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Abstract

Let {z¢,y:) be a random vector inR? x R, and y; = g(z:) + ue, us > 0, where ¢ is an unknown smooth
function from RY to R, s.t. g{z) = inf{z : P(y: > zjz: = ) > 0}. We construct the locally weighted poly-
nomiai extreme regression quantile estimator of g and its derivatives. Under certain regularity conditions,
the estimator is shown to be a consistent pointwise estimator; the rates of convergence are characterized
under varicus settings; and the asymptotic and approximate distributions are derived. Furthermore, under
similar global regularity conditions, the global estimator of g and its derivatives is offered, and is shown to
be a consistent estimator in the L,, ¢ € {1, co] norms. The rates of convergence in these norms are charac-
terized. We then generalize the extreme quantile estimator to a large class of locally weighted polynomial
estimators of g and its derivatives and show that the asymptotic behavior of this class is essentially that of
the locally weighted extreme quantiles.

The second part of the paper considers the sequential procedures based on the extreme Tegression
guantile estimates, such as the general optimization estimators, where the preliminary estimate of g or
its derivatives is required. The conditions under which the preliminary estimation has no effect on either
consistency or asymptotic distribution are given. This analysis is extended to the boundary dependent
maximum likelihood estimation problem, generalizing the results in Smith (1994) to the case of a nonpara-
metric boundary. This provides the estimates of nuisance parameters entering the asymptotic distribution.
Certain truncated quantile regression and censored quantile regression estimators are discussed in which
the generalized type-I sample selection settings require the preliminary estimate of the extreme quantile
function. The sufficient corditions when the preliminary estimation has no effect on the asymptotic be-
havior of these estimators are established,.
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1 Introduction

Regression minima and maxima

Conditional quantile estimation or quantile regression was first introduced by Koenker and Bassett in
1974, 1978, and since then it has emerged as a powerful method that has helped to answer many important
economic questions. Examples include those in labor economics (providing wealth and income inequality
measures), macroeconomic dynamics (providing robust checks of unit roots), political economy {in median
voter models) and the analysis of business performance (see Buchinsky (1395), Powell (1986a) Koenker and
Portnoy (1999)). Regression quantiles describe most of the relevant characteristics of the data since they are
the natural analogues of order statistics in regression settings.

Currently several notable papers address different aspects of the issue: perhaps the best summary of all
work to date is Koenker and Portnoy (1999). The literature has generally addressed the issue of nonextreme
conditional 7-th (0 < 7 < 1) quantile estimation. The case of r equal zero or one, called the extreme regression
guantiles, is introduced in Portnoy (1987), Bassett (1988}, Smith (1994), Koenker and Portnoy (1996).

Intuitively, extreme regression quantiles can be thought of as the regression analogues of extreme order
statistics in homogeneous samples. That is, extreme regression quantiles are models of the conditional
extremes, such as conditional minimum or maximum.

To date, Smith has addressed the issues of parametric (linear) extreme quantile estimation, and although
his resulés are not general, they generalize readily to a variety of cases. The important work that strength-
ened the results of Smith (1994) is by Portnoy and Jureckova (1998). Chernozhukov and Hong (1998a) study
the asymptotic behavior of nonlinear extreme regression quantiles.

Our aim here is to investigate most relevant theoretical econometric questions concerning nonparamet—
ric extreme regression quantiles, namely the regression extremum in which no assumption about the func-
tional form is made. In particular, we formulate nonparametric extreme quantile estimators. The results on
consistency, asymptotic and approximate distributions, as well as rates of convergence are developed. This
extends the analysis in Smith (1994) to the estimation of the unknown nonparametric extreme conditional
quantile function and its derivatives.

Our motivation in pursuing this line of research is derived from many useful and profound economic
and statistical models, which call for investigation of the conditional extremes. Some examples include the
economic models of {${x), s(z)) adjustment (such as capital stock adjustment problem, technology update
problem, sticky pricing models, the cash-balance problem), minimum wage determination in models of
job search, value-at-risk and production frontier estimation. The statistical appiications include the use
of extreme guantiles in the boundary dependent maximum likelihood estimation, estimation of the fixed
sample selection equations in generalized type-] Tobit models and many others.

Formulation and the Main Results

Before proceeding, the following is a brief and less formal review of the definitions of the extreme and
the nonextreme regression quantiles and the main results of this paper. In the discussion below most of the
regularity condifions are omitted for brevity. Consider the model

Yo = gr (Te, B5) + Us,



where g-(z, 57) is the conditiona! 7-th quantile function, of y;, the dependent variable, given the indepen-
dent variable x, V1. It is parameterized by a finite dimensional parameter 37, and 57 is usually the unique
parameter value that satisfies

g- (2, 3) = FyM (T|ze = z) , Ve, ¢
where Fy, is the distribution function of y; and F;! is its left-continuous inverse:
Fyt iz = x) =inf{z: Fy, (zlz = 1) > 1)

The 7-th(0 < 7 < 1) quantile regression estimator of 47 (and hence of g(z, 57) ) is usuzally defined as a
solution, ,@'5 . to the optimization problem:

T
£8 € argmin 3 7 (e — 6- (20, 8)7 + (1= 7) (v — g (50, )~ D

t=1

where {y:} are the sample realizations of the dependent variable, and {x;} are the sample realizations of
the covariates. The above estimator, under cerfain regularity conditions, gives the sample analog, 53 , of
the population conditional quantile parameter, 33, which minimizes the infinite sample analog objective
function:

T
Bo = argming lim 71 ZE [Flve—gr @, BN +(1 =) (v — g (z:,8)7]
t=1
To understand well (1.1) note that the case when 7 = 1/2 is the case of regression median; 7 = 1/4 is the

case of lower regression quartile.
The above can be extended to the case of 7 = 0 or 1 in the following way. Naturally, we would like
to view the extreme guantiles as a limit of the nonextreme guantiles, and hence {for 7 = 0, w.l.o.g.,, and

Bo = B0
go (T, P) = li\g% g (2,85) = ?&Fgl(rim =1z) = inf(z: F, (z|z¢ = 2) > ) ,¥(z, 1)

This justifies another name for the extreme quantiles in these settings: the boundary of conditional support of

v, or, simply, the conditional or regression boundary.
Correspondingly, the sample extreme regression quantile estimator, 5, may be defined as follows':

T
Bo e y&arg?inzr(yt — gr (2, BN + (1 = 7) (e — gr (20, B)) 1.2

t=1
The above estimator is equivalent to the following one (letting go = g ):

T
Bo = argmaxz_q(xt,ﬁ) st g(ze,B) Sy VE {1.3)
B

t=1

The population, infinite sample, analog can be given by:

T
lj{‘z%arg;ninﬁmT‘l Z E [‘f {ye —g(ze, B))7 + (1 - 7) (¥ ~ 9‘(2&}3))-]

t=1

TSetting + < (£ suffices, where €T is the number of distinet combinations of p points drawn from sample of size T with replace-
ment, where p = dim(3)



Parameterizing the behavior of conditional quantiles as well-behaved parametric functions of z and
some unknown parameters leads to parameiric analysis (see Portnoy and Jureckova (1998}, Bassett (1988),
Smith (1994), Koenker and Portnoy {1996), Chernozhukov and Hong (1998a)). The nonparametric analysis
when the conditional quantile function is an unknown function of z has been considered in Chaudhuri
{1991), Welsh {1996) for the nonextreme cases. The present work addresses the nonparametric analysis of the
exireme case.

Thus, the model under consideration here is
>0
Yo = g (®e) + ug,ue 2 0, 9(z) = inf{z: P (y > z|z: = z)}, Wt (14)
where g is an unknown smooth function. The task is to estimate g and its derivatives at an arbitrary point,
z e R%
The idea is to substitute the specification of g in the above objective function, (1.2), by its approximation
around x, based on the smoothness properties. One such choice is the (local) Taylor approximation:

glze) = 9(z) + > (m) D™ g{z) (2 — &)™ + Re, or
¢{zs) = Fuzs, + Re, where R = O(jze — x}* ™),
that is, the above is the polynomial expansion of g up to some fixed order, &2,
=1 (z:—2), [vech (30 — 2) (me — )], . ] (1.5

B, is the vector that contains {g(z), (m!)"1D™g(z), for [m] = 1,...k}, and D™ is the differential operator
{precise formalizations are given in the next section). The task, thus, is to estimate 3 at any given point «,
and hence recover D™g(z).

Since the above approximation is only good locally, a natural restriction of the objective function (1.2)
to the neighborhoods of = yields the objective:

T
. - .' -+ - o -
'l%argﬁzlln t=1 WT: ({T (yt - zz:ﬁ:) * (1 o } (yt z;:: }8.'2) ]) (1 '6)

where {Wy,} are weights that are large for the observations {x;} that are near z, and that are small or zero
for the observations that are far from 2. Thus the defined estimator is the locally polynomial estimator.

In this paper, we concentrate the discussion on the case where the weights {Wry,t = 1,...,T} are the
uniform kerne} weighfs:

Wre =1 (z: —x € [hp/2,hr /2 ]‘*) . {hy > 0) )

where [—hr/2,hr /2jd is the d-dimensional closed box. {hr} is the sequence of positive bandwidth param-
eters approaching zero as T’ 7~ oo. The generalization to other weights (and objective functions) is simple
and none of conclusions change for a wide class of general weights, as explained in section 7.

The motivation in defining the estimator in this way is based on the previous literature on a locally
polynomial regression. The locally polynomial regression estimators have been proposed to tackle nonpara-
metric estimation of conditional mean and conditional quantiles (nonexireme) (by Stone (1577), Cleveland

2In what follows, we introduce the notaton vech and diag. Fora vector z € R4 diag{z) is the diagonal matrix with zy, ..zg asits
diagonal matrix. For a square matrix X, diag (X) is the vector that contains diagonal elements of this matrix. For any collection of
elements z, operation vech (z) simply stacks the elements of z in a vector (in any consistent way).

[ 3]



(1979}, Welsh (1996), Chaudhuri (1991)). In these kinds of problems, estimators seem to enjoy optimality
in terms of the rate of convergence, as established by Stone, good minimax properties, as explained by Fan
{1993), and also tend to have good performance near the boundaries of support of covariates, compared to
other estimators (see discussion in Cheng, Fan, and Marron (1997), Wand and Jones (1995)).

In 2 similar manner, an estimator of the conditional boundaries {(conditional extreme population quan-
tiles) is constructed here. In essence, the idea involves considering a locally polynomial specification of
condifional quantiles and setting 7 sufficiently small® Of course, the optimality properties of the estimator
generally depend on the regularity conditions at hand. In general, optimality does not hold; vet for the
class of problems, where the extreme local order statistics are efficient estimators either in terms of rates
or relative efficiency, the optimality of the pointwise or global estimates holds. These issues are addressed
elsewhere (Chernozhukav 1999b).

The contribution of this work and its organization is as follows. We develop a weighted locally polyno-
mial of the conditional boundary and, importantly, its m-th partial derivatives up to a certain fixed order.
This estimator is formulated within the framework of regression quantiles, it is highly tractable and easily
computable by the available regression quantile routines. The conditional boundary and its derivatives are
estimated simultaneously. Conditional boundary estimation has direct relation with the edge and support
set estimation liferature and thus by itself the problem of boundary or edge estimation may not be new (the
recent statistical literature witnessed an outburst of edge estimation research, culminating in such works as
Mammen and Tsybakov (1995), Hardle, Park, and Tsybakov (1995), Cuevas and Fraiman (1998), and oth-
ers). Our procedure offers a tractable and simple estimator of not only the boundaries but the derivatives
as well. The need for derivative estimation is paramount in econometrics where one is often interested in
studying the marginal effects and not the boundary itself. Moreover, the settings in which our estimator
of the boundary and its derivatives is shown to be consistent and has well behaved properties are sub-
stantially more general than those in the sources cited. Also, we derive the asymptotic and approximate
distributions of our estimator. This result is not available for edge estimators in the sources cited.

The foundation and a main proposition of our analysis is in the inequality that describes the behavior
of extreme regression quantiles in terms of local extreme order statistics, dimension of covariates, order of
derivative estimated, smoothness of the underlying function, and a bandwidth parameter (section 3.2). The
settings in which this inequality applies are ubiquitous and highly general, aliowing for general sampling
assumptions, including dependence, nonstationarity, and any other non-i.i.d cases, provided that for a
given a: (i) sufficient accumulation of realizations {z:} in small neighborhoods of z occurs; (ii) the local
mean, over such {z:}, stays strictly in the interior of the neighborhoods and is not far away from the
asymptotic local mean. This is true e.g. when {z.} are sampled from the strictly positive well behaved
densities and a LLN holds.

The developed inequality is central to most results in this work in that it allows to link the behavior of
extreme quantiles to that of the local extreme order statistics, thus allowing us to apply the immense ap-
paratus of theoretical results on the asymptotic behavior of extrema that has been developed by Gnedenko
{(1543), Smirnov, Galombos (1978), de Haan (31970), Leadbetter et al. (1983), Resnick (1987), and many others.
Relying on the asymptotic theory of extreme order statistics is the distinctive feature of our analysis.

3e.g., any 7 < 1/CF., where Ci-’- is the number of combinatons of p-points drawn out of T points, suffices. (Here p equals the
dimension of the polynomial that is locally it, i.e, p is the number of regressors (and their powers), indluding the constant term, that
are used in the regression, and 7 is the sample size.)

on



Sections 3.3 and 4 investigate the pointwise consistency and convergence rates under the assumption of
independence on the errors (general time series processes are considered in Chernozhukov (1999b)). The

treated models are:

1. the model of regular variation, or, equivalently, the mode! of asymptotic non-degeneracy of local
extreme order statistics,

2. the Weibull tail equivalence model, when the conditional distribution functions behave as Weibull
distributions near the boundary, as a useful subclass of (1),

3. certain generalizations of {1) and (2), allowing for characterizations of convergence rates in many
cases that are not in (1) or (2), yet providing cruder bounds than in (1} or (2),

4. the model of degeneracy of the local extreme order statistics when a positive probability mass is on
the boundary.

These models span essentially the entire relevant range of behavior of extremes and, consequently, that of
the estimates of the conditional boundary and its derivatives. All the earlier works deal with the special
cases in (2) only. On the other hand, the results obtained in the present work also allow for general sampling
assumptions on {z:} as well as for data-dependent bandwidth sequences.

