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•  Atomic nuclei are strongly interacting many-body systems exhibiting fascinating properties 
including: shell structure, pairing and superfluidity, deformation, and self-emerging clustering.

•The basic model of nuclear physics aims at understanding the properties of atomic nuclei and 
nucleonic matter in terms of the individual interactions among the neutrons and the protons

The basic model of nuclear physics



• Nuclear ab-initio approaches are based on the non relativistic hamiltonian
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• Argonne v18 is a finite, local, configuration-space potential controlled by ~4300 np and pp 
scattering data below 350 MeV of the Nijmegen database
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• Three-nucleon interactions effectively include the lowest nucleon excitation, the ∆(1232) 
resonance, end other nuclear effects
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A fundamental step towards a first-principle description of atomic nuclei is the solution of the 
many-body Schrödinger equation


• The short-range behavior of the trial wave function is modeled by Jastrow-like correlations

H| 0i = E0| 0i
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• In VMC, one assumes a form for the trial wave function and optimizes its variational parameters

ET = h T |H| T i � E0
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• They reflect the spin-isospin dependence of the two- three-nucleon interactions

Variational Monte Carlo (VMC)
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Green’s function Monte Carlo
• Green’s function Monte Carlo methods use an imaginary-time projection technique to enhance 

the ground-state component of a starting trial wave function.
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• Suitable to solve of A ≤ 12 nuclei with ~1% accuracy

J. Carlson et al. RMP 87, 1067 (2015)
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final state
��Y f

↵
with momentum Pµ

f = (E f ,P f ), and momentum conservation implies qµ =

pµ
e � pe

0µ = Pµ
f �Pµ

i . Furthermore, the interaction proceeds through the exchange of a space-
like virtual photon, for which q2

µ = w2 �q2 < 0†. In electron-induced reactions w and q can
vary independently (provided that |q| > w), as opposed to reactions induced by real photons
where |q|= w . In elastic reactions w = 0 (neglecting the recoil of the nucleus), which implies
|Yii =

��Y f
↵
. Reactions in which w 6= 0 are instead called inelastic. To different values of

w = E f �Ei, correspond different excitation energies of the nucleus. As w increases to a
few MeV, low-lying (discrete) nuclear excited states can be accessed. For energies transferred
of the order of ⇠ 10� 30 MeV, giant resonance modes in the continuum spectrum of the
nucleus are excited, while for values of wq.e. ⇠ q2/(2m) quasi-elastic effects dominate, in
which the reaction is in first approximation well described as if electrons were scattered off
single nucleons. Beyond the quasi-elastic energy region, meson production can be observed.
A schematic representation of the double differential cross section for electron scattering at a
fixed value of momentum transfer q is provided in Figure 7.

Because in inelastic electron scattering w and q can vary independently, for each value
of excitation energy w , one can study the matrix elements’ behavior as a function of the
momentum transfer. In particular, by varying q one changes the spatial resolution of the
electron probe, which is µ 1/|q|. At low values of momentum transfer, electron scattering
reactions probe long ranged dynamics, while at higher values of momentum transfer shorter
distance phenomena are tested, where dynamics from heavier mesons and baryons become
relevant.

Figure 7. (Color online) Schematic representation of the double differential cross section at
fixed value of momentum transfer.

Cross sections for elastic scattering and scattering to discrete excited states, for which
the transferred energy w is fixed, are expressed in terms of longitudinal (or charge) and
transverse (or magnetic) form factors, which are functions of the momentum transferred
q = |q|, and provide information on the e.m. charge and current spatial distributions inside
the nucleus. The double differential cross section for inclusive processes, in which only
the scattered electron is detected, is expressed in terms of the longitudinal and transverse

† The four-vector squared qµ qµ is here denoted with q2
µ .

Schematic representation of the inclusive cross section as a function of the energy loss.

Electron-nucleus scattering 

Courtesy of Saori Pastore

In the Born approximation, the differential cross section of the inclusive electron-nucleus scattering is 
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Inclusive cross-section from GFMC
• The energy dependence of the response functions can be inferred from their Laplace transforms

• Using the completeness of the final states, the Euclidean responses are expressed in terms of 
ground-state expectation values that are computed within Green’s function Monte Carlo
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and condensed matter Physics
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Inclusive cross-section from GFMC

6

FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].

4He

6

FIG. 7. Double-di↵erential electron-4He cross sections for di↵erent values of incident electron energy and scattering angle.
The green and blue lines correspond to GFMC calculation were only one- body and one- plus two-body contributions in the
electromagnetic currents are accounted for. The red line indicates one plus two-body current results obtained in the ANB
frame, employing the two-body fragment model to account for relativistic kinematics. The experimental data are taken from
Ref. [14].

