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Abstract—Convex restriction of the power flow feasible set
identifies the convex subset of power injections where the solution
of power flow is guaranteed to exist and satisfy the operational
constraints. In contrast to convex relaxation, convex restriction
provides a sufficient condition and is particularly useful for
problems involving uncertainty in power generation and demand.
In this paper, we present a general framework of constructing
convex restriction of an algebraic set defined by equality and
inequality constraints, and apply the framework to power flow
feasibility problem. The procedure results in a explicitly defined
second order cone that provides a nearly tight approximation
of the actual feasibility set for some of the IEEE test cases.
In comparison to other approaches to the same problem, our
framework is not relying on any simplifying assumptions about
the nonlinearity and provide an analytical algebraic condition.
Index Terms—Convex restriction, power flow feasibility, emergency control, security assessment

I. I NTRODUCTION
Power flow equation is one of the fundamental condition
required in the steady-state analysis of the power grid. Power
injections to the grid continuously vary with generation dispatch and demand, and the system operator has to assign the
steady-state set point appropriately to ensure stability of the
grid. Existence of steady-state equilibrium that respects the
operational constraints such as voltage magnitude limits and
reactive power limits is a necessary condition to ensure secure
operation of the grid in a designed way [1], [2]. However,
deriving a tractable sufficient condition for feasibility of power
flow equation has remained as a challenge.
Power flow equation is a nonlinear equality constraint,
which makes the feasible set generally non-convex and NPhard [3], even for a radial network [4]–[6]. Convex relaxation
of power flow equation has been studied extensively for
solving Optimal Power Flow (OPF) [5]–[8]. Convex relaxation
provides a necessary condition to satisfy the power flow equation and forms a set that contains the power flow feasible set.
While the relaxation has the ability to check whether a solution
is globally optimal in OPF problems, it does not guarantee
the feasibility of the solution. There is a need for understand
and characterize feasibility constraint and enforce them into
OPF, especially with growing uncertain power injection from
renewables [9], [10].
The search for tractable sufficient conditions for power flow
solvability and feasibility started in [11] to find security region
where the system is safe to operate. In recent years, number of
progress has been made in this area, but its performance and
generalization have been still lacking. Most of the work rely on
certain modeling assumption such as radial structure [12]–[16],
lossless network [17], [18], and decoupled power flow model
[19]. Recent effort has been made to find a sufficient condition
in a general network, but they still suffer from scalability and

Fig. 1. Convex restriction and convex relaxation of feasible set over the
controllable variable space.

conservativeness. [20]–[22] In [23], the inner approximation
with Brouwers fixed point theorem showed promising results
in a general power network. One of the limitations of this
approach was that it required solving non-convex optimization
problem to find a locally maximal set that satisfies the selfmapping condition. In this paper, this limitation is alleviated
by describing the set in a lifted space and give a closed form
expression. Moreover, our approach in the lifted space is the
union of all the self-mapping set that satisfies the Brouwer’s
fied point theorem. This allows drastic improvements against
the conservativeness of the condition.
The term convex restriction will be used to describe a
convex set that is a sufficient condition for power flow feasibility. This paper proposes construction of convex restriction
in a lifted space where the restriction become possible with
envelopes over the nonlinearity. Convex restriction has features
that are complementary to convex relaxation. Later, we will
show that a concave envelope, which is also complementary
to convex envelope, is needed for convex restriction. This
envelope is counter-intuitive from the perspective of convex
relaxation, but we will see that it enforces convexity to restriction. We frame our derivation of convex restriction for general
equality and inequality constraints with variables divided into
controllable and uncontrollable variables. Active and reactive
power injections are considered as the controllable variables,
and voltage magnitude and phase angles are considered uncontrollable variables. Convex restriction is derived for the
controllable variables so that a convex optimization can be
carried out while guaranteeing the feasibility of the solution.
Our convex restriction is constructed around a base point, and
we show that it is non-empty given a feasible base point. The
current or planned operating point can be naturally used as the
base point, and convex restriction can rigorously determine the
robustness and margin to infeasibility from the base point.
Rest of the paper is organized as follows. In Section II,
feasibility problem is formulated for power flow equation.
Convex restriction for a general constraint is discussed in
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Section III. The proposed method is applied to the power
flow equation with visualization IV. Section V concludes with
discussions.
II. C ONVEX R ESTRICTION OF F EASIBILITY S ET:
F ORMULATION AND P RELIMINARIES
A. Power Flow Equation and Operational Constraints
Consider a power network as a directed graph N (V + , E)
where each node V + = {0} ∪ V represents bus with V =
{1, ..., |V|}, and {0} being the slack bus. The slack bus has
fixed voltage magnitude and phase angle. E ⊆ V + × V +
represents a transmission lines. The set of PV buses are
denoted by G ⊆ V, and the set of PQ buses are denoted
L ⊆ V, and V = G ∪ L. Consider AC power flow equation
with operational constraints:
pi =
qi =

n
X
k=1
n
X

vi vk (Gik cos θik + Bik sin θik ), i ∈ V,
(1)
vi vk (Gik sin θik − Bik cos θik ), i ∈ V,

C. Convex Restriction of Inequality Constraint

k=1

pmin
i
qimin
vimin
ϑmin
e

≤pi ≤ pmax
,
i
max
≤qi ≤ qi ,
≤vi ≤ vimax ,
≤θik ≤ ϑmax
,
e

where Fi (x, u) : (Rn , Rm ) → R and hi (x, u) : (Rn , Rm ) → R
are smooth functions.
In this paper, the feasibility of active power injection at PV
buses and active and reactive power at PQ buses
 is considered.

