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 Originally developed for ultracold atomic systems

 The factorization of the wave function:

Ψ 𝑟1, 𝑟2, … , 𝑟𝐴
𝑟𝑛1𝑛2→0

𝜑𝑛𝑛 𝑟𝑛𝑛 × 𝐴𝑛𝑛 𝑹𝑛𝑛, 𝒓𝑘 𝑘≠𝑛1,𝑛2

Universal function

(but depends on the potential)
Nucleus-dependent function
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 The simplest example – nn density:

𝜌𝑛𝑛 𝒓
𝑟→0

𝐶𝑛𝑛 𝜑𝑛𝑛 𝒓 2

R.B Wiringa et. al., Phys. Rev. C 89, 024305 (2014)

AV18
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Main channels:

The deuteron channel: ℓ2 = 0,2 ; 𝑠2 = 1 ; 𝑗2 = 1 ; 𝑡2 = 0

The spin-zero channel: ℓ2 = 0 ; 𝑠2 = 0 ; 𝑗2 = 0 ; 𝑡2 = 1
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𝐹𝑝𝑛 𝑘𝑟𝑒𝑙
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momentum 

distribution

𝐶𝑝𝑛
𝑑 ≈ 11.7 ; 𝐶𝑝𝑛
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0 ≈ 0.8 𝐶𝑝𝑛
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0 ≈ 𝐶𝑝𝑝

0 ≈ 0.6
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2
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2
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4He𝑛𝑝(𝑘)



𝒒,𝜔

𝒑2

Cross 

section ∝ ≡ The spectral function

𝑆(𝒑1, 𝜖1)

Initial momentum: 𝒑𝟏 = 𝒑1
′ − 𝒒

Initial energy: 𝜖1 = 𝜖1
′ − 𝜔

Probability to find a 

nucleon with momentum 𝒑1
and energy 𝜖1

𝒑𝟏
′ , 𝜖1

′

𝑥𝐵 > 1.2

𝑄2 > 1.5 GeV2



𝑆 𝒑𝟏, 𝜖1 =

𝑠



𝑓𝐴−1

𝛿(𝜖1 + 𝐸𝑓
𝐴−1 − 𝐸0) 𝑓𝐴−1 𝑎𝒑𝟏,𝑠 𝜓0

2



𝜓0 →

𝛼

𝜑𝑖𝑗
𝛼 𝒓𝑖𝑗 𝐴𝑖𝑗

𝛼 (𝑹𝑖𝑗, 𝒓𝑘 𝑘≠𝑖,𝑗)
The initial 

wave function

𝑆 𝒑𝟏, 𝜖1 =

𝑠



𝑓𝐴−1

𝛿(𝜖1 + 𝐸𝑓
𝐴−1 − 𝐸0) 𝑓𝐴−1 𝑎𝒑𝟏,𝑠 𝜓0

2



𝜓0 →

𝛼

𝜑𝑖𝑗
𝛼 𝒓𝑖𝑗 𝐴𝑖𝑗

𝛼 (𝑹𝑖𝑗, 𝒓𝑘 𝑘≠𝑖,𝑗)

𝜓𝑓
12 = 𝑎𝒑𝟏,𝑠

† 𝑓𝐴−1 ∝ Ψ𝜈
𝐴−2 𝑒𝑖𝒑𝟏⋅𝑟1+𝑖𝒑2⋅𝑟2𝜒𝑠1𝜒𝑠2

The final wave 

function

The initial 

wave function

𝑆 𝒑𝟏, 𝜖1 =

𝑠



𝑓𝐴−1

𝛿(𝜖1 + 𝐸𝑓
𝐴−1 − 𝐸0) 𝑓𝐴−1 𝑎𝒑𝟏,𝑠 𝜓0

2



𝜓0 →

𝛼

𝜑𝑖𝑗
𝛼 𝒓𝑖𝑗 𝐴𝑖𝑗

𝛼 (𝑹𝑖𝑗, 𝒓𝑘 𝑘≠𝑖,𝑗)

The final wave 

function

𝐸𝑓
𝐴−1 = 𝜖2 + 𝐴 − 2 𝑚 − 𝐵𝑓

𝐴−2 +
𝑃12
2

2𝑚 𝐴 − 2

Energy 

conservation:

The initial 

wave function

𝜓𝑓
12 = 𝑎𝒑𝟏,𝑠

† 𝑓𝐴−1 ∝ Ψ𝜈
𝐴−2 𝑒𝑖𝒑𝟏⋅𝑟1+𝑖𝒑2⋅𝑟2𝜒𝑠1𝜒𝑠2

𝑆 𝒑𝟏, 𝜖1 =

𝑠



𝑓𝐴−1

𝛿(𝜖1 + 𝐸𝑓
𝐴−1 − 𝐸0) 𝑓𝐴−1 𝑎𝒑𝟏,𝑠 𝜓0

2



𝜓0 →

𝛼

𝜑𝑖𝑗
𝛼 𝒓𝑖𝑗 𝐴𝑖𝑗

𝛼 (𝑹𝑖𝑗, 𝒓𝑘 𝑘≠𝑖,𝑗)

The final wave 

function

Energy 

conservation:

The initial 

wave function

𝐵𝑓
𝐴−2 ≈ 𝐵𝑓

𝐴−2 = BA−2 − E∗

𝑆 𝒑𝟏, 𝜖1 =

𝑠



𝑓𝐴−1

𝛿(𝜖1 + 𝐸𝑓
𝐴−1 − 𝐸0) 𝑓𝐴−1 𝑎𝒑𝟏,𝑠 𝜓0

2

𝜓𝑓
12 = 𝑎𝒑𝟏,𝑠

† 𝑓𝐴−1 ∝ Ψ𝜈
𝐴−2 𝑒𝑖𝒑𝟏⋅𝑟1+𝑖𝒑2⋅𝑟2𝜒𝑠1𝜒𝑠2

𝐸𝑓
𝐴−1 = 𝜖2 + 𝐴 − 2 𝑚 − 𝐵𝑓

𝐴−2 +
𝑃12
2

2𝑚 𝐴 − 2



𝑆𝑝 𝒑𝟏, 𝜖1 = 𝐶𝑝𝑛
1 𝑆𝑝𝑛

1 𝒑𝟏, 𝜖1 + 𝐶𝑝𝑛
0 𝑆𝑝𝑛

0 𝒑𝟏, 𝜖1 + 2𝐶𝑝𝑝
0 𝑆𝑝𝑝

0 𝒑𝟏, 𝜖1

𝑝1 > 𝑘𝐹



𝑆𝑎𝑏
𝛼 𝒑𝟏, 𝜖1 =

1

4𝜋
න
𝑑3𝑝2
2𝜋 3

𝛿 𝑓(𝒑2) 𝑛𝐶𝑀 𝒑𝟏 + 𝒑𝟐 𝜑𝑎𝑏
𝛼 𝒑𝟏 − 𝒑𝟐 /2|

2

𝑓 𝒑2 ≡ 𝜖1 + 𝑝2
2 +𝑚2 − 2𝑚 + 𝐵𝑖

𝐴 − 𝐵𝑓
𝐴−2 +

𝒑𝟏 + 𝒑𝟐
2

2𝑚 𝐴 − 2

𝑛𝐶𝑀 𝑲 ∝ 𝑒
−

𝐾2

2𝜎𝐶𝑀
2

𝑆𝑝 𝒑𝟏, 𝜖1 = 𝐶𝑝𝑛
1 𝑆𝑝𝑛

1 𝒑𝟏, 𝜖1 + 𝐶𝑝𝑛
0 𝑆𝑝𝑛

0 𝒑𝟏, 𝜖1 + 2𝐶𝑝𝑝
0 𝑆𝑝𝑝

0 𝒑𝟏, 𝜖1

𝑝1 > 𝑘𝐹

Similar to the convolution model

C. Ciofi degli Atti, S. Simula, L. L. Frankfurt, and M. I. Strikman, Phys. Rev. C 44, R7(R) (1991), 

C. Ciofi degli Atti and S. Simula PRC 53, 1689 (1996)
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0 𝒑𝟏, 𝜖1 + 2𝐶𝑝𝑝
0 𝑆𝑝𝑝