N. Rocco et al. PRC 97 055501(2018) 



Neutrino experiments

S. Zeller, ECT* Workshop, May 2012 

MiniBooNE Detector 
10 

Aguilar-Arevalo et al., NIM A599, 28 (2009) 
(inside view of MiniBooNE tank) 

•  800 tons of mineral oil  
•  ν interactions on CH2 

•  Cerenkov detector → ring imaging for event reconstruction and PID v 

Neutrino-oscillation and 0νββ experiments are (also) sensitive to the high-momentum 
components of the nuclear wave function

• Charge-parity (CP) violating phase and the 
mass hierarchy will be measured

• Determine whether the neutrino is a Majorana 
or a Dirac particle

• Need for including nuclear dynamics; mean-
field models inadequate to describe neutrino-
nucleus interaction

• A model unable to describe electron-nucleus 
scattering is (very) unlikely to describe 
neutrino-nucleus scattering.

• A large body of experimental data for the 
electromagnetic cross sections of 4He and 
12C (and many other nuclei) is available.



Multi-messenger astronomy 

• Gravitational waves have been detected!

• Supernovae neutrinos will be detected by 
the current and next generation neutrino 
experiments

• Nuclear dynamics determines the structure 
and the cooling of neutron stars

The capacity to explain scattering data at large energy is critical to assess the ability of a 
potential model to describe the properties of nuclear matter in the high-density region 

3

The results reported in this article have been obtained
using the Argonne v06 (AV6P) interaction. This poten-
tial, which has been constructed projecting the full AV18
on the basis of the six operators of Eqs. (3)-(4) (Wiringa
& Pieper 2002), reproduces the deuteron binding energy
and electric quadrupole moment with accuracy of 1%,
and 4%, respectively, and provides an excellent fit of the
phase shifts in the 1S0 channel2.
The energy dependence of the 1S0 phase shifts is illus-

trated in Fig. 1. It is apparent that the results obtained
using the AV6P and AV18 potentials are nearly indis-
tinguishable from one another, and provide an accurate
description of the data resulting from the analysis of
Arndt et al. (2007) up to beam energies ⇠ 600 MeV, well
beyond the pion production threshold, Ethr ⇡ 280 MeV.

Figure 1. Neutron-proton scattering phase shitfs in the 1S0

channel, as a function of kinetic energy of the beam particle
in the lab frame (bottom axis). The corresponding densities
of pure neutron matter—in units of the equilibrium density
of isospin-symmetric matter, n0 = 0.16 fm�3—are given in
the top axis. The solid and dashed lines show the phase shitfs
obtained using the AV18 and V6P potentials, respectively.
The circles represent the results of the analysis of Arndt et al.
(2007).

It is very important to realise that the capacity to ex-
plain scattering data at large energy is critical to assess
the ability of a potential model to describe the proper-
ties of nuclear matter in the high-density region, relevant
to neutron star physics. To see this, consider a scat-
tering process involving two nucleons embedded in the
nuclear medium at baryon number density nB . In the
low-temperature regime the system is strongly degener-
ate, and the collisions only involve particles with ener-

2 We use spectroscopic notation, according to which the two-
nucleon state 1S0 corresponds to total spin and isospin S = 0 and
T = 1, and angular momentum ` = 0.

gies close to the Fermi energy EF . As a consequence,
in the case of head-on collisions, a relation can easily be
established between the kinetic energy of the beam par-
ticle in the lab frame, Elab, and the Fermi energy, which
in turn is simply related to the density. The resulting
expression is

Elab = 4EF =
2

m

✓
6⇡2

⌫
nB

◆2/3

, (5)

where the degeneracy of the momentum eigenstates,
⌫, equals 2 and 4 in pure neutron matter (PNM) and
isospin-symmetric matter (SNM), respectively. The
densities of PNM corresponding to beam energies in the
range 0  Elab  630 MeV—expressed in units of the
equilibrium density of SNM, n0 = 0.16 fm�3—are given
in the top axis of Fig. 1.
Three-body forces are long known to be required to

model the interactions of composite objects, such as pro-
tons and neutrons, without explicitly considering their
internal structure (Friar 1986). In nuclear many-body
theory, the inclusion of irreducible three-nucleon (NNN)
forces, described by the potential Vijk, is needed to ex-
plain both the observed binding energies of the three-
nucleon systems and saturation—that is, the occurrence
of a minimum of the energy per nucleon at densty n0—of
SNM.
The nature of NNN interactions is clearly highlighted

in the seminal paper of Fujita & Miyazawa (1957).
These authors argued that the most important mecha-
nism at work is the two-pion exchange process in which a
NN interaction leads to the excitation of one of the par-
ticipating nucleons to a � resonance, that then decays
in the aftermath of the interaction with a third nucleon.
Commonly used phenomenological models of the NNN
force, such as the Urbana IX (UIX) potential adopted in
this work (Pudliner et al. 1995), are written in the form

Vijk = V 2⇡
ijk + V N

ijk , (6)

where V 2⇡
ijk is the attractive Fujita-Miyazawa term, while

V N
ijk is a purely phenomenological repulsive term.
Like most phenomenological potentials, the UIX

model involves two parameters, adjusted to reproduce
the ground-state energy of the three-nucleon systems,
as well as saturation of SNM. It is remarkable, however,
that saturation, at density nB . n0, is also predicted by
potentials tuned only to reproduce the properties the
few-nucleon systems (Coon & Ha 2001).
The nuclear Hamiltonians constructed combining the

AV18 NN potential and a phenomenological NNN po-
tential, such as the UIX model, have been shown to
possess a remarkable predictive power. The results of

For head-on collisions, the kinetic energy 
in the laboratory frame is related to the 
density as 


Elab = 4
k2F
2m

=
2

m
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• At (very) large momentum transfer, scattering off a nuclear target reduces to the sum of scattering 
processes involving bound nucleons              short-range correlations.