T T
with
The controllable space considered is u = pTV qL
 T

T
internal state x = vV θVT qGT .
The feasibility set will be denoted as N = F ∩ H, which is
an intersection of the equality constrained set F = {(x, u) |
Fi (x, u) = 0, i = 1, ..., n} and inequality constrained set
H = {(x, u) | hi (x, u) ≤ 0, i = 1, ..., r}.The projection
of set N to controllable space u is defined as Nu = {u |
∃ x such that (x, u) ∈ N }. Similarly, Hu and Fu is defined
as projection of equality and inequality constrained set to the
controllable variable space. The goal of this paper is to find
the convex restriction of the projection of feasibility set to the
controllable variable space, Nu . If u ∈ Fu , then u is solvable,
and Fu is referred as solvability set. Similarly, if u ∈ Nu ,
then u is feasible, and Nu referred as feasibility set.

i∈G

(2a)

i∈G

(2b)

i∈L

(2c)

e = (i, k) ∈ E.

(2d)

A line connecting bus k and l are indexed by either e or
(i, k). The phase difference is denoted by θik = θi − θk .
The phase difference bound may be introduced as a stability
= −π
constraint, but it could be also removed by setting ϑmin
e
=
π.
The
variables
involved
in
the
power
flow
and ϑmax
e
equations are voltage magnitude, phase angle, active and
reactive power at every bus. In most analysis, the interest of
the system operator is making decision over the controllable
variables, which will be denoted by u. Controllable variables
can include active power generation and voltage magnitude
setting at generator buses, or active and reactive power at load
buses controlled by load-shedding actions. The uncontrollable
variables x include voltage phase angle or voltage magnitude
at PQ buses, which are the internal state of the system.
The system operators need to decide the set point on the
controllable variable subject to the power flow feasibility set in
equation (1) and (2) based on their objective. Our objective is
to find the maximal convex restriction around some base point,
which is a convex set that is contained in the feasibility set.
A general framework for constructing convex restriction will
be presented, and then an example in power flow feasibility
will be shown.
B. General Formulation
Consider the following general nonlinear equality and inequality constraint with control variable u ∈ Rm and uncontrollable variable x ∈ Rn ,
Fi (x, u) = 0, i = 1, ..., n

(3a)

hi (x, u) ≤ 0, i = 1, ..., r.

(3b)

First, let us consider the convex restriction of inequality constraints. This case is much simpler than the convex restriction
with nonlinear equality constraint. Suppose a vector of functions h(x, u) and h(x, u) establishing bounds on individual
components as in
hk (x, u) ≤ hk (x, u) ≤ hk (x, u).

(4)

hk (x, u) and hk (x, u) are referred as under-estimator and overestimator of hk (x, u), respectively. Let us consider and compare convex restriction and convex relaxation in this inequality
constraint, H = {(x, u) | hk (x, u) ≤ 0, k = 1, ..., r}.
Lemma 1. Consider under and over-estimators hk (x, u) and
hk (x, u) that satisfy Equation (4). If both estimators are
convex, then
H = {(x, u) | hk (x, u) ≤ 0, k = 1, ..., r}

(5)

is a convex relaxation, and
b = {(x, u) | hk (x, u) ≤ 0, k = 1, ..., r}
H

(6)

is a convex restriction of H.
Proof. hk (x, u) ≤ 0 is a necessary, and hk (x, u) ≤ 0 is a
b ⊆ H ⊆ H.
sufficient condition for hk (x, u) ≤ 0, so H
b
Moreover, H and H are convex sets because the over-estimator
and under-estimators are convex functions.
Throughout the paper, convex restriction of H will be
b In literatures in convex relaxation, a “concave”
denoted by H.
envelope refers to a concave under-estimator, and a “convex”
envelope refers to a convex over-estimator [24]. In this paper,
we redefine these terms so that an envelope is a convex
envelope if the enclosed region is a convex set, and concave
envelope if the complement of the enclosed region is a convex
set. With this definition, convex over-estimator and concave
under-estimator are concave envelopes, and concave overestimator and convex under-estimator are convex envelope as
illustrated in Figure 2. The intersection of convex envelope
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forms a convex region and is widely used for relaxation [8].
The concave envelope is found to be useful in enforcing
convexity to the restriction of feasibility set.

Fig. 3. The self-mapping is illustrated in this figure in the domain of X .
Here, H(u) = {x | (x, u) ∈ H}, and existence of the self-mapping set P(b)
ensures solvability and feasibility of u.

Fig. 2. Example of convex and concave envelope.

Remark. The fixed point condition in Equation (10) is an
equivalent condition to the equality condition in (3a), so F =
{(x, u) | x = −Jx−1 M f (x, u)}.

