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PERTURBATION THEORY WITH STRONGLY REPULSIVE FORCES

? A prominent feature of the nucleon-nucleon potential is the presence of
a strong repulsive core

? phenomenological and
boson-exchange NN potentials in
the 1S0 channel

? depending on the cutoff, χEFT
interactions also feature
short-range repulsion

(a) (b)

Figure 2: (a) Several phenomenological NN potentials in the 1S0 channel from Ref. [21]. (b) Momentum-
space matrix elements of the Argonne v18 (AV18) 1S0 potential after Fourier (Bessel) transformation.1

and we use such plots throughout this review.1 The elastic regime for NN scattering corresponds to
relative momenta k ! 2 fm−1. The strong low- to high-momentum coupling driven by the short-range
repulsion is manifested in Fig. 3(a) by the large regions of non-zero off-diagonal matrix elements. A
consequence is a suppression of probability in the relative wave function (“short-range correlations”),
as seen for the deuteron in Fig. 3(b).

The potentials in Fig. 2(a) are partial-wave local; that is, in each partial wave they are functions
of the separation r alone. This condition, which simplifies certain types of numerical calculations,2

constrains the radial dependence to be similar to Fig. 2(a) if the potential is to reproduce elastic phase
shifts, and in particular necessitates a strong short-range repulsion in the S-waves. The similarity
of all such potentials, perhaps combined with experience from the Coulomb potential, has led to the
(often implicit) misconception that the nuclear potential must have this form. This prejudice has been
reinforced recently by QCD lattice calculations that apparently validate a repulsive core [25–28].

For finite-mass composite particles, locality is a feature we expect at long distances, but non-local
interactions would be more natural at short distances. In fact, the potential at short range is far
removed from an observable, and locality is imposed on potentials for convenience, not because of
physical necessity. Recall that we are free to apply a short-range unitary transformation U to the
Hamiltonian (and to other operators at the same time),

En = ⟨Ψn|H|Ψn⟩ =
(
⟨Ψn|U †)UHU † (

U |Ψn⟩
)

= ⟨Ψ̃n|H̃|Ψ̃n⟩ , (1)

and the physics described by H and H̃ is indistinguishable by experiment. Thus there are an infinite
number of equally valid potentials, and once we allow non-locality, a repulsive core and the strong low-
to high-momentum coupling is no longer inevitable.

The EFT approach uses this freedom to construct a systematic expansion of the Hamiltonian. A
particular EFT is associated with a momentum scale Λb that is the dividing point between resolved,

1In units where ! = c = m = 1 (with nucleon mass m), the momentum-space potential is given in fm. In addition, we
typically express momenta in fm−1 (the conversion to MeV is using !c ≈ 197 MeVfm).

2For example, in current implementations of Green’s Function Monte Carlo (GFMC) calculations [22], the potential
must be (almost) diagonal in coordinate space, such as the Argonne v18 potential.

4

? Perturbative calculations of nuclear matter properties can only be
performed using softer effective interactions, obtained from
renormalisation of the bare potential
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DOES IT MATTER?
? Deuteron Momentum Distribution

BRIEF REPORTS 1209

and therefore, as explained in Ref. 1, can be assumed as a
scaling variable y, i.e., k,„(q,~)= ~y ~, with the follow-
ing relation,

co+Md=(M +q +y +2qy)' +(M +y )'

cross section O.,p( ) given in Ref. 5, with the nucleon form
factors of Ref. 7. The form of o.,„~„~ does not strongly
affect the values of F&"(q,y), since at high momentum
transfer its k dependence is weak; for example, using the

az(q, ~) c)coF1(q,y)= (a,„+cr,„) kB cosa
(6)

defining the scaling variable. Equation (4) and the nega-
tive values of y correspond to cu &cup„k, which is the re-
gion we are going to consider, since the effects from non-
nucleonic degrees of freedom, e.g. , exchange effects and 5
production, are expected to be of minor importance there.
The following definition of the nuclear scaling function,
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has been adopted in Ref. 1, for the trivial reason that, if
the PWIA holds, F~ reduces to the deuteron nuclear
structure function (3) which, using Eq. (5), can be ex-
pressed in terms of q and y, i.e.,

kmax ~&»~
F1(q,y) =F(q,y) =2' J kn (k)dk . (7)