• Relativistic effects play a major role and need to be accounted for along with nuclear correlations 
(Non-trivial interplay between them)

• Resonance-production and deep inelastic scattering processes need to be included

| f i ' |p1, p2i ⌦ | f iA�2

| f i ' |p1i ⌦ | f iA�1

High momentum-transfer regime



At large momentum transfer, scattering off a nuclear target reduces to the incoherent sum of 
scattering processes involving individual bound nucleons

Σ
i

2 2
q,ω q,ω

i

Jµ !
X

i
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| A
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h 0|J†
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Inserting a single-particle state completeness, we isolate the current matrix element 

Ef = EA�1
f + e(p)
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Keeping only the incoherent contribution (dominant in this regime), the one-body response reads

h A
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High momentum-transfer regime



Momentum-conservation in the single-nucleon vertex and the identity
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0 )
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Reminder
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Z
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0 )
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Allow one to rewrite the response function as

R↵� =

Z
d3k

(2⇡)3
dEPh(k, E)

m2
N

e(k)e(k+ q)

X

i

hk|ji↵
†|k + qihk + q|ji� |ki�(! + E � e(k+ q))
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The hole spectral function yields the probability of removing a nucleon with momentum k from 
the target ground state leaving the residual system with excitation energy E.

Covariant normalization 
of the four-spinors

High momentum-transfer regime

P 1h
h (k, E) !

X

f

|h A
0 |[|ki ⌦ | A�1

f i]|2�(E � EA�1
f + EA

0 )
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Using the Sokhotski-Plemelj theorem and the completeness of the A-1 states, the hole spectral 
function can be expressed in terms of the hole Green's function 

Reminder Ph(k, E) =
X

f

|h A
0 |[|ki ⌦ | A�1

f i]|2�(E + EA�1
f � EA

0 )
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Ph(k, E) =
1

⇡
Imh0|a†k

1

E + (H � EA
0 )� i✏

ak|0i .
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The integral of the spectral function over the removal energy is the momentum distribution

n(k) = h A
0 |a

†
kak| 

A
0 i =

Z
dEP (k, E) .
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Taking                                constant, the hole spectral function is sometimes approximated by 

Ph(k, E) ' n(k)�(E � ✏)
<latexit sha1_base64="/ul61/z4pyAIA+KQR2+Gnoie6oI="></latexit><latexit sha1_base64="/ul61/z4pyAIA+KQR2+Gnoie6oI="></latexit><latexit sha1_base64="/ul61/z4pyAIA+KQR2+Gnoie6oI="></latexit><latexit sha1_base64="/ul61/z4pyAIA+KQR2+Gnoie6oI="></latexit>