0 𝒑𝟏, 𝜖1

4He

𝜖1 = 0.82 GeV

AV18 potential

𝜎𝐶𝑀 = 10 MeV

𝜎𝐶𝑀 = 30 MeV

𝜎𝐶𝑀 = 60 MeV

𝜎𝐶𝑀 = 100 MeV



𝑆𝑝 𝒑𝟏, 𝜖1 = 𝐶𝑝𝑛
1 𝑆𝑝𝑛

1 𝒑𝟏, 𝜖1 + 𝐶𝑝𝑛
0 𝑆𝑝𝑛

0 𝒑𝟏, 𝜖1 + 2𝐶𝑝𝑝
0 𝑆𝑝𝑝

0 𝒑𝟏, 𝜖1

4He

𝜖1 = 0.82 GeV

𝜎𝐶𝑀 = 10 MeV

𝜎𝐶𝑀 = 30 MeV

𝜎𝐶𝑀 = 60 MeV

𝜎𝐶𝑀 = 100 MeV

AV18 potential



𝑆𝑝 𝒑𝟏, 𝜖1 = 𝐶𝑝𝑛
1 𝑆𝑝𝑛

1 𝒑𝟏, 𝜖1 + 𝐶𝑝𝑛
0 𝑆𝑝𝑛

0 𝒑𝟏, 𝜖1 + 2𝐶𝑝𝑝
0 𝑆𝑝𝑝

0 𝒑𝟏, 𝜖1

4He

𝑝1 = 400 MeV/c

AV18 potential

𝜎𝐶𝑀 = 10 MeV

𝜎𝐶𝑀 = 30 MeV

𝜎𝐶𝑀 = 60 MeV

𝜎𝐶𝑀 = 100 MeV



𝑆𝑝 𝒑𝟏, 𝜖1 = 𝐶𝑝𝑛
1 𝑆𝑝𝑛

1 𝒑𝟏, 𝜖1 + 𝐶𝑝𝑛
0 𝑆𝑝𝑛

0 𝒑𝟏, 𝜖1 + 2𝐶𝑝𝑝
0 𝑆𝑝𝑝

0 𝒑𝟏, 𝜖1

4He

𝑝1 = 390 − 410 MeV/c

𝜎𝐶𝑀 = 100 MeV



𝒑2𝒑2
𝒒,𝜔

𝒑𝟏
′ , 𝜖1

′

𝒑𝟏

𝑝1 = |𝒑𝟏
′ − 𝒒|

4He

4𝐻𝑒(𝑒, 𝑒′𝑝𝑝)/2
4𝐻𝑒(𝑒, 𝑒′𝑝𝑛)

#𝑝𝑝

#𝑝𝑛
(𝒑1, 𝜖1)

FSI corrections



The experiment by Korover et. al. [PRL 113, 022501 (2014)]:

𝒑𝟏
′ , 𝜖1

′

𝒑2

𝒑𝟏

𝒑2

4He

𝒒,𝜔

𝑝1 = |𝒑𝟏
′ − 𝒒|

𝜖1 ≈ 0.81 GeV

𝜖1 ≈ 0.74 GeV

𝜖1 ≈ 0.66 GeV



Assuming isospin symmetry for symmetric nuclei              𝐶𝑝𝑝
0 ≈ 𝐶𝑝𝑛

0

#𝑝𝑝

#𝑝𝑛
=

𝑆𝑝𝑝
0 (𝑝1, 𝜖1)

𝑪𝒑𝒏
𝟏

𝑪𝒑𝒑
𝟎 𝑆𝑝𝑛

1 𝑝1, 𝜖1 + 𝑆𝑝𝑛
0 (𝑝1, 𝜖1)

Using the

spectral 

function



Using the

spectral 

function

AV18

𝑪𝒑𝒏
𝒅

𝑪𝒑𝒑
𝟎

4𝐻𝑒 = 20 ± 5

Previous 

results

𝐶𝑝𝑛
𝑑

𝐶𝑝𝑝
0 ( 4𝐻𝑒) = 17 − 21

#𝑝𝑝

#𝑝𝑛
=

𝑆𝑝𝑝
0 (𝑝1, 𝜖1)

𝑪𝒑𝒏
𝟏

𝑪𝒑𝒑
𝟎 𝑆𝑝𝑛

1 𝑝1, 𝜖1 + 𝑆𝑝𝑛
0 (𝑝1, 𝜖1)

4He



Using the

spectral 

function

#𝑝𝑝

#𝑝𝑛
=

𝑆𝑝𝑝
0 (𝑝1, 𝜖1)

𝑪𝒑𝒏
𝟏

𝑪𝒑𝒑
𝟎 𝑆𝑝𝑛

1 𝑝1, 𝜖1 + 𝑆𝑝𝑛
0 (𝑝1, 𝜖1)