III. D ERIVATION OF C ONVEX R ESTRICTION
Suppose the equality constraint can be decomposed into a
linear combination of basis functions:
F (x, u) = M ψ(x, u)

(7)

Since the fixed point form is not unique, rest of the paper
will be developed in a general fixed point form:
x = Df (x, u)

(11)

where M ∈ Rn×r is a sparse constant matrix and ψ(x, u) ∈ Rr
is a vector of basis functions. In power flow equation in
(1), vi vk cos(θik ) and vi vk sin(θik ) could be chosen as basis
functions as an example. Basis functions involved in F (x, u)
may not be unique, and its choice can be exploited. Choosing
appropriate basis functions is crucial in this approach as it
determines both approximation gap and complexity of the constraints. For power flow equations, nonlinearities are involved
with transmission lines and buses, and the number of basis
function r grows linearly with respect to number of buses and
number of lines. Suppose a convex restriction is constructed
around some base point (xbase , ubase ) that has a non-singular
Jacobian JFbase = ∂F
∂x xbase ,ubase . Let us consider and define
residue of basis function at the base point:

where D ∈ Rm×r is a constant matrix and f (x, u) :
(Rn , Rm ) → Rr is a smooth multi-dimensional map. The
fixed-point form in (10) is a special case where the constant
matrix is D = −Jx−1 M . Given a fixed point equation,
Brouwer’s fixed point theorem provides a condition for solvability of the equality constraint.

f (x, u) = ψ(x, u) − Jψ (x − xbase ) − ψ(xbase , ubase ). (8)

Lemma 2. If Df (x, u) ∈ P for all x ∈ P, then the system
is solvable and has at least one solution in x ∈ P for the
controllable variable u.

base
where Jψbase = ∂ψ
, ubase ) = 0
∂x xbase ,ubase . Note that f (x
∂f
and ∂x xbase ,ubase = 0. Based on this definition, an equality
constraint can be written as

F (x, u) = JF x + M f (x, u)

(9)

where JFbase = M Jψbase is a non-singular square Jacobian
at the base point, and M f (x) is a residue of F (x, u) after
linearization. the equality constraint can be written in the
following fixed point iteration:
x = −JF−1 M f (x, u).

(10)

This fixed point from is the same form used in NewtonRaphson method, which is one of the most popular algorithms
for solving steady state power flow equation [25]. This is
widely used in practice due to its fast convergence given a
good initial guess. For our framework, this fixed point form
allows tight bound on the nonlinearity over a range of x, which
plays an important role for constructing tight convex restriction
to the actual feasible region.

Theorem 1. (Brouwer’s fixed point theorem) Let G : P →
P be a continuous map where P is a compact and convex set
in Rm . Then the map has a fixed point in P, namely x = G(x)
has a solution in x ∈ P.
Brouwer’s Fixed Point Theorem provides a sufficient condition for existence of solution. This Theorem can be directly
applied to the fixed point map in equation (11).

Proof. Let G(x) = Df (x, u). Then, there exist a solution
x ∈ P from Brouwer’s fixed point theorem.
The self-mapping condition is illustrated in Figure 3.
Lemma 2 provides a sufficient condition for existence of
solution in the controllable space U. The objective of convex
restriction is to describe Nu such that the existence of the
solution is guaranteed inside the inequality constraint. If the
set P satisfy the self-mapping condition, then the equality condition is solvable. Moreover, if (u, x) ⊆ H for all x ∈ P, then
the feasibility of solution can be also guaranteed. Brouwer’s
fixed point theorem states the solution belongs to P, which
belongs to the feasibility set. Later the outer approximation of
the set Df (P, u) will be used to form a tractable self-mapping
condition.
Notice that the self-mapping set is not unique, and the union
of all possible sets that satisfy the self-mapping condition can
describe the feasibility set. This brings the idea of describing
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the feasibility set into the lifted space where additional parameter describes the self-mapping set. Suppose P(b) ⊆ X is a
self-mapping set that is parametrized by b. Then, existence of
b such that Df (P(b), u) ⊆ P(b) also satisfies the Brouwer’s
fixed point condition.
Lemma 3. The union of convex and compact self-mapping
set parametrized by b ∈ Rs can be written in a lifted domain,
(u, b) ∈ (Rs , Rm ), as
W = {(u, b) | ∀x ∈ P(b), Df (x, u) ∈ P(b), (x, u) ∈ H}.
(12)
Then, Wu = {u | ∃ b, (u, b) ∈ W} is restriction of the feasible
region, i.e. Wu ⊆ Nu .
Proof. Condition {∀x ∈ P(b), Df (x, u) ∈ P(b)} ensure the
self-mapping under the map x → Df (x, u), and thus there
exists a solution u for the equality constraint in equation (3a)
with x ∈ P(b) by Brower’s fixed point Theorem. Condition
{∀x ∈ P(b), (x, u) ∈ H} ensures P(b) belongs to the feasible
set for inequality constraint in equation (3b). u ∈ Wu satisfies
both constraint in (3), and thus belongs to the feasibility set.
The set in equation (12) lifts the domain to interval space
characterized by b. It was shown in Lemma 1 that convex
restriction is simple for inequality constraints, but it is not
obvious for nonlinear equality constraints. In this paper, it will
be shown that the lifting of variable space to interval space
allows convex restriction of nonlinear equality constraints in
a similar way to convex restriction of inequality constraints.
A. Self-mapping with a Polytope Set
While the self-mapping set can be any convex and compact
set, a polytope will be considered in this paper. There is a
significant computational advantage of using polytope because
nonlinear functions only goes through a linear transformation.
Let us consider a non-empty compact polytope set P,
Ax ≤ b,