In section 5, we derive the joint asymptotic distribution of the boundary estimates and its derivatives in
model (2), by studying the convergence of density. This is the first such result in the literature. Our results
rely on the works of Smith (1994) and Bassett (1988) that allowed to characterize the distribution of extreme
quantiles in the case of the parametric linear model.

We develop the global estimator of conditional extremne quantiles and its derivatives by interpolation
procedures in section 6. Rates of convergence of the estimator, in Ly, ¢ € [1, 00} norms, are given for the
models (1)-(4). These results are required for studying the asymptotic behavior of sequential estimators
where the extreme quantiles are estimated in the first stage. In section 7, we generalize the extreme quantile
estimator to a large class of locally weighted polynomial estimators of g and its derivatives and show that
the asymptotic behavior of this class is essentially that of the locally weighted extreme quantiles.

The second part of this paper considers exactly this issue. Given any two-stage general extremum
estimator, we study the conditions on the primitives that eliminate the second-stage effect of the first-stage
extreme quantile estimation. The analysis is then extended to the boundary dependent ML estimation
of Smith (1994), Smith (1985) to the case of the unknown smooth boundary (section 8.1). In section 8.3,
the models of truncation and censoring are discussed where the truncating and censoring rules (sample
selection equations) are the fixed unknown functions of covariates.

2 Construction of the Local Extreme Regression Quantiles

In this section precise definitions underlying the earlier discussion are given. Let m = (my, ... ,mg), m €
Z4, the set of d-dimensional nonnegative integers. Define D™ to be the differential operator

Himl .
e mdbl=3 m

Construct the estimator of g and its derivatives as follows:



1. Construct the following polynomial, in @ € R?, forallt € {1,..T}:

Pz, (Bz,z) = Z Bem (T2 — )™

méZi:{m}Sk

(z—z)" = H (£: —z:)™*, where z; denotes the i -th sub-element of vector z,

2. Rewrite P, (B2, 7) as Bzz,, where j; is the vector that contains all the coefficients By (indexed by
m € Z% : Im] < k), and z, is the vector that contains all elements of set {{ze—z)" meZ%:[m] <

k},
3. Solve the optimization problem (1.6), to obtain 3,
4. Construct the estimates of derivatives as follows:
g (z) = mlfem
where m! = H:‘;l {m!), (with the convention 0! = 1).

Note that because {Wr:} are uniform weights over the box neighborhood, the problem in (1.6) reduces to
finding an optimum of the following problem:

max 3 fize., stz S, VEite Nra Qu
F tENy,

where Npz = {t: Wr, > 0}. Results for general weights do not differ under reasonable conditions on the
weights, hence a brief treatment is confined to section 7, which also contains other generalizations.

3 Asymptotic Properties: Local Extreme Order Statistics and Rates of

Convergence

3.1 Main Assumptions and Preliminaries
Assumption1 For g: R* — R, fixed k€ Z., C € Ryq, v € (0,1}, m & B¢

1. D™g(=z) is bounded and continuous in C, a compact set in R, with minimally smooth boundary, ¥m : 0 <
fm} < k.

2. k-th order partial derivatives of g are uniformiy Holder continuous on C, with some potwer

.
D¥g (z') = D¥g{z") i s Cla’' = 2"} , ~= (0, 1, Vu:{uj=1k V2’ z"eC

Letr = k-+. Letus refertor as the smootiness order of gonC. Let G = {g: A1 holds for fixed C, ~}. Consider
probability spaces (©, F, F,), where index ¢ denotes possible dependence on g. Of course, {z:,4:} € m#. In
what follows, P = SUpgeg Fy, P =infgeg Iy, thatisforany 4 € F, P(4) = SUp,eg Po(A), Pu(A) = infoeg Py(A4)2

“We say here that vy € mz converges to vy € my in probability, if limy P(|ur — v4] > €) = 0, and wr converges to wip, 8.8, if
P(limsup{|vr —vp| > €}) = 0,¥e > 0. Also, v = O, {v}).ifforany e > 0,38 > 0: limsupq P(ler| > dlvh]) < 6 vp = op(vh)
if v furn — Oin probability, tp = 0a.s (V5), if vpjig = 0as, and vp ~p v, g = Op(v4p) and v = Op{rr).




Assumption 2 ¥= > 0 fixed, E}(nf ng (ye — g(z) <elx) > 8. > 0,¥t, X is a subset ofR® that contains C. (in
z€X 98

addition to y, > g{x.), given z.)

Assumption 3 {7} :hr € mz hr 0, Th‘rfnT“" — oo, ThET ™% =0, for somea’,a>0,a5 T —= oo, either
(3a) in probability, or,
(3b} almost surely.

The following is a general sampling assumption on {z:}. Let for ¢ fixed and small:

A{z, T hT} E{t:lStSTand T —T

< hr/2}

N{z,T, hr) =card (A{z, T, h1))

Z(z, Thr,w) = N{z,Thr)™0 Y (ze—a)¥, forue Z°
tE Az, T hy)

Sir = {w €0 : Nz T hr) > KlThg«, VT € C},

Sar = {w e hp™E (2, T heyu) | S K227, Vo elu:0< ] € k}

Assumption 4 For any sequence {hr} satisfying 3a, 3b, there are K1 > 0,0 < Kz < 1, 8.4

(4a) HmeP. (S:r N Sr) = 1 under assumption 3a, or,
(4b) P, (S17 0 Sar, ev.) = 1 under assumption 3b.>
REMARKS:

{1) Assumption 1 is the smoothness assumption. It is typically made in the nonparametric regression lit-

(2)

(3)

erature (see Stone (1982) and others). It covers not only smooth functions, but also non-differentiable
functions that are Holder continuous ( e.g., any continuous piecewise smooth function is Holder con-
tinuous).

Assumption 2 is the identifiability condition that simply says that the unknown function g is the
boundary of support of y;, given z; = .

Assumption 4a is the sampling assumption which requires that there should be enough observations
in any shrinking box centered around any point in a relevant domain and in addition, that the obser-
vations (on {z;} in any of these shrinking neighborhoods be more or less evenly distributed so that
the sample mean, based on the observations in these neighborhoods stays away from their bound-
aries. This assumption (in the form that limy P, (Sy7) = 1) is, in a sense, a classical assumption, as
suggested by Stone (1982). All other conditions used in the nonparametric literature imply this one
(see the sources cited below ). The additional requirement that lims P, (Szp} = 1 is somewhat artificial
in the sense that if is hard to envision a sifuation where event S;r would not imply Sar. However, it
seems that indeed this may not hold. The assumption allows z; to be dependent and non-stationary
as long as the above conditions are satisfied.

(4) Assumption 4b is somewhat stronger than 4a in that it requires events 8;¢, 7 = 1, 2 to hold eventually,

a.s. Assumpfion 4b implies 4a. Assumption 4a is required for establishing the asymptotic results for
convergence and bounds in probability and assumption 4b is needed for convergence a.s.

5{4,ev.} = {liminf A}



(5) Assumptions 3a and 3b allow for data dependent bandwidth sequences. These are typical of the non-
parametric literature. Assumption 3b implies 3a but assumption 3a is required for establishing the
asymptotic results for convergence and bounds in probability, whereas assumption 3b - for conver-
gence and bounds a.s..

To demonstrate the simple ( yet general case ) that fall under the above sampling assumptions, consider

Assumption 5 Define Fr(x) =T 5", 1(z: < x) and F; to be a distribution function that has uniformly contin-
uous and strictly positive density®, w, ) 4 g@% age bk, gﬁw %ﬂi; .

Lemma 1 7 Assumptions 5 and 3b imply assumption 4b, while 5 and 3a imply 4a.

3.2 Relation to the Local Extreme Order Statistics

In this section, a relation with the local {minimum) order statistics is made to obtain a rather general charac-
terization of the rates of convergence of the estimator proposed here. Once this representatior is obtained, a
reference may be made to the rich literature on the asymptotic and finite sample behavior of extreme order
statistics in order to infer the behavior of the estimator considered here. In particular, the results on the
rates of convergence of extremne order statistics can be used to derive the rates of convergence of the locally
polynomial extreme regression quantile. Some rather general results along these lines are considered in
the next section. The result given below may be used to characterize the rates of convergence and other
properties in all conceivable cases.
Let

Niu(z) = [z — (/21,2 + (A/2)1] C RY,

Ni(z) = {22 : Z € Niy(2)} CBP, where p=dim(z.).

The following construction is valid w.p. — 1 or ev. a.s. under assumptions 3a, 4a and 3b, 4b, correspond-
ingly:
split Ni(z) inp+ 1 subsets: {N}{z),..., NP *1(z)} s.t.

(1) M@ NNi(z)=w2ifp>2, Vij<p+1:i#j,and Ni(z) are closed for ¥ < p,

(2} For the projection mapping 7 : R” — R”~* defined by 7z = (22,...,2p), A(rNi(2)) < A(xN}(z)), VA > O,

¥i,7 < p+1, where A is the Lebesgue measure on kP2,

(3) For Xr = vech (k™ : 0 < [m] < k} so that 24, diag{Xr} = O(1), YT > To, a(z, hr, T) = card(Nyo) = Sieng,
diag{Ar}zz, = diag{Xr}2);, uniformlyin z € x’;?:iNﬁ;l.(:c), where Az : AL1=1,1; > ¢, for an appropriate
unit vector 1, and fixed ¢ € (0,1),

(4) for ¥ matrices 7 x2.,Ni..(), 6z, the smallest characteristic root of the matrix diag{Ar}#, is bounded
away from zero, ¥T > To,

Density, hers, is the Radon-Nyckodym derivative of Fip with respect to the Lebesgue measure. Uniformly positive means that

wz > 0 on X uniformly in g € &,z € X. Uniform continuity means here that sup.c x gag limsup,, o juwe {z) —wz(z')] = 0.
7 Apart from Lemmas 14, other Lemnmas and all proofs appear in the appendix

10



The Nx(z) is a subspace of R? that linearly spans RF, implying that this construction is valid (w.p. — 1 or
ev. a..). The appendix B explains this and shows explicitly the construction for the cases when p = 1 and
=2,

Consider p local first order statistics, {Upynp(z), 7€ {1,..p}}:

U(I)J'h‘r (x} = min{ut L= N}J‘.T (I)} 3.1
By construction of {N]_(z)}, these are well-defined:
U{l)jh:ﬁ (3) # Z,VI = C,

under assumptions 4a, 3a, w.p. — 1, and under assumptions 4b, 3b, eventually a.s. Hence, in the discussion
below, ignore either finitely many 7" or all events s.t. the local extreme order statistics above are not defined.
We relate now the behavior of estimates D—f;;(}) with that of {Uiy;n,(2), 7 {1...p}}.

Theorem 1 RELATION TO THE LOCAL EXTREME ORDER STATISTICS. There are fixed independent of T and z
constants Ky, Ks > 0 s.t. the inequality

D g{z) — D™g(x)

< K4h;{mf (mf‘x U(l)jh:r(z) + Ksh}) Vrxel (3.2
holds w.p. — 1 with assumptions 1,2, 4a, 3a, and, eventually, a.s with assumptions 1,2, 4b, 36 .
REMARKS:

(1) The above establishes a link needed o find the pointwise and global rates of convergence. This is a
fairly general result, reducing the study of extreme regression quantiles to that of the local extreme
order statistics when it concerns the rates of convergence. The result permits substantial generality,
including general forms of time dependence of {y., z: } (see Robinscn (1997}, Andrews (1995) for time
series settings in which the main assumptions hold).

{2} The following intuition is in place here: (a) Ksh™ is the “cost” (in measuring D™ g) of using approxima-
tion rather than parametric function, (b) max; Ugy;a, () is the cost of randomness, and (c) Kshz!™ is
the cost multiplier arising when marginal effects are measured; it equals 1, when fm] = 0. Thus lower
m (marginal effects) and higher » (smoothness of g) increase the rate of convergence. The effects of
bandwidth choice and dimensionality, d, are not transparent here, as the effect is realized through
max; Ugying () (see later section).

(3) The subsequent section gives some results of different generality regarding the rates of convergence
when {y.} are independent. In all of the analysis to follow the tail bekavior of the error distribu-
tion functions is to be parameterized to infer the rates of convergence. This is not very restrictive
since it is possible to properiy estimate the appropriate normalizing constants {(and hence the rates of

convergence) .

3.3 Pointwise Consistency

In this section a general result on pointwise consistency is presented. The assumptions are mild and the
result may be useful for some applications. This result, due to its generality, does not allow to characterize
the rates of convergence. We further need an additional assumption here.

11



Assumption 6 {u} are independent.

Generalizations to the dependent sequence of errors are considered in Chernozhukov (1995h).

Lemma 2 Assume 2 -4, 6. Then in pr., under assumptions 3a, 4a, and a.s. under 3b, 4b.

max Ugyjang () = o(1)
Theorem 1 and this Lemma yield:

Theorem2 POINTWISE CONSISTENCY. Assume 1 -4, 6 and that {hr} in addition satisfies k7™ Up s, () =
o{1) inpr. (oras.). Then

B g(&) - D" g(z)| = o(1)
in probability under assumptions 4a, 3a, and a.s. with assumptions 4, 3b.
REMARKS:
{1) Form = 0, D™g(x) = ¢{z), the estimator is always consistent under the assumptions stated.

(2) All of the general settings to be discussed in subsequent section allow for the sequences satisfying
assumption 3 and yielding at the same time A7z™ Uy (2) = o(1) in pr. or a.s. Thus the consistency
of estimators of all partial derivatives DTT*?(E) is & generic resulf.

4 On the Rates of Convergence

This is the section where the pointwise uniform rates of convergence of the proposed estimator are studied.
Uniformity here is in the sense that bounds are defined in relation to P, defined in section 2 as P {A) =
SUPyeg Py (A), for any 4 € F. The reader may recall that we say vp = Op(thp), #f ¥e > 035 > 0, sk
limsupy supyeg Fp{jvr| > 8lv4) < & The first subsection addresses general issues (imodel 1). The second
subsection considers useful special cases (model 2). The third and fourth subsections deal with the cases
that are not considered in the first two (models 3 and 4). In particular, model 3 is a simple generalization of
1and 2, yet it does not necessarily provide sharp bounds as in case of 1 and 2.