EA�1
f � E0 = ✏

<latexit sha1_base64="Y/nZcvRVimhSHDNNNXwnvnt/830=">AAAB/nicdVDLSsNAFJ3UV62vquDGzWAR3DQkVbBdCBUpuKxgbKGNYTKdtEMnkzAzEUrswl9x40LFrd/hzr9x0lbweeDC4Zx7ufceP2ZUKst6N3Jz8wuLS/nlwsrq2vpGcXPrSkaJwMTBEYtE20eSMMqJo6hipB0LgkKfkZY/PMv81g0Rkkb8Uo1i4oaoz2lAMVJa8oo7DS+4Tk/L9rjc8KyTLoklZZlRssxKrWod1uBvYpvWBCUwQ9MrvnV7EU5CwhVmSMqObcXKTZFQFDMyLnQTSWKEh6hPOppyFBLpppP7x3BfKz0YREIXV3Cifp1IUSjlKPR1Z4jUQP70MvEvr5OooOqmlMeJIhxPFwUJgyqCWRiwRwXBio00QVhQfSvEAyQQVjqygg7h81P4P3EqZs20L45K9eosjTzYBXvgANjgGNTBOWgCB2BwC+7BI3gy7owH49l4mbbmjNnMNvgG4/UDYhiVQQ==</latexit><latexit sha1_base64="Y/nZcvRVimhSHDNNNXwnvnt/830=">AAAB/nicdVDLSsNAFJ3UV62vquDGzWAR3DQkVbBdCBUpuKxgbKGNYTKdtEMnkzAzEUrswl9x40LFrd/hzr9x0lbweeDC4Zx7ufceP2ZUKst6N3Jz8wuLS/nlwsrq2vpGcXPrSkaJwMTBEYtE20eSMMqJo6hipB0LgkKfkZY/PMv81g0Rkkb8Uo1i4oaoz2lAMVJa8oo7DS+4Tk/L9rjc8KyTLoklZZlRssxKrWod1uBvYpvWBCUwQ9MrvnV7EU5CwhVmSMqObcXKTZFQFDMyLnQTSWKEh6hPOppyFBLpppP7x3BfKz0YREIXV3Cifp1IUSjlKPR1Z4jUQP70MvEvr5OooOqmlMeJIhxPFwUJgyqCWRiwRwXBio00QVhQfSvEAyQQVjqygg7h81P4P3EqZs20L45K9eosjTzYBXvgANjgGNTBOWgCB2BwC+7BI3gy7owH49l4mbbmjNnMNvgG4/UDYhiVQQ==</latexit><latexit sha1_base64="Y/nZcvRVimhSHDNNNXwnvnt/830=">AAAB/nicdVDLSsNAFJ3UV62vquDGzWAR3DQkVbBdCBUpuKxgbKGNYTKdtEMnkzAzEUrswl9x40LFrd/hzr9x0lbweeDC4Zx7ufceP2ZUKst6N3Jz8wuLS/nlwsrq2vpGcXPrSkaJwMTBEYtE20eSMMqJo6hipB0LgkKfkZY/PMv81g0Rkkb8Uo1i4oaoz2lAMVJa8oo7DS+4Tk/L9rjc8KyTLoklZZlRssxKrWod1uBvYpvWBCUwQ9MrvnV7EU5CwhVmSMqObcXKTZFQFDMyLnQTSWKEh6hPOppyFBLpppP7x3BfKz0YREIXV3Cifp1IUSjlKPR1Z4jUQP70MvEvr5OooOqmlMeJIhxPFwUJgyqCWRiwRwXBio00QVhQfSvEAyQQVjqygg7h81P4P3EqZs20L45K9eosjTzYBXvgANjgGNTBOWgCB2BwC+7BI3gy7owH49l4mbbmjNnMNvgG4/UDYhiVQQ==</latexit><latexit sha1_base64="Y/nZcvRVimhSHDNNNXwnvnt/830=">AAAB/nicdVDLSsNAFJ3UV62vquDGzWAR3DQkVbBdCBUpuKxgbKGNYTKdtEMnkzAzEUrswl9x40LFrd/hzr9x0lbweeDC4Zx7ufceP2ZUKst6N3Jz8wuLS/nlwsrq2vpGcXPrSkaJwMTBEYtE20eSMMqJo6hipB0LgkKfkZY/PMv81g0Rkkb8Uo1i4oaoz2lAMVJa8oo7DS+4Tk/L9rjc8KyTLoklZZlRssxKrWod1uBvYpvWBCUwQ9MrvnV7EU5CwhVmSMqObcXKTZFQFDMyLnQTSWKEh6hPOppyFBLpppP7x3BfKz0YREIXV3Cifp1IUSjlKPR1Z4jUQP70MvEvr5OooOqmlMeJIhxPFwUJgyqCWRiwRwXBio00QVhQfSvEAyQQVjqygg7h81P4P3EqZs20L45K9eosjTzYBXvgANjgGNTBOWgCB2BwC+7BI3gy7owH49l4mbbmjNnMNvgG4/UDYhiVQQ==</latexit>

High momentum-transfer regime



The hole SF of finite nuclei is expressed as a sum of two contributions, displaying distinctly 
different energy and momentum dependences 

Ph(k, E) = P 1h
h (k, E) + P corr

h (k, E)
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The 1h terms corresponds to discrete excitations of the A-1 final states 

P 1h
h (k, E) =

X

↵2{F}

Z↵|�↵(k)|2F↵(E � e↵) ,
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P corr

h (k, E) =

Z
d3R ⇢A(R)P corr

h,NM (k, E; ⇢A(R)) ,
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Hole SF from correlated-basis function 

Computing this term in principle requires evaluating single-nucleon overlaps. Within the CBF 
theory, it is obtained from a modified mean-field scheme

The high-momentum component, corresponding to the A-1 final state in the continuum, 
is obtained from CBF  by calculations in infinite nuclear matter 

P 1h
h (k, E) !

X
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|h A
0 |[|ki ⌦ | A�1

f̄
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f̄
+ EA

0 )
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The hole SF of finite nuclei is expressed as a sum of two contributions, displaying distinctly 
different energy and momentum dependences 

Hole SF from correlated-basis function 

P 1h
h (k, E)
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Using relativistic MEC requires the extension of the 
factorization scheme to two-nucleon emissions

3

e↵ect, not accounted for within the independent particle
model. As a consequence, the calculation of Wµ⌫

2p2h,11,
describing processes in which the momentum q is trans-
ferred to a single high-momentum nucleon, requires the
continuum component of the hole spectral function.

The second term in the right hand side of Eq. (7),

involving the matrix elements of the two-nucleon current,
is written in terms of the two-nucleon spectral function
[17]. The explicit expressions of Wµ⌫

2p2h,11 and Wµ⌫
2p2h,22

are reported in Ref. [16].
Finally, Wµ⌫

2p2h,12, taking into account interference con-
tributions, involves the nuclear overlaps defined in both
Eqs. (4) and (6). The resulting expression is

Wµ⌫
2p2h,12 =

Z
d3k d3⇠ d3⇠0 d3h d3h0d3p d3p0�hh0

⇠⇠0
⇤ h

�hh0p0

k hk|jµ1 |pi + �hh0p
k hk|jµ2 |p0i

i
(8)

⇥ hpp0|j⌫12|⇠, ⇠0i �(h+ h0 + q � p � p0)�(! + eh + eh0 � ep � ep0)✓(|p| � kF )✓(|p0| � kF ) + h.c. .

