arrival time of the sub-Poisson process in the

X 2 subregionA;. We can carry out a similar procedure as in
where S(l) = (Zj_l \/le]) , L=, .. 1K). the TSP-S policy to obtain an upper bound for TSP-SRH(
; - — 50 - ~ ((prAl s 3
We also note thatn.naﬂm p(Ag, i) = e Ax ,.and_ lim Tspyo < {Z (Je An ) +5(1)} 2 @19
from Eq. 14, we obtain an upper bound for detection time-—0* =\ b V2T
of TSP-S policy in terms ofy, ..., I We refer to the RHS of Eq. 19 as the TSP-SRH(Gpper

K A 38(1) bound. Now, we can find optimal sampling rates,)* to
lim Tgo < (Z Pk h ) . (16) minimize the above upper bound by numerical methods,
o—0% LS ) /o which in turn yields a constant bound factor compared to the

k=11—e A&

— L ptimal performance given an incident spatial distribution. In
Conydgrmgdthe RHfS of Eq. 16, W?'Ch is named the -LSP'%ection VI, we will carry out extensive simulation to support
upper bound, as a function df, ..., I, we recognize that o apqve conjecture. Furthermore, similar to the BTS policy,

though this function is not convex, it has a local minimu B ) : ; ;
that is also the global minimum. Therefore, we can ugbosth TSP-S and TSP-SRij(with the optimal sampling rates

well-known numerical methods such as Newton's metho ;)" also patrol regions with higher spatial density more

to minimize the RHS of Eq. 16 and solve for the optimal '

parameterg;, and hence the optimal sampling raes,)*. V. MDP MODEL

For a given incident spatial distributiop(z), the optimal In this section, we attempt to solve the PPP optimally by

sampling rateg\;,)* yield a constant bound factor of the solving an MDP model offline. To enable a tractable model,

optimal performance. We will evaluate these constant boungle further assume that the incident process is Poisson.

factors experimentally in Section VI. This assumption is reasonable for the purpose of comparing

. . . . computational cost with the above policies. We partition the

C. TSP Sampling W'th Recedmg_Horlzon_ (TSP'SRH_(_ region A into C square cells of side/2¢ such that each
The TSP-SRH{) policy, shown in Algorithm 3, modifies cell can be covered within the sensor visibility range so that

the TSP-S policy by reducing the waiting time to the nexiyvhen the UAV enters a cell, it can detect all outstanding

sampling iteration. We have observed that in the TSP-@cidents in that cell.

policy, the vehicle needs to wait for a durationdfuntil the Let 7; be the detection time of thé™ incident and let

next sampling iteration,_ thus we can reduce this time if thw(t) be number of outstanding incidents at time instant

UAV follows only a fraction, of a TSP tour from the current From Little’s Theorem, we have the following relation when

position before computing the next TSP tour. In particulaigonsidering the class of stable policies:

we choose the fraction of the TSP tour which contains as ] ]

many virtual targets as possible. In other words, we generate Jm EWV ()] = A lim E[T3], (20)



assuming that the two limits exist. Thus, minimizing sys-  The objective is to find an optimal stable stationary pol-
tem detection timelim E[T;], is equivalent to minimizing icy 7* that maximizeJ,(x): 7* = argmax, cp J(z).
1— 00 . .

Jim E[N(t)], the steady state number of outstanding inciThe advantage of this approach is the MDP model can be

dents. If we further discretize the time axis with discrete tim xtended for more general objective functions that co_nS|_d¢rS

; ; . rade-off among factors. However, the model has an infinite

index k, we can arrive at: . X L 92 ;
space dimension, and thus solving it exactly is impossible.

1 N To solve this MDP, we use policy iteration with linear

inf lim E[T}] = 3 inf lim E an , (21) approximate cost structure. From [11], under a stationary

TEPimee TEP Nz 10 policy 7, at stater = (p, ), the cost/.(z) is approximated

whereny, is the number of outstanding incidents added (p0§2y Jn():
sibly negative if more are serviced than generated) during the Je(x = (p,7)) =1 + b1, (30)
k-th interval.
In this section, we defing; as the arrival rate of the sub- where v, € R,¢, € RC. We start the policy iteration
Poisson process characterizing real incidents injtttecell:  process with a greedy algorithm that visits the neighbor cell
with the largest expected number of incidents. The value
\j = )\/ o(x)d. (22) of discount factora is set to be in the range db.4 0.6]
‘ C; experimentally to obtain solutions that converge. Because the
objective function is an approximation of detection time, we

The components of the MDP are defined as below: . . L
need to simulate a policy to compute actual detection time.

o State:z, = (p,7)ir, Wherep is the current position
index of the vehicle with value from to C, andr &€ VI. RESULTS

