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I. INTRODUCTION

The energy spectrum of high-energy leptons !elec-
trons in particular" scattered from a nuclear target dis-
plays a number of features. At low energy loss !"",

peaks due to elastic scattering and inelastic excitation of
discrete nuclear states appear; a measurement of the
corresponding form factors as a function of momentum
transfer #q# gives access to the Fourier transform of
nuclear !transition" densities. At larger energy loss, a
broad peak due to quasielastic electron-nucleon scatter-
ing appears; this peak—very wide due to nuclear Fermi
motion—corresponds to processes by which the electron
scatters from an individual, moving nucleon, which, after
interaction with other nucleons, is ejected from the tar-
get. At even larger ", peaks that correspond to excita-
tion of the nucleon to distinct resonances are visible. At
very large ", a structureless continuum due to deep in-
elastic scattering !DIS" on quarks bound in nucleons ap-
pears. A schematic spectrum is shown in Fig. 1. At mo-
mentum transfers above approximately 500 MeV/c, the
dominant feature of the spectrum is the quasielastic
peak.
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FIG. 1. Schematic representation of inclusive cross section as a
function of energy loss.
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Schematic representation of the inclusive cross section as a function of the energy loss.

• Broad peak due to quasi-
elastic electron-nucleon 
scattering.

• Excitation of the nucleon to 
distinct resonances (like the Δ) 
and pion production.

O. Benhar, et al. RMP 80, 189 (2008) 

• Deep Inelastic Scattering 
region, productions of hadrons 
other than protons and 
neutrons

The different reaction mechanisms can be clearly identified



Lepton-nucleus scattering
The inclusive cross section of the process in which 
a lepton scatters off a nucleus and the hadronic 
final state is undetected can be written as

• The Hadronic tensor contains all the information on target response

• The Leptonic tensor is fully specified by the lepton kinematic variables. For instance, in the electron-
nucleus scattering case

d2�

d⌦`dE`0
= Lµ⌫W

µ⌫

Wµ⌫ =
X

f

h0|Jµ†(q)|fihf |J⌫(q)|0i�(4)(p0 + q � pf )

Non relativistic nuclear many-body theory (NMBT) provides a fully consistent theoretical approach 
allowing for an accurate description of |0>, independent of momentum transfer.

Lµ⌫ = kµk
0
⌫ + k0µk⌫ � gµ⌫(k k

0) + i✏µ⌫↵�k
0↵k�



Non relativistic Nuclear Many Body Theory
• Within NMBT the nucleus is described as a collection of A point-like nucleons, the dynamics of 
which are described by the non relativistic Hamiltonian 

H =
X

i

p2
i

2m
+

X

i<j

vij +
X

i<j<k

Vijk + . . .
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Some of the diagrams included in this potential are
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Argonne v18 is a finite, local, configuration-space potential which has been fit to ~4300 np and pp 
scattering data below 350 MeV of the Nijmegen database, low-energy nn scattering parameters, 
and deuteron binding energy. 




Non relativistic Nuclear Many Body Theory
• Within NMBT the nucleus is described as a collection of A point-like nucleons, the dynamics of 
which are described by the non relativistic Hamiltonian 

 The nuclear electromagnetic current is constrained through the continuity equation

r · JEM + i[H, J
0
EM] = 0

• The above equation implies that JEM involves two-
nucleon contributions.

• Non relativistic expansion of JEM, in powers |q|/m

⇡
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The Green’s Function Monte Carlo approach

• Suitable to solve A ≤ 12 nuclei with ~1% accuracy

Quantum Monte Carlo
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• Green’s function Monte Carlo combined with a realistic nuclear hamiltonian reproduces the spectrum of ground- and excited 
states of light nuclei (including spin-orbit splitting and the emerging alpha clustering structures) 

J. Carlson et al. RMP 87, 1067 (2015)

• Diffusion Monte Carlo methods use an imaginary-time projection technique to enhance the 
ground-state component of a starting (correlated) trial wave function.

lim
⌧!1

e�(H�E0)⌧ | T i = lim
⌧!1

X

n

cn e
�(En�E0)⌧ | ni = c0| 0i



Integral transform techniques

 Using the completeness relation for the final states, we are left with a ground-state expectation value

✤ Accurate GFMC calculations of the electroweak responses of 4He and 12C have been recently 
performed:

• Valuable information on the energy dependence of the response functions can be inferred from the 
their integral transforms

R↵�(!,q) =
X

f

h0|J†
↵(q)|fihf |J�(q)|0i�(! � Ef + E0)

E↵�(�,q) =

Z
d!K(�,!)R↵�(!,q) = h 0|J†

↵(q)K(�, H � E0)J�(q)| 0i

K



Integral transform techniques

• The Lorentz integral transform (LIT)

has been successfully exploited in 
the calculation of nuclear responses: 

Using HH: V. D. Efros et al., Phys 
Lett B 338, 130 (1994)

Using CC: Bacca et al., PRC 76, 
014003 (2007), PRL 111, 122502 
(2013)

K(�,!) =
1

(! � �R)2 + �2
I

• The Laplace integral transform

of the nuclear responses is computed within 
GFMC and inverted using bayesian 
techniques: Maximum Entropy 

A. Lovato et al, Phys.Rev.Lett. 117 (2016), 
082501, Phys.Rev. C97 (2018), 022502 
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GFMC electromagnetic responses