We have compared the results of our approach to the
measured electron-carbon cross sections in two di↵erent
kinematical setups, corresponding to momentum transfer
300 . |q| . 800 MeV. The calculations have been car-
ried out using the carbon spectral function of Ref. [18]
and the 1h contribution to the nuclear matter spectral
function of Ref. [19], as discussed in Ref. [16]. The 2h1p
amplitude, needed to evaluate the interference term, has
been also computed for nuclear matter at equilibrium
density. In the quasi elastic channel we have used the
parametrization of the vector form factors of Ref. [20],
whereas the inelastic nucleon structure functions have
been taken from Refs. [21, 22].

Figure 2 shows the electron-carbon cross section at
beam energy Ee = 680 MeV and scattering angle ✓e =
36 deg (A) , Ee = 1300 MeV and ✓e = 37.5 deg (B) .
The solid and dashed lines correspond to the results of
the full calculation and to the one-body current contribu-
tion, respectively. The pure two-body current contribu-
tion and the one arising from interference are illustrated
by the dot-dash and dotted line, respectively. In the
kinematics of panel (A) the two-body currents play an
almost negligible role. The significant lack of strength in
the �-production region, discussed in Ref. [25], is likely
to be due to inadequacy of the structure functions of
Refs. [21, 22] to describe the region of Q2 <⇠ 0.2 GeV2,
while the shift in the position of the quasi-elastic peak
has to be ascribed to the e↵ects of FSI, which are not
taken into account.

At the larger beam energy and Q2 corresponding to
panel (B), the agreement between theory and data is
significantly improved, and the contribution of the two-
nucleon current turns out to substantially increase the
cross section in the dip region.

In inclusive processes, FSI have two e↵ects: a shift of
the cross section, arising from the interaction between
the struck nucleon and the mean field generated by the
spectator particles, and a redistribution of the strength
from the quasi-elastic peak to the tails. The theoretical
approach for the description of FSI within the spectral
function formalism is discussed in Refs. [12, 13, 26].

FIG. 2. (color online) (A): Double di↵erential cross section
of the process e + 12C ! e0 + X at beam energy Ee = 680
MeV and scattering angle ✓e = 37.5 deg. The solid line shows
the result of the full calculation, while the dashed line has
been obtained including the one-body current only. The con-
tributions arising from the two-nucleon current are illustrated
by the dot-dash and dotted lines, corresponding to the pure
two-body current transition probability and to the interfer-
ence term, respectively. The experimental data are taken
from Ref. [23]. (B) same as (A) but for Ee = 1300 MeV and
✓e = 37.5 deg.The experimental data are taken from Ref. [24].

According to Ref. [26], the di↵erential cross section can
be written in the convolution form

d�FSI(!) =

Z
d!0fq(! � !0 � UV )d�(!

0) , (9)

where d� denotes the cross section in the absence of FSI,
the e↵ects of which are accounted for by the folding func-

4

tion

fq(!) =
p
TA�(!) + (1 �

p
TA)Fq(!) . (10)

The above equations show that FSI are described in
terms of the real part of the optical potential UV , ex-
tracted from proton-carbon scattering data [27] respon-
sible for the shift in !, the nuclear transparency TA, mea-
sured in coincidence (e, e0p) reactions [28], and a function
Fq(!), sharply peaked at ! = 0, whose width is dictated
by the NN scattering cross section [26].

A comprehensive analysis of FSI e↵ects on the electron-
carbon cross sections has been recently carried out by the
authors of Ref. [15]. In this work we have followed closely
their approach, using the same input.

FIG. 3. (color online) (A): double di↵erential electron-carbon
cross section at beam energy Ee = 680 MeV and scattering
angle ✓e = 36 deg. The dashed line corresponds to the result
obtained neglecting FSI, while the solid line has been obtained
within the approach of Ref. [15]. The experimental data are
taken from Ref. [23]. (B): same as (A) but for Ee = 1300
MeV and ✓e = 37.5 deg. The experimental data are taken
from Ref. [24].

Figure 3 illustrates the e↵ects of FSI on the electron-
carbon cross section in the same kinematical setups of
Fig. 2. In panel (A), both the pronounced shift of the
quasi elastic-peak, and the redistribution of the strength
are clearly visible, and significantly improve the agree-
ment between theory and data. For larger values of Q2,
however, FSI play a less relevant role. This feature is
illustrated in panel (B), showing that at beam energy
Ee = 1.3 GeV and scattering angle ✓e = 37.5 deg, cor-
responding to Q2 ⇠ 0.5 GeV2, the results of calculations
carried out with and without inclusion of FSI give very
similar results, yielding a good description of the data.

Note that, being tranverse in nature, the calculated
two-nucleon current contributions to the cross sections
exhibit a strong angular dependence. At Ee = 1.3 GeV,
we find that the ratio between the integrated strengths
in the 1p1h and 2p2h sectors grows from 4% at electron
scattering angle ✓e=10 deg to 46% at ✓e=60 deg.