4.1 Some General Results on the Rates of Convergence

The developments here are based on the asymptotic distributions of extremma. These paralleled the normal
Central Limit Theorems for averages and have been extensively developed in this cenfury by Gnedenko
(1943), de Haan (1970), Smirnov, Von-Misses, and others. There is a large number of general references
available on the topic: see, for example, Reiss (1989), Galombos (1978), (1984), Leadbetter, Lindgren, and
Rootzén (1983), and others. Here we focus on the (local) distributions that imply that the (local) extreme
order statistics belong to the domain of attraction of a max-stable distribution. Such a distribution, if non-
degenerate, in the settings described here, can only belong to the family of Weibull distributions. Consider
the following Lemma due to Gnedenko (1943), which is conveniently restated here with the extra index z
denoting the dependence on x of the conditional distribution.

12



Lemma3 Let {uy,...,upn}, ue > 0, V8, be L.i.d. with regularly varying law (distribution function) F(-iz). If there
exists a sequence of constants {yn(z}} st w(@)Upye = W, where W is nondegenerate random variable, =
denotes weak convergence, and Uy, = min{uy, ..., un }, then W is a random variable with o Weibull distribution
function:

W)= 1s>»0) (1 - exp{—s“(z}}) , oz) >0

Furthermore, the above weak convergence occurs if and only if F{-|z) is regularly varying, i.e., it satisfies for ¥¢ €
R++.'

Fszjz) _ ) (4.1)

20 Flzln)
And, furthermore, a choice of {va ()} is given by yn = (F‘I(N‘llz))_l.

If Utqyj, which we term here as the conditional order statistic, appropriately normalized, is in the domain of
attraction of a Weibull random variable, then write Uy, € D {Wyz). It is easy to check that if F'(-|z) is
regularly varying in u with power a(z) in the above sense, then F(:|z) can be written as:

Flulz) = u*TCw,z),u > 0, afz) > 0, C(-,-} > 0. @2

where C(u, =} is regularly varying with power 0 (slowly varying). It is also convenient to define for U > 0,

-1
:YN(:B:U) = (ESSSUP#ENU(a)FME (N*%I’))

In the model to be introduced we require that:

limsup sup fF(F—l(yE:c)lx} - yf =0 4.3
y-+0t zEl,ge0

Note that since F~1 is just left-continuous inverse of F, generally F{(F~(y|z){z) # vy. The above is not a
restriction if, of course, F is continuous and strictly monotone. Furthermore, it is not difficult to show that
for any fixed g the above is not a restriction given other assumptions, stated next (see discussion in Resnick
{(1987),p.15).

Assumption7 (MODEL 1) F, (u: < slze =2') = F, (c|a’),¥t, and F,(|") satisfies (4.3) and (4.2), uniformly in
' € C,g £ G in the sense that the condition on C(u,z) holds unifromly and supg, jyeic0) @(z) £ & nfe 200
a(r) 2o (&) >0.

We suppress the possible dependence of I on g for brevity of notation.
Lemma4 For any « € C, given assumptions 3,4, 6,7,
_ -1
m;ax U{l)th (I) = Op ((’]’Th% (E,h'_‘r)) ) .
Theorem 3 With assumptions 1,3, 4,6, 7, foranyz € C,

Dmglz) - D7 g(z)| = Op (7™ (Frag(z,hr) "+ b7 ) ). &4

REMARKS:

13



(1) Having obtained this result, one can characterize the rates of convergence and find the optimal se-

{2}

4.2

quence of {hr(z}} if it exists. Clearly, the above result shows that should this sequence exist, it gen-
erally depends on z € C. This is quite untypical for the nonparametric literature on conditional mean
and median modeling where bandwidth sequences are, except for normalization constants, the func-
tions of the sample size only. {One exception, due to Hengartner and Linton (1996), offers cases of
non-standard sampling of z;).

¥ Jppa (z, hr) is increasing in hp®, then optimal sequences of {hr(z)} maximizing the rate of con-
vergence, can be determined up to the normalization constants, K ~yp 1, by solving for hr, ¥T, the
equation:

(374 (= k1)) = (Kshr) @5

Clearly, any approximate solution works and the [ above can be replaced by (-). Then, for that
sequence {hx%(x)},

Dmglz) — D™ g(x)

-0, ((smste3)) =, (35077

In practice, if F' is unknown, one needs to estimate F in order to construct {h%}. These issues are fur-
ther addressed in Chernozhukov (1999¢). The next section offers the cases that are more transparent
in that an easy characterization of tails is employed, which enables us to find optimal or near-optimal
sequences {hr}.

Special Cases and Practicalities: Rates of Convergence Under Weibull Tail Param-

eterization

Two points are addressed here. First, we would like to consider some simplifications that yield us the rates

of convergence that do not depend on any particular point z € C. That should increase the practicality

of the methods offered as far as their asymptotic characterization is concerned. Second, we would like

to consider the case of the Weibull tail-equivalent distribution functions as a useful and simple class (see

Fig.1). As argued, this class approximates well many regularly varying distribution functions. Restriction

to that class invoives somewhat more stringent tail parameterization than that considered so far. It has

been demonstrated as quite useful in applied analysis (see Smith (1994)) and may be used for all practical

purposes, unless there is a compelling evidence to deviate from such model.

421

Rates of Convergence: Specialization and Bounds

Here we further specialize the obtained results to the cases when the rates of convergence do not depend

onzind.

Assumption 8 In addition to assumption 7, uniformly inz,z' € C,g 2 C, for ¥ {T, hr} satisfying assumption 3

YTrg. (z) .
——— — ! ] C > S5 1 ! 3 T =
S =) Comar inpr, C, (K7, Ka), K+, Ks = R

¥more generally, the optimal {h*%} is found by minimizing h;[mé (%Th% (z )~ + h‘"T) s.t. the constraints in assumption 3

14



Since this implies that the rates of convergence are invariant with respect to the location of zin C, it is useful
to economize and write yrpg instead of vppe (z}. This gives a convenient corollary:

Corollary 1 With assumptions1-4,6,8, foranyzeC,
D7 g(&) — D™g(2)| = Op (2™ (371 +4%))

then for an optimal {hr}: F~* (Th$)™?) ~p A%,

— o N\ Umienn
Dmglz) — D™g(z)| = O, (B3 ™) = 0, ((Am%) )

This simplification also allows to construct the bounds on the rates of convergence that are more trans-
parent then the ones obtained so far. The following corollary uses Lemma 6.

Corollary 2 With assumptions 14, 6, 8 for any = e C, for « defined by equation (4.2), for any fixed o/ > o,

Dmglz)— D7 g(z)i = Op (h;['ml ((Th%)—lja’ + h}))

and if {hr}is st hr ~p T° T

Dmg(z) — D™ g(x)| = Oy (T"“L: ;:;)
REMARKS:

{1} This result has an interesting relationship with the rates of convergence in the Weibull tail-equivalent

cases, as shown next.

{2) The result is remarkably simpler than the one obtained in Theorem 3. It also allows fransparent
interpretation of the determinants of the speed of convergence, namely that: '

(a) the curse of dimensionality is present — higher dimensionality causes slower rate of convergence,

(b) the smoothness order matters: the smoother the underlying function is, the higher rate of conver-
gence can be achieved asymptotically, provided that the order of polynomial fit corresponds to this
smoothness, i.e., the highest polynomial power should be equal k = [r],

{c) parameter a controls how much probability mass is located near the boundary; low values of a cor-
respond to higher masses, and high values - to the lower masses; the higher the mass, the higher rate
of convergence can be achieved.

Now let us parameterize the tail behavior of the distribution function of the positive error u, conditional

on z, as follows:

Assumption 9 {MODEL 2) Assumption 7 holds, and, in addition, C{u, )/C(z) — 1, uniformly in C,G, so that

Pylu: < ¢lz) = F(clz) ~ Clz)s*), a5 ¢~ 0T,

15



(where C(z), o(z) is possibly dependent on g € G). From the Gnedenko Theorem (Lemnma 3}, it follows that
NO/EDT = Waiay, since, for ¢ € Rys fixed

) F(qu[z) o Clz)(sz)e=® o)
i]‘i% Fizlz) — =~e C(z){(z)*@ =<

and a choice of {yx{x}}, as follows from Lemma 5, is given by:

W e ) . VRN
alz) = (EEE)') and A (z,U) = essinfo e ny (o) (Em/

Theorem 4 Assumel-4,6,9. 1. Then, for any x in C fixed, equation (4.4) holds. 2. If, in addition, assumption § is
frue, then

s0 that when by ~p, TF72, ’Dm) —~ D™ g(z)

ED"?}‘&) — D™g(a)

=0, (h;[’"i ((Th‘})(?} + ha:})
o (=)

REMARXS:

ey

2)

(3)

4.3

Figure 1 demonstrates the cases of densities corresponding to the above parameterization. The density
exhibits a nice range of behavior near the boundary. Higher values of a correspond to the lower mass
near boundary.

As noted earlier, this result has an interesting relationship with the result in the previous coroilary,
namely, that some good bounds could be read off the bounds of the “nearby” Weibull tail-equivalent
densities. This is briefly generalized in the next section.

It should also be pointed that the tail parameterization given includes many well known densities,
such as exponential, gamma, Weibull, all truncated distributions with strictly positive density at the
truncation point. The last case, corresponding to tail parameterization with exponent o = 1 is useful
in sample selection models, e.g., censored and truncated quantile regressions. One of the concluding
sections of this paper is entirely devoted to discussion and examples of application of extreme quantile
regression to these kinds of models. See also Chernozhukov and Hong (1998b), (1998c) for other
applications. The other cases, where « # 1, are also quite general. For applications see Smith (1994)
and section 9.

Simple Bounds on the Pointwise Rates of Convergence

The results developed in the previous section are useful in leading us to consider the cases where no good

characterization of the tail behavior is known but the probability and a.s. bounds can be stated with only

rough information. These contemplations route us to

Theorem 5 (MODEL 3) Fixing any =  C, suppose that, for some small fixed § > Qand T* > O;

liminf inf
D0 t»TT gEC cel=}

(4.6)

Info) o gz Fo (ue Sclze = x)) -0

then with assumptions 1 -4, 6, for any z < C, probability bounds in Theorem 4 apply here (with ofz) replacing e).
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alpha<i

alpha=1
2=aiphaxi
a=2 l”_”algnz)e—/
=3 e
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0.0 B.2 0.4 0.6 0.8

Figure 1: Tail Behavior of Weibuil Tail Equivalent Densities

4.4 Rates of Convergence in Degenerate Cases

The term degeneracy refers to the asymptotic degeneracy of the conditional extreme order statistics. Namely,
the case considered here is: for some fixed 7,,{ > 0,and z € C

P, (’U.; = 0jry = II> >0, 4.7)

inf inf
t>T. ' ENs (2),9C6

that is, errors {u.} follow laws that assign strictly positive probability to the boundary. This is our MODEL
4. There are other cases which can not be subjected fo the Gnedenko Limit Theorem or its generalizations
(see Leadbetter et al and Galombos for examples). These can be treated on a case by case basis using the

result of the previous section.

Theorem 6 Given assumptions 1 -4, 6 and if (4.7) holds, for « € C, limsupy P (Ugyyzyr > 0) = 0, and hence if {hr}
is s.b. Th$ /T —s oo, Th$ /T — 0, in pr., for some small fixed e, ¢ > 0:

Drig(z) = D7 g(x)| = o, (T70705 Y.
REMARKS:

(1) The basic result here is that ¢’ can be set equal to a very small fixed number. Thus the rate of conver-
gence is roughly O, (Tﬁ_mdﬂ) . All sifuations where there is positive probability mass at the boundary
fall in this class of problems, and the rates of convergence, as shown, do not depend on other charac-

teristics of the error distribution.
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5 Asymptotic Distributions under Weibull Tail Equivalence

51 Approximate and Asymptotic Distributions

Assume ug, conditionally on ¢, are continuously distributed near zero s.t. the distribution function has
density near zero that satisfies (vz £ C,¥g € @)

Jzlz) ~ Cl)az""", as 2,0,0(z) € [Ko, Ku], Kuo, K3z > 0 1
Assumption 10 Assume(5.1), and that C(z)isst. ¥z, z' € C:jz —2'| = 0,Yg € G, and some p = O,
|C(z") — C(2)] £ Offz" — =|i%

Defire ., = f{:lz:), Fie, () = F{|z;), I{z, T) be the collection of all sets J of cardinality p whose ele-
ments are distinct indices {¢} s.t. t € Ny, for p = dim(z,,).

Y= diag{vech{h%:”], meZs:0<m] < k}},

so that the order of elements in the diagonal of matrix ¥y is chosen in the way that U5z, = O,(1);
e =V 5, B2 S gz ogimeslml - Let W = Hy (B, — B.), where

Hr = diag{vech{ (Th‘})l/“ (hg“l) , meZd:0<im] < k}}

where Z¢ is the set of all nonnegative d-dimensional integers and the order of elements in the diagonal of
matrix Hr is chosen so that W = O,(1), which is possible by Theorem 4 and noting that assumption 9 is
satisfied. Also {hr} is taken to satisfy an additional assumption, for some small e > 0:

){1/&)

(Th%z« Ry ® — 0, as. orinpr. (52)

Here we fixg € G, and let P = P,. Let fr denote the exact conditional on {z;} density of W . The density
/% 1s said here to be approximate if fr— fr converges in Ly norm to §, w.p.1 or in pr. (implying thus the weak
convergence of random measures associated with each density w.p.1). Denote such convergence as fr ~ fr.
Precisely, fz & ff if fr, fi exist ev. P~a.s.® and for Pr(z) = [, fr(v)dvand Fa(z) = [, fa()dv ¥ for
any bounded continuous function k : B? — R, - -

] k(z)(dFr(2) ~ dF7(z))dz — 0, P-as. asT — oo
RP

and fr &, f7if fr exists w. p. ~+ 1 and the above convergence occurs in probability (P).
We also say that f is asymptotic density of Wif f = fr (or f ~3p f7), if f is independent of T and
integrates to 1 (denote such relationship as fr = f or fr =, fl

Theorem 7 Fix g€ G,z & C, assume 1,3b, 5, 6, 10, and that {hr} satisfies (5.2) a.s. Then f} = fr, where fr is the
exact density of W and

f;(@:(mg,)"’( Z B(.])H(C‘(x} (ﬁ;‘w)i_l)) < T] (1_0(5) (ﬁ;tw/Th%)j (5.3)

Jel(=T) e tENT)

®Existence is discussed in the appendix, see also Smith (1994) and Portn oy and Jureckova (1598).
""When the density does not exist we take it to be a continuous density of an arbitrary fixed probability measure on a compact set

in B4, 50 that the statements below are well defined.



where

5 de:[a%,...,ﬁmcp], for {t1,.tpl=J, i (z) € co(fa,teJ),
0, otherwise

and given assumptions 3a and if {hr} satisfies (5.2} inpr., fr = f7.