Iv I

For large values of q, k,„can be replaced by infinity and
F1(q,y) becomes independent of q, i.e., it scales in y and
reduces to the longitudinal momentum distribution f (y),

f(y)=2m. I" kn(k)dk . (8)

Equation (8) is a very useful one, since from it the nu-
cleon momentum distribution in the deuteron can be ob-
tained by a simple derivative,
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A plot of the quantity (6), corresponding to experimen-
tal cross sections o.2 measured at different kinematical
conditions, has therefore a great advantage over the usual
analysis of inclusive data in terms of separate qe peaks; in
fact, if scaling is observed, the experimental scaling func-
tion f'"(y) can be extracted from the data and n (k) can in
principle be obtained from Eq. (9). A word of caution is,
however, necessary here. In order that such a procedure
be free from any ambiguity related to FSI's, the eff'ects of
the latter on y scaling has to be carefully investigated. To
this end, we take advantage of the results of Ref. 1, where
it has been shown that the q behavior of F1(q,y), for fixed
values of y, provides a model independent criterion to sin-
gle out those data for which the PWIA breaks down.
Indeed, because of the increase of k,„with q, F1(q,y)
[Eq. (7)], independently of the form of n (k), will increase
with momentum transfer until it reaches its asymptotic
value given by Eq. (8). Thus, if the PWIA holds, scaling
should be approached from the bottom and any different
approach, e.g. , from the top, is proof of the breaking down
of the PWIA and strong evidence of the relevance of FSI
eff'ects.
In order to quantitatively check the validity of the scal-

ing hypothesis, we have plotted the experimental scaling
function F',"(q,y) vs q for fixed, negative values ofy. The
results, which are shown in Fig. 1, have been obtained us-
ing in Eq. (6) the experimental inclusive cross sections o i
of Ref. 4, and the relativistic off-shell electron-nucleon
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FIG. 1. Experimental scaling function of the deuteron
F|"(q,y) [Eq. (6)] obtained from the Stanford Linear Accelerator
Center (SLAC) inclusive cross section o-2 (Ref. 4) and using the
relativistic off-shell electron nucleon cross section o.,N of Ref. 5.
The full lines represent the theoretical scaling function Fi"(q,y)
in PW'IA obtained from Eq. (7) with n (k) corresponding to the
RSC interaction (Ref. 6). The dot-dashed lines include the
e8ects of final state interactions according to the calculation of
Ref. 8 (see the text). The two-nucleon center-of-mass energy in
the final state, E, , varies from 40 to 240 MeV (at y= —400
MeV/c), and from 10 to 120 MeV (at y =—600 MeV/c), when
the momentum transfer varies from q =40 fm to q = 120
fm . The data are the average values of F&(q,y) in an interval
of 100 MeV/c, centered on the indicated value of y. For y =0
and 100 MeV/c the curve with FSI is indistinguishable from the
PWIA results.

? AV18 momentum distribution. Arenhövel analysis of exclusive Saclay
data + y-analysis of inclusive SLAC data performed by Ciofi, Pace &
Salmè
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? in strongly degenerate systems, such as neutron star matter, the
center-of-mass energy of nucleon-nucleon collisions, Ecm, is simply
related to the particle density, n

? Head-on collisions in pure
neutron matter at density n

Ecm =
1

m
(3π2n)2/3

? Potential models used to predict the properties of dense nuclear mater
must be capable to describe nucleon-nucleon collisions at energies well
beyond pion production threshold
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INTRODUCING THE EFFECTIVE INTERACTION

? Consider nuclear matter. The eigenstates of H0 are Fermi gas
states {|nFG〉}

? Taming the matrix element of the Hamiltonian

〈mFG|H|nFG〉 ⇒




〈mFG|Heff |nFG〉 (H ⇒ Heff)