N3LO(600) 4He



Using the

spectral 

function

#𝑝𝑝

#𝑝𝑛
=

𝑆𝑝𝑝
0 (𝑝1, 𝜖1)

𝑪𝒑𝒏
𝟏

𝑪𝒑𝒑
𝟎 𝑆𝑝𝑛

1 𝑝1, 𝜖1 + 𝑆𝑝𝑛
0 (𝑝1, 𝜖1)

N3LO(600) 4He



Using the

spectral 

function

#𝑝𝑝

#𝑝
=

𝑆𝑝𝑝
0 (𝑝1, 𝜖1)

𝑪𝒑𝒏
𝟏

𝑪𝒑𝒑
𝟎 𝑆𝑝𝑛

1 𝑝1, 𝜖1 + 𝑆𝑝𝑛
0 𝑝1, 𝜖1 + 2𝑆𝑝𝑝

0 (𝑝1, 𝜖1)



Using the

spectral 

function

𝑪𝒑𝒏
𝒅

𝑪𝒑𝒑
𝟎

12𝐶 = 14 ± 3

Previous 

results

𝐶𝑝𝑛
𝑑

𝐶𝑝𝑝
0 (12𝐶) = 11 − 18

Experimental data:

R. Shneor et al., Phys. Rev. Lett. 99, 072501 (2007)

AV18 12C

#𝑝𝑝

#𝑝
=

𝑆𝑝𝑝
0 (𝑝1, 𝜖1)

𝑪𝒑𝒏
𝟏

𝑪𝒑𝒑
𝟎 𝑆𝑝𝑛

1 𝑝1, 𝜖1 + 𝑆𝑝𝑛
0 𝑝1, 𝜖1 + 2𝑆𝑝𝑝

0 (𝑝1, 𝜖1)



1. The nuclear contacts - the probability of 2N-SRCs.

2. High-momentum tails and short-range densities are described 

well by the contact relations.

3. The high-momentum spectral function is calculated using the 

contact formalism.

4. Provide predictions for the energy and momentum dependence of 

exclusive scattering experiments.



The nuclear 

contacts

Momentum 

distributions

Coordinate-space  

densities
Photo-absorption 

(Levinger)

Electron scattering

Coulomb sum 

rule

Charge density
Correlation 

functions

Spectral function



The nuclear 

contacts

Momentum 

distributions

Coordinate-space  

densities
Photo-absorption 

(Levinger)

Electron scattering

Coulomb sum 

rule

Charge density
Correlation 

functions

Spectral function

Nuclear matter 

and neutron stars?

3N correlations?

Internal structure 

of the nucleon?







12C

N3LOAV18

#𝑝𝑝/#𝑝𝑛

Experimental data:

R. Shneor et al., Phys. Rev. Lett. 99, 072501 (2007)



Experimental data from Korover et. al. [PRL 113, 022501 (2014)]:

4He

N3LOAV18

#𝑝𝑝/#𝑝



12C

N3LOAV18

#𝑝𝑝/#𝑝

Experimental data:

R. Shneor et al., Phys. Rev. Lett. 99, 072501 (2007)



Experimental data from Korover et. al. [PRL 113, 022501 (2014)]:

4He

N3LOAV18

#𝑝𝑛/#𝑝



12C

N3LOAV18

#𝑝𝑛/#𝑝

Experimental data:

R. Shneor et al., Phys. Rev. Lett. 99, 072501 (2007)



 The factorization of the wave function:

Ψ 𝑟1, 𝑟2, … , 𝑟𝐴
𝑟𝑛1𝑛2→0

𝜑𝑛𝑛 𝑟𝑛𝑛 × 𝐴𝑛𝑛 𝑹𝑛𝑛, 𝒓𝑘 𝑘≠𝑛1,𝑛2



 The factorization of the wave function:

 The two-body system:

For 𝑟 → 0:    The energy becomes negligible

Ψ 𝑟1, 𝑟2, … , 𝑟𝐴
𝑟𝑛1𝑛2→0

𝜑𝑛𝑛 𝑟𝑛𝑛 × 𝐴𝑛𝑛 𝑹𝑛𝑛, 𝒓𝑘 𝑘≠𝑛1,𝑛2

−
ℏ2

𝑚
∇2 + 𝑉 𝑟 𝜑 = 𝐸𝜑

𝐸 ≪
ℏ2

𝑚𝑟2

𝜑 𝑟 ≡ The zero-energy solution of the Schrodinger Eq. 