(13)

where A ∈ Rc×n and b ∈ Rc are constant matrix and vector
that sets the operational constraint over the internal state space.
This map will be denoted as P(b) = {x | Ax ≤ b}. One of
the advantages of using constant A is that the variables are
involved as a linear combination. Convexity is preserved if
all the entries of A is positive, and it will be used to enforce
convexity in our approach [26].
Lemma 4. There exists a solution x ∈ P(b) = {x | Ax ≤ b}
that satisfies the equality constraint in equation (3a) for u if
max ADf (x, u) ≤ b.
x∈P(b)

(14)

Fig. 4. Variable g k (b) and g k (b) are illustrated on this figure. In the case of
scalar x, the self-mapping set Pk (b) forms a range. g k (b) and g k (b) defines
maximum and minimum bound of fk over this range of x, and their convexity
is enforced by putting concave envelope over fk .

B. Enclosure of Concave Envelope
Consider over and under estimators of f (x, u), denoted
by f (x, u) and f (x, u) establishing bounds on individual
components:
f k (x, u) ≤ fk (x, u) ≤ f k (x, u).

For a system with both equality and inequality constraint,
the envelope needs to be valid only over the feasible set
for the inequality constraint, x ∈ Hx . This may be exploited to develop tighter envelope. The idea of concave
envelope of the nonlinear function extends naturally to the
equality constraints in our framework. Consider an equality
constraint Fj (x, u) = 0. Convex relaxation replaces the
equality constraint with concave over-estimator and convex
under-estimator. This is a necessary condition for the equality
constraint since F j (x, u) ≥ 0 and F j (x, u) ≤ 0 needs to
be satisfied in order to satisfy the equality constraint. The
same trick does not work in convex restriction because the
slack cannot be afforded for deriving a sufficient condition.
However, note that constructing the envelope in an opposite
way made the restriction convex for inequality condition
as stated on Lemma 1. Similarly, let us consider concave
envelope, an over-estimator, f k (x, u), and under estimator,
f k (x, u), that are constructed in a way that they are convex
and concave in (x, u) respectively. This envelope again is
illustrated on Figure 4.
Existence of such bound allows us to establish the following
enclosures of the original nonlinear functions over the selfmapping set:
g k (u, b) = max f k (x, u),

(16a)

g k (u, b) = min f k (x, u),

(16b)

x∈P(b)

Proof. The above condition is equivalent to ∀{x | Ax ≤
b}, ADf (x, u) ≤ b, which is shows self-mapping of P(b).
Then from Lemma 2, there exists a solution x ∈ P(b).
The nonlinearity is still contained in f (x, u), so using the
polytope as the self-mapping set does not introduce extra
complexity.

(15)

x∈P(b)

Note that these definitions results in non-convex optimizations,
however for sparse nonlinearities fk (x, u), they can be carried
out easily as the number of vertices of the polytope Pk (b) is
small.
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Lemma 5. Functions g k (u, b) and g k (u, b) are respectively
concave and convex in (u, b) and are given by
g k (u, b) =
g k (u, b) =

max f k (v, u),

(17a)

min

(17b)

v∈∂Pk (b)
v∈∂Pk (b)

f k (v, u)

where f k (v, u) and f k (v, u) are convex and concave functions, respectively, and ∂Pk (b) denotes the vertices of polytope
Pk (b).
Proof. We restrict our proof only to the first inequality for
g k (u, b). Any P
point inside the polytope Pk (b) can be represented as x = n λn vn (b) where vn (b) ∈ ∂Pk (b)Pis the n-th
vertex of the polytope Pk (b), while λnP≥ 0 and n λn = 1.
Therefore, due to convexity, f (x, u) ≥ n λn f (vn (b), u) and
thus g(u, b) = maxn f (vn (b), u). To prove convexity with
respect to b, note that every vertex is an intersection of some
subset of all the polytope faces characterized by a projection
operator Pk and thus solves the equation Pn Avn (b) = Pn b,
so vn is linear in b, which proves convexity of g(u, b).
The following bound is established where the bound on
fk (x, u) is established based on the domain of the selfmapping set:
g k (b, u) ≤ fk (x, u) ≤ g k (b, u), ∀ x ∈ P(b).

(18)

This forms a compact region that contains the nonlinearity in
the given domain, P, which is illustrated in Figure 4. The
bound illustrated here are also studied in interval analysis to
provide enclosures of the function [27].