The results of our work show that the approach based
on the generalized factorization ansatz and the spectral
function formalism provides a consistent framework for a
unified description of the electron-nucleus cross section,
in the kinematical regime in which relativistic e↵ects are
known to be important.

The extension of our approach to neutrino-nucleus
scattering, which does not involve additional conceptual
di�culties, will o↵er new insight on the interpretation
of the cross section measured by the MiniBooNE Col-
laboration in the quasi elastic channel [29, 30]. The ex-
cess strength in the region of the quasi elastic peak is in
fact believed to originate from processes involving two-
nucleon currents [31–33], whose contributions is observed
at lower energy loss as a result of the average over the
neutrino flux [34]. The strong angular dependence of the
two-nucleon current contribution, may also provide a clue
for the understanding of the di↵erences between the quasi
elastic cross sections reported by the MiniBooNE and
NOMAD Collaboration [35], which collected data using
neutrino fluxes of mean energies 880 MeV and 25 GeV,
respectively [34].

As a final remark, it has to be pointed out that a clear-
cut identification of the variety of reaction mechanisms
contributing to the neutrino-nucleus cross section will re-
quire a careful analysis of the dynamical assumptions un-
derlying the di↵erent models of nuclear dynamics. All ap-
proaches based on the independent particle model of the
nucleus fail to properly take into account correlation ef-
fects, leading to a significant reduction of the normaliza-
tion of the shell-model states—unambiguously observed
in (e, e0p) experiments [36]—as well as to the appearance
of sizable interference terms in the 2p2h sector. However,
in some instances these two deficiencies may largely com-
pensate one another, leading to accidental agreement be-
tween theory and data. For example, the two-body cur-
rent contributions computed within our approach turn
out to be close to those obtained from the Fermi gas
model. The development of a nuclear model having the
predictive power needed for applications to the analysis
of future experiments—most notably the Deep Under-
ground Neutrino Experiment (DUNE) [37]—will require
that the degeneracy between di↵erent approaches be re-
solved. A systematic comparison between the results of
theoretical calculations and the large body of electron
scattering data, including both inclusive and exclusive
cross sections, will greatly help to achieve this goal.
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Including two-body currents
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The factorization scheme can be further extended to 
include “real” pions in the final state

Inclusion of pion-production mechanisms 
| A

f i ! |p1p2i ⌦ | A�2
f i
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FIG. 9. Electron- 12C scattering cross sections for E
e

= 500 MeV, ✓
e

= 60� (upper panel),

E
e

= 620 MeV, ✓
e

= 60� (middle panel), and E
e

= 730 MeV, ✓
e

= 37� (lower panel). The blue line

and red line correspond to the one- and two-body current contributions, respectively. The meson

exchange currents have been modified to account for the �-decay in the nuclear medium by using

the density dependent potential of Ref. []. For the ⇡ production contribution, both the SL and

DCC approach have been used.
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FIG. 10. Electron- 12C scattering cross sections for E
e

= 960 MeV, ✓
e

= 37.5� (upper panel), and

E
e

= 1650 MeV, ✓
e

= 11.95� (lower panel). The blue line and red line correspond to the one- and

two-body current contributions, respectively. The meson exchange currents have been modified to

account for the �-decay in the nuclear medium by using the density dependent potential of Ref.

[]. For the ⇡ production contribution, both the SL and DCC approach have been used.

D. 12C(⌫, µ)

Our predictions for 12C(⌫, µ) are shown in Fig.11.
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The VMC Spectral Function of 4He
Since there are no excited states in 3H, the 1h contribution is simply given by

Figure 1: VMC mean-field and full momentum distributions of 4He.

Z
dE

d3k

(2⇡)3
Pn(k, E) =

Z
d3k

(2⇡)3
nn(k) = A� Z , (4)

where Z is the number of protons and A is the number of nucleons of a given
nucleus. This normalization is consistent with the one of the variational
Monte Carlo (VMC) single-nucleon momentum distribution reported in [2].

Spectral function of 4He

For clarity, let us deal with the proton spectral function first. The single-
nucleon (mean-field) contribution PMF

p (k, E) corresponds to identifying | A�1
n i

with | 3H
0 i, the ground-state of 3H

PMF
p (k, E) = nMF

p (k)�
⇣
E � B4He +B3H � k2

2m3H

⌘
. (5)

where B4He ' 28.30 MeV and B3H ' 8.48 MeV are the binding energies of
4He and 3H, respectively and m3H is the mass of the recoiling nucleus. In the
above equation we introduced the mean-field proton momentum distribution

nMF
p (k) = |h 4He

0 |[|ki ⌦ | 3H
0 i]|2 , (6)

in which h 4He
0 |[|ki ⌦ | 3H

0 i is the Fourier transform of the single-nucleon
radial overlap that can be computed within both VMC and Green’s function
Monte Carlo (GFMC) [3].