Limitations of the original method:
★ The quantum mechanical approach (e.g. the kinematics) is non relativistic—relativistic correction up 
to order q2/m2 are included in the currents

★ The computational effort required by the inversion of           makes the direct calculation of inclusive 
cross sections unfeasible        novel algorithm based on first-kind scaling
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Relativistic effects in a correlated system

• The importance of relativity emerges in the frame dependence of non relativistic calculations at high 
values of q

• In a generic reference frame the longitudinal non relativistic response reads

Rfr
L =

X

f

���h i|
X

j

⇢j(q
fr,!fr)| f i

���
2
�(Efr

f � Efr
i � !fr)

�(Efr
f � Efr

i � !fr) ⇡ �[efrf + (P fr
f )2/(2MT )� efri � (P fr

i )2/(2MT )� !fr] ⌘ �[efrf � enrf (qfr,!fr)]

• The response in the LAB frame is given by the Lorentz transformation 

 where 

RL(q,!) =
q2

(qfr)2
Efr

i

M0
Rfr

L (qfr,!fr) RT (q,!) =
Efr

i

M0
Rfr

T (qfr,!fr)

qfr = �(q � �!), !fr = �(! � �q), P fr
i = ���M0, Efr

i = �M0

• We extend the applicability of GFMC in the quasielastic region to intermediate momentum transfers 
by performing the calculation in a reference frame that minimizes nucleon momenta. 



• Longitudinal responses of 4He for |q|=700 MeV in the four different reference frames. 

  The curves show differences in both peak positions and heights. 
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Relativistic effects in a correlated system
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pfr = µ
⇣ pfrN
mN

� pfrX
MX

⌘

P fr
f = pfrN + pfrX

• The relative momentum is derived in a relativistic fashion

!fr = Efr
f � Efr

i

Efr
f =

q
m2

N + [pfr + µ/MXPfr
f ]2 +

q
M2

X + [pfr � µ/mNPfr
f ]2

• And it is used as input in the non relativistic kinetic energy

efrf = (pfr)2/(2µ)

• Analogy with NN potential model where the NN relative scattering momentum p12 is determined in a 
relativistically correct fashion and used         E12=p122/2μ

• The frame dependence can be drastically reduced if one assumes a two-body breakup model with 
relativistic kinematics to determine the input to the non relativistic dynamics calculation

Relativistic effects in a correlated system

N,pN

X,pX



• Longitudinal responses of 4He for |q|=700 MeV in the four different reference frames. 

  The different curves are almost identical. 
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• Relativistic effects are much smaller in the ANB frame where the final nucleon momentum 
is ∝q/2, the position of the peak remains almost unchanged

He4

Relativistic effects in a correlated system
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Electron- and neutrino-scattering cross sections

• We start by defining the nuclear response functions, for a given value of q and ω

R↵�(!,q) =
X

f

h0|J†
↵(q)|fihf |J�(q)|0i�(! � Ef + E0)

• Electron case we write the double differential cross section as:

d�

dE0d⌦
= �Mott

"✓
q2

q2

◆2

RL +

✓
�q2

2q2
+ tan2 ✓

2

◆
RT

#

where: RL = W00 , RT = Wxx +Wyy

• Neutrino case: 

⇣ d�

dE0d⌦

⌘

⌫/⌫̄
=

G2

4⇡2

k0

2E⌫

h
L̂CCRCC + 2L̂CLRCL + L̂LLRLL + L̂TRT ± 2L̂T 0RT 0

i
,

• Where the nuclear responses are given by 

RCC = W 00

RCL = �1

2
(W 03 +W 30)

RT 0 = � i

2
(W 12 �W 21) ,  ,RLL = W 33

RT = W 11 +W 22



Scaling in the Fermi gas model

• Scaling of the first kind: the nuclear electromagnetic responses divided by an appropriate function 
describing the single-nucleon physics no longer depend on the two variables      and q, but only upon !  (q,!)

� = !/2m

 = |q|/2m
⌧ = 2 � �2

⌘F = pF /m

⇠F =
q
p2F +m2/m� 1

 =
1

⇠F

�� ⌧q
(1 + �)⌧ + 

p
⌧(1 + ⌧)

RL,T = (1�  2)✓(1�  2)⇥GL,T

Adimensional variables: Scaling function:

In the Fermi Gas the L and T responses 
have the same functional form :

Scaling in the Fermi Gas model

Scaling of the first kind: the nuclear responses divided by an appropriate
function describing the single-nucleon physics no longer depend on the two
variables q and !, but only upon  (q,!).

L/T scaling responses:

fL,T ( ) = pF ⇥
RL,T

GL,T
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Within the GRFG model we obtain

f ( ) = fL,T ( ) =
3⇠F
2⌘2

F

�
1 �  2)✓(1 �  2) .
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• In the Fermi Gas picture only statistical 
correlations are accounted for



Scaling as a tool to interpolate the responses

He4 • In order to obtain the GFMC inclusive 
electron-nucleus cross sections we developed 
a novel interpolation algorithm based on the 
scaling of the nuclear responses. 


• For a fixed value of        and 


Q2 = 4Ee(Ee � !) sin2
✓e
2

, |q| =
p

Q2 + !2

• We first compute        then the set of              
is interpolated in |q|. 