Next, the asymptotic density is stated as:

Theorem 8 Fix g € G,z < C, assume 1,3b, 5,6, 10 and that {hr} is s.t. (5.2) holds a.s. Then the asymptotic density
of W, ™ (fr = f)is given by (for s e B):

rio=CEE( [ (p(@.5 <P H(“Q(m}((”{m}(j))ls)jl))

dF. (u'™ (5))
=1 1 ’ )

x(emp { wz{z)G{m)] ‘i’“} )+d F (u(™h })

f:ja

[V
1]

where for v € B and m € I3,

u'™ = vechiu™ m: Im] <k} e A
A={1} * {—1/2j,1/2j} b [G, 1/25] C R, where
m:[m}=2F -1, 0. mijml=2d e T,

Jo={jeZoy (2 -1V <k}

F.{-) is the distribution function of the p-dimensional random vector, s.t. for Pr, the empirical measure of {z.}:
Vimp o Priiie, < v) = F.(y), for vy € R, where F\, does not depend on the choice of {hr}'; and for {ut™(i),i &
P={1,.p}} c BP*®

D ({u{m)(j)}j - P}) _ { det [u (1);..,u (m], if @mte cc;h(;w (,i¢€ P) ;
) 0 ise,

where @™ = [, w!™ dF. (u\™). Further, under assumption 3n and that (5.2) holds in pr., fr =5 f-

The formula is not cumbersome: it is not at all hard to compute it. For example, consider the locally
constant regression, Le., z,, = 1, V%, then the asymptotic formula above reduces o a simple Weibull density.

Corollary 3 Assume 1 with k=0, 3a, 5, 6, 10 and that {hr} is st (ThE)**RI™* — 0, for small ¢ > 0. Then an
approximate density of ((Th%)(lf‘*)(g(m) - gf(:?))) is given by:

Irizj= (Thd){cﬂTd{NT:}aC{z)z V{1 = O(z)zs/Th )T

(where card{ Ny.} can be replaced by w;{z)Th) and the asymptotic density is given by:
F7(2) = aua(£)C(2)=3 " exp {—wa (=) Cla) 25}
REMARKS:

(1} F. above is the distribution function of vector ©{™ = vech{u™,m : ¢ < [m] < k}, where u is the
vector of d independent variables uz, ...ug, that are uniformly distributed on {-1/2,1/2].

1 F, is further characterized in the remarks
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(2) Consistency is not required to obtain the above theorems. However, the theorems impiy consistency
of §{x}. In order to have consistency of DF;;(_.%) implied from these theorems, we must in addition
have: {Th%) e h™ 0, in pr.

(3) The choice of a bandwidth sequence above is not optimal and hence involves undersmoothing. This is
a typical feature of nonparametric estimators: undersmoothing is needed to obtain an (well-behaved)
asymptotic distribution. If the optimal bandwidth choice is used instead, an additional “bias” term,
that depends on {D™g(z),m : [m] = k}, appears. For practical reasons, we have ignored such a case.

(4) To present an example, take locally linear regression, and dim(a) = 1, L.e. 2z, = (1, z;—=), then dF. (u)
15 Ouy w1 1{ug € [-1/2,1/2]) (8, =1 is Dirac delta); this is probabilify measure that assigns mass 1 to all
cases when u; = 1 and uniform on [~1/2,1/2] in its second coordinate: ie. f.{uglus = 1) = 1{uz &
[-1/2,1/2]). This implies that the joint asymptotic density of W = ((Th%)l/"‘{g(z) — §(2)), (ThE)YY =Rz} (DY g(z) — D2,
is given by (note that A =1 x [-1/2,1/2], a1™ = {1,0)):

= __(w:)2 ' i 2 ol 2 i
£ (o100 = L2 f[wmw(D({(l,uﬂ,{1,u2)})gac(z)((sﬁszum )jl}ldug)

X (e:cp {—w.C(x) /;_1/2 1/2}(33 + sou)Sdu })

(5) From the proof of Theorem 9, it follows that moments of the local extreme quantile estimates converge
to the moments of the asymptotic distribution, provided {u.} has finite higher moments.

(6) The result allows for random, i.e. data-driven, bandwidth sequences, provided they satisfy the gen-

eral conditions (assumption 3a orb ).

(7} Appendix C provides a brief Monte-Carlo experiment, plotting the simulated finite sample-densities
vs. asymptotic approximations. '

5.2 Asymptotic and Bootstrap Methods of Inference

Conventional bootstrap methods are not consistent for extreme quantile regression models, either paramet-
ric o1 non-parametric. An example can be constructed along the lines of the well known example of Bickel
and Friedman. Subsampling methods work in our settings.

6 Global Estimation of the Extreme Quantile Function and Its Deriva-

tives

Here we present results on the rates of convergence in the case where the whole function glx) (or D™g{x))
is estimated over some compact domain with a minimally smooth boundary, C. The results are useful for
the problems where extreme quantiles are used sequentially. See later sections on the sequential uses of
extreme quantiles.
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6.1 Construction of the Global Estimator

It is not feasible to compute the point estimate at every point in the regressors space. Hence some kind of
interpolation procedure is needed in order to construct the global estimator. Also, we define the L, norm
of a measurable function y : R? — Ronset C as:

llvil, Uiy E)E';dw] vl = [ilégly(ﬂ:)f]

(GENERAL INTERPOLATION. Following a suggestion by Stone (1982), define the estimator only for the grid of
points {z} € Cr, and then define the global estimator D™g by an interpolation. Let Z = {Dm glz),z € Cyl},
V = {D™g(x),z € Cp} then for some map I (that may depend on T) ) Dmglz) = T'(Z), D™ (x) =I'{V)
Then

775-

o= o (|75 75, +[oms- 775 ) =2
q 4 q

If £, = 0,{£2), the rate of convergence depends only on the quality of approximation, and not on any of
the statistical properties. This is the subject of approximation theory and not ours. Thus we require & =
Op(£1). Further, we note that Cr is the collection of O(L4) points in C, where 1/ L is the maximum distance
(J - o ) between the two closest points z,27 € Cr : & % 2. We require that card(Cr} = O, (T%),b > 0 and
of {T'} to have the property:

75~ 5], =0 (|75 - o], ., )

where fory : R? — R, |yllg.op = |card(Cr) 7 e o W@ V9, for 1 £ g < oo and fyfleo,or =5UDsec, ()]
EXAMPLE: A LINEAR INTERPOLATION. For every = € C there are points z(l} € Cy N C, for some index [,
that are within 1/Ly from 5. Then define the estimate at point z as:

Dmg(z)=T (z = vech{DT"—gT(;:),m € a:{l)},z) =I'(z,z) 6.1)

Here pick I'(z, z) = Xz, where A; > 0, ;1 =1 is chosen so that « is on the plane adjoining points in z. It
is straightforward to check that this interpolation satisfies the earlier requirements, and that & = Op{£1} in
the context of the next theorems 9 and 10, if, for instance, for any fixed m & Zj{ s fm] < k, we pick

1

o B —lmDE o
1/Lr ~p hG For K 2 ®.2)

To have one rule that works for anym € Z2 : fm] <k, set
/Ly oy WK for K > —1— (6.3)

Al
Alternatively, one may use the following rules (these rules work for both Theorem 9 and 10 as a conse-
quence of Lemma 6, although it is perhaps more obvious then to replace the terms (Th%) ~! with InT(Thg) ™!
in Theorem 10):
under assumption 7 (medel 1), set

1)Lt ~op (esssupxec [ ((Th“" “lix)] (= ""5”)> for fixed ¢ > 1 (6.4)

for the special case of assumption 9 (model 2} and for the case described in (4.6), model 3, choose

—7 + [m)] .
/Ly~ (IT5) for 2 =) AL{ra+d)’ ©5)
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for the degenerate case (eq. 4.7), model 4, set

, —r +[m)
1Ly ~p (K £TK§) for K> Ty A DA -

And to make the later set of rules applicable to all m € 2% : {m] < k&, set [m] = 0 in the above formulas. We
(subjectively) find that the rules in equations (6.2), (6.3) are easier to use than the rules in (6.4), (6.5), since
the latter would typically require the estimates of tail indices, a(x) (see section 8 ).

EXAMPLE: OTHER INTERPOLATION METHODS. The linear interpolation method defined above is of a sim-
plest kind. Other methods include construction of global polynomials that pass through a given set of
points defined by the grid net constructed as in the previous section. These methods are usually the La~
grange, Hermite interpolations (or, more generally, cardinal interpolations), Chebyshev, and other methods.
The convergence theory for these methods is poor and often relies on the condition that the underlying
function is in ¢ and on the construction of nonuniform grids (such as by the Chebyshev method)(e.g.,
Atkinson (1989), Rivlin (1990)). Since D™y approaches D™g at the grid points, the interpolation is essen-
tially that of D™y, evaluated at the grid points, hence these methods qualify as unnecessarily restrictive.
Another group of interpolation methods that includes linear interpolation as a special case are the piecewise
Hermite polynomials, splines, and B-splines. In general, a higher order polynomial spline interpolation de-
creases the order of cardinality of the grid net required to achieve the necessary guality of approximation
(see Prenter (1989}, de Boor (1978)). Certain modifications of these methods allow the global estimates to
be treated as nice functions in a stochastic entropy sense (see the definitions of type Il function in Andrews
(1994)).

6.2 Convergence Ratesin L, norm, 1 < g < oo

In this subsection, we consider the uniform rates of convergence of global estimate D_mg? in L, norm.
The subsequent developments rely on the probability bounds generated by the moments of the extreme
order statistics. Thus the analysis relies on studying the asymptotic behavior of the moments.

Theorem 1 and the bounds on the moment behavior (that can be referred to in the appendix, Lemma
8) deliver the following theorem. This theorem covers the models 1-4. The section on pointwise rates of
convergence presents a detailed discussion of each of the cases, hence it it is not repeated here and the result

is stated in a compact form.
Theorem 9 Under assumptions 13, 6,

(D75~ D = 0p (W (0r (b + 1)

(1) where in the model (1) of regular variation (assumption 7),

Yo (hr) = fc essoup,ic s, (70 (TR 7)) o

and if b is s 13~y (T (k)/7), then [B7g - D] = 0, (77 (r3) =),
q
(2) in particular, in the model (2) of Weibull tail equivalence (assumption 9),

Yo (hr) :'/c;esssupz,eﬁhr(___) ((Th%)_???‘f) dz,
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(3) in model 3, when vz € ¢ (4.6) holds,
Trinr) = [ ((T8$)757 ) da,
C
(4) in the model of degeneracy (model 4), when for some fixed T., ¢ > 0,

F, (ugme :cgzz'> >0,

inf  inf
t>T. o' el,g€6

for any fixed small o' > 0 in assumption 3,
Yr{hy)=0

and hence if {hr} iss.t. ThE/T* —+ o0, Thi. /T — 0, in pr. (P), for some small fixed ¢, > O:

[775 - D], = en (0.

The following coroliary states the simplifications that result from assuming special cases which were

discussed in 4.2,
Corollary 4 Under assumptions 1-3, 6 and 8:
[T7g - D™g| =0, (hz™ (Tr (hr) + D))
q
(1) where in the model (1) of regular variation (assumption 7),
Tr (k) = F7 ((Th$) )

and if h is optimal: k% ~p ((F‘1 ((Th‘r}d)““l))llr), then

75— 07d], =00 (7 (@y) ).

(2) in particular, in the model of Weibull tail equivalence {assumption 9), model 2,
Tr(hr) = (ThE) ™=

and if hi 1s optimal: hy ~p (T‘?&{‘r“a'), then
5=l - ().

(3) in model 3, when vz € C, equation (4.6) holds, and if a(z) = «, then the bounds of model (2) apply.

6.3 Rates of Convergence in L., norm
Theorem 10 Under assumptions1-4,6
(D75~ D7l = 0, (hz™ (Y (hr) +45)
(1) where in the model (1) of regular variation {assumption 7,

Tr(hr)= esssuprecF_l (IHT(T}@) -1 |$f)
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.1 (30657%), [T — mg]_ =, (0010
(2) in particular, in the model (2) of Weibull tail equivalence (assumption 9),

Y {hr) = esssupzec (({lnT)_l (Th%)) _?35)

(3} inn model 3, when vz € C (4.6) holds,

Y1 {hr) = esssupzcc (({IHT)—ITh%)_:iL:T> |

(4) in the model of degeneracy (model 4), when for some fixed T.,( > 0,

inf inf P, (uz =0
t>Te 250,066

Ty = x') >0, .8}

for any fixed o’ > 0 in assumption 3,

Yr{hr)=0

and hence if {hy} s s.t. Th}/T* — o0, Th/T¢ —+ 0, in pr. (P), for some small fixed e, ¢ > 0:

[77g=omd]| = e (7070

A corollary similar to that stated after Theorem 9 can be stated here as well.
REMARKS:

ey

(2)

While we needed to know the behavior of (fixed number of) moments of (fruncated) local extreme
statistic in Theorem 9, we require here a much stronger result — an exponential inequality on the
deviation of Uiy, {z) from Yrng (T, hr) = FH(ThE)™1) (take {u,)} ii.d. case for discussion).

To develop this inequality, a previous version of this work introduced a concept of log-regularity of
F in order to use the natural exponential inequatity — the limit law of U1y5hr (=), SO that for large 7 (
and a: F € DOWV,), C > 0)

P (Uysnr (2) > 1nTF"1{(Th§~)‘1)) <exp{ — (InT)*C}

But this required a large-deviation result (which we called log-regularity). 12 Log-regularity imposes,
asy — oo

yF ({lny)lf "F“l(y"l)) ~ Iny

in order to obtain the above bound (in addition to assumption 7). This puts restrictions on F, but it
does not provide bounds, sharper than those in Theorem 10, since by assumption 7, in its first part:

yF (F™ Inyy ™)) ~ lny

This implies that given assumption 7, log-regularity is redundant. Using only assumption 7, a some-
what different exponential inequality is developed in appendix (Lemma ¢ ). It bounds the probabil-
ities of deviation of Upysuy (2) from F~1(InT(ThE) ™). We conjecture, however, that the log-regular
case is possibly the only case when the exponential bound is sharp (for i.i.d case).