RC is a vector contained the elapsed times since the |n the following experiments, we assume that the UAV
_pl’e_VIOUS \{|S|t to each cell. Because the number OT neWave|S at a unit Speed), =1 (unit |ength per Second)_ In
incidents in thej-th cell generated since the previousrig. 1, we show examples of a path generated by different
visit is Poisson{;r;), r; is a sufficient statistic for the policies. Incidents arrives with temporal intensity= 1 and
j-thcell. _ _ a uniform spatial distribution. We assume that the vehicle
« Control:u, is one of the neighboring cells (at most fourhas visibility radiuss = 0.05. As we can see in Fig. 1.a and
in our case) that share edges with the current cell. Fig. 1.b, both TSP-S and TSP-SRH¢ 0.2) are stochastic
« State transition: by following TSP tours induced by sampled virtual targets.
it = oo ur) = (p,7) 23) While the TSP-S policy foIIows_acompIete tour before a new
k1 = JETR Uk) = Dy TR+ tour, the TSP-SRH{( = 0.2) policy travels 20 percent of a
V20 o tour before sampling new targets and considering outstanding
v ] (24) targets in the next TSP computation. In Fig. 1.c, the MDP
Tikt1 = Tig + AT if © % pey1, Tpoy k1 =0. (25)  policy with a = 0.6 and 10 policy iterations generates a
deterministic path and constrains the vehicle to travel in a

Pk+1 = Uk, AT =

« Stage cost/reward: grid pattern. When the vehicle enters a cell, it goes to the
ne center of the cell.
hi (g, up) = E[T] = AT — gi(r, ur), (26) _ ) )
) A. Optimal sampling rates in TSP-SRHI(
gk (Tg, ug) = =5 (ru, x + AT), (27) In the first experiment, we supported our conjecture on
A the theoretical upper bound of the TSP-SKHHpolicy in

where hy (zk, ur), gr(zk, ur) are the normalized (di- Section IV-C by comparing the TSP-SRj(upper bound
vided by A\) expected number of additional outstand{RHS of Eq. 19) and extensively simulated detection time.
ing incidents, and the normalized expected number dfig. 2 illustrates the performance of the sampling TSP-like
detected incidents. Whilé (zx,uy) is considered as policy in a two-region piecewise uniform environment where
stage costgy (zr, ux) is considered as stage reward. 60 percent of incidents arrive in the 20-percent subregion on
« Objective function: the left hand side of the unit square. The visibility radius
We introduce a discount facter € (0,1) to approxi- o is set t00.05. The TSP-SRH{) upper bound from the
mate the original problem as an infinite discounted suntonjecture is a function of the sampling ratds and \j
Whena — 1, we have the original problem, and whenfor the two subregions. The optimal sampling rate§)*
a — 0, the model prefers large stage reward or smaknd (A$)* can be computed accordingly. We observed that
stage cost: the optimal experimental sampling ratgg )* and(\3)* are
o close to the conjectured optimal values.
kK
e

k=0
Jo(2) E{ o g (s )
k=0

AT

—Jx(x), (28) B. Performance of policies as the radiusapproaches zero

To evaluate the performance of the policies in the regime
T — I] (29) of small visibility range, we compared BTS, TSP-S, TSP-
0 ' SRH(;) and MDP for various values af from 0.1 to 1/1280
as shown in Fig. 3. The spatial distribution is uniform. As
Thus, we have converted the original problem of minwe can see, the MDP policy can obtain detection time that
imizing the system detection time to maximizing anis almost identical to the lower bound fer > 0.0125. For
infinite sum of discounted number of detected incidentsmaller values oft, the gap between the MDP policy and

l—«
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(a) TSP-S policy. (b) TSP-SRHY) policy. (c) MDP policy.
Fig. 1. Examples of policy behavior in a unit square with arrival time intensity 1 and a uniform spatial distribution. In (a) and (b), dots are virtual
targets, and the star is a tagged incident. The incident will be detected when the UAV visits a virtual target whose distance to the incident is less than the
radius of sensor visibilityy = 0.05. In the TSP-S policy, the vehicle travels a complete a TSP tour before beginning a new iteration. In the TgP-SRH(
policy, the vehicle only travels a fractiopof a TSP tour before computing a new tour. In (c), an example of a path generated by the MDPcpeti€yt
and 10 policy iterations. When the vehicle enters a cell, it goes to the center of the cell. Lines are drawn with some random offsets around cell centers to
depict multiple paths. As we can see, because MDP policy is deterministic, the path possesses a regular pattern, as compared to the randomness of paths
produced by TSP-S and TSP-SRHi(

TABLE |
PROPERTIES OF POLICIES

Properties BTS TSP-S TSP- MDP 2.4
SRH() 55
Adaptive to\ | Yes Yes Yes Yes
Quality of | Optimal ~ Within con- Within con- Optimal 2
policy as stant bound stant bound 15
oc—0 factor factor
Online Yes Yes Yes No 16
Stochastic No Yes Yes No 1
6 8 10 ):EZ 1‘4 16 18
the lower bound is larger. This is due to the approximation 1
of the cost function in the MDP model via discount factor (a) Conjectured constant bound factor.