Based on the concave envelope proposed in the previous
section, convexity can be enforced for the restriction of feasibility set. First, positive and negative parts of matrix A ∈ Rc×r
are defined as [A]± ∈ Rc×r with
(
(
Aij if Aij > 0
Aij if Aij < 0
+
−
[A]ij =
[A]ij =
(19)
0 otherwise
0 otherwise
th
where [A]+
row and j th column of matrix [A]+ .
ij refer to i
+
−
So A = [A] + [A] and ±[A]±
ij ≥ 0.

Lemma 6. For matrix AD ∈ Rc×r , there exists a nonlinear
map w(u, b) : (Rs , Rm ) → Rc with every entry wi (u, b) is a
convex function with respect to (b, u) and
max ADf (x, u) ≤ w(u, b).

(20)

This function is given by
w(u, b) = [AD]+ g(u, b) + [AD]− g(u, b),

Let us define convex bound on h(x, u) given given a convex
over-estimator h(x, u) using Lemma 5:
ν k (u, b) =

max hk (v, u).

v∈∂Pk (b)

(23)

ν k (u, b) ≤ 0 is a sufficient condition for hk (x, u) ≤ 0 for all
x ∈ Pk (b). This ensures the self-mapping set is contained in
the feasible set for inequality constraint, ∀ x ∈ Pk (b), (x, u) ∈
H. Based on this condition, the convex restriction of feasibility
set can be established.
n
o
cu = u | ∃ b, (u, b) ∈ W
c and
Theorem 3. Suppose W





c = (u, b) | AD + g(u, b) + AD − g(u, b) ≤ b
W
ν k (u, b) ≤ 0, k = 1, ..., r .

(24)

cu , then there exists a solution x? that satisfies
If u ∈ W
cu is a convex restriction of feasibility set Nx .
equation (3). W

C. Enforcing Convexity in Restriction Set

x∈P(b)

Construction of these convex maps allows us to establish
convex solvability regions of the original equation (3). Let us
first consider the solvability set of equation (3a).
n
o
cuF = u | ∃ b, (u, b) ∈ W
cF and
Theorem 2. Suppose W
o
n




cF = (u, b) | AD + g(u, b) + AD − g(u, b) ≤ b .
W
(22)
cuF , then there exists a solution x? ∈ Fx to equation
If u ∈ W
cuF is a convex restriction of solvability set Fx .
(3a). W

+

−
Proof. AD g(u, b)+ AD g(u, b) ≤ b is an upper bound
of maxx∈P(b) ADf (x, u) from Lemma 6. Thus the condition
in 22 is a sufficient condition for maxx∈P(b) ADf (x, u) ≤ b,
which ensures solvability according to Lemma 4.

(21)

where [AD]± ∈ Rc×r refer to positive and negative parts of
the matrix defined in equation 19.
Proof. The functions g(u, b) and g(u, b) establish bounds on
f (x, u). For all x in P(b), ADf (x, u) ≤ [AD]+ g(u, b) +
[AD]− g(u, b). Since g(x, u) and −g(x, u) are convex functions from Lemma 5 and [AD]+ and −[AD]− have nonnegative entries, convexity is preserved to w(u, b).


−

+
Proof. Constraint AD g(u, b)+ AD g(u, b) ≤ b ensures
the existence of solution according to Theorem 2. ν k (u, b) ≤
0, k = 1, ..., r ensure that the polytope P(b) lies within the
feasible region of inequality constraint, i.e. (u, x) ⊆ H, ∀x ∈
P(b). Therefore, this is a sufficient constraint for solvability
of equation (3a) and feasibility of equation (3b).
Remark. Suppose we are given a base point
(xbase , ubase ) ∈ N . If f i (xbase , ubase ) = f i (xbase , ubase ),
and hi (xbase , ubase ) = h(xbase , ubase ) ≤ 0 (i.e. concave
envelopes are tight and feasible at the base point), then the
convex restriction in Equation 24 is non-empty and contains
the base point.
Proof. Since P(b) = {x | Ax ≤ b} is closed, there exists b
such that P(b) = {xbase }. Since the concave envelopes are
tight at the base point, g i (ubase , bbase ) = g i (ubase , bbase ) = 0
and ν i (ubase , bbase ) = h(xbase , ubase ). Given the base point is
feasible, the condition in Theorem 3 is always satisfied at the
base point, and thus the convex restriction contains the base
point and is non-empty.
From the above remark, a non-empty convex restriction can
be always constructed around a feasible base point. The current
or planned operating point can be naturally used as the base
point for power flow feasibility set. The change of base point
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can be also explored to construct convex restriction around the
desired region.
IV. C ONVEX R ESTRICTION OF P OWER F LOW F EASIBILITY
S ET
In this section, convex restriction is constructed for AC
power flow equation in polar coordinate. The fixed point
form of the power flow equation is not unique, but the polar
representation of power flow equation is chosen. The polar
representation includes the voltage magnitude explicitly in
the equation so it is easier to ensure feasibility of voltage
magnitude limits. AC power flow equation in equation (1) can
be written in complex plane as follows:
X
pi + jqi =
YikH vi vk e−jθik , i ∈ V,
(25)
k

where Yik = Gik + jBik , and YikH is a conjugate of Yik .
Suppose the feasible base point if provided by θbase and v base .
Let ∆θ = θ − θbase and ∆v = v − v base . Let the deviation of
base
+ ∆θik , then
phase difference be θik = θik

