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Abstract: Structural coloration produces some of the most brilliant colors
in nature and has many applications. Motivated by the recently proposed
transparent displays that are based on wavelength-selective scattering, here
we consider the new problem of transparent structural color, where objects
are transparent under omnidirectional broad-band illumination but scatter
strongly with a directional narrow-band light source. Transparent structural
color requires two competing properties, narrow bandwidth and broad
viewing angle, that have not been demonstrated simultaneously previously.
Here, we use numerical optimization to discover geometries where a sharp
7% bandwidth in scattering is achieved, yet the peak wavelength varies
less than 1%, and the peak height and peak width vary less than 6% over
broad viewing angles (0–90◦ ) under a directional illumination. Our model
system consists of dipole scatterers arranged into several rings; interference
among the scattered waves is optimized to yield the wavelength-selective
and angle-insensitive response.
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1.

Introduction

Wavelength-scale structures can modify the spectrum of light scattering through interference,
giving rise to coloration in many natural structures [1–4] and leading to a variety of applications [5–7]. The recently proposed transparent displays based on narrow-band light scattering [8] represent an unexplored opportunity for such interference-based structural color: structures with a wavelength-selective and angle-insensitive scattering response can be embedded
in a transparent medium to create a screen that is transparent to the ambient light but capable of displaying images projected from a narrow-band light source. For transparency and for
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wide viewing angle, one must simultaneously achieve the competing properties of wavelength
selectivity and viewing-angle insensitivity, under directional rather than omnidirectional illumination. Here, we show with numerical calculation that a narrow 7% bandwidth can be obtained
for scattering at a broad range of observation angles (0–90◦ ) with directional illumination of
an optimized structure—this is a significant improvement over the previous design using plasmonic particles [8], where the bandwidth was about 20% and there was undesirable absorption
that reduced transparency. In addition to the bandwidth, the peak wavelength and peak intensity
of scattering are also insensitive to the viewing angle. The structure consists of a collection of
wavelength-scale ring scatterers amenable to fabrication by direct laser writing (multiphoton
lithography) [9–13] and is optimized so that constructive interference occurs only in a narrow
bandwidth but with a dipole-like broad-angle pattern. We optimize the structure as modeled
by semi-analytical scattering theory, and validate the results via 3D boundary-element method
(BEM) simulations.
One route to narrow-band broad-angle scattering is through resonances in plasmonic particles [8, 14], but that approach is limited by the absorption loss of metal: for the response to be
dominated by scattering rather than absorption, the particle must have a radiation loss higher
than the absorption loss [15–18], making the total loss high and the resonance broad. Dielectric
particles have no absorption, but subwavelength dielectric particles lack wavelength selectivity, and larger dielectric particles have multiple resonances overlapping each other [14, 19]. In
this paper, we explore an alternative route based on interference effects in structural coloration,
which is not constrained by the above-mentioned limitations. Previous work on synthetic structural color has explored a wide range of designs, but none simultaneously achieves the narrow
bandwidth and broad viewing angle that are required for the transparent display application.
Multilayer films [20–22], periodically-modulated surfaces [23–26], and three-dimensional photonic crystals [27] reflect light only at a discrete set of angles rather than omnidirectionally.
Structural randomness can decrease the angular dependence and is generally understood to be
the reason for the non-iridescence of Morpho butterfly’s blue color [28–33], but the randomization also broadens the bandwidth to about 100 nm or larger. Similarly, amorphous structures
have weak angular dependence [34–43] but with spectra that are broad and with viewing-angledependent peak wavelengths when illuminated directionally [39]. Wavelength selectivity and
angle insensitivity are hard to achieve simultaneously because interference effects couple the
dependence on wavelength and the dependence on angle. Also, the majority of the prior studies focused on the physiologically perceived color of surfaces under broadband and diffuse
omnidirectional illumination, where a narrow bandwidth is not necessary since the human-eye
color matching functions are broad with widths of about 100 nm [44], and where the diffuse
illumination reduces the viewing-angle dependence at the expense of a broader bandwidth. For
example, topological optimization has been used to design perceived colors of surfaces [45,46],
and the spectrum was not optimized to be narrower than 100 nm. To explore the extent to which
structural color can be useful for the new application on transparent display, here we carry out
an optimization-based study.
2.