 0
nr RL,T ( 

0
nr,q)

Ee ✓e

• For a given value of           the curves 
corresponding to different values of |q| are 
almost perfectly aligned and monotonic 
functions of |q|. Using the concept of scaling, 
largely improves the accuracy of the 
interpolation procedure and reduces the 
computational cost

 0
nr

4

spectrum for the initial and final states. In this work, we
introduce a constant shift in the energy transfer in the
definition of the scaling variable

 
0
nr

= pF

⇣
! � Es

|q| � |q|
2m

⌘
. (7)

In the above equation, pF is the Fermi momentum, and
Es is empirically chosen to account for binding e↵ects in
both the initial and final states. In the present analysis
of the 4He nucleus, we use pF=180 MeV and Es = 15
MeV. However the results are quite insensitive to small
variations of these parameters.
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FIG. 5. One-body longitudinal (upper panel) and transverse
(bottom panel) electromagnetic response functions of 4He for
|q| = 300, 400, 500, 600, and 700 MeV as a function  0

nr given
in Eq.(7) .

Figure 5 shows the longitudinal and transverse re-
sponse functions 4He divided by the proton electric form
factor squared for |qi| = 300, 400, 500, 600, and 700 MeV
as a function  

0
nr
. In both channels the curves corre-

sponding to di↵erent values of the momentum transfer
peak around  

0
nr
=0 and the height of the quasielastic

peaks is a monotonic function of |q|. In the longitudinal
case, shown in the upper panel, the highest and the lowest
peak correspond to |q| = 300 and 700 MeV, respectively.
On the other hand, in the transverse channel, displayed
in the bottom panel, the response functions are smaller as
|q| decreases. In Fig. 6 both one- and two-body terms in
the electromagnetic current have been included. Meson-
exchange current contributions only a↵ect the transverse
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FIG. 6. Same as in Fig. 5 including one- and two-body terms
in the electromagnetic current.

channel, leading to a sizable enhancement of the response
functions. Nevertheless, the behavior of the curves in
both the upper and lower panels is analogous to that of
Fig. 5.
In order to evaluate Eq. (1) we fix Ee and ✓e, the initial

electron beam energy and scattering angle, respectively,
and use Ee0 = Ee � ! for the energy of the outgoing
electron. The four-momentum transfer is then written as

Q
2 = �q

2 = 4Ee(Ee � !) sin2
✓e0

2
, (8)

For a given value of !, the response functions have to
be evaluated at |q| =

p
!2 +Q2. To this aim, we first

compute  0
nr

as in Eq.(7). Then, the set of RL,T ( 0
nr
, qi)

is interpolated at |q|. By looking at Figs. 5 and 6, it
becomes evident why it is more convenient to interpolate
the di↵erent response functions when the latter are given
as a function of  0

nr
and |q| rather than ! and |q|. For

a given value of  0
nr

the curves corresponding to the dif-
ferent |qi| are indeed almost perfectly aligned and mono-
tonic functions of |q|, largely improving the accuracy of
the interpolation procedure.
In Fig. 7 we compare with experimental data the

electron-4He inclusive double-di↵erential cross sections
obtained from the GFMC responses for various kinemat-
ical setups, corresponding to di↵erent values of Ee and
✓e. The green and blue curve corresponds to retaining
only one-body terms or both one- and two-body terms in
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FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].
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FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].
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FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].

6

��
��
���������

� �� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ

ԓᅼ�ԓဇԓ
ᆂ(M#fb

`f
J

2o
)

2tT
R#
Rk#
Rk# �L"

��
��
��
�

� �� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

yXy

yX8

RXy

RX8

kXy

kX8

jXy

� �� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

����������������������

� �� ��� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ

ԓᅼ�ԓဇԓ
ᆂ(M#fb

`f
J

2o
)

��
��
�����

� �� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ

��������������������

� �� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

yXy

yX8

RXy

RX8

kXy

kX8

jXy

jX8

� �� ��� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ
ԓᅼ�ԓဇԓ

ᆂ(M#fb
`f

J
2o

)

��
����������

� �� ��� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

yXy
yXk
yX9
yXe
yX3
RXy
RXk
RX9
RXe
RX3

� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

���
���
���
���

� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ

ԓᅼ�ԓဇԓ
ᆂ(M#fb

`f
J

2o
)

ᆂ (J2o)

yXy
yX8
RXy
RX8
kXy
kX8
jXy
jX8
9Xy

� ��� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ����ੋ

ᆂ (J2o)

yXy
yXk
yX9
yXe
yX3
RXy
RXk
RX9
RXe
RX3

� ��� ��� ��� ��� ��� ���

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ���ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ��ੋ

Ӻր � ��� J2oᅲ � ��ੋ Ӻր � ��� J2oᅲ � ����ੋ Ӻր � ���� J2oᅲ � ����ੋ

ᆂ (J2o)

FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].
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• We computed the charged-current response function of 12C 

• Two-body currents have little effect in the vector term, but enhance the axial contribution at 
energy larger than quasi-elastic kinematics

A. Lovato et al. in preparation
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• We computed the charged-current response function of 12C 

• Two-body currents have a sizable effect in the transverse response, both in the vector and in 
the axial contributions

A. Lovato et al. in preparation
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• Two-body currents have a sizable effect in the interference between the axial and vector 
current contributions, important to asses neutrino/antineutrino event rates 

A. Lovato et al. in preparation



Summary

❖ Using the concept of scaling of the electromagnetic responses we were able to efficiently 
interpolate the response functions and obtain cross sections

❖ Neutrino physics is entering a new precision era; realistic models of nuclear dynamics are 
fundamental for an accurate analysis of neutrino oscillation data 

❖ Relativistic effects in the kinematics can be accounted for choosing a reference frame that 
minimizes the nucleon momentum + two-fragment model

❖ Neutral and Charge current response functions have been obtained within GFMC. 
Generalize what has been already done for the electromagnetic case compare with the 
MiniBooNE data: two-body current contribution is needed to explain the excess. 