2

The single-nucleon overlap can be (and have been) computed by Bob Wiringa within VMC 
(center of mass motion fully accounted for) 

P 1h
h (k, E) =

X

f̄

|h A
0 |[|ki ⌦ | A�1

f̄
i]|2�(E � EA�1

f̄
+ EA

0 )

= h 
4He
0 |[|ki ⌦ | 

3H
0 i]|2�

✓
E � E

3H
0 � k2

2M 3H
+ E

4He
0

◆
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The VMC Spectral Function of 4He
To determine the correlation component we utilize the two-nucleon momentum distributions 
computed within VMC
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FIG. 15. (Color online) The nucleon-pair momentum distribu-
tions in 8Be for back-to-back Q = 0 pairs as a function of relative
momentum q is shown by red circles for pp pairs and blue squares
for np pairs.

each pair in each MC configuration; see Eq. (3) of Ref. [2].
Nucleon-pair distributions for the special case Q = 0 were
evaluated for a number of A ! 8 nuclei in [2], to help
understand the results of a two-nucleon knockout experiment
on 12C at Jefferson Lab [19]. The experiment showed a ratio
of back-to-back np to pp pairs of nearly 20 (compared to
the simple total ratio of 2.4) in the relative momentum range
q = 1.5–3 fm−1. This is easily understood by the presence of
a noticeable dip in the Q = 0pp distribution for this range of
q relative to the np distribution, as shown in Fig. 15 for 8Be. In
addition to this case, our latest results at Q = 0 for 3,4He, 6,7Li,
and 10B are provided in the online tables [4]. Unfortunately,
12C is currently still too expensive to evaluate with this double
integral, but we are exploring more efficient ways of evaluating
Eq. (5) that should make it possible in the future.

Nucleon-pair distributions for 3He and 4He with finite
Q ∥ q were reported in [3]. We now have made much more
extensive calculations for these two nuclei averaged over all
directions of Q and q. The ρpp(q,Q) for 4He is shown in
Fig. 16 and the ρpn(q,Q) is shown in Fig. 17 as a series of
q-dependent curves for fixed values of Q from 0 to 1.25 fm−1.
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FIG. 16. (Color online) The proton-proton momentum distribu-
tions in 4He averaged over the directions of q and Q as a function of
q for several fixed values of Q from 0 to 1.25 fm−1.
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FIG. 17. (Color online) The proton-neutron momentum distribu-
tions in 4He averaged over the directions of q and Q as a function of
q for several fixed values of Q from 0 to 1.25 fm−1.

The trends illustrated by these figures are similar to the
single-nucleon momentum distributions. The pp pairs are
primarily in relative 1S0 states, and exhibit the usual S-wave
node for total pair momenta Q = 0. As Q increases, this
node begins to fill in, until it is only a dip for Q > 1 fm−1. The
pn pairs are predominantly in deuteron-like states, with the
D-wave contribution filling in the S-wave node and beginning
the usual broad shoulder above 2 fm−1. The overall magnitude
of the curves for both pp and pn pairs decreases as Q
increases, simply because there are fewer pairs with high
total momenta. The numerical values for these curves may be
found online along with similar results for 3He [4]. Additional
calculations for various fixed angles between Q and q are in
progress.

IV. CONCLUSIONS

We have calculated a large number of nucleon, nucleon-
cluster, and nucleon-pair momentum distributions for A ! 12
nuclei using VMC wave functions generated from a realistic
Hamiltonian containing the AV18 NN and UX 3N potentials.
The single-nucleon ρ(k) have a common characteristic shape,
with a peak at zero (for s-shell nuclei) or small (for p-shell
nuclei) momentum, a rapid drop of more than two orders
of magnitude followed by a distinct change of slope around
q = 1.5–2 fm−1, and then an extended high-momentum tail
that carries well beyond 5 fm−1. The dominant source of
this tail in the 1.5–3 fm−1 range is the NN tensor force,
which comes from the pion-exchange potential, and is in-
creased ∼15% by the 3N force with its two-pion-exchange
terms. Spin-isospin correlations appear to dominate at higher
momenta, and presumably are dependent on the short-range
structure of the Hamiltonian. Our calculations include a
breakdown between spin-up and spin-down nucleons in J > 0
nuclei and between protons and neutrons in T > 0 nuclei.
Nucleon-cluster distributions, with d, t , and α clusters, have
been calculated in A ! 8 nuclei, including a number of
excited states. They do not exhibit high-momentum tails but
have specific nodal structures that reflect the requirements of
antisymmetry for the given spin J of the nuclear state.
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The VMC Spectral Function of 4He
Following the strategy outlined in 

Pp(k, E) = PMF

p (k, E) + f(k)P corr

p (k, E) f(k) = 1�
nMF
p (k)

np(k)

we initially weighed the relative contributions to recover the full momentum distribution
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The cross section for inclusive scattering of high-energy electrons by H, He, and He with momen-
tum transfer ~q~-2 GeV/c is calculated using realistic spectral functions. The final-state interaction
effects are treated with the correlated Glauber approximation, and the possible occurrence of color
transparency is considered. The results are in fair agreement with the SI.AC data and confirm the pres-
ence of high-momentum components in the deuteron wave function. The final-state interaction effects
are significant in 'He and He, and there seem to be systematic differences between theory and experi-
ment at large co in He.