Light scattering and structure factor

We consider light scattering from a collection of point scatterers where multiple scattering
is negligible. We start with the more general problem considering arbitrary configurations of
points, and later in section 4, motivated by the results of the arbitrary-structure optimization,
we specialize to a smaller design space with point scatterers arranged into stacked rings. When
multiple scattering is negligible, the optical response is decoupled into a form factor that captures light scattering from an individual particle, and a structure factor that captures the effect
of interference among waves scattered from different particles. For small particles where the
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electric-dipole scattering dominates, the differential scattering cross section from this collection
is [47]
dσ
= k4 |êin · ê∗out |2 S(q),
(1)
dΩ
where k = 2π/λ is the wavenumber, λ is the wavelength, êin , êout are the polarization vectors
of the incident and the scattered light, and the structure factor is given by
2

S(q) =

iq·r j

∑ α je

.

(2)

j

Here, α j is the electric polarizability of the j-th scatterer, r j is its position, and q is the momentum transfer vector
q = k(n̂in − n̂out ),
(3)
with n̂in and n̂out being the propagation directions of the incident and the scattered light. Note
that we include α j in the definition of S(q) to account for different types of scatterers; each
scatterer is assumed to be a dielectric scatterer with a frequency-independent α j . In this model
system, the angle and wavelength dependence comes primarily from S(q), which can be calculated efficiently for fast optimization. In section 6, we validate the assumptions in this model—
that multiple scattering is negligible and that dipole scattering dominates with a constant scalar
polarizability—with full-wave simulations.
The interference may provide the desired wavelength selectivity in S(q). However, this
wavelength selectivity typically comes with angle dependences that are undesirable, because
wavelength and angles are coupled in the momentum transfer q [Eq. (3)]. For example, periodic structures scatter strongly when q lies on the reciprocal lattice [47], and the peak wavelength depends sensitively on the angles. The S(q) of amorphous structures is a function of
|q| = 2k sin(θ /2), so the peak wavelength is a function of the angle θ between n̂in and n̂out [39];
for a fixed illumination direction, the peak wavelength varies with the viewing angle.
3.

Optimization

Figure 1 illustrates the desired scattering characteristics. At the target wavelength λ0 , the structure scatters light strongly and uniformly into all potential viewing angles; depending on the
intended use of the transparent display, the potential viewing angles can be on either or both
sides. At other wavelengths, the structure scatters light weakly so it appears transparent to the
ambient white light. In practice, many copies of the same structure will be distributed randomly
and evenly in a transparent medium (such as a polymer film) to create a “screen” that is mostly
transparent to the ambient light but capable of displaying images projected onto it at the target
wavelength λ0 [8].
To search for structures whose structure factor S(q) exhibits such scattering characteristics,
we define a figure of merit (FOM),
FOM =

A
,
B +C

(4)

with
A = hS(λ0 )in̂out ,
1
λ2 − λ1

Z λ2

dλ hS(λ )in̂out ,
λ
q1
C = max
hS2 (λ )in̂out − hS(λ )i2n̂out ,
B=

(5)

λ ∈[λ1 ,λ2 ]
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(a) Projected light at λ0

(b) Ambient white light

Fig. 1. Illustration of the desired scattering characteristics. (a) Light coming from the projector, which is monochromatic at wavelength λ0 and incident from a specific direction n̂in ,
is scattered strongly into all viewing angles. (b) Ambient white light, which is broad band
and incident from all directions (illustrated with different arrows), passes through with little
scattering.