❖ Implement chiral currents obtained from the chiral potential developed by M.Piarulli in the 
electroweak response functions



GFMC results for muon capture in 4He
• Negative muons can be captured by the nucleus in a weak-interaction process resulting in the 
change of one of the protons into a neutron and a neutrino emission: inverse process of charge 
current neutrino scattering

n
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The muon rest mass is converted 
in energy shared by the emitted 
neutrino and recoiling final nucleus 
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Atomic wave function of the muon approximated as  (x) '  (0) = (Z↵µ)3 /⇡
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A calculation of the total inclusive rate requires requires knowledge of both the low-lying discrete 
states and higher-energy continuum spectrum of the final nucleus; it is given in terms of five 
response functions



Muon capture in 4He 

|q| = E⌫
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The differential capture rate can be 
computed interpolating the response 
functions at
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FIG. 1. (Color online). The di↵erential rates obtained with
one-body (1b) only and both one- and two-body (2b) terms
in the vector (V) and axial (A) components of the charge-
changing (CC) weak current, and full CC current, are dis-
played as function of the ⌫µ-energy in the allowed kinematical
range. The theoretical uncertainites resulting from combining
statistical errors in the GFMC calculation with errors associ-
ated with the maximum-entropy inversion of the imaginary-
time data are shown by the bands. The arrow indicates the
kinematically maximum allowed E⌫ , see text for further ex-
planations.

body (2b) terms in these currents are listed in Table I,
and displayed in Fig 1, separately. Note that the re-
sponse function Rxy(E⌫) in Eq. (9) involves interference
between the matrix elements of the V and A currents, and
therefore only contributes when both are present. As a
consequence, �(CC) 6=�(V) + �(A); indeed, this V-A in-
terference leads to an increase in the �(V) + �(A) result
by ⇡ 10% in both the 1b- and 2b-based calculations.

In the 4He capture, the neutrino energy is in the range
0  E⌫  Emax

⌫
⇡ 83.6 MeV; however, the distribution,

also on account of the E2
⌫
-weighing factor present in the

expression for d�/dE⌫ , is skewed towards the high end,
confirming the expectation that the energy release in the
capture process is converted primarily in energy for the
emitted neutrino [46] with the remaining balance being
absorbed by the final nuclear system. In the present case,
since 4H is not bound, the possible final breakup chan-
nels are 3H+n (3+1), 2H+2n (2+2), and 1H+3n (1+3),
which have slightly di↵erent thresholds. While the con-
tributions of these channels are fully accounted for here,
they cannot be individually identified over the allowed
E⌫ range—a limitation intrinsic to the present method
and apparent from Eq. (11), which relies on closure to
remove the sum over final states. Nevertheless, Caine
and Jones [50] estimated the branching ratios into the
3+1, 2+2, 1+3 channels to be, respectively, 97.75%, 2%
and 0.25%.

A related issue has to do with the behavior of the
response functions in the threshold region E⌫ . Emax

⌫
.

The kinematical constraint that R↵�(E⌫) vanish for E⌫

larger than Emax
⌫

is not imposed when performing the
inversion (see supplemental material). Even though rel-
atively high values of ⌧  ⌧max =0.1 MeV�1 are cal-
culated by GFMC, the maximum-entropy procedure we
utilize still produces some strength beyond Emax

⌫
, as

is apparent from Fig. 1. However, the integrals of
d�/dE⌫ , when evaluated over the whole E⌫-range includ-
ing the unphysical region, remain stable to within 1% for
⌧max =(0.1, 0.08, 0.05) MeV�1.
In Table I we list the results for the 1b and 2b to-

tal rates (indicated as fCC) obtained with a CC weak
current in which the term proportional to the induced
pseudoscalar form factor GPS(q2) (in the axial sector)
is ignored. The e↵ect is significant: retaining this term
reduces the fCC values by ⇡ 15% (14%) in the 1b (2b)
calculations. The parametrization for GPS(q2) adopted
here [44] is consistent with the recent determination of
this form factor by the MuCap collaboration [16]. It also
leads, in an accurate ab initio calculation based on es-
sentially the same dynamical inputs adopted here [52],
to a prediction for the 3He(µ�, ⌫µ)3H total rate that is
agreement with the (remarkably precise) measurement
of Ref. [53], 1496(4) s�1. Thus, muon capture provides
a sensitive test of the GPS(q2) form factor at low mo-
mentum transfers. By contrast, this observable is only
very marginally a↵ected (at a fraction of a 1% level) by
changes in the parametrization of the nucleon axial form
factor, as we have explicitly verified by calculating how
the total rate changes when the cuto↵ ⇤A is varied by
±10% about its central value of ⇤A ⇡ 1 GeV. The reason
is that GA(q2)= gA