〈m|H|n〉 ({|nFG〉} ⇒ {|n〉})

. Use the effective Hamiltonian Heff in standard perturbation theory
with Fermi gas basis states, as in the G-matrix approach

. Use the bare Hamiltonian to do perturbative calculations in the new
basis, as in the approach based on Correlated Basis Functions (CBF)

? The effective interaction must be designed in such a way as to
provide accurate estimates of nuclear matter properties at lowest
order of standard perturbation theory
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RENORMALISATION OF THE NUCLEON-NUCLEON POTENTIAL

? In the early days of nuclear matter theory, renormalisation was based on
the replacement of the bare interaction, v. with the G-matrix describing
nucleon-nucleon scattering in the nuclear medium

T = = +

G = v + v
Q

H0 −W
G

? The G-matrix approach has been extensively employed in conjunction
with phenomenological potentials

? More recently, soft nucleon-nucleon interactions have been obtained
from renormalisation group evolution of potentials derived within χEFT
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SCREENING OF THE REPULSIVE CORE

? Renormalisation group evolution essentially amounts to screening the
repulsive core of the potential through the action of a momentum-space
cutoff, Λ, in momentum space

? Screening can also be implemented in coordinate space, through a
transformation of the basis of eigenstates of the non interacting system

? Transformation of the
two-nucleons wave function in
nuclear matter

φij(r)→ ψij(r) = fij(r)φij(r)

lim
r→∞

fij(r) = 1

? Loosely speaking, the role of the momentum cutoff Λ is played by the
correlation range
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THE CBF EFFECTIVE INTERACTION

? The Correlated Basis Function (CBF) formalism is based on the
transformation from Fermi gas (FG) states to correlated states

|nFG〉 → |n〉 = F |nFG〉 , F = S
∏
j>i

fij

? The definition of the CBF effective interaction follows from the
requirement (note: H include both the two- and three-nucleon
potentials)

〈H〉 = 〈0|H|0〉 =
3

5

k2
F

2m
+ 〈0FG|Veff |0FG〉

implying
Heff = H0 + Veff = F †HF

? For any given density, the operator F is determined in such a way as to
reproduce the value of 〈H〉 obtained from Quantum Monte Carlo or
Variational FHNC/SOC calculations at third order of the cluster
expansion
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? CBF effective interaction in the T = 1 channel at nuclear matter
equilibrium density, obtained from the Argonne v′6 + UIX nuclear
Hamiltonian (A. Lovato and OB)
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? Density dependence of the ground state energy per nucleon of
unpolarized pure neutron matter (PNM) and isopspin-symmetric
nuclear matter (SNM) obtained from the Argonne v′6 + UIX nuclear
Hamiltonian

? Note that the v′6 + UIX Hamiltonian, while yielding saturation at
ρ ≈ ρ0 = 0.16 fm−3, underestimates the equilibrium energy of SNM by
∼ 5 MeV, corresponding to a ∼ 15% underestimate of the interaction
energy
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NUCLEAR MATTER ENERGY AND SINGLE-PARTICLE SPECTRUM

? The ground state energy per baryon can be computed at first
order in the effective interaction—that is, in Hartree–Fock
approximation—for fixed baryon density and arbitrary proton
fraction and polarizartions

E

NB
=
∑

kλ

k2

2m
nλ(k) +

1

2

∑

kλ ,k′λ′

〈kλ k′λ′|veff |kλ k′λ′〉A nλ(k)nλ′(k′)

where λ = 1, 2, 3, 4 corresponds to p ↑, p ↓, n ↑, n ↓, and

nλ(k) = θ(kFλ
− |k|) , kFλ

= (3π2ρλ)
1/3

? The same approximation can be employed to obtain the
single-nucleon spectrum and the effective masses

eλ(k) =
k2

2m
+
∑

k′λ′

〈kλ k′λ′|veff |kλ k′λ′〉A nλ(k) ,
1

m?
=

1

|k|
deλ(k)

d|k|
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PRESSURE OF SNM AND SYMMETRY ENERGY

P = −
(
∂E

∂V

)