where h. . .in̂out denotes averaging over the viewing angles n̂out , [λ1 , λ2 ] is the wavelength range
of interest, and the notation S(λ ) is short for S(q = (2π/λ )(n̂in − n̂out )). Note that C is the
maximum standard deviation of S(q) with respect to the viewing angles. High FOM can only
be achieved when A is large (strong scattering at λ0 ), B is small (weak scattering at other
wavelengths), and C is small (independence of the viewing angle). Similar to [8], we define
the FOM as a ratio; the absolute value of scattering strength per structure is of less interest
because stronger response can be achieved with a higher concentration of the structures. Here,
we consider the scenario where images are projected from the z direction and viewers view
from various directions on the same side. So n̂in = ẑ is taken as fixed, and the evaluation of
h. . .in̂out integrates over all solid angles n̂out with n̂out · ẑ ≤ 0. We point out that to ensure high
transparency (low B) at all angles, the calculation of B should also average over all possible
incident angles n̂in in general; however, since S(q) is only a function of q = k(n̂in − n̂out ), one
of the three averages is redundant, and it suffices to average over λ and n̂out as written in Eq. (5).
For this problem, the FOM landscape has many poor local optima, so gradient-based local
optimization methods work poorly without a good initial guess. Global optimization methods,
on the other hand, quickly become impractical when the dimensionality of the parameter space
becomes large (e.g. with more than 10 points, or with more than 10 rings in the ring-based
formalism described in the next section) because they cannot fully explore the parameter space
within a reasonable computation time. Indeed, we tested a large number of local and global
optimization algorithms implemented in the free optimization package NLopt [48] and found
that direct application of the algorithms generally yield suboptimal results. Therefore, we employ a step-wise search strategy [49, 50]: starting from vacuum, we add components one by
one. At each step, a global optimization is performed to find parameters of the new component, followed by a gradient-based local optimization on the parameters of all components.
In this procedure, the global optimization is not used to explore all possible configurations
(which would be impractical) but is used to explore a relatively low-dimensional parameter
space where it can be effective; meanwhile, the gradient-based local optimization is always
started with a relatively good initial guess based on the optimization done at previous steps.
After some experimentation with the algorithms in [48], we chose well known local [51] and
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Fig. 2. The evolution of the FOM for one instance of the step-wise optimization procedure.
Starting from vacuum, rings are added one by one, with global optimization used to find
parameters of the new ring and local optimization used to relax the whole structure. Insets
show the intermediate and final configurations with 4, 15, and 40 rings, all drawn to the
same length scale. Each ring is visualized as a torus with major radius ρ j and volume
proportional to weight w j , positioned at height z j ; all insets are drawn to the same length
scale. Media 1 animates this evolution of the configuration together with the corresponding
scattering-angle-resolved spectrum of S(q).

global [52] search algorithms and implemented our FOM [Eq. (4)] to four-digit accuracy in
the high-performance dynamic language Julia [53]. The best structure is picked from results of
several independent runs.
4.

Ring-based structures

We compare optimization results in the broader search space where all possible configurations
are allowed, and the smaller search space where the structures consist of several rings aligned
along the z axis. We find that with sufficient number of points (N & 100), the narrower search
leads to FOM comparable to or sometimes higher than the highest FOM found in the broader
search. This is because the ring-based structures eliminate the azimuthal part of the viewingangle dependence and have lower C in general. In addition, the reduction of the search space
makes the optimization more efficient and avoids the poor local optima in the broader search
space. With this insight, we focus our attention on structures made of rings aligned along the z
axis. Instead of parameterizing coordinates of the individual point scatterers, we now directly
parameterize coordinates of the rings. The computation is further accelerated by analytically
summing over point scatterers in a ring (assuming closely spaced points), as
2

S(q) =

∑ w je

iqz z j

J0 (qρ ρ j ) ,

(6)

j

where the new summation is over the constituent rings, qz and qρ are the z and the radial components of the q vector, and J0 is the Bessel function. Each ring is specified by three parameters:
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Fig. 3. Structure factor S(q) for the 40-ring configuration optimized for wavelengthselective scattering at λ0 = 600 nm and viewing-angle independence across 0 to 90 degrees.
(a) Average value (solid line) and the 10th and the 90th percentiles (bars) with respect
to the viewing angles. (b) Scattering-angle-resolved spectrum of S(q), for light incident
along the z-axis. The y-axis scale accounts for the weight in the solid angle integration,
| sin θ dθ | = |d(cos θ )|.

its z-coordinate z j , its radius ρ j , and its weight w j (which is given by the sum of polarizability
among the point scatterers in this ring). A ring with a very small radius ρ j is effectively a point
scatterer on the z axis.
5.