⇥
1 + 2 q2/⇤2

A
+ · · ·

⇤
, and q2/⇤2

A
⌧ 1

in the allowed kinematical region.
In this letter, we have formulated an ab initio QMC

method for calculating inclusive muon-capture rates on
light nuclei (mass number A  12), and have presented,
as a first application, a calculation of the total rate in
4He. The predicted value is consistent with the lower
range of available experimental determinations (see Ta-
ble I). However, these measurements from bubble cham-
ber experiments of the late 60’s have large errors, making
it impossible to establish, at a quantitative level, the va-
lidity of the model for the nuclear charge-changing weak
current we have adopted here. We hope the present work
will motivate our colleagues to carry out a new experi-
ment on 4He.
Future plans in this area include (i) the application

of the method to other (light) nuclei, especially in cases
where more accurate data are known [46], and (ii) its
extension to more fundamental dynamical approaches
based on interactions and electroweak currents derived
from chiral e↵ective field theory. The presence of dis-
crete states in the final nuclear system substantially com-
plicates the calculation of the capture rate, since the
imaginary-time response functions E↵�(q, ⌧) would have
to be evaluated at large enough values of ⌧ to reliably

AL, N. Rocco, R. Schiavilla (in prep.)
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with q=�E⌫ k̂⌫ and ! taken as independent variables,
carry out the Laplace transform

E↵�(q, ⌧) =

Z 1

0
d! e�⌧ ! R↵�(q,!)

=
X

i

hi|O�†(q)e�⌧(H�Ei)O↵(q)|ii , (11)

by evaluating the expectation value in the second line
above with stochastic techniques [41], invert the result-
ing Euclidean response function E↵�(q, ⌧) by maximum-
entropy methods [38] to obtain back R↵�(q,!), and fi-
nally interpolate the latter at !=!+mp�mn =�m�E⌫

to determine the response R↵�(E⌫) of interest here. No
approximations are made beyond those inherent to the
modeling of the nuclear Hamiltonian and weak current,
in particular interaction e↵ects in the discrete and con-
tinuum spectrum of the final nuclear system are fully and
exactly accounted for.

The dynamical framework adopted in the present work
is based on a realistic Hamiltonian including the Ar-
gonne v18 two-nucleon [42] (AV18) and Illinois-7 three-
nucleon [43] (IL7) interactions, and on realistic charge-
changing weak currents with one- and two-body terms,

see Ref. [44] for a recent overview and a listing of ex-
plicit expressions. The (vector and axial) one-body terms
j�1b follow from a non-relativistic expansion of the single-
nucleon (charge-changing) weak current, in which cor-
rections proportional up to the inverse-square of the nu-
cleon mass are retained. The two-body currents j�2b con-
sist of contributions associated with (e↵ective) ⇡- and ⇢-
meson exchanges, and N -to-� excitation terms, treated
in the static limit. In the axial component, a ⇢⇡ tran-
sition mechanism is also included. Configuration-space
representations of these currents (used in the actual cal-
culations below) are regularized by a prescription which,
albeit model dependent, is nevertheless designed to make,
by construction, their short-range behavior consistent
with that of the two-nucleon interaction [44]—the AV18.
In the N -to-� axial current, the value for the transition
(axial) coupling constant is determined by reproducing
the measured Gamow-Teller matrix element contribut-
ing to tritium �-decay [44] (within the present dynami-
cal framework). The level of quantitative success these
currents have achieved, when used in combination with
the AV18/IL7 interactions, in accurately predicting many
electroweak properties of s- and p-shell nuclei up to 12C
is illustrated in Refs. [29, 31] and references therein.

V-1b V-2b A-1b A-2b CC-1b CC-2b gCC-1b gCC-2b Exp [47] Exp [48] Exp [49] Th [50] Th [51]
�(s�1) 65± 1 73± 1 171± 6 200± 6 265± 9 306± 9 310± 12 355± 12 336± 75 375+30

�300 364± 46 345± 110 278

TABLE I. The inclusive muon rates in 4He obtained by including one-body (1b) only and both one- and two-body (2b) terms
in the vector (V) and axial (A) components of the charge-changing (CC) weak current. The 1b and 2b rates obtained with the

full CC current and the gCC current without the induced pseudoscalar term are compared to available experimental values and
older theoretical estimates.

Having set-up the formalism and specified the dynami-
cal framework, we now proceed to discuss an application
of the method to muon capture in 4He. As noted by
Measday in his review [46], the only available measure-
ments of the total rate are from experiments in the 1960’s
with helium bubble chambers and helium gas scintillat-
ing targets [47–49], and have large errors, see Table I.
The only theoretical estimates we are aware of are from
Caine and Jones [50] and Walecka [51]; the former based
on closure approximations is rather uncertain, while the
latter obtained with the Foldy-Walecka sum rules for the
giant dipole excitation turns out to be remarkably close
to the value we calculate almost 50 years later!