N

; Esym(ρ) =

[
∂2(E(ρ, δ)/N)

∂δ2

]

δ=0

, δ = 1− 2xp
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? Energy of unpolarized nuclear matter as a function of baryon density
and proton fraction 0 ≤ xp ≤ 0.5. The generalization to spin-polarized
matter is straightforward.
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SUMMARY & OUTLOOK

? Screening of nucleon-nucleon interactions in mater can be
efficiently described in coordinate space using the formalism
based on correlated states

? This formalism can be employed to derive a density-dependent
effective interaction—suitable to carry out calculations in
many-body perturbation theory—from a realistic
phenomenological Hamiltonian

? The ability of this approach to describe quantities other than the
ground-state energy has been tested extensively in the fermion
hard-shere system, comparing to the results of low-density
expansions

? Early results of calculations of nuclear matter properties relevant
to neutron stars look promising
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Backup slides
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EOS AND MASS-RADIUS RELATION

? The information obtained from GW170817 suggests that nuclear matter
cannot be very stiff, and that the radius of a neutron star with
M ≈ 1.35 M� can not exceed ∼ 14 Km
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TIDAL DEFORMATION FROM GW170817

? From the MSc Thesis of A. Sabatucci
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EXTENSION TO T > 0

? Assuminhg that thermal effect do not significantly affect the
dynamics of strong interactions, the effective interaciotns can be
used to obtain the properties of nuclear matter at T > 0

? Replace θ(kF − k)→ {1 + exp[e(k)− µ]/T}−1
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NEUTRINO LUNINOSITY OF PROTO NEUTRON STARS (PNS)
12
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FIG. 5. Time dependence of the total neutrino luminosity (upper row), gravitational mass (middle row), and stellar radius (lower
row) of a PNS evolved with the three EoSs discussed in this paper and the baryon stellar masses MB = (1.25, 1.40, 1.60) M⊙.
The black solid lines correspond to the GM3 EoS determined through the fit and the procedure described in Sec. II C, the blue
dashed lines to the LS-bulk EoS, and the dot-dashed red lines to the CBF-EI EoS.
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FIG. 6. Signal in the Super-Kamiokande III Cherenkov detector, for the three EoSs considered in this paper. In the top panels,
electron antineutrino detection rate; in the bottom panels, electron antineutrino cumulative detection. In the left plots, we
consider a star with MB = 1.25 M⊙, in the central plots MB = 1.40 M⊙, and in the right plots MB = 1.60 M⊙. Colors and
linestyles are as in Fig. 5.

all neutrino species, and (iii) a vanishing chemical poten-
tial for the muon and tauon neutrinos everywhere in the
star. The assumptions (i) and (ii) are reasonable in the
interior of the star, and lose accuracy near the stellar bor-
der, where the diffusion approximation breaks down and
in practice the fluxes are always flux-limited. To obtain
a precise description of the neutrino emitted spectrum,
one has to employ multi-flavour multi-group evolution-
ary codes (see e.g. [11]), that possibly also account for
neutrino leakage near the stellar border. This is outside
the aims of our work; however our approximations are
reasonable as far as one is interested in total quantities,
in particular the total neutrino luminosity Lν (Fig. 5),
which is equal to minus the gravitational mass variation
rate,

Lν = e2φ(R)4πR2Hν(R) = −dM

dt
, (44)

where Hν(R) is the neutrino energy luminosity at the
stellar border.

We determine the formula to estimate the signal in
terrestrial detectors following [9] and applying a slight
modification introduced by [3], and we specify our re-
sults for the Super-Kamiokande III detector [36, 37]. The
main reaction that occurs in a water detector like Super-
Kamiokande is the electron antineutrino absorption on
protons, ν̄e + p → n + e+ (Eq. (1) of [36]). The number
flux of antineutrinos arriving at the detector is given by

dN
dt

=
σ̃0ñpM
4πD2

eφν TνLν̄e

GW (eφν Tν, Eth)

7π4/120
, (45)