Results

For the results presented here, we choose the wavelength window [λ1 , λ2 ] to be 400–800 nm
and the target wavelength λ0 to be 600 nm; structures for other target wavelengths (with corresponding shift in the window) can be obtained through scaling the structure sizes since Eq. (1)
is scale invariant.
Figure 2 shows the evolution of the FOM for one instance of the step-wise optimization procedure. As rings are added, the FOM grows steadily from one to higher than five. The insets
of Fig. 2 show a few configurations during this process. In Media 1, we provide an animation showing the evolution of the configurations, of the scattering-angle-resolved spectrum of
S(q), and of the FOM as rings are added; one can see the evolution of S(q) as it develops the
wavelength selectivity while keeping the angular dependence low.
In Fig. 3, we plot the structure factor S(q) of the optimized configuration with 40 rings (the
final structure shown in Fig. 2 and Media 1); Fig. 3(a) shows the angular mean and angular
variation of S(q) as a function of wavelength, and Fig. 3(b) plots S(q) as a function of both the
wavelength and the longitudinal viewing angle. By symmetry, there is no dependence on the
azimuthal viewing angle. The wavelength selectivity and angle independence are evident. This
S(q) reaches FOM = 5.51. Its wavelength selectivity is characterized by A/B = 7.64; the full
width at half maximum (FWHM) of its peak at λ0 is only 43 nm, corresponding to a narrow 7%
bandwidth. This sharp peak arises because light scattered from different rings add up mostly
in phase at λ0 . Its viewing-angle independence is characterized by A/C = 19.8; in the range
of viewing angles considered (0–90◦ ), its peak wavelength has an angular mean and standard
deviation of 599 ± 1.3 nm (0.2% variation), its FWHM 43 ± 2.5 nm (6% variation), and its
peak value 8.0 ± 0.4 (5% variation)—all highly insensitive to the viewing angle. This scattering
response is significantly better than the previous design using dilute concentration of spherical
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Fig. 4. Comparison between the S(q) model and the exact scattering response calculated
using the boundary-element method (BEM) for a 10-ring configuration. (a) Scatteringangle-resolved spectrum of S(q) (in arbitrary units). (b) Normalized differential scattering
cross section, (dσ /dΩ)/k4 (in arbitrary units), calculated using BEM for the corresponding
system of dielectric rings (ε = 1.2) in air with incident light polarized perpendicular to the
scattering plane. (c) The surface mesh used in the BEM calculation.

plasmonic particles [8], where the angular insensitivity was given by the spherical symmetry,
yet absorption of the metal reduced transparency and limited the bandwidth of the scattering
cross section to be 19%, 22%, and 24% respectively for scattering of blue, green, and red lights.
From Fig. 2 and Media 1, we see that the optimized structures do not exhibit regular patterns
as grating-based structures do. Given that our search procedure does not enumerate all possible
configurations, we cannot rule out the possibility that there exist structures with regular patterns
that perform equally well or better than the structures we found. However, we find that imposing preference for regularity (such as linearly increasing z coordinates or radii) during the optimization generally leads to suboptimal structures with much stronger angle dependence. This
suggests that the irregularities are necessary for the low angle dependence, similar to the role of
randomness in height- or position-randomized surfaces [28–33], although here the irregularities
are not random but are optimized to produce the sharp peak in wavelength.
6.