The calculation of the 4He Euclidean responses in
Eq. (11) is carried out with Green’s function Monte Carlo
(GFMC) methods [37–40] similar to those used in pro-
jecting out the exact ground state of a Hamiltonian from
a trial state [45]. It proceeds in two steps. First, an
unconstrained imaginary-time propagation of the initial
bound state state |ii, represented here by an accurate
variational Monte Carlo (VMC) wave function (rather

than its exact GFMC counterpart), is performed and
saved. Next, the states O↵(q)|ii are evolved in imagi-
nary time following the path previously saved. During
this latter imaginary-time evolution, scalar products of
exp [� (H � Ei) ⌧i]O↵(q)|ii with O�(q|ii are evaluated
on a grid of ⌧i values, and from these scalar products
estimates for E↵�(q, ⌧i) are obtained. The statistical er-
rors associated with the GFMC evolution remain mod-
est, even at values of ⌧ as large as 0.1 MeV�1, the end-
point of the ⌧ -grid. Maximum entropy methods are em-
ployed “to invert” E↵�(q, ⌧) and obtain the correspond-
ing R↵�(q,!) [38]. Their implementation is briefly sum-
marized in the supplemental material.

Predictions for the total rate in 4He are compared to
the experimental values and older theoretical estimates
mentioned above in Table I, and the di↵erential rates
as functions of the energy of the muon neutrino emit-
ted in the capture are shown in Fig. 1. Results obtained
by considering only the vector (V) or axial (A) compo-
nents of the charge-changing (CC) weak current and by
including one-body (1b) terms only or both one- and two-

Integrating the differential capture rate, we get the 
following total rates

• Two-body currents increase the capture rate by about 15%. 

• The predicted value is consistent with the lower range of available experimental determinations
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by evaluating the expectation value in the second line
above with stochastic techniques [41], invert the result-
ing Euclidean response function E↵�(q, ⌧) by maximum-
entropy methods [38] to obtain back R↵�(q,!), and fi-
nally interpolate the latter at !=!+mp�mn =�m�E⌫

to determine the response R↵�(E⌫) of interest here. No
approximations are made beyond those inherent to the
modeling of the nuclear Hamiltonian and weak current,
in particular interaction e↵ects in the discrete and con-
tinuum spectrum of the final nuclear system are fully and
exactly accounted for.

The dynamical framework adopted in the present work
is based on a realistic Hamiltonian including the Ar-
gonne v18 two-nucleon [42] (AV18) and Illinois-7 three-
nucleon [43] (IL7) interactions, and on realistic charge-
changing weak currents with one- and two-body terms,

see Ref. [44] for a recent overview and a listing of ex-
plicit expressions. The (vector and axial) one-body terms
j�1b follow from a non-relativistic expansion of the single-
nucleon (charge-changing) weak current, in which cor-
rections proportional up to the inverse-square of the nu-
cleon mass are retained. The two-body currents j�2b con-
sist of contributions associated with (e↵ective) ⇡- and ⇢-
meson exchanges, and N -to-� excitation terms, treated
in the static limit. In the axial component, a ⇢⇡ tran-
sition mechanism is also included. Configuration-space
representations of these currents (used in the actual cal-
culations below) are regularized by a prescription which,
albeit model dependent, is nevertheless designed to make,
by construction, their short-range behavior consistent
with that of the two-nucleon interaction [44]—the AV18.
In the N -to-� axial current, the value for the transition
(axial) coupling constant is determined by reproducing
the measured Gamow-Teller matrix element contribut-
ing to tritium �-decay [44] (within the present dynami-
cal framework). The level of quantitative success these
currents have achieved, when used in combination with
the AV18/IL7 interactions, in accurately predicting many
electroweak properties of s- and p-shell nuclei up to 12C
is illustrated in Refs. [29, 31] and references therein.

V-1b V-2b A-1b A-2b CC-1b CC-2b gCC-1b gCC-2b Exp [47] Exp [48] Exp [49] Th [50] Th [51]
�(s�1) 65± 1 73± 1 171± 6 200± 6 265± 9 306± 9 310± 12 355± 12 336± 75 375+30

�300 364± 46 345± 110 278

TABLE I. The inclusive muon rates in 4He obtained by including one-body (1b) only and both one- and two-body (2b) terms
in the vector (V) and axial (A) components of the charge-changing (CC) weak current. The 1b and 2b rates obtained with the

full CC current and the gCC current without the induced pseudoscalar term are compared to available experimental values and
older theoretical estimates.

Having set-up the formalism and specified the dynami-
cal framework, we now proceed to discuss an application
of the method to muon capture in 4He. As noted by
Measday in his review [46], the only available measure-
ments of the total rate are from experiments in the 1960’s
with helium bubble chambers and helium gas scintillat-
ing targets [47–49], and have large errors, see Table I.
The only theoretical estimates we are aware of are from
Caine and Jones [50] and Walecka [51]; the former based
on closure approximations is rather uncertain, while the
latter obtained with the Foldy-Walecka sum rules for the
giant dipole excitation turns out to be remarkably close
to the value we calculate almost 50 years later!