GW =

∫ ∞

Eth/T

x2
(
x − ∆

T

) √(
x − ∆

T

)2 −
(

me

T

)2

1 + ex
W (xT )dx,

(46)

where ñp ≃ 6.7 × 1031 kton−1 is the number of free pro-
tons (i.e., hydrogen atoms) per unit water mass of the
detector, σ̃0 = 0.941× 10−43 cm2MeV−2, M is the water
mass of the detector, D is the SN distance from the de-
tector, GW is a modified and truncated Fermi integral,
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FREQUENCIES OF QUASI NORMAL MODES OF PNS
? G. Camelio PhD Thesis and PRD (2017)15

perturbed fluid element to the equilibrium position. For
the pn-modes, or “pressure modes”, (n = 1, 2, . . . ) the
main restoring force is due to pressure; for the gn modes
(n = 1, 2, . . . ), or “gravity modes”, the main restoring
force is buoyancy. The order n of the mode corresponds
to the number of nodes of the radial eigenfunction of the
displacement vector. The f -mode, i.e., the fundamental
mode of the star, describes the global pulsation motion
of the fluid, and has no radial nodes. In a cold neutron
star, typical values for the QNM frequencies and damping
times are νf ≃ 1.5 − 2.5 kHz, τf ≃ 0.1 s, νp1 ≃ 5 −
10 kHz, and τp1 = 1 − 10 s. The g-modes are due to
the presence of thermal and/or composition gradients; in
absence of composition gradients, all g-modes of a cold
neutron star degenerate to zero frequency. Conversely,
they are present in a PNS [12, 14], as we shall show below.

To determine the quasi-normal mode frequencies at a
given time t of the stellar evolution, we have first evolved
the PNS, finding the profiles of the pressure P (r, t), the
energy density ϵ(r, t), the baryon number density nB(r, t),
and the sound speed, cs(r, t), for the three EoSs and
the different values of the baryonic mass we consider
in this paper. Then we have determined the “effective
barotropic EoS” by inverting the pressure-radius profile,
thus finding r = r(P, t) and then ϵeff (P ; t) = ϵ(r(P, t), t)
and ceff

s (P ; t) = cs(r(P, t), t). Using these expressions,
we have solved the equations of stellar perturbations (we
used the formulation of [40]), to find the frequencies and
damping times of the first p- and g-modes and of the
fundamental mode.

A. Results of the numerical evolution

We have evolved three stellar models with baryon
masses (1.25, 1.40, and 1.60 M⊙) and the EoSs LS-bulk,
CBF-EI and GM3, which was used in [12]. For this EoS,
the QNM frequencies we compute for the 1.60 M⊙ star
agree with those of “model A” of [12] within a few per-
cent. We think that the small differences between our
results and those of [12] are due to differences in the ini-
tial profiles and in the details of the treatment of the
diffusion processes. The numerical values of the f -, g1-
and p1- QNM frequencies and damping times are tabu-
lated in Appendix C.

In Fig. 7 we show, as an example, how the QNM fre-
quencies and damping times change during the first 5
seconds of the PNS life. The plots are given for the
three EoSs we consider, and for a star with baryonic mass
MB = 1.40 M⊙ as an example.

In the upper panel we show the frequency of the g1-
and of the f - modes, in the mid panel the frequency of
the mode p1, and in the lower panel the damping time
of the three modes. From the upper panel of Fig. 7 we
see that during the first second, νg1 approaches νf , but
they never cross. At later times, νg1 increases, reaches a
maximum and then decreases, whereas νf does the op-
posite: it reaches a minimum slightly before νg1 reaches
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FIG. 7. Time dependence of the PNS quasi-normal mode
frequencies and damping times for the three EoSs and for
MB = 1.40 M⊙.