a. In terms of computational requirement, the MDP policy
requires offline computation via extensive sampling to ensure
approximation quality. Thus, for small values®fthe MDP
policy provides poor performance with early termination. In
contrast, the BTS policy almost achieves the lower bound
for very small values o> while keeping the online com-
putation cost small. This observed performance agrees with
our analysis. Moreover, we observe that the TSP-SRH(
policy consistently outperforms the TSP-S policy. In practice,
the TSP-SRHY{) policy has good performance in situations
where we prefer stochastic trajectories. r TR TR T 12
1

.. . . s (b) Simulated ratio of system detection time to the
C. Performance of policies in non-uniform distributions lower bound.

i i ig. 2. Performance of the TSP-SRH(policy in a two-region piecewise
In_this experiment, we tested the performance of thEniform environment (60% density in 20% of the area on the left hand

policies in an environment made up of a unit square with thgge) 'In (a), the conjectured constant bound factor is plotted with respect
following spatial distribution: the leftmost 10% of the squareo sampling rates§ andX$ (o = 0.05). The optimal sampling ratgs\$ )*

has density valud + 10c, and the other 80% has densityTa(y), s he somied sccarinol, o ), e et of et e
value1 —10¢/9, wheree € [0,0.89]. This environment varies g in (). The optimal experimental Sampiing raas)* and (xg)* are

from uniform to nonuniform as increases from zero. The close to the optimal conjectured values.

sensing radius ig= 0.00625. In Fig. 4, we plot the lower

bound, upper bounds and experimental detection times for VII. CONCLUSIONS
different values ofce. As we can see, the simulated system In this paper, we have introduced, analyzed and compared
detection time curves are bounded between the theoretidalir approaches to the PPP. We consider a UAV with limited

lower bound and the upper bound curves. The result indicatesnsing capability on a search mission to detect incidents
that for a given spatial distribution, optimal sampling rateshat arrive continuously. We have proved a lower bound for

ensure that the TSP-S and TSP-SRH{olicies are within a the class of stable policies in the limit as the sensor range
constant bound factor compared to the optimal performancghrinks infinitesimally small. We presented the BTS policy

Moreover, the performance of BTS is very close to the loweand showed an upper bound on its performance that is tight
bound and is better than TSP-S and TSP-SRH{s we with our proven lower bound. This tightness has shed light
expected. Table | summarizes the above discussion. on the following fact: in a persistent search scenario, the
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Fig. 3. Detection time of the policies compared to the lower bound as radiusp]
o approaches zero on a log-log plot. The spatial distribution is uniform.
MDP has good performance for large values cofwhile BTS provides
excellent performance for very small valuesaof The TSP-SRHY{) policy
consistently outperforms the TSP-S policy.

(3]

10°

Lower Bound
—=— TSP-S Upper Bound
—<— TSP-SRH Upper Bound
O TSP-S Simulation
O TSP-SRH Simulation
BTS Simulation

(4]

(5]

(6]

(7]

(8]

10°

L L L L L L L L
0 0.1 02 03 04 05 0.6 0.7 08 0.9

€

Fig. 4. Performance of the policies in comparison with the theoretical[®]
lower bound and upper bounds for varying spatial distribution on a semi-
log plot. The sensing radius is = 0.00625. The spatial distribution varies
from uniform to 99% of the incidents occuring in a subregion with 10% o

f
the area. (0]

desired spatial distribution of the searching vehicle’s positiom]
is porportional to the square root of the underlying spatial
distribution of incidents it must find.

In particular, the BTS policy scans subregions at identicaﬁ}zl
predictable intervals. While this is necessary to achieve the
lower bound, it could be a weakness in a more comple 3
problem setting in which the incidents have the ability t
evade the searching vehicle. With that vision in mind, we
present two stochastic policies whose executed paths kﬁi
unpredictable, called TSP-S and TSP-SRHBoth policies
work based on solving consecutive TSP tours of sampleds]
virtual targets. We have proved an upper bound for the
TS-S policy and presented guidelines for choosing optimag
sampling rates to minimize the upper bound. In connection to
the DTRP, we have provided a conjecture on an upper bou?ldi]
of the TSP-SRH{) policy, and through simulation we have
verified that the TSP-RH policy has a good performance
in practice. 18]

Moreover, we have presented a general MDP formulatio[n
for the system detection time, which can be extended fa9]
general objective functions. Since the size of the state spaﬁgl
is infinite, we use ADP methods to find near-optimal so*
lutions. We have verified that in the limit as the visibility [21]
radius goes to zero, the performance of the TSP-SRH( -
policy and the MDP policy are comparable, but the forme[r ]
is more computationally efficient. This result has suggestgas]
that online sampling policies are preferred when the visibility
radius is small compared to the area of supervised regions,
In future work, we would like to extend and analyze sam-
pling methods for more complex situations such as multiple

vehicles with imperfect sensors, uncertain movement, and
imperfect knowledge of their locations.
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