X
base
pi + jqi =
YikH e−jθik
vi vk e−j∆θik , i ∈ V, (26)
k

where the base point phase is combined with the admittance
matrix. This can be expressed with trigonometric functions for
i ∈ V,
X
e ik cos ∆ϑe + B
eik sin ∆ϑe ) + G
e ii vi2
pi =
vi vk ( G
k∈V\i

qi =

X

e ik sin ∆ϑe − B
eik cos ∆ϑe ) − B
eii vi2 ,
vi vk ( G

(27)

k∈V\i
base
e ik +j B
eik = Y H e−jθik
where G
and ∆ϑe = ∆θi −∆θk , e =
ik
(i, k). The advantage of using equation (27) over (1) is that
the concave envelope over trigonometric function is tighter
and easier to derive when the base point is at the zero of the
trigonometric functions. From the power flow equation, basis
functions can be recognized by identifying sparse nonlinearities,


pV


qL


vf r vto cos ∆ϑ

.
ψ(x, u) = 
(28)

 vf r vto 2sin ∆ϑ 


vL
vG2

where vf r and vto are voltages at the from and to end of
transmission line respectively. The equality condition over
active power balance at every bus and reactive power balance
at PQ buses will be enforced. Let the uncontrollable variables
be the deviation of voltage magnitude and phase deviation,
T
x = ∆θVT ∆vL
. The phase at the slack bus is fixed to
zero and the voltage magnitude at PV buses are also fixed.
The reactive power balance at PV buses will be placed as
the inequality condition to represent reactive power limit.
With the basis function in (28), the equality constraint is
F (x, u) = M ψ(x, u) = 0 where
"
#
e E+ −B
e E− −G
e d −G
ed
I|V|
0 −G
L
G
V
V
(29)
M=
e E+ −G
e E− B
ed
ed
0 I|L| B
B
L

L

L

G

where I|V| ∈ R|V|×|V| is an identity matrix and 0 is a matrix
with zero entries of appropriate size. Moreover,


e
e


if l = i
Gik if l = i
Gik
E+
E−
e
e
e
e
Gle = Gik if l = k Gle = −Gik if l = k




0
otherwise
0
otherwise
(30)
e E± are defined in the same way
for l ∈ V and e = (i, k) ∈ E. B
e ik with B
eik . G
e d and B
e d are diagonal matrices
by replacing G
e and B,
e
with its diagonal elements equal to diagonals of G
E+
e
respectively. GV denotes selecting only rows i ∈ V from
e E+ . Residues of basis functions are computed using equation
G
(8),


pV − pbase
V
base


qL − pV

base 
vf r vto (cos ∆ϑ − 1) − vfbase
∆v
−
∆v
v
to
f r to 
r
,
f (x, u) = 
base base


v
v
sin
∆ϑ
−
v
v
∆ϑ
f r to
to
fr





2
base
base 2
v − 2v
∆v − v
L

L

L

L

0|G|
(31)
where a product notation is overloaded to element-wise product. For example, vf r vto cos ∆ϑ is element-wise product of
vf r , vto , and cos ∆ϑ. The operational constraint on the voltage
magnitude and phase can be written as Ax ≤ bmax where



 T
∆ϑmax
EV
0
V
max 

 0
I|L| 
 and bmax =  ∆vLmin 
(32)
A=


−EVT
−∆ϑV 
0
min
−∆vL
0
−I|L|
where ∆ϑmin/max = ϑmin/max − ϑbase and ∆v min/max =
v min/max − v base . EV is the incidence matrix with columns
chosen for only non-slack buses. The reactive power limit
constraint on PV buses can be written as Cf (x, u) ≤ d where
"
#
ed
e E− −B
e d −B
e E+ G
0 0 −B
G
L
G
G
C=
(33)
e E+ −G
e E− B
ed
ed
0 0 B
B
G

G

L

G


T
and d = (∆qGmax )T −(∆qGmin )T . Operational constraint
over the active power at every bus and reactive power at load
buses will not be considered. These constraints only add upper
and lower bound over u, which does not add any interesting
features. The inequality constrained set is then H = {(x, u) |
Ax ≤ bmax , Cf (x, u) ≤ d}. The matrix A will be also used
for the self-mapping set, P = {x | Ax ≤ b}. Therefore,
P ⊆ H if b ≤ bmax and [C]+ g(u, b) + [C]− g(u, b) ≤ d. The
trigonometric terms and its product with voltage magnitudes
are bounded effectively with the phase angle differences and
voltage magnitudes, and tight concave envelopes can be derived with such self-mapping set. Quadratic concave envelopes
will be derived for bilinear and trigonometric functions, and
the convex restriction will be constructed as a second order
cone.
A. Quadratic concave envelope
The main nonlinearities involved in the power flow equation
in polar coordinates are the bilinear, trilinear and trigonometric functions. The concave envelopes of these functions are
developed as building blocks.
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Corollary 1. Bilinear function can be bounded by the following concave envelopes with ρ1 , ρ2 > 0 and x = xbase + ∆x
and y = y base + ∆y. :