 The factorization of the wave function:

 The simplest example – nn density:

𝜌𝑛𝑛 𝒓
𝑟→0

𝜑𝑛𝑛 𝛿 𝒓𝑛𝑛 − 𝒓 𝜑𝑛𝑛
𝑁 𝑁 − 1

2
𝐴𝑛𝑛 𝐴𝑛𝑛 = 𝜑𝑛𝑛 𝒓 2

𝑁 𝑁 − 1

2
⟨𝐴𝑛𝑛|𝐴𝑛𝑛⟩

Ψ 𝑟1, 𝑟2, … , 𝑟𝐴
𝑟𝑛1𝑛2→0

𝜑𝑛𝑛 𝑟𝑛𝑛 × 𝐴𝑛𝑛 𝑹𝑛𝑛, 𝒓𝑘 𝑘≠𝑛1,𝑛2

𝜌𝑛𝑛 𝒓 = ⟨Ψ|𝛿 𝒓𝑛𝑛 − 𝒓 |Ψ⟩



 The factorization of the wave function:

 The simplest example – nn density:

- Universal for all nuclei

- Simply calculated

The probability to find 

a correlated pair

𝐶𝑛𝑛 ≡
𝑁 𝑁 − 1

2
⟨𝐴𝑛𝑛|𝐴𝑛𝑛⟩

The nn

contact

𝜌𝑛𝑛 𝒓
𝑟→0

𝜑𝑛𝑛 𝒓 2
𝑁 𝑁 − 1

2
⟨𝐴𝑛𝑛|𝐴𝑛𝑛⟩

Ψ 𝑟1, 𝑟2, … , 𝑟𝐴
𝑟𝑛1𝑛2→0

𝜑𝑛𝑛 𝑟𝑛𝑛 × 𝐴𝑛𝑛 𝑹𝑛𝑛, 𝒓𝑘 𝑘≠𝑛1,𝑛2



 Zero-range condition:                     𝑟0 ≪ 𝑎, 𝑑

 Many quantities are connected to the contact 𝑪:

S. Tan, Ann. Phys. (N.Y.) 323, 2952 (2008); Ann. Phys. (N.Y.) 323, 2971 (2008); Ann. Phys. (N.Y.) 323, 2987 (2008)

𝑛 𝑘 = 𝑪/𝑘4 for 𝑘 → ∞

𝑇 + 𝑈 =
ℏ2

4𝜋𝑚𝑎
𝑪 +

𝜎

𝑑3𝑘

2𝜋 3

ℏ2𝑘2

2𝑚
𝑛𝜎 𝒌 −

𝑪

𝑘4

and many more…

Interaction 

range
Scattering 

length

Distance 

between 

particles



Momentum distribution RF line shape

J. T. Stewart, J. P. Gaebler, T. E. Drake, and D. S. Jin, Phys. Rev. Lett. 104, 235301 (2010)



Ψ
𝑟𝑖𝑗→0 1

𝑟𝑖𝑗
−

1

𝑎
× 𝐴 𝑹𝑖𝑗 , 𝒓𝑘 𝑘≠𝑖,𝑗

Ψ
𝑟𝑖𝑗→0



𝛼

𝜑𝑖𝑗
𝛼 𝒓𝑖𝑗 × 𝐴𝑖𝑗

𝛼 (𝑹𝑖𝑗, 𝒓𝑘 𝑘≠𝑖,𝑗)

Channels 𝛼
= (ℓ2𝑆2)𝑗2𝑚2

The pair kind

𝑖𝑗 ∈ {𝑝𝑝, 𝑛𝑛, 𝑝𝑛}
“universal“ 

function

; 𝑪𝒊𝒋
𝜶𝜷

∝ ⟨𝐴𝑖𝑗
𝛼 |𝐴𝑖𝑗

𝛽
⟩

Ψ
𝑟𝑖𝑗→0

𝜑𝑖𝑗 𝑟𝑖𝑗 × 𝐴 𝑹𝑖𝑗 , 𝒓𝑘 𝑘≠𝑖,𝑗 𝑟0 ≪ 𝑑, 𝑎

𝑟0 ≪ 𝑑, 𝑎

3 matrices