Full-wave simulation of dielectric rings

Our model system can be realized as dielectric rings embedded in a transparent medium, with
low refractive-index contrast between the two. Such a structure may be fabricated using direct
laser writing (multiphoton lithography), which has been used to fabricate waveguides [12],
photonic crystals [9], and many complex high-resolution three-dimensional structures [13] with
feature sizes as small as 40 nm [10, 11]. To cover a large-area surface, one may place many
copies of the optimized structure at random positions on the surface to increase the overall
response while avoiding inter-structure interference: when there is no correlation between the
positions of the individual structures, the inter-structure cross terms in S(q) average to zero,
and the total response is the per-structure response times the number of structures.
To verify that all assumptions in our model are valid in such a continuous dielectric-ring
structure, we use a free-software implementation [54, 55] of the boundary-element method
(BEM) to solve the corresponding scattering problem in the original 3D vectorial Maxwell’s
equations, with the differential scattering cross section calculated using Eq. (10.93) in [47] implemented within the BEM framework. BEM employs no approximation aside from surface
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discretization, so it accounts for effects not considered in our model such as multiple scattering
and scattering beyond the dipole approximation. Given the computational cost, we only perform the full-wave BEM calculation on a 10-ring structure, at 50 wavelengths and 50 angles.
We mesh the surfaces of the 10 rings with 3100 triangles [shown in Fig. 4(c)], which provides
a reasonable balance between accuracy and computation time. For simplicity, here we consider
dielectric rings with ε = 1.2 in air. The z coordinate and major radius of each ring are taken directly from the already-optimized parameters z j and ρ j . The weight w j is the total polarizability
in each ring, so it is proportional to the ring volume; therefore, we choose the thickness of each
ring to have its volume proportional to the optimized w j . The thickness (minor diameter) of the
rings lies between 42 nm and 122 nm.
The angle-resolved scattering spectrum calculated using BEM is shown in Fig. 4(b); it agrees
very well with the prediction using structure factor S(q) [shown in Fig. 4(a)], verifying that
our model is appropriate for such low-index-contrast continuous-ring structures and that the
optimized result has a certain degree of robustness with respect to how the model is realized.
The BEM result (without further optimization) corresponds to FOM = 2.51 (with A/B = 3.58
and A/C = 8.38), versus FOM = 2.54 (with A/B = 3.51 and A/C = 9.15) in the S(q) model
where the optimization was performed.
This example considers air as the medium. In a non-air medium such as transparent polymer
or glass, one can reduce the relevant viewing angle range to be within the air-medium critical
angle, and additionally rescale the wavelengths with the medium’s refractive index.
We also note that, with increasing number of rings, the concentration of scatterers can increase, and interaction between rings through multiple scattering may play a larger role. In
such case, one needs to lower either the index contrast or the ring volume to reduce multiple
scattering, or resort to a more rigorous description of scattering beyond the structure factor.
7.

Conclusion

We have provided an optimization approach based on a semi-analytical model of light scattering that reveals structures with narrow-band scattering that is independent of the viewing angle
under directional illumination. The angle independence comes from the cylindrical symmetry
of the rings and their irregular stacking, while the wavelength selectivity arises from a coherent summation of the scattered light at the target wavelength. This wavelength-selective and
viewing-angle-independent light scattering can be potentially useful for the recently proposed
transparent display based on wavelength-selective scattering [8].
The optimization-based design can be used for any given fixed illumination direction. However, we note that under directional illumination, simultaneous independence of both the incident and the outgoing angles is not possible in this model of scattering based on S(q); S(q) is
a function of q = k(n̂in − n̂out ), so independence of both angles would require independence
of the wavelength as well, meaning no wavelength selectivity. It may be possible, however,
to reduce angle dependence or enhance wavelength selectivity by intentionally going beyond
dipole scattering and single scattering, or by introducing resonances in the polarizabilities or in
the form factors of individual scatterers; this may be the topic of future investigations.
A straightforward extension can consider structures that scatter light at multiple narrow
bands, which can be useful for full-color transparent displays. Future works can also explore
structures with larger refractive index contrast, which can