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1. DT Convolution

(a)

gl = S mfmlwaln - m)
= Z a™u[m)B" " ™uln — m)

n
m=0

. n g m
=7 mz_o<ﬂ>
6n+1_an+1

= "o
(b)
yln) = ) ai[mlzafn —m]
= Z (u[m] — u[m — 5])(0.25)2" ~"u[—1 — n + m]
m=—0oo
Working out the different cases,
(0.2)2" 32,0 (3)" = 20 405 = &2, n< -1
m n ntl_ 5 e
ylnl =€ (0.25)20 5, (3)" = J2n WA S — L (1 —9nt) 0<n<3
07 n>4

(c) Working out the math graphically or using the convolution equation,

yln] = [~1,-4, -9, —15,-12,0,12,15,9, 4, 1].
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2. DT Fourier Series

(a) i z[n]cos(%E2).
Let z[n] = x[n] cos(%Z™). Then noting that cos(6rn/N) = (el (6™/Nn 4 ¢=i(67/N)n) e have
bg = b_3 = % hus

1 1
Z biap—; = 5 0k+3 + 5 Mh—3-
k=(N)
ii. z[n]>2°2 __ d[n—rN].

T=—0Q

Let y[n] = > 6[n—rN]. Then verify that the FS coefficients are by, = 1/N for all k.

N-1

= ) bag= Zaz

k=(N) 1=0

iii. 2[n] (3,2 6[n — “X]). Assume N is divisible by 3. (Optional)

r=—00

Let y[n] = > 02 6[n — “X]. The FS coefficients of y[ ] are

r=—00

i

y[n}e—jk(Qﬂ'/N)n

3
I
o

—ik(2m/N)(N/3) 4 ,—ik(2m/N)(2N/3)
(I+e +e )

zl=z2l= ==

—jk(27/3) | _—jk(4r/3)
(1+e +e )
Thus gives

1 . _
o = Z ak—lﬁ(l + 7I2T/3) 4 o—illAn/3))
I=(N)
N-1

_ % ST (14 eI g i) g

=0

(b) First we need to find the DTFS coefficients of y[n].

by = y[n] —Jjkn(27/12)

5

— § efjkn 27 /12)

n——3
1 sin((7/12)km)
12sin((1/12)kn)

ol
Il‘M@

Also ap, =1/2 for k =2 and k = 10 and zero otherwise. This gives

o = Y aby

k=(N)
1 [1sin((7/12)(k — 2)m) 1 sin((7/12)(k — 10)7)
T2 {12 sin((1/12)kn) T} sin((1/12)kn) » Osksll
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3. DT Fourier Transform

(a)

1 ~ )
Cn = = t)e 7ontdt
c T/TfN( Je
1 / ol
= = Z cmejwomt] e~ Iwont gt

T T m=—N

al 1
= Z cm—/ gIwolm=n)t
m=—N T T
N

= Z Cm5m,n

m=—N
_ Cp, f—N<n<N
B 0, else

The sequence d,, such that {¢,} = {d,c,} is therefore
L if-N<n<N
" 0, else

(b) Convolution in the time domain corresponds to multiplication in the frequency domain. If we let
ky, represent the Fourier coefficients of gy (t),

fN(t) = f(t) *gN(t) “ Cp = Cpkp

Since from part (a) &, = ¢,d,, then ky = dy.

)
E dnejwont

n=—oo

N
— E ejwont
n=—N

e—jwoNt _ eju)o(N—‘rl)t

gn(t)

1 — ejwot
sin (wo (N + %) t)
sin (%t)

Because the Fourier coefficients are discrete, gy (¢) is periodic.
4. DT Fourier Transform
(a) The system function H(e’“) is the product of H; and Hs.
H(e) = Hi(e")Hz(e™)

2 — eI
_ 1,.-3jw
1 €

Thus 1
Y(ej‘”)(l — ge_?’j“’) = X(ej‘”)(2 — e_jw)

Converting to the time domain,

ol + Soln — 3] = 2aln] — o — 1]
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(b) (Optional, Tedious) Using a tedious partial-fraction expansion H(e/*) can be expressed as

g 4/3 2 1— e v
H(e'j ) = 71 1 i + <3) 1w 1, 20
=+ 56 1-— 56 Jw + Ze J

Using the inverse DTFT

) = 5 <;>nu[n] + HTJ*@ (;ej(%/?’))nu[n] + # <;ej(2”/3)>nu[n]

5. The z-Transform

(a) For H(z) to be causal the ROC must extend outward from the outermost pole and include z = oc.
The ROC is thus |z| > 1.

(b) Yes, the system is stable since the ROC includes the unit circle.

(c)

|
W=
|
=
~—
3
g
=,
|
[STIE

(2)"u[—n — 1]

3 1+271
— + =
144270 1-2270 (14171 (1-2271)

Y(2) =

Since the first term of y[n] is right-sided, the corresponding ROC constraint is |z| > i; likewise,
the second term being left-sided leads to the ROC constraint |z| < 2. Therefore, the ROC for
Y(z)is 1 < |2 <2.

P NN () NN (it Co) Y (B ) B e
Z) = = —
H(z) (1+3271)(1-2271) (14271 1—2z71
Only the pole at z = 2 remains, so the ROC for X (z) is |z]| < 2.
(d)
14271 2 1 1
H - - 2| > =
B e e L e I B e
hin] =2 (%)nu[n] - (—i)nu[n]
()
-1 -1
H(z) = 1+2 1+2 _Y(2)

(1-37Y)(1+11)  1-221-12 0 X(2)
Y(z)— 327V (2) — 2272V (2) = X(2) + 271X (2)
yln] = Jyln — 1] = gyln — 2] = z[n] + 2[n — 1]
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