The calculation of the 4He Euclidean responses in
Eq. (11) is carried out with Green’s function Monte Carlo
(GFMC) methods [37–40] similar to those used in pro-
jecting out the exact ground state of a Hamiltonian from
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bound state state |ii, represented here by an accurate
variational Monte Carlo (VMC) wave function (rather

than its exact GFMC counterpart), is performed and
saved. Next, the states O↵(q)|ii are evolved in imagi-
nary time following the path previously saved. During
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point of the ⌧ -grid. Maximum entropy methods are em-
ployed “to invert” E↵�(q, ⌧) and obtain the correspond-
ing R↵�(q,!) [38]. Their implementation is briefly sum-
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Predictions for the total rate in 4He are compared to
the experimental values and older theoretical estimates
mentioned above in Table I, and the di↵erential rates
as functions of the energy of the muon neutrino emit-
ted in the capture are shown in Fig. 1. Results obtained
by considering only the vector (V) or axial (A) compo-
nents of the charge-changing (CC) weak current and by
including one-body (1b) terms only or both one- and two-
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representations of these currents (used in the actual cal-
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albeit model dependent, is nevertheless designed to make,
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Having set-up the formalism and specified the dynami-
cal framework, we now proceed to discuss an application
of the method to muon capture in 4He. As noted by
Measday in his review [46], the only available measure-
ments of the total rate are from experiments in the 1960’s
with helium bubble chambers and helium gas scintillat-
ing targets [47–49], and have large errors, see Table I.
The only theoretical estimates we are aware of are from
Caine and Jones [50] and Walecka [51]; the former based
on closure approximations is rather uncertain, while the
latter obtained with the Foldy-Walecka sum rules for the
giant dipole excitation turns out to be remarkably close
to the value we calculate almost 50 years later!

The calculation of the 4He Euclidean responses in
Eq. (11) is carried out with Green’s function Monte Carlo
(GFMC) methods [37–40] similar to those used in pro-
jecting out the exact ground state of a Hamiltonian from
a trial state [45]. It proceeds in two steps. First, an
unconstrained imaginary-time propagation of the initial
bound state state |ii, represented here by an accurate
variational Monte Carlo (VMC) wave function (rather

than its exact GFMC counterpart), is performed and
saved. Next, the states O↵(q)|ii are evolved in imagi-
nary time following the path previously saved. During
this latter imaginary-time evolution, scalar products of
exp [� (H � Ei) ⌧i]O↵(q)|ii with O�(q|ii are evaluated
on a grid of ⌧i values, and from these scalar products
estimates for E↵�(q, ⌧i) are obtained. The statistical er-
rors associated with the GFMC evolution remain mod-
est, even at values of ⌧ as large as 0.1 MeV�1, the end-
point of the ⌧ -grid. Maximum entropy methods are em-
ployed “to invert” E↵�(q, ⌧) and obtain the correspond-
ing R↵�(q,!) [38]. Their implementation is briefly sum-
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Predictions for the total rate in 4He are compared to
the experimental values and older theoretical estimates
mentioned above in Table I, and the di↵erential rates
as functions of the energy of the muon neutrino emit-
ted in the capture are shown in Fig. 1. Results obtained
by considering only the vector (V) or axial (A) compo-
nents of the charge-changing (CC) weak current and by
including one-body (1b) terms only or both one- and two-
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• Nice agreement between the SCGF and QMC calculations

• SCGF results agree with experiments (corroborates the goodness of NNLOsat)
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• The nuclear charge density distribution is the 
Fourier transform of the charge elastic form factor: ⇢ch(r

0) =

Z
d3q

(2⇡)3
e�iq·r0 FL(q)



• The momentum distribution reflects the fact that NNLOsat is softer the AV18+UIX.

• Single particle momentum distribution of 16O
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FIG. 7. Momentum distributions of 4He. The dashed (red)
line corresponds to the QMC calculation [41], the dotted
(green) curve have been obtained using the SCGF-ADC(3)
propagator while the short-dashed (blue) and solid (black)
lines correspond to the total and intrinsic OpRS results, re-
spectively.

lations strongly reduce the SCGF-ADC(3) momentum
distribution in the high momentum region. In the upper
panel we observe an enhancement of the SCGF-ADC(3)
results with respect to the QMC calculation. This can
be understood by recalling that the QMC and SCGF-
ADC(3) momentum distribution are normalized to num-
ber of nucleons. In order for the normalization condition
to be satisfied, the missing strength in the tails of the
NNLOsat curve has to be compensated by an enhance-
ment in the low-momentum region.

Fig. 9 shows the electron-4He inclusive double-
di↵erential cross sections at di↵erent values of Ee and
✓e. The curves are obtained from the full SCGF-ADC(3)
spectral function, from its OpRS approximation and from
the intrinsic OpRS. The SCGF-ADC(3) cross-section
represented by the dashed (red) line is quenched with
respect to the solid (green) line that refers to the un-
corrected OpRS. This has to be attributed to the di↵er-
ent behavior of the curves displayed in Fig. 7. Whilst
the OpRS wave functions are built to reproduce low-
est energy momenta of the ADC(3) propagator—which
optimizes the quasiparticle energies and strength near
the Fermi surface—this leaves small discrepancies in the
single-nucleon momentum distribution. The compari-
son between the solid (green) and dashed (black) curve
clearly shows that the subtraction of the center of mass
component from the wave function leads to a reduction of
the width and an enhancement of the quasielastic peak.
Since this strongly a↵ects the cross section in all the kine-
matical setups that we considered, we applied FSI cor-
rections only to the intrinsic OpRS calculation. In order
to do it, we follow the approach outlined in Sec. III, with
the di↵erence that the optical potential has been disre-
garded in the energy conserving �-function since to the
best of our knowledge neither the 3H-p nor the 3He-n op-
tical potentials are present in the literature. The results
are shown in Fig. 10. The convolution of the OpRS cross
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FIG. 8. Computed momentum distributions of 16O. The
dashed (red) and solid (black) lines are obtained within
QMC [41] and SCGF-ADC(3) approaches, respectively. In
the lower panel, a logarithmic scale has been used to demon-
strate the weak tail at large momenta that arises from the soft
chiral interaction adopted in the SCGF-ADC(3) calculation.

section with the folding function of Eq. (38) leads to a
redistribution of the strength, which quenches the peak
and enhances the tails. For Ee = 300 MeV, ✓ = 60�,
and Ee = 500 MeV, ✓ = 34� the OpRS intrinsic calcu-
lation overestimates the data. Moreover, in all the kine-
matical configurations under consideration the position
of the quasielastic peak is not correctly reproduced. This
is likely to be ascribed to the approximate procedure we
adopted to account for FSI e↵ects, i.e. we neglected the
real part of the optical potential. Its inclusion would
shift the cross section towards lower values of ! possibly
improving the agreement with the experimental data.

In Fig. 11 we compare the experimental data of the in-
clusive double-di↵erential electron-16O cross sections as
computed from the fully correlated SCGF-ADC(3) spec-
tral function. In the dashed (green) curve FSI e↵ects
have been implemented in full, yielding a very nice agree-
ment with the data. In particular, the inclusion of the
real part of the optical potential in the final state nu-
cleon energy shifts the cross sections towards lower val-
ues of ! and the quasielastic-peak position is correctly
reproduced.

Benchmark the nuclear model: 16O momentum distribution 

NR, C. Barbieri, Phys.Rev. C98 (2018) 025501 

nn(p)(p) =

Z
dE Pn(p)(p,E)



• Single particle momentum distribution of 16O, log scale
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FIG. 7. Momentum distributions of 4He. The dashed (red)
line corresponds to the QMC calculation [41], the dotted
(green) curve have been obtained using the SCGF-ADC(3)
propagator while the short-dashed (blue) and solid (black)
lines correspond to the total and intrinsic OpRS results, re-
spectively.

lations strongly reduce the SCGF-ADC(3) momentum
distribution in the high momentum region. In the upper
panel we observe an enhancement of the SCGF-ADC(3)
results with respect to the QMC calculation. This can
be understood by recalling that the QMC and SCGF-
ADC(3) momentum distribution are normalized to num-
ber of nucleons. In order for the normalization condition
to be satisfied, the missing strength in the tails of the
NNLOsat curve has to be compensated by an enhance-
ment in the low-momentum region.

Fig. 9 shows the electron-4He inclusive double-
di↵erential cross sections at di↵erent values of Ee and
✓e. The curves are obtained from the full SCGF-ADC(3)
spectral function, from its OpRS approximation and from
the intrinsic OpRS. The SCGF-ADC(3) cross-section
represented by the dashed (red) line is quenched with
respect to the solid (green) line that refers to the un-
corrected OpRS. This has to be attributed to the di↵er-
ent behavior of the curves displayed in Fig. 7. Whilst
the OpRS wave functions are built to reproduce low-
est energy momenta of the ADC(3) propagator—which
optimizes the quasiparticle energies and strength near
the Fermi surface—this leaves small discrepancies in the
single-nucleon momentum distribution. The compari-
son between the solid (green) and dashed (black) curve
clearly shows that the subtraction of the center of mass
component from the wave function leads to a reduction of
the width and an enhancement of the quasielastic peak.
Since this strongly a↵ects the cross section in all the kine-
matical setups that we considered, we applied FSI cor-
rections only to the intrinsic OpRS calculation. In order
to do it, we follow the approach outlined in Sec. III, with
the di↵erence that the optical potential has been disre-
garded in the energy conserving �-function since to the
best of our knowledge neither the 3H-p nor the 3He-n op-
tical potentials are present in the literature. The results
are shown in Fig. 10. The convolution of the OpRS cross
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FIG. 8. Computed momentum distributions of 16O. The
dashed (red) and solid (black) lines are obtained within
QMC [41] and SCGF-ADC(3) approaches, respectively. In
the lower panel, a logarithmic scale has been used to demon-
strate the weak tail at large momenta that arises from the soft
chiral interaction adopted in the SCGF-ADC(3) calculation.

section with the folding function of Eq. (38) leads to a
redistribution of the strength, which quenches the peak
and enhances the tails. For Ee = 300 MeV, ✓ = 60�,
and Ee = 500 MeV, ✓ = 34� the OpRS intrinsic calcu-
lation overestimates the data. Moreover, in all the kine-
matical configurations under consideration the position
of the quasielastic peak is not correctly reproduced. This
is likely to be ascribed to the approximate procedure we
adopted to account for FSI e↵ects, i.e. we neglected the
real part of the optical potential. Its inclusion would
shift the cross section towards lower values of ! possibly
improving the agreement with the experimental data.

In Fig. 11 we compare the experimental data of the in-
clusive double-di↵erential electron-16O cross sections as
computed from the fully correlated SCGF-ADC(3) spec-
tral function. In the dashed (green) curve FSI e↵ects
have been implemented in full, yielding a very nice agree-
ment with the data. In particular, the inclusion of the
real part of the optical potential in the final state nu-
cleon energy shifts the cross sections towards lower val-
ues of ! and the quasielastic-peak position is correctly
reproduced.

• The momentum distribution reflects the fact that NNLOsat is softer than AV18+UIX.
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