These are special cases of Lemma 5 for the given function.
Trilinear functions are bounded by cascading bilinear concave
envelope. Essentially, vf r vto ∆ cos ϑ was bounded by defining
intermediate variable vv = vf r vto , and the bilinear envelope
1
1
xy ≥ − (ρ1 ∆x − ∆y)2 + xbase ∆y + ∆xy base + xbase y basewas applied to vv and vv∆ cos ϑ. It is important to note that
4
ρ1
the vertices still need to be aligned in the overall function,
1
1
xy ≤ (ρ2 ∆x + ∆y)2 + xbase ∆y + ∆xy base + xbase y base . not only within the intermediate function. In the following
4
ρ2
(34) Lemma, we finally state the analytical expression in the form
The over-estimator is tight along ρ2 ∆x − ρ12 ∆y = 0, and the of second order cone for the convex restriction of power flow
under-estimator is tight along ρ ∆x + 1 ∆y = 0. Both over feasibility set.
2

ρ2

and under-estimators are tight at the base point.
A scalar quadratic function can be bounded using the
bilinear envelope as well. Choose ρ1 = ρ2 = 1, then x2 ≥ 0
is a concave under estimator and x2 itself is a convex over
estimator of x2 .
Corollary 2. Trigonometric functions can be bounded by the
following quadratic concave envelopes:


sin θmax − θmax
θ2 , θ < θmax
sin θ ≥ θ +
(θmax )2


(35)
sin θmin − θmin
2
min
sin θ ≤ θ +
θ , θ>θ
(θmin )2
where θmax ∈ [0, π] and θmin ∈ [−π, 0], and
1
cos θ ≥ 1 − θ2
2
cos θ ≤ 1

Corollary 3. (Convex Restriction of Power Flow Feasibility Set with Second Order Cone) The following second order cone constraint provide a convex restriction of
power flow feasibility set described in equation (1) and
(2). This provides a sufficient condition for existence of
a feasible solution in controllable
variable domain, u =

T
base T T
(pV − pbase
)
(q
−
q
)
.
L
V
L

−

+
AD g + AD g ≤ b
[C]+ g + [C]− g ≤ d, b ≤ bmax
h
iT
T
b = −∆ϑT −∆v T ∆ϑ
∆v T
T

T
g = pTV qL
g T3 g T4 g T5 g T6
∆ϑ ≤ ∆ϑ, ∆v ≤ ∆v
∀ e = (i, k) ∈ E

(36)

for all θ.

cos
base
g 3,e ≥ g vv
− vibase ∆v k − ∆v i vkbase − vik
1,e
base
cos
g 3,e ≥ g vv
− vibase ∆v k − ∆v i vkbase − vik
2,e
base
cos
g 3,e ≤ g vv
− vibase ∆v k − ∆v i vkbase − vik
1,e

(37)

cos
base
g 3,e ≤ g vv
− vibase ∆v k − ∆v i vkbase − vik
2,e
sin
base
g 4,e ≥ g vv
− vik
∆ϑ
1,e
sin
base
g 4,e ≥ g vv
− vik
∆ϑ
2,e
sin
base
g 4,e ≤ g vv
− vik
∆ϑ
1,e
sin
base
g 4,e ≤ g vv
− vik
∆ϑ
2,e

∀ k ∈ G, g 5,k ≥ 0, g 5,k ≤ 0
∀ k ∈ L, g 6,k ≥ ∆v 2k , g 6,k ≥ ∆v 2k , g 6,k ≤ 0
cos vv cos
sin vv sin
base
where vik
= vibase vkbase . g vv
/g e
and g vv
/g e
e
e
denote the interval bound of vi vk cos ϑe and vi vk sin ϑe . These
bounds are provided in the Appendix.

Remark. The number of constraints grows linearly with
respect to the number of bus and number of lines. The number
of equality and inequality constraints involved in Corollary 3
is 11|V| + 38|E| + |L| where |V|, |E| and |L| are number of
buses, lines and PQ buses, respectively.
B. Visualization
Fig. 5. Illustration of concave envelopes in Corollary 1 and 2. In (c), θmax
and θmin is drawn with yellow dashed line.

Envelopes for bilinear and trigonometric functions are illustrated in Figure 5. Given the concave envelopes, the bound
over intervals can be defined and given in the Appendix.

Here, we provide visualization of the convex restriction in
2 dimensional space. The plots are drawn for a cross section
of the region crossing the base point along two chosen plot
variables. The actual feasible set was solved using Newton
Raphson over a mesh grid in the plot region. MATPOWER
package was used for solving Newton-Raphson and the same
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data set was used for convex restriction [28]. The second order
cone convex restriction was plotted by testing feasibility of the
constraint over the same mesh grid. The results are shown for
IEEE 9 bus, 39 bus and 118 bus system in Figure 6, 7, and
8. The convex restriction appears to be very tight along some
of the boundaries. The blue lines in the figure plots individual
voltage magnitude and reactive power limits. Individual blue
line indicates the boundary of violating a single operational
constraint.

Fig. 8. Convex restriction of feasible active power injection set in 118 bus
system with voltage limit of 5% deviation from the base operating point.