PACS number(s): 21.45.+v, 25.30.Fj

I. INTRODUCTION

During the past decade, inclusive electron-nucleus
scattering experiments have provided important informa-
tion on both the structure and the electromagnetic in-
teractions of nuclei (for recent reviews see Ref. [1]). Of
particular relevance are the measurements carried out us-
ing multi-GeV electrons, since the high momentum
transfers attainable give access to the short interparticle
distance behavior of the nuclear wave function, whose
knowledge may provide a deeper understanding of nuclei.
The pioneering (e, e ) experiments in this kinematical re-
gime have been performed using H [2] and He [3] tar-
gets. More recently, a systematic experimental study has
been carried out for a variety of heavier systems, ranging
from He to ' Au [4], and from the analysis of the mass
dependence of the data, the inclusive cross section for
infinite nuclear matter has been extracted [5]. The few
nucleon systems ( A (4) and infinite nuclear matter are
best suited for a significant comparison between theoreti-
cal predictions and experimental data, since accurate cal-
culations are feasible.
The behavior of the (e, e') cross section at fixed

momentum transfer q, as a function of the electron ener-
gy loss ~, is characterized by a wide peak centered at
co-+q +m —m, m being the nucleon mass, produced
by quasielastic single nucleon processes. As the momen-
turn transfer q increases, however, the quasielastic peak is
obscured by the contributions coming from inelastic pro-
cesses, such as excitation of nucleon resonances and deep
inelastic scattering, leading to complex hadronic final
states. These gross features are fairly well reproduced by
the theoretical calculations carried out for He [6] and
infinite nuclear matter [7] using the plane-wave impulse
approximation (PWIA) and nuclear spectral functions
obtained from microscopic calculations. However, a siz-
able disagreement between PWIA predictions and experi-
ments occurs in the low-energy loss region, where the cal-

'On leave from INFN, Sezione Sanita, I-00161 Rome, Italy.

culated cross sections consistently underestimate the
data.
The quantitative understanding of the low co tail of the

inclusive cross section, where the inelastic contributions
are negligible, is particularly relevant. According to the
PWIA picture, the dominant reaction mechanism in this
region is the scattering of the electron by a strongly
correlated nucleon of high initial momentum. This
feature was pointed out in the 1960s by Czyz and
Gottfried [8], who argued that the (e, e') cross section at
high momentum transfer and low energy loss measures
the high-momentum components of the target wave func-
tion, thus providing important information on short-
range nucleon-nucleon (NN) correlations. The analysis
of the available data in terms of the scaling variable y
[4,9,10], however, clearly shows that in the low-energy
loss region, corresponding to y «0, significant scaling
violations occur, indicating the breakdown of PWIA due
to the final-state interactions (FSI) between the struck nu-
cleon and the residual nucleus. It appears that momen-
tum transfers (3 GeV/c are not high enough, and the
kinematical regime in which the (e, e ) cross section can
simply be expressed in terms of the elementary electron-
nucleon cross section and the nuclear spectral function
P(k, E), giving the probability of removing a nucleon of
momentum k from the target by transferring energy E to
the residual system, has not been reached.
In Ref. [7] the effect of the FSI on the inclusive cross

section for nuclear matter (NM) has been evaluated with
a generalization of the Glauber theory [11]suitable to de-
scribe the motion of the struck nucleon through the nu-
clear medium. The modification of the FSI coming from
the possible occurrence of the phenomenon generally re-
ferred to as color transparency [12,13] has also been in-
vestigated. The FSI redistribute the strength predicted
by PWIA; the quasifree peak is slightly reduced and the
low co tail of the cross section is greatly enhanced. The
theoretical results of Ref. [7] are in good agreement with
the data over a range of momentum transfer 1.5
GeV/c ~ q ~ 2.5 GeV/c.
In this paper the approach developed in Ref. [7] is ex-

tended to the study of the inclusive cross section of H,
He, and He at momentum transfer q-2 GeV/c. For
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The VMC Spectral Function of 4He
Ideally, one should orthogonalize with the single-nucleon overlap 

|k0i ⌦ | A�2
f i ! |k0i ⌦ | A�2

f i � | A�1
f̄

ih A�1
f̄

|[|k0i ⌦ | A�2
f i]
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Inspired by the contact formalism, we put a cut on the relative distance of the pair 
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The VMC Spectral Function of 4He
Ideally, one should orthogonalize with the single-nucleon overlap 
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Conclusions & Plans in this direction 

• VMC calculations of the spectral function are feasible for nuclei up to 12C

• Quantum Monte Carlo is suitable to compute cross-sections, not only responses, including 
relativistic effects in the kinematics

 Ongoing Plans

• Use the VMC hole SF of 4He to compute inclusive cross sections (to begin with)

Conclusions

• Use Bob’s overlap and two-body momentum distributions to compute the VMC hole SF of 12C

• GFMC calculations of the spectral function of light nuclei using imaginary-time techniques 

Z
dEe�E⌧Ph(k, E) ⇠

h 0|a†ke�(H�E0)⌧ak| 0i
h 0|e�(H�E0)⌧ | 0i

• Study nuclei up to 16O with the AFDMC method 