"see Anderson (1978), (1984}, Goldie and Smith (1987), de Haan and Hordijk (1972) and listed there citations on large deviation
analysis in extreme value theory. The concept of log-regularity is a special case of the concept of super-slow variation.
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7 Sequential Uses of Extreme Quantiles

It is immediate that the global estimates can be used sequentially to help estimate other statistical mod-
els. For example, a variety of pseudo-maximum likelihcod methods or other semi-paramefric general ex-
tremum estimators could be considered. '

Letyr = {{(¥1,%1).-, (yr,27)) , D™g be a function: R® — R, B be a compact subset of R, and A be an
estimator defined as:

3 € argmaxgcpQr {y, D™ g,5)

and 3 be an estimator defined as:
8 € argmaxgc Q7T (y, Dmg,ﬁ') .

The above estimators are general extremum estimators, as defined in Amemiya (1985) {see also Newey and
McFadden (1994)). The special cases include practically all known estimators: GMM, minimum-distance,
m-estimators, MLE, etc. Here we Iook at conditions that suffice for 1) consistency of 5, 2) asymptotic equiv-
alence of 3 and /3. The latter is a fairly important question from a practical standpoint, since if preliminary
estimate, D™g, affects the asymptotic distribution of 3, the properties of this distribution are largely not
known at this time, as no standard functional Delta methods extend to the estimation problems that we
consider. To address this concern, we look here at simple sufficient regularity conditions that guarantee no
asymptofic second-stage effect. For further and more general discussions of asymptotic behavior of two-
stage estimators, in which the first stage is non-parametric and has no effect on the second stage, can be
found in Andrews (1994). In what follows, the probability statements are with respect to the outer proba-
bility measure, which we denote here as P (that is, notation is not altered) (see van der Vaart and Wellner
(1996) for definitions)'®. ‘

CONSISTENCY. In all applications that we study here and elsewhere (Chernozhukov and Hong (1598b),
Chernozhukov and Hong (1998¢)), uniformly in 8/, Qr(y, D™g, ') converges in probability to function
Q(3"), that is uniquely maximized at 3. By Theorem 4.1.1 in Amemiya (1985), 8 — Bin pr. To assert B— 5,
in pr, it suffices to show P(D™g, D™g) ~ 0 in pr., where P(f1, f2) = supz. 5 |Qr(y, f1, B — Qrly, f2,8)]
In many cases, simple analysis emerges when the following holds:

P(D7g, D™ g) = Oy ( Mk (|[T7g - D™l )

where 1 = O,(M7), and k > 0is strictly monotone and continuous function s. t. £(0) = 0. In this instance,
using models and assumptions stated in the Theorems § and 10, one is to find the set of (r,d, [m], F(-|z))
such that || D™g — D”"g”qr = k7! (o, (MF1)). Typically, when My ~; 1, 7 — [m] > 0 suffices {for models
1-4). Such situations arise in the examples of sections 8.1-8.2. In more general settings, one may directly
establish the (weak) uniform stochastic equicontinuity (u.s.e.)**: Let p be a pseudo-metric (e.g. defined by
il - ilg) and € be a functional space, then {Qr} is (G, p}-us.e. if for Ve > 0,45 > Os.t.

hY
limsup P sup Plfi,f2)>e] <¢
T f1.f2e8:p(f1,f2)<8 }

3Fiere we repeatedly use Thecrems4.1.1,, 4.1.3 in Amermiya (1985). These theorems are trivially extended to the cases when we use
P, the outer probability measure. Altemnatively, one may refer to van der Vaart and Weliner (1996) for the analogues of these theorems

under P.
14 The definition of stochastic equicontinuity slightly differs from thatin e.g. Andrews (2994)
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G and p have to be picked so that G is well-behaved and totally bounded under p space, P{D™g G} — 1,
and p (D—mg', Dmg) —+ 0. These and u.s.e. condition yield the necessary uniform convergence: P{D™g, D™g) —
0, in pr.l® In the context of weak convergence, to be discussed, it may be desirable to take & to be a space

of functions with good entropy bounds. The global estimators defined in section 6 can be shown to posses
such quality, at least with probability converging to one.

ASYMPTOTIC DISTRIBUTION. For some increasing function b, 8 and §, under the regularity conditions
of Theorem 4.1.3 in Amemiya (1985), satisfy the estimating equations (w.p. — 1):

WT) (B~ 8) = Rr (v, T70.5) +0,(0, o(T) (B~ 6) = Rr (v.076.8) + 0p(1).

where Ry (y, Dmg, 3) converges weakly to Z (=). For instance, in sections 8.2 and 8.3, b(T") = /T and
Rr{y,8,9) is of the form T=Y2 Y n.(y, x:, g(z,), 5). To find the conditions under which Rr(y,D™g,53) =
Z (and hence b(T)(3~8) = Z ), one should repeat the earlier analysis by redefining P(f:, f2) = SUPj. 5 IRT (v, f1, B)-

Rr(y, f2,5)| and proceeding as above. Reader may further refer to Andrews (1994) for further discussion
of techniques of establishing stochastic equicontinuity.

7.1 Estimation of Auxiliary Parameters by Boundary-Dependent Maximum Likeli-
hood

The following discussion is based on the model of Smith (1994), (1985). Indeed, although Smith (1994)
considers parametric estimation of the (Iinear) regression quantiles, his results are extendible to the first
step nonparamefric estimation. The model is as before:

ys = g(z) + Ue, 1z > 0

where g is an unknown smooth function, u, are random variables. Define ¥, as the partial derivative of
m w.rt. z. It is assumed that the errors {u,} have density of the form:

Fv.a(="), 6,2) = 1y > g(=)s (u — 9(=),2,6) (v~ (=)D (@) > 0, 7D

Note that a(¢) is the tail index. Earlier, we have mentioned that in many instances we can estimate o{¢)
and hence deduce the rate of convergence and optimal bandwidth sequences. The presented here MLE
is one such method ¥, Of course, other parameters of the likelihood function, ¢, are estimated by this
method as well. Assume here for s = s(z, z, ), V.5, V45, V28, Vpgrz$, Va2, Vapa are 1) bounded uniformly
inzekRi¢ e & {z}ecX wp 1,2 continuous in all arguments; 3; s(z,z:, ¢) = a(@)Ci¢,z:) as z —
0, uniformly in {z.} €X.¢ € &. It is convenient also to define notation: f{y, g{z'), ¢, z, a), which equals
J(,9(z"), ¢, %), except that we replace 1(y > g{z’)) with 1{y > g(«’) + a). Define now the log-likelihood
function: Lr(¢,g,e) = T7* Zf;l Inf(ys, g(ze), xt, ¢, a) (with In0 = 0) and two ML estimators. @, ¢ of the form:

br € argmaxs Lr{(é, &, ar), ére argmaxs Lr(¢, g,0).

*Using ws.e. is of benefi, since it is generally easy to show it using the approaches suggested in Andrews (1994), van der Vaart
and Wellner (1996), and others. Usually, ane can decompose the functional form of the objective function and so on into well-behaved

classes of functions, in the entropy sense, and then apply entropy stability results to assert the s.e.
%A more general form of tail indices an their estimation methodsmay be found in Chernozhukov (19992)
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(where we put ag = (T'/ (EnT}l*e)%)W. In (7.1), we clearly have model 2, with afz) = «, Vz'®. Therefore,
using Theorem 10 and the optimal bandwidth choice *°, hr ~p T =72 we have [|§-g]|_ = Op ((T/lnT m+a>
If we do not know o, we should first estimate it by the “pilot” MLE, and then use & in this expression. This

does not affect the results, as explained in the proof.

Theorem 11 Let (z', 7, ¢o,v) € X' x X X interiord x R C RY x BY xR xR. X' C X, X', & are compact. Fix g€ G,
let assumptions 1-4a (X' = C), 6, and (7.1) hold. Then, for « = a(do)

. o (T “*‘J)“’ IT) f 0<a<l,
$—G= !
Op [ (T (InT)™ ") 75 3) if a>i,

ln..

5o op(T"”lfz) if 0<a<l and v>4
OP(T”Uz) if 1<a<2 and r>3

and in the latter case T*/* (Js - éa) = N (0,’1}“1), where 1 1s the information matrix, provided, given g, Lr(¢, g,0)
satisfies the regularity conditions (Smith (1985), Ch. 4.2.3 in Amemiya (1985)).
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Figure 2: 0,(T~*) difference between ¢ and &, z is on the vertical axis

The above result can be useful in applications as noted in Smith (1994). It should also be said that the
results are quite analogous to those of Smith (1994). The substantial difference is that g is modeled as an

YThe “adiustment” by ap is for purely technical reasons. This is because both the MLE and § are assumed to be estimated using

the same sample, If a sample splitting procedure is used, this ajustment is unnecessary.
¥The estimation of theindex tail function, a{z) is considered in Chemozhukov (1999¢}
¥Note the apparent dreularity in the argument. In effect to operationalize this estimator, one need the estimate of ce. In practice one

needs to first obtain a consistent estimate of &, by first conduction MLE with the unoptimal bandwidth choice, satisfying assumption
3. For this we need only an assumption of what the range of values of « is. The estimate wiil be consistent, as follows from the proof,
and will have at least a polynormial rate of convergence, thus not affecting the rates of covergence found here. This is discussed and
explained in the proof. See Chernozhukov (1999¢) for more on this.
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Figure 3: Order of smoothness needed to achieve T equivalence

unknown smooth function here while Smith models g as a parametric function. Because of this, the results
obtained specifically state what smoothness assumptions are required in order to assert the necessary rates
of convergence. The intuition behind the results is clear: the smoother g is, that is, the higher r i3, the higher
rate of convergence can be achieved. In the limit, the rate of convergence approaches the parametric rate
and one essentially can recover the results of Smith for the parametric case (the difference is bya InT factor).
Figures 2,3 demostrate intuition: 1) when « is smaller, rate of convergence of § to g is higher, but since
smaller « involves higher mass (of {u:}) near zero, this causes larger difference between the likelihoods
Ly(#,8,-) and Lr{¢, g,0), hence two forces operate in different directions; 2) on the other hand, when o
is larger, the rate of convergence of j to g is smaller, and at the same time the difference between the two
likelihoods is smaller, hence these two factors again operate in different directions. A kind of balance is

observed when o = 1.

7.2 Truncated and Censored Data: Truncated Mean Estimation under Symmetry

These examples are an extension of the analysis in Powell (1986b). Consider the following latent variable
model:

Yy = m{Te, @) + &

where m is a regression function (can be a quantile, median, or mean function).
The general Type-I censored model is the case when the observed data {z,, 3.} consists of:

(e, ve) = (me,u7) i wf > g(z)
{ze, ) = (me, "NA"Y ¥yl < glzy)

The general Type- truncated model is when the observed data {z, .} consists of:

(2e,9:) = (me,wi) 0w > g{zy)
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Assume that ¢; is symmetric around zero (for now). A subsequent example will mention the estimator
where this restriction is relaxed for the case of the censored model {see Chernozhukov and Hong (1998b),
Powell (1986a), Buchinsky (1995)). Analysis here is clearly an extension of Powell {1986b} in the sense that
the censoring (fruncating) line or function is no longer identically zero; it is modeled as an unknown smooth
function g (z). See Buchinsky and Hahn (1995) for an analysis of the censored model in such settings, yet
from a different prospective.

The estimators are defined, by Powell, for these models as follows :
a) for the truncated model, 8 € argminRyr (8, g), where:

T 2
RT(.B:Q) = Z (yt_max{wmégifwﬁ)m(zhﬁ)}) b3 (7‘2)
t=1 .
b for the censored model: 5 argminSz {5, g}, where
S . + g(zo) :
s:6,9) =3 (50 max { ZELE) e )}
tml (7_3)

T - 2
+ 371 > 2mles,B) — o(z0) [(?—%{——’) — maz{g(z:), m(ze, H)|

PEEY
where §; = y; if uncensored , g(z:) if censored . The motivation behind such objective functions is found by
differentiation (e.g., left differentiation) and setting the first derivative equal to zero. For further discussion
the reader may refer to Powell (1986b). The basic idea is to symmetrically trim (censor or truncate) ob-
servations on y; to consistently restore symmetry and then, using this sample, estimate the mean (median)
function m. Since in (7.2), (7.3), g is not known, we suggest to replace {g(z¢)} by {§{z¢)}, including in {7}
It is clear here that global estimate § is constructed on the basis of sample {y},x.}. Clearly, data {¥},z:}
would conform to model 2 with assumptions 2, 9 {(with a(z) equal 1) provided that the density of ¥y is uni-
formly positive at or near the boundary g{=:). Sampling assumptions on {x;} further guarantee consistency
and smoothness assumptions on g provides the necessary fast rate of convergence. See the tecnical report
for this paper(Chernozhukov 1998) for proofs, but the idea is very simple: once § converges uniformly to g
at a sufficiently fast rate, the resulting asymptotics is that obtained by Powell. Let Ym(z;, 5) = i@gf@ (2.
Assumption 11 (C1) Forz' € z: g(z') = g{=), (2", 2, 5o,v) € X' x X xinteriorO x RCR? x RN xR xR, X' C X,

X, 0 arve compact and convex. Fix g € G.
(C2) Assumptions 1-4a hold (X' = CJ, g has order of smoothness r > d = dim(z}} on X',

(C3) vr(B), the minimum characteristic root of

T
Nr(By =771 Z El(m(z:, Be) > glz:) + ea) vmlze, BYvmlz:, B)

t=1

is s.t. uniformly in 6, vr(8) > vo, for T > To, for some e, v9, T > 0

(C4) {e:} are independent, and, conditionally on {z.}, are continuously and symmetrically distributed around zero,
with conditional (on {z.}) densities { 7.}, which are bounded above and positive in a small neighborhood of zero

and of m(xy, Bo) — g(=:), uniformly int.

(C5) Conditional densities {f.} are strictly unimodal, uniformly in t, in some neighborhood of zero (See Powell
(1586b) for definition).
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(C6) m(z,B) is three times differentiable in 8, = with uniformly bounded over X and © derivatives, and the specifi-

cation of m includes an intercept.

Theorem 12 For the censored regression model, under assumptions (C1-Cé), B € argminSr(3, 3) is consistent and
asymptotically normal, and /T-equivalent 10 § € argminSr(8,5) B — B = 0,(1/vT)

Theorem 13 For the truncated regression model, under assumptions (C1-C6) § € argminRr{3,§) is consistent,
asymyptotically normal, and VT equivalent to 3 € argminRr(8,9): f — B = 0p(1/v/T).

7.3 Truncated Data: Truncated Regression Quantiles under Symmetry

Having obtained the estimates of the median as in the example on the truncated regression, it is possible to
consistently estimate all truncated regression quantiles by “untruncation” of the data, using the symmetry
restriction. Let ¢(, 5o} be the quantile function of {y}}, and let m(z,, o) be the median function of {y7)}.
Letf e argmin

T
Vr(8,8) = 3 1(m(ze, &) > §(z}) + ) {{Di{&, §)p- (2m(z2, &) — e — glze, B)) + or {y2 — q (w1, B)}}

t=31

where m(z:, &) is a preliminary estimate of conditional median, based e.g. on (7.2), and

1 if w2 ) — §(xt
D(3) = Yo 2 2m e &) - 5lat)
0 if y < 2m(ze, &) — H(z))

literature. The idea is extremely simple — that is, to symmetrically “flip,” around m(z:, o), observations
exceeding 2m(ze, co) — g(=:), to consistently “untruncate” the data. Figure 5 demonstrates the intuition.
The analysis of this model and the estimation techniques is found in Chernozhukov and Hong (1998c),
where the details are also worked out for any VT consistent first-stage estimator of parametric conditional
median and alternative estimators are also considered.

Other alternative estimators and generzlizations of this model are discussed in Chernozhukov and
Hong (1998c). In this work, preliminary estimation of g does not affect the first order asymptotics of the
estimators due to faster than /7T rate of convergence (when r > d), however preliminary estimate of m
does affect it,

7.4 Conditional Quantile Estimators for Censored Model

Chernozhukov and Hong (1998c) analyzed the censored model and several different estimators of the cen-
sored regression quantiles, applying the results of the present paper. The asymptotic distribution of the
esfimators is not affected by the preliminary estimation of §. Again, the proof uses the conditions guaran-
teeing sufficiently fast rate of convergence of § to g, in particular assumptions 9 {a(z) = 1), 6, 3a, 4a, and
the smoothness assumption on g: r > dim(z}) = d.
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m(x,)

2m(x)-Y, $ o LS Yt
g(x‘l) values 2m (xt)-g(xt)

Figure 4: When m{z:) > g(z:) the whole shape of conditional distribution is identified

8 Economic Applications

There are many theoretical and practical examples which call for modeling of conditional boundaries of
support, that is, the extreme quantiles. Most notable examples are production frontier analysis, any eco-
nomic sample selection models, and job serach models. See (Chernozhukov 189%a) for more discussion.

9 Conclusion

Nonparametric exireme regression quantiles are considered. Global and pointwise rates of convergence of
the extreme guantile functions and their derivatives are characterized in a variety of settings. Some related
sequential estimation procedures are considered, and applications are discussed. In our view, further inter-
esting directions include the extension of the results to time series settings, specification tests of functional
form and semi-parametric estimation of extreme quantile functions.
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APPENDIX A

Proofs of Theorerns and Lemmas

NOTATION. In what follows, P = SUP eg FPo, Pu = infeeg Fy, that is forany A € F, P(A) = sup o Py (A), Fu(A4) =
infgeg Py(A). Ey is the expectation operator, indexed by g. Distribution functions, denoted by F, also depend on g,
but this dependence is suppressed for brevity. M:, M, ... will denote some fixed positive constants, enumeration of
which is renewed in every part of the appendix~ thus enumeration in any partis independent of that in any other part.
Constants K3, Ka, ... are those used in the statements of Theorems, and hence they are referred in this way throughout,
whenever such reference is relevant. Term density means the usual Radon-Nykodim derivative with respect to the

Lebesgue measure.

PROOF OF LEMMA 1. (omitted for brevity— see technical report)
PROOF OF THEOREM 1. To stress the dependence of z., on z via its definition, write, in this proof only,
Zyz,, instead Of z,. Let oy = @d(Nor) T T, N, Zms
Lr={we Q:diag{¥r}zr = diag{X7}3);, forvi e x?mlNgT{m),J\g £RY
Xe1=1,A: > €l, for fixed ¢ € (0,1),¥z & C}

Kr={weQ:card{t: z,, € M _(z >M1Th§~,V$EC)VjE 1,p}}, for some fixed M; > 0,
ha

Under assumption 4a, 3a, and by construction of {N ;z (x),z € C}, limy—eo P (LN K1) = 1. With 4b, 3b,
PoALr N Ky, ev. )= 1.

Therefore, what is considered below is conditional on the event £ 1 Kp. Consider the p minimum order
statistics, {U/{1);x, (z)} defined as before. Let I, be the index:
le = {t tue = Upysng = minfus : 220, € N (2), je {Lp}}
Denote
Upy(z) = u(ls) = vech{u: 1 t € I},
2(1z) = {zzz, : ¢ € 12}, s0 that 2., are column vectors in 2z (le)

R{:)=vech{ > mi(D"g(xl)— D7g(z)) (ze — )™ t<ls)

meZd:[m)=k
where 7 is s.t. |z} — xllo < hr, so that V¢ € I, (using assumption 1), g{z,) = 2. Bz + R(t). Then for the
estimator, 5z, defined in section 2, 2(1) e < yllz) = 2(L) Be + Rl + Uy {z)-

By assumption 1, there exists M, My > 0, s.t. fort € [,

sup sup |R{1)] < Mj (sup flze — n:”:ch}) < Mo (h}) (1)
cEL LE, tely

From the above, z(I.} (8: ~ B:) < R{Lz) + Uy (z). Denote 6, = (B — ), hence
(1Y (B2) < R(la) +Upn (=) (2

This establishes an upper bound. To find a lower bound, recall that by construction of {N7 E),7 = 1,p}
(and conditioning on the event £y MKy ), Yz € C,

Zor = A7, forvz € xE_ Ni (z), wheredy e BE, Au1 =13 >> €l,
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for appropriate unit vector 1, and fixed e. By definition of fz, conditioning on the event Xr M Ly, by
Theorem 1 in Bassett (1988) and assumption 1, 3M; > O

Zhrbz > 0 — Mshh (3)
This implies (for w € B?, let w* = (w; V0, ..., wp  0), and define w™, jw| accordingly), vz € C,

M (20)8)7 > | (Asan), - (2)8),| - Ma(h7), VieTp==
P

p\/ (e, \/ 2(1)'6)] >/\ (ean); \/ (l(z(=) 9]) - Ma(hp), ==

=9y V ()] > \/ (=)8]); = Ms(hz) ()
But from (2), sz ( (l )r ): < Vtel u(t) + ['R{t}l Then ™), (2), (1), (.3) szEYf for My = ;D(l — €}/€,
Mg = Mo My + My, ¥V &,

< (Mq. v (u(t‘)) %Ms(hrp)) = (M4 m;_axU(l)th (x}-}-Msh}) , T

”z(lz)’éz
= tely

2
Gralle)z(l) 62 < (M4 max Uggying (2} + A/IshEv) P
2

Define &, = (diag{Xr}) ™" b, Or = diag{Xr} 2(lu)z(L) diag{Xr}, then & z(1:)z(l,) 6. = §,076:. By a
matrix inequality (p.460 in Amemiya (1985)): 5;5: < 5}1(QT) (é; QTéz), where JT(QT) is the smallest
characteristic root of @r. By construction of {N. ,{T (x),5 = 1,p}, 6r(Qr) is bounded away from zero and
from above, uniformly in T > Ty, for some T > 0. Therefore 3Ms, My > 0, 5.t foranym € Z% : fmj <k,

(0 )" = (r)* (575) - D’“g(r))z < ( (max Vs (0 + 2555 (ehz™))

The above bound is conditional on the event £ 1M K, thus the conclusion follows.
B

PROOF OF LEMMA 2. Let Ar = {w € O : Uppyng (&) > €}, Nojp = card{z;, € NJ{T ()}, Bp={we Q:
ijT > Ta'}-
1. To show limr P {Ap) = 0 under assumptions 2, 3a, 4a

h’;TaP(AT) < Em P (Ar ﬂBT)+ﬁT§nP(B%) SHI{nP{ATnBT) <l (1 -7 =0

where the second inequality follows since limr P (B%) = 0 by assumptions £, 3.

2. To show P (limsup A7) = 0, given assumptions 2, 3b, 4b.
P (limsup A1) < P (imsup{.Ar N Br}) + P (imsup{B7}} < P {limsup{Ar N1 Br})
where the second inequality follows since P (lim supy B7) = 0 by assumptions 4b, 3b. Then

S PArnBr) £ 301 -607 ~In(1-8) 73T ((@)7) < oo,
T T

implies by the Borel-Cantelli Lemma P (imsup{Ar N Br}) = 0.
B

PROOF OF THEOREM 2 . The Theorem is a direct consequence of the Slutsky Theorem, Lemma 2, and assumption
3a for convergence in probability and 3b for convergence a.s.
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PROOCF OF LEMMA 3. See Grniedenko {1943)
|

PROOF OF LEMMA 4. It suffices to show the result only for any fixed j, since the maximum is taken over p (finitely
many) elements. To show, for any € > 0, 35 sufficiently large s..

]imifupP (U(l}j;,_r (z) > J:YThj'% (Z,hT)_l} <€ (4)
Take & > 1, for concreteness, and let Nyjz = {t : 2., € N;{T{s:)}, Negr = card{N1jz}, D7 = {w € O : by =

hr,Nesr =n} e F, ér = {we Q:The > T, Negr > MoTh&}, for Mo > 0 fixed and sufficiently small so that by
assumptions 3, 4 limr P (£5) = 0.

P(U(l)jhr(z) > 8%pug (2, hr) "D 0 ST)

<swp  I] (1-F (657 (@R e

=)
9sd :ENsz

< sup exp{ 2 In (1—- ( ((ThT)

geg tENT sz

)=)) )

smp ew{ - 2 P (@) )|
FLFP~Y (TR e, ) iz B e
<pp oo~ 3 F((F—l (((Thi I!L))IL)}F(FI((”"% e =)}

o] - Mmfessm([i((f“j(((;“;“ e g ) )
<o P{ AL ]mfessmfmccp(pﬂ (i e) |2) }
5

< exp M3 n inf essinfzecF ( F? (n“liz) Iz) }

< exp{ — M, 59*}

where all of the inequalities hold for sufficiently large Th%, n, for some M, Ma, Ma, My > 0. The first and second
inequalities are clear, the third inequality holds because In (1 — 2) ~ —z as z — 0, and since by assumption 7 and
Lermma 6, for some Mz > 0

sug infzecF ™ (yiz) <™ =0, asy — 07, (5)
e

the fourth inequality and fifth inequalities are clear as well; the sixth inequality holds since by the regular variation

Pr (v7) tx)jf > 52 (6
SGEn

The seventh inequality is by conditioning on T N £7, and the last is due to assumption 7. The obtained inequality

property (assumption 7) and Lemma &,

y—rea ge

liminf mf essinfzec l:

implies that

lim;upP({Umth {z) > J’I'Thg_ (z,hT)_l} I ST) < exp{ — M, 2}
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which together with im supy P {£7) = 0 (due to assumptions 3, 4} yields the result.
]

FPROCF OF THEOREM 3. The Theorem is a direct consequence of the Slutsky Theorem, Theorem 1, and Lemma 4.
B

LEMMAS 5 AND 6.
Two distribution functions are said here to be tail equivalent if they have the same left endpeint 0 and for some A > 0,

lim (1— F(uw))/ (1 ~ Gw) = 4
Lemma 5 EQUIVALENCE CLASSES. Let I and (5 be the distribution functions and suppose W is @ Weibull distribution func-
tion. Let Hy = W suppose that F < D{H-), and that

T— (1= Flwa))V = Hi(z), asN — oo
for normalizing constants {~y,}, then

1—(1- G = Hy(z), &N -
iff for some a > G, H2{u) = H:(au) and F and ( are tail equivalent in the above sense.

PrOOF. This is a corollary of Proposition 1.19 in Resnick (1987).
- ]
Lemma 6 Let I be a regularly varying distribution function, F & RV, then for any small fixed € > 0, a5y — 07, v — 07,

Flu) /vt — o0, F(y)/v"™¢ — 0, F7H (u) jot/ et — 0, F™ () 0/ P79 — 0.

Proor. The first two results follow by noting that F{u)/u” is slowly varying, and the other two — from the first two
by noting that for sufficiently small v, and 0 < ¢ < ¢, At i) <« pl/ o), by definition of F'~! and

monotonicity of F.
B

PROOF OF THEOREM 4. This is a corollary of the previous Theorem.

PROOF OF THEOREM 5. Proceed as in the proof of Lemma 4, defining the same notation (and letting o = «(z)), for
large ThL
=)

P(U(l)th(I) = E(TFL%)"lfﬂl’_DT ﬂg‘j"‘) = Slelg H (1 -F (5('1—‘?1‘%)_1/&
g tENT

ssp T1 (1 (sritre)) seof - )

TENT

Conclude as in Lemma 4 and then as in Thecrem 3.
g

PROOF OF THEOREM 6. This proofis notationally the same as the proof of Lemma 2, except that we should replace

3. with ¢ and redefine Ar as {w € € : U0 5 0}. Conclusion is entirely trivial.
-]

Lemma 7 UNIFORM CONVERGENCE OF LOCAL EMPIRICAL DISTRIBUTION FUNCTION. Fix z € C. Let Fy be the local
distribution function of {#zy }, ie. F$(€) = card{Nrz) ™ Pseng, 1=y < &), then under assumption 5, for By = (e, 79,
for fixed q,4" < Q.

lim sup ip} (&) — F. (&) l =0, a4s.

T—oo zee hreBr tea
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where F. is differeniiable (has density) in &3, ..&p, and furthermore:
lim sup  |eerd(N7o)/The — we(z)] =0, as.
T—es zEC,hp EBT
Proof. Omitted for breivity (all that's omitted is avaliable in the technical report (Chernozhukov 1998)

Lemma 8 BOUNDS ON THE MOMENT BEHAVIOR Fix z & C, let Upyiag (2) = Upyyag (2) AK, for K > 0 fixed, Ar =
{fwell:hre {T‘k,T_"'},farO < K <k, st assum. (3), then

E (ﬁm . (z}iAT) = O(Tr(hr,=)), and lim P ({IseugT Umnyine (2) > K} U ATc> =0.

where Tr{hr, ) is defined as Tr(hy), except that [, (-)dx is replaced with s o (Ndz,and E(-) = sup e B, (1)
A

Proof. The second part is a direct consequence of Theorem 10 (proof of which does not rely on this Theorem} and
assumption 3. Consider the first part. Let ¥ = Tr(hr, x)“"ll_f(l)jhj_ (z). Start with models 1-3. To show the above, it
suffices to show (see Pickands (1968)) the asymptotic uniform integrability of {¥'7}:

Llim limsupr B [¥F1(¥r > L Ari=0

For brevity, we suppress “.Ar” in notation. Then

¥roo Lo R/Tr(hem
E¥L1{¥r > L)gEf g8t s Wy > L) = Efoqs? dsi(¥r > L)+E]L gs? (T > s)ds
]
KfEr(hy.x) 1
< LAYy > L)+E qs* ' P(¥7 > s)ds = M(L, T)+N(L, T)
L
KT r{hy =)} K/ lhy,x)
N(LTY=F gs" T P(¥r > s)ds+ E qs? " P(Wp > 8)ds = Ni(L, T) -+ Na(L, T
L K/ (Tpihr )=

for 1+ < 1. Then,
Ll_l{xéo h'm;;up M(L,T) =limp—veexp{M:InL — L”} =0

for some p > 0 (p = g in model 3, p = o in model 3), which follows from Lemmas 4 and 5. Next consider Na (L, TY:
Jlim Hmsup Ni(Z,T) < i exp{alnL - MiLf} =0

for models 1-3 {some p’ > 0). The proof of this inequality is very similar to the proofs of Lemma 4 and 3, and hence
we omit it. Then, consider No(L, T): by assumptions 3,4 and 6, fora fixed 0 < 4 < 1,

Jim limsup No(L, 7)< lim limsup EM: (/T (hr, 2))" (1 - 8™
< lim listup EM,s (K/Yr{ar, z))* " exp{—T™ M5} = 0.
The last conclusion follows, since by Lemma 6 and conditioning on Az, T~% < Tr{hr,z) < T, for some fixed
b,b" > 0. Next consider model 4. By assumption 3, 4,
B0y nr(2) = BUysnr (@1 (Tapsnr (2) > D) <SKA-8T =0

Lemma is proved.
PROOF OF THEOREM 9 . By construction of interpolation procedure:

=0, (177 - D™ o@)[2 5, ) = O5 (((Tr(ir) + 15) w1}

/ ]‘D‘%— D™g(z)

where the second inequality follows by Chebyshev inequality and Lemma 8.
E
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Lemma 9 ASYMPTOTIC EXPONENTIAL INEQUALITIES FOR EXTREME ORDER STATISTICS. Under the assumptions of The-
orem 10, for the grid C'r, for models 1-3:

Jim sup P(mazxecT Ugaysn(@) > 8Xz(hy) ) < imsupexp{ — Mo (& - 5) tn:r}
T T

for some constants p, My > O, independent of §, where Tr{h) s stated in the Theorem 10 foreach of models 1-3, § > 1, p =
for model 1 (and 2),and p = « for model 3. For model 4,

Ijmifup P (maa;xecT Umyin(a) > O) = Q.

Proof. The proof closely follows one of Lemma 4. Take § > 1, for concreteness, and let Npo; = {£: 1z, € NﬁT (=1,
Nzjr =card{Nro;}, Dr={w e Q:hp=hr, Neyjr =nz, Vo€ Cr} € F,ér s {w e Q: T > The > T, Nejr >
MyThi, Yz € Cr}, for My > 0 fixed and sufficiently small, m”,m’ > 0 so that by assumptions 3, 4 limr P {£7) = 0.
Consider at first the set of assumptions corresponding to model 1 (and model 2 by implication).

P(Irgcg; Uying (=) > 6T o (hr)|Dr N ET)

o 5 I (-7 (or (rahd) o) o)

988 oy tENT;

IA
0
£

o

< aw m(cﬂexp{temm(1_p(5p-1 (7R [oe) |I:))}

S LS mrd(CT)exp{ M, MTW F (877 (WT(TRE) ™ o) 1;,::)}

] [Z%;‘: e i )

< e -son gyt ([ SO o sy )

AN

sup  card(Crlexp

z'ECT,9EG {

=
Mz “ mg essinfzecnsz(F“l (h\T(TE%)“lf:r) [z) }

A

sup  card(Cr)exp

-4 {5&} iz stcena (7 (7)) 1)

1A

sup card{CT)exp{ — My 633.11’!'}
ge@

where all of the inequalities hold for sufficiently large Thr,n, for some Mi, Ma, Ma, My > 0. All of inequalities are
justified exactly as in the proof of Lemma 4.
Conditionally on £ and from Lemma 6, sup,. g card(Cr) = O(T*), for some b > 0. This and the above inequality

imply:
lim sup P({Unysnz(2) > 8xz(hr)} nér) < limsup exp{ — M (5%~ 5)InT}
which tegether with limsupy P {£5) = 0 (due to assumptions 3, 4) yields the result.
Consider Model 3next. Proceed as above, defining the same notation, then for sufficiently large T, P ( SUPLccy Viysar (2) >
§(TRE)™oDrner) <

gsug ST ( ( ((nT) TSy /= fﬁ))ss‘gg S I ( ((IDT) PRy 1/3)&)

TECTT tE NP, g TECH tENp o5

<swp 3 (1—(5((1nT)"1nIMs)_1/°‘)a)

g8 20T

Tz

< sup card(Cr)expd — M7 6%
s cndomep| a4 5 )
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Then conclude as above.
Consider Model 4. P(sup,eq Unysar () > 0/Dr N gT) < card(Cr)(1 — MTH < TMa(] _ T Hence
lim supy P({suprcT Umying(z) > 0} 1 ST) < lmsupy TM7(1 — 5T = 0, and since limsup, P (£5) = 0 (due
to assumptions 3, 4) the result is obtained.

[ |

PROOF OF THEOREM 1C.
To prove Theorem 10, we use Lemma 9, stated before the Theorem. By construction of interpolation procedure:

|576) - D7 o(z)|_ = 0 (1157602 ~ D™ 6(M) 0, ) = Op {((Crlir) + B 7))
where the second equality follows from Lemma .

DISCUSSION AND PROOF OF THEOREM 11
1. Discussion and definitions. Here we give the definitions of the “pilot” ML estimator and define some notation.
By compactness, « € [o, &). Hence, let kb ~, {T/InT) 757, gl ~, (T/(lnT)”‘)'*’E%z. By Theorem 10, § = ¢7, the
global estimator under such {hL}, is s.t. | — glles = O, ((T/mT)?E%J). Then let

¢ € argmaxy Lr(d, §, ak)

¢ is said to be pilof estimator here. Therefore the estimator defined in the statement of the Theorem is:

¢ € argmaxy L (e, §,a%)

where § = ¢° is the global estimator defined with the (optimal) bandwidth sequence h% ~, (7/InT) 7a+d, where
& = a{¢). As we shall prove, & — a = O,(T~*), for some k > 0. This implies

h%— ~p Tﬂ;-::a ~p T,-.:;a' Op(eﬂ-"P{MﬁnTT‘k}) ~p T;—;ﬁ

This implies, by Theorem 10, |3 = gllo = Op ((T/in:r) 7554 ). Let o} be defined then as o}, with a in place of @

2. Proof. At first, ¢ is consistent by 422 and Theorem 4.1.1 in Amemiya (1985). By Theorem 4.1.1, to show
b—¢ = 0p(1), & — & = 0,(1), it suffices to show sup¢€¢| (Lr(,¢',a%) — Lr(¢, &, 0} | = 0p(1), 1 = 1,2. (see also
section 8.1). To show ¢ — ¢ = o, (T—*) and the same for 4, it suffices to show (Theorem 4.1.3 in Amemiya, section 8.1):
supéeq,[\?ij (Lz($, 6", a%) — L7($,¢",0)) | = op(1) for § = 2 and o, {T™*) for j = 1. Also define:

P={tiy > § () +ab}h, P° = {t1ye < §'me) +ai),
Pi={t:y < glz)+ .50}, Pr={t iy < g(z) + 1.5a5 T\ PE, Pa = P\ Py
Following Smith (1994), (1985), decompose

Lr(6,6.0) = La(6.6%.ak) = 77 = ){ T lntw — o(20) ~ ntes - Ftz)
tepP

+ T”l{ Z Ins{y: — g{zs), d,24) — lns{y: — gi{xt), &, zt)}

te P

L T—l{ Z {a — DInly: — g{z:)) + Ins{y: — glz:), &, 5:)}

tepe

= Si7 4 Sor + Sar

Further,

sed 3(ye — g7(2), ¢, 2¢)

=1 Z s1{ys — Q’(J?:):¢=$c)]

g - gL)
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where s; denotes the derivative of s with respect to its first argument, and {7 (z:)} are on the line segment adjoining
{g(z+)} and {g*(z:)}. By assumptions on s,

:]elg Sle =y (“g" _ g”m) =0 ((i’“’inj’—l)?a;»:‘-i) foron = &, an = & (7

Wp.—1,0' € 0r ={g°: lg' — gllee < ab}. Hence w.p. — 1, perturbing ¢* in O does not affect P{. Therefore,

igg[saff < D0 Iy - alm))|+ 3 n(w —sl=di+ - M

tePf taPy tePLUPE

<o Mga:}I et Mok ot Myok ot (8)
< Op nww" " dw | 4+ Op Inarw®™ “dw | + Op w* dw

o o 0
=0, ( (a%«) 1nT)

Write 817 = S171 + SiT3, where Sy is summation of elements, as defined above, over subscripts t in Pz and Sirz i8
summation of elements, as defined above, over subscripts ¢ in 7y, Expanding in g%, and simple calculations yield:

Mg R . ay —T
sup|$im| = O (f e - gumw“‘“‘dw) =0 (n.cf - guw) =0, ([ )= ) ®
=4 MSG;}

fora: =8, 00 = @wand

Szp 'Swzi =0 (_/DMW% (a'fp)w1 E[gi - g”mw“_ld'w> = Cp ( (a&«)a) (10

So it follows from (.7), (.8}, (.9}, (.10):

—r

O (T(ln:r’)"“")m lnT) 0 <<l

sup |L7(9.8,0%) — L1(6,0,0)] = ] (1
¢ Op { (T (InT)™%) m*?) if o > 1
Further calculations give:
, , op (T1?) if0<a<iandr>2
sup | L7(6,6,a%) — L7(6,9,0)] = (12)
é oP(T“UZ) #fl<a<2andr > o2
Also note:
sup iLT(q’J,g,a%) — Lr{$,9,0)| = O ((a%)" InT + (T~ ) 7o (a:lp)“) =0, (T"’“) (13)

forany k: 0 < k < min (;%:-g, -ﬂs—*+3) This implies by Theorem 4.1.1 in Amemiya (1985) consistency of $ and ¢ and
hence that ¢, ¢ < interiord w.p. —+ 1. Farther, since derivatives Vij s, Vj}j o are boundad, observe that the bounds (11),
‘\J’fﬁJ (Lr(¢, ¢, a%) — Lr (¢, g,0)} | (for j=1,2), respectively fori=2 (11, .12) and i=1 (.13). Thus
we have shown that the probability bounds in (.11), (.12} apply to ¢ — ¢ and those in {13) apply to @ — ¢. Note that,

(12), (13) apply to supy

as we claimed, the rate of convergence of the pilot estimator, & is T“k’, k' > 0, since «y is bounded, and from 4.1.3 in
Amemiya (1985) or Smith {1985), we have: ¢ — ¢ = Op{T*/%). This implies k¥’ == min{1/2, k). Asymptotic normality
follows as in Smith (1994}, Smith (1985).

K
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APPENDIX B: EXAMPLE: CONSTRUCTION OF TRE DEFINING SETS FOR THE LOCAL EXTREME ORDER STATISTICS (SEC~
TION 3.1)

Fix z. For p = 1, Nx(z) = {1}. Construct Ni (z) = {1} and NZ(z) = {1}. Clearly condition 1 is satisfied. Condition
2 is relevant only for case p > 2. In condition 3, Xr = 1, &(z, T, hr) = 1 and A is eg. (0.5,0.5). in condition 4,
dr=12>0.
Let p = 2. Take also d = 1, for brevity of notation. Fixany 0 < ¢ < &/ < 1 — Kz. Na(z) = [z — h/2,x + h/2] €
R, Nu(z) = {{1,Z - )", € Na(z)}, X = (1.1/hr). Then let Ni(z)= {{(L,v)' : v € [-R/2,—R/2(1 — &)]},
Ni@= {(Ly) v € B/2R/20 - )]}, Ni)= {(Ly) ¢ v € [—h/2(1 = ), h/2(1 — )} for ¢ fixed € (0,1)
that depends on the constant K in assumption 4. Thus conditions 1,2 are satisfied. By assumption 4, 4{z, T, hr} =
co ((1,1/2(1 — &), (1, ={1/2)(1 — £"))") ev. as. (or w.p. -+ 1), thus condition 3 is satisfied ( Cleatly, all Az > ¢(¢) >
0}. The smallest vaiue of the determinant of matrix diag{Xr}3, for £ in x§=1N,{T (2} is (1 — ¢), thus condition 4 holds
as well. Case when p > 2,d > 1 follows In a way similar to the above, with yet more invelved notation.

2
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APPENDIX C: EXAMPLE: ASYMPTOTIC APPROXIMATION AND THE EMPIRICAL DISTRIBUTION OF THE NONPARAMET-

RIC EXTREME QUANTILE ESTIMATCR
Here we consider a small-scale simulation example that compares the asymptotic distribution of extreme quantile
estimator with the simulated finite-sample distribution of this estimator. We consider simple setting and the case of

locally constant regression. The set up is as follows:
v = sin(2xx:) + |ued, wherew ~ iid N(0,1), =z~ iidUniform (0,1)

This is an example of Model 2 with o« = 1, d = 1. The locally constant estimator (p = 1) is constructed using bandwidth

choices computed as:

Ay a=1/2+10"°

O

T=inT"’
This bandwidth satisfies assumption 3: Thr — co and also the additional condition imposed in (5.2): Throhi® =0,
for sufficiently small €. In this set up r == 1. Two sample sizes were considered : T = 500 and 7' = 100. Figures 6
and 7 present the asymptotic density of the normalized extreme quantile estimate, W = Thr (§(z) — g{z)), at = = 0.5,
calculated on the basis of Corollary 3 ) and the NW-kernel estimate of the finite-sample distributions, based on 5000

replications.

AFPENDIX D: PROOFS TO BE OMITTED

PROOF OF THEOREM 7. In what follows we take assumptions 1, 3b, and o on as the center of discussion. In round
brackets, ( - ) we denote the modifications of the argument for the set of assumptions corresponding to 1, 3a and so on.
In the proof, we should accommodate for stochastic nature of {hr}. Note, by assumptions 3b,4b and (5.2}

hr &€ By = MlT_l_(ua-H , MpT ™ d¥e-=<7 | ev.as.(inpr
P

We, therefore, should establish the weak convergence uniformly in {hr} € {Br}. Because of this complication, we
employ the general definition of weak convergencs, as defined in section 5, and show that it holds directly. Let D{J} =
1{Z7 € co {2z, € ) det{{z,,t € J}]. Under assumptions stated the event when the exact conditicnal density fr
exists (let Dr = {w € 0 : 3fr)) is when 3J s.t. D(J) > 0 (see Smith (1994)). This is true ife.g. {z=,,t € J} € % ; N3-{x),
which happens ev. a.s. by Lemma 1 and by construction of {Nrf,;(a:)} (in pr.). Given P, the exact density of (,61 - ,‘ém),
ft,conditionally on Nz, {2z, }, {hr}, is given by:

Fris= 3 (D(J)Hr{fxt((z;cs—éza)_k)} 1 {l—Fxt((z;:s—én)_!_)})

JEI(=,T} tENp T
where the terms are defined in the staternent of the Theorem, and
bee= Y (DMgla)— DTg() {x: — o)™ foral : fjzf — ol < BT
m&Zi:{m]mk

The formula directly follows from Bassett results (1988) and the argument of Smith (1994}, employing assumption
1. Let Hr be as defined in the statement of the Theorem, and the order of its diagonal elements is chosen so that

W = Hr (fz ~ fz ) = Op(1), which is possible by Theorem 4. Therefore the density of W is:

e gt (3 oL (s e T1 (1o (faee).)

Je{=,T) te J teNT

Further, let 4., be defined as in the text. Then det {H7] = (Th%)p/cx %,and det [Wr} = h, whereE = 5" 20 g c il
By assumption 1, sup,, c¢ |0z, | < Mih7, yielding that for any compact set D £ R™:

e . .
. sup ‘ The Uz, W — d,:t[ — 0 (34}
nTEBT,uztEQ,wE'D
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(A is defined in Theorem 8). Also elementary matrix analysis gives D{J) = D(J} x det ¥ 7). This and assumption 10
yield us the conjecture for approximate density (let C. = C(z))

- a1 _1 =
w)={Tn$) " ( > B ]c- ((ThT) Jw— 5%) )x I (1 “Ca, ((Th%) % a,w— ch) )
Jel{=z,T) teJ + tENp, +
Using assumption 10 again, and further calculations give us another conjecture
— _ i a—1 _x o
Fofa)= (Thg) ”( F5103) ) (=2 (ﬁ"mw —(Tr4)= azt) ) x ] (1—0;5 ((ThT) * il w—o;,) ) (15)
Je =T teJ + tE Ny /4
Let Dx = {w & s jujle < K} and fT(w hr) be defined as f} except that 2 ierer 18 replaced with 2 radpr
where &y = {J: ¥Vl € J: G, w > kY (ThT) Ms}, for some fixed sufficiently large Ms > 0 (s.t. for sufficiently large T,
1
HTRE)* Ms (Th%3) % 3z, Yt € Nrz, which is possible by assumptions 1, 3). Let fr{w, hr) be defined analogously
from fr, and f#(w, kr) - from f#. We start with the claim that for any fixed compact set Dg and bounded kb : R — R
(take k > Owlo.g),
sup k(w)| fr{w, k) — f*(w, hr)|dw — 0 as. (inpr). (16)
hr&Br Dx
Indeed by (.14) and assumption 10 sup, ..z SUPep, K(w) | fr{w, hr) — F°(w, hr)| = 0, and by assumption 10,
SUPemy SUPweD, KW} [fR(w, hr) — fH(w, hr)| = SUPy.enn O (RF) — 0. Next we have to show that for any fixed
compact set Dy,

sup /D k(w)| fr(w, k) — Fr(w, hr)|dw — 0as. (inpr). (17
X

hreBr

where fr(w, k) = fr(w) — fr(w, hr) and f% is defined analogously. Then, the LHS of (.17)

< M; sup 2 k(w)lff-(w, hr)|dw = (=) for suff. large T
hp& By

where 72(w, hr) is defined as Fo(w, hr) except that a is relaced by &’ < «. This inequality is consequence of assump-
tion 10 and definition of Br. Continuing,

- a1
(*) < Mg sup f if%(w, hT}ldw <Mg sup f (ThT)“p Z D(J)]:[C—_-—( - (Th%)lf"ﬁxc) . dw
hreBr J Dy hreBr FEI(z TN\ teJ -
< Mio sup (ThT) g Z f (zij - (Th»‘gi-)1/°5xij)+ - Xi;e dzy; = (%)

Jell=T)" VK i e.r
where Dy = {—o0 < =, < Miy{ThM) 5 hE, —o0 < z; $ pK, fori; # 4y and {i;} = J}. The first inequality follows
since k(-) is bounded, the second - by observing that the product terms in (.15) (]__IteNT (-3} are bounded by 1. The
third inequality follows by direct calculations and change of variables, setting 3, sufficiently large and fixed, and also
by observing that by definition of @, Dx, pK 2 plliiz, e[ wlles > |2i]|ca, ¥i € J. Continuing,

card( Nrz)! e o
< & < = —
() S M sup Cop i IS (ThT) (Thr) WS sup Mg (Th ) RE =0,

where the first inequality follows by a simple combinatorial calculation, the second is by (next} Lemma 7. Next we

claim that
sup / k(w)| fr(w) — fr{w)|dw — 0, as. (inpr.) 18
hreBr J Dy

where fr is defined in the statement of the Theorem. Let f3(,7) be defined as f; where summation 3 Jer=Ty I8
replaced by EJE%, where &7 = {J : ui,w > v} and let f§(-,7) be defined from f4 similarly. By (.15),(.16), (17) to
show (.18} it suffices to establish

sup f E{w)
ATEBr J Dy

- fi(w){dw —+ 0, as. (inpr.) (19)
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Then by Taylor expansion,

L S
sup f ~ £ (w, v)|dw < Mis sup Thﬁfr) bz, € sup Mg (Th%) " b 0.
hreBy J D hr By wEDy tE Ny hp&Br

For f4(, %) = fr — ol ), Felom) = fe— 20,7, proceeding as in the proof of (17) we find that for any € > 0 3.
small, s.t. for sufficiently large T,

sup k(UOEf}(W>7)—'f?(uhﬁkHdUFg €
hreBr J Dy

which shows (18). Now from the proof of the next Theorem (proof of which does not rely on this paragraph), for any
£ > 0 3K sufficiently large so that ch frdw < g/{4k)}, ev. as. { w.p. — 1), where k = sup,, k(w). This provides the
necessary integrability (“tightness”} condmon for fr: from (18) 3 T sufficiently large s.t fD E(w)(fr — fri{w)dw <
e/4, and hence o, k(w)(f+ — fr)(w)dw < ¢, ev. as. (w.p. — 1). Finally, since 2y € Brev. as., (w.p. — 1), we have
completed the proof,
-]

PRCOF OF THEOREM 8. The proof proceeds based on the set of assumptions stated in the Theorem and when the
bandwidth is chosen by assumption 3b. In brackats (-) we indicate changes of the argument when assumption 3a is
used instead. Let Dx de defined as in the proof of Theorem 7. We begin with the claim that, uniformly in w in Dx,

TT (0 - (@, w)+/(TRE)F)® = exp{ — walz) E*(u™ )3 } a.s (in probability) 20)

tENT

where E” is the expectation operator w.rt. to the distribution function F* (of «{™}) defined in the statement. Indeed
unifermly  in (e, w) e A x Dx, (ulaw)s/{ThEYVe - 0 as.(npr), therefore
(Bm%_( — (T, w)y J{ThE)®)= ) / (exp {= 3. nyp, (@=w)$/ThE}) — 1. Since by Lemma 7, card(Nrz)/Th% —
wz{z) as. (in pr.,) (exp{ Seng, (T, w) /ThE }) =exp{ —w:(z) By (w) } +o(1), as. (in pr.) where Ef is the ex-
pectation operator w.rt. the local empirical distribution function in Lemma 7 (of {#, }), and exp{ - wo(2) Ep(d'0)% }
— exp{ — wz(z) E*(u!™ w)2 } a:s. (in pr) by the Lemma 7 and the Helly-Bray Theorem. To show the uniform
convergence over Dy, we use the Arzela-Ascoli Theorem (Theorems 21.7, 21.8, 21.9 in Davidson (1994)), by establish-
ing strong stochastic equicontinuity, s.s.e. {(weak- in case of assumption 3b, w.s.e.). First, note that (D, || - fee)) is
of course totally bounded metric space; then let B(w,d) be a box with side length § around w, then let ({T\ k,¢) =
}card(NTz)“l(EieNTx:a, wiesayt/a (e, w)§ — (G, ,and let {'(T', b, €} be defined similarly, but with summation

EY

EtENT,,:ﬁ; welepyt/a For case when o > 1, by expansion (recall p = dim (v, )):

n= sup sun ((T,h,0) £ sup liz, floopd < p8, (21)
we€ D hr EBT w! & Blw,8) hp& By tENT,

noting that, by construction, supy..c p. teny, Il llo < 1. Forcase: a < 1,

a—1

1

N T

n< sup sup  {C(T h, €+ ¢(T, b, en < (—-) -  sup Mz, loapd sup Huz, oo 8
wE Dy by EBr w! € B{w, ) 4 by €Bp teNg, hyEBr tENT .

o € % a—1 ¢ i A a
(( ) A Hu'xci!mw) <6 ((Z) ~»p5) + ((Z) -i-po)
(22)

Then, for any ¢ > 0, set 4 sufficiently small st n < ¢, 50 that Pl > ¢4.0.) =0, {or imsupy P > ¢} = 0), which shows
s.s.e, (ws.e.}. Next, let

A = (Thd) 7 (S BT Ce) iLw)S) x exp{ — welz) B ™ w)s }

Jel=,T) teJ

then sup, epp [ | Fh— F7|(w)dw — 0 by (20). Next, let &(J) = {fiz,, ¢ € J}, D(J) = 1(a"™ & co(@(J)))det [a(J)],
and let f2 be defined as ft where D is replaced with D, hence

sup [ FERw) = Frwdldw < (TREYTP D @™ € o (a(0)) - 1z € co (BTN OM)

hreBr Jei(z, T} {23}

< sup |PH (Arr) — PE (4|} O(1)
hTEBr
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where Py is the empirical probability measure of {vech{a(J)},J € I(z,T)}. It is trivial to check that uniformly in
z € RP*%, supy,,.cp,. | P¥ (vech{iiz,,t € J} < ) ~ (Ph(iz, <))7| = 0,as. (in pr) where Pk is the local empirical
prebability measure defined by the local empirical distribution function in Lemma 7. Above, sets Ayr, Aor are hyper
semi-quadrands in A® symmetric around @™} and #.7, respectively. The Lebesgue difference between the two sets
projected on B**®=%) i5 at most of order Ja{™ — %27 oo, and hence by Lemma 7 the LHS in (23 ) is o(1) a.s. (in pr)
{see Portnoy and Jureckova for a similar argument).

Let A{u(D)} = Jl({A = 1}7{l2 + A7 {2, if 3% € F® : w(JY'A = a{™}. By assumption 5 and Lemma 7, card{J
Hz,T): 3x e R : w(J)' A = @™/ card(J € I{z, T))= o(1) as. (in pr.). From Lemma 7 and simple combinatorial
calculus as in the proof of Theorem 7, card{J € I{z,T))/Th% — {wz)P/p!. Then, let x(e, X} = 1 — G(3/¢), where G is
smooth distribution function s.t. G(z) = 1ifz 2 1, G(z) = 0, if z < 1, then let f3(-, €) be defined as f3(.), but where
1{a"™ € co(@(V))) is replaced by x{e, A(u(J))) ( That is we smooth the discontinuity). Analysis, similar to that in the
proof of (.23) shows (Th$) ™" T sc rwm 16 Mu(D))) = 121 g eo(@( 1))} < Macev. as. (w.p. — 1), which as in
{(.23) shows that:

sup ] | 77w, €) — F3(w)|dw < Maeev. as. (wp. -+ 1) {24)
AT EBT J Dy

Finally, by the Helly-Bray Theorem, and by Lemma 7, uniformly in hr € Br, {and then by Fubini)

A A gaw [ ) ‘;—p( [ x(eam™ ) aefutm o), € B jli[lac(x)
{25}

(s o) w)jljf;lldﬂ ) ) xeor { - wa(@C@ [ (@) w)ar, (1) paw

where notation is defined in the statement of this Theorem. Now noting that the RHS (denoting itas f7 (-, €) of (26} is
continuous in ¢, and since eis arbitrary in (.24), (25), we have that a.s. (in pr. ) uniformly in by € By, ’

f FRwdw = f £ (a, 0y = f £ () (26)
D_)c DK D)C

where f~ is defined in the statement of this Theorem. By steps {20)-(26), the last statement is true for 4, thus the
conelusion follows by also noting that {fr{w)} (the exact densities of {WWr} , defined in the proof of the previous
Theorem) are uniformly integrable, by the argument of Portnoy and Jureckova) and that the limiting density integrates
to].

[
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Figure 5: Asymptotic (solid line ) and the Kernel-Smoothed Monte-Carlo Density {(dot-
ted line). T = 100

1.5

1.0

05

0.0

Figure 6: Asymptotic {solid line ) and the Kernel-Smoothed Monte-Carlo Density {dot-
ted ling), T' = 500
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