Fig. 6. Convex restriction of feasible active power injection set in 9 bus
system with voltage limit of 1% deviation from the base operating point.

grid is a top priority in the operation and analysis, and the
convex restriction gives a guarantee for existence of steadystate solution that respects the operational constraint. Plots
of the region shows that our construction is very close to
the actual feasible region along some of the boundaries. For
future work, our closed-form expression can replace power
flow equations to design tractable algorithms in emergency
control and security assessment.
A PPENDIX
The bound over the interval used in the convex restriction
of power flow feasibility set are listed here. The intervals are
given by ϑe ∈ [∆ϑe , ∆ϑe ] and ve ∈ [∆v e , ∆v e ]. These are
results directly from Lemma 5 with envelopes presented in
Corollary 1 and 2. ρ1 = ρ2 = 1 was used for bounding bilinear
function. These bounds are established for the following
indices: ∀ e = (i, k) ∈ E.
A. Cosine Bound over Interval
cos ∆ϑe − 1 over ∆ϑe ∈ [∆ϑe , ∆ϑe ] is bounded by the
following inequalities:
2

cos
cos
g∆
≥ 0 g∆
≤−
e
e

Fig. 7. Convex restriction of feasible active power injection set in 39 bus
system with voltage limit of 1% deviation from the base operating point.

V. C ONCLUSION
This paper proposed a convex restriction of a general
feasibility set and presented its application to power flow
equation with operational constraints. These results suggest a
new understanding of power flow feasibility set as a counterpart to the convex relaxation. The convex restriction of power
flow feasibility set was constructed in a closed-form expression
as a second order cone constraint. Reliability of the power

∆ϑe
∆ϑ2e
cos
, g∆
≤
−
.
e
2
2

(38)

B. Sine Bound over Interval
sin ∆ϑe over ∆ϑe ∈ [∆ϑe , ∆ϑe ] is bounded by the
following inequalities:
!
min
min
sin ϑe − ϑe
2
∆ sin
g 1,e ≥ ∆ϑe +
∆ϑe
min
2
(ϑe )
!
min
min
sin ϑe − ϑe
∆ sin
g 2,e ≥ ∆ϑe +
∆ϑ2e
min
2
(ϑe )


max
(39)
sin
ϑ
− ϑmax
2
e
e
∆ sin
g 1,e ≤ ∆ϑe +
∆ϑ
e
(ϑmax
)2
e

max
max 
sin ϑe − ϑe
sin
g∆
≤ ∆ϑe +
∆ϑ2e
2,e
(ϑmax
)2
e
min

∆ϑe ≤ ϑmax
, ∆ϑe ≥ ϑe
e

.
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C. Bilinear Bound over Interval
base
∆vi ∆vk − vik
over ∆vi ∈ [∆v i , ∆v i ] is bounded by the
following inequalities:

1
(∆v i + ∆v k )2 + vibase ∆v k + ∆v i vkbase
4
1
≥ (∆v i + ∆v k )2 + vibase ∆v k + ∆v i vkbase
4
1
≤ − (∆v i − ∆v k )2 + vibase ∆v k + ∆v i vkbase
4
1
≤ − (∆v i − ∆v k )2 + vibase ∆v k + ∆v i vkbase
4
≤ g ∆vv
, g ∆vv
≤ g ∆vv
1,e
e
2,e

g ∆vv
1,e ≥
g ∆vv
2,e
g ∆vv
1,e
g ∆vv
2,e
g ∆vv
e
g ∆vv
e

(40)

∆vv
≥ g ∆vv
≥ g ∆vv
1,e , g e
2,e

base
where vik
= vibase vkbase .

D. vi vk cos θik Bound over Interval
base
∆vi ∆vk cos θik − vik
over ∆vi ∈ [∆v i , ∆v i ] and ∆vi ∈
[∆v i , ∆v i ] is bounded by the following inequalities:
vv cos
vv cos
g 1,e
≥ g ∆vv
≥ g ∆vv
1,e , g 2,e
2,e
1 ∆vv
vv cos
∆ cos 2
base ∆ cos
base
g 1,e ≤ − (g e,1 − g e
) + vik
ge
+ g ∆vv
+ vik
e,1
4
1
vv cos
cos 2
base ∆ cos
base
≤ − (g ∆vv
− g∆
) + vik
ge
+ g ∆vv
+ vik
.
g 2,e
e
e,2
4 e,2
(41)

E. vi vk sin θik Bound over Interval
∆vi ∆vk sin θik over ∆vi ∈ [∆v i , ∆v i ] and ∆vi ∈
[∆v i , ∆v i ] is bounded by the following inequalities:
1 ∆vv
sin 2
base ∆ sin
(g
+ g∆
1,e ) + vik g 1,e
4 e
1
sin 2
base ∆ sin
≥ (g ∆vv
+ g∆
2,e ) + vik g 2,e
4 e
1
sin 2
base ∆ sin
≤ − (g ∆vv
− g∆
) + vik
g 1,e
1,e
4 e
1
sin 2
base ∆ sin
≤ − (g ∆vv
− g∆
) + vik
g 2,e .
2,e
4 e

sin
g vv
≥
1,e
sin
g vv
2,e
sin
g vv
1,e
sin
g vv
2,e

(42)
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