its maximum, and then increases toward the asymptotic
value of the corresponding cold neutron star. This be-
haviour is a general feature of the three EoS; however,
the minimum (maximum) of νf (νg1) occurs at different
times for different EoSs. In particular it occurs earlier
for CBF-EI (about half a second before LS-bulk), which
is the EoS which exhibits the largest time variation of
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of the three modes. From the upper panel of Fig. 7 we
see that during the first second, νg1 approaches νf , but
they never cross. At later times, νg1 increases, reaches a
maximum and then decreases, whereas νf does the op-
posite: it reaches a minimum slightly before νg1 reaches
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FIG. 7. Time dependence of the PNS quasi-normal mode
frequencies and damping times for the three EoSs and for
MB = 1.40 M⊙.

its maximum, and then increases toward the asymptotic
value of the corresponding cold neutron star. This be-
haviour is a general feature of the three EoS; however,
the minimum (maximum) of νf (νg1) occurs at different
times for different EoSs. In particular it occurs earlier
for CBF-EI (about half a second before LS-bulk), which
is the EoS which exhibits the largest time variation of
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perturbed fluid element to the equilibrium position. For
the pn-modes, or “pressure modes”, (n = 1, 2, . . . ) the
main restoring force is due to pressure; for the gn modes
(n = 1, 2, . . . ), or “gravity modes”, the main restoring
force is buoyancy. The order n of the mode corresponds
to the number of nodes of the radial eigenfunction of the
displacement vector. The f -mode, i.e., the fundamental
mode of the star, describes the global pulsation motion
of the fluid, and has no radial nodes. In a cold neutron
star, typical values for the QNM frequencies and damping
times are νf ≃ 1.5 − 2.5 kHz, τf ≃ 0.1 s, νp1 ≃ 5 −
10 kHz, and τp1 = 1 − 10 s. The g-modes are due to
the presence of thermal and/or composition gradients; in
absence of composition gradients, all g-modes of a cold
neutron star degenerate to zero frequency. Conversely,
they are present in a PNS [12, 14], as we shall show below.

To determine the quasi-normal mode frequencies at a
given time t of the stellar evolution, we have first evolved
the PNS, finding the profiles of the pressure P (r, t), the
energy density ϵ(r, t), the baryon number density nB(r, t),
and the sound speed, cs(r, t), for the three EoSs and
the different values of the baryonic mass we consider
in this paper. Then we have determined the “effective
barotropic EoS” by inverting the pressure-radius profile,
thus finding r = r(P, t) and then ϵeff (P ; t) = ϵ(r(P, t), t)
and ceff

s (P ; t) = cs(r(P, t), t). Using these expressions,
we have solved the equations of stellar perturbations (we
used the formulation of [40]), to find the frequencies and
damping times of the first p- and g-modes and of the
fundamental mode.

A. Results of the numerical evolution

We have evolved three stellar models with baryon
masses (1.25, 1.40, and 1.60 M⊙) and the EoSs LS-bulk,
CBF-EI and GM3, which was used in [12]. For this EoS,
the QNM frequencies we compute for the 1.60 M⊙ star
agree with those of “model A” of [12] within a few per-
cent. We think that the small differences between our
results and those of [12] are due to differences in the ini-
tial profiles and in the details of the treatment of the
diffusion processes. The numerical values of the f -, g1-
and p1- QNM frequencies and damping times are tabu-
lated in Appendix C.

In Fig. 7 we show, as an example, how the QNM fre-
quencies and damping times change during the first 5
seconds of the PNS life. The plots are given for the
three EoSs we consider, and for a star with baryonic mass
MB = 1.40 M⊙ as an example.

In the upper panel we show the frequency of the g1-
and of the f - modes, in the mid panel the frequency of
the mode p1, and in the lower panel the damping time
of the three modes. From the upper panel of Fig. 7 we
see that during the first second, νg1 approaches νf , but
they never cross. At later times, νg1 increases, reaches a
maximum and then decreases, whereas νf does the op-
posite: it reaches a minimum slightly before νg1 reaches
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its maximum, and then increases toward the asymptotic
value of the corresponding cold neutron star. This be-
haviour is a general feature of the three EoS; however,
the minimum (maximum) of νf (νg1) occurs at different
times for different EoSs. In particular it occurs earlier
for CBF-EI (about half a second before LS-bulk), which
is the EoS which exhibits the largest time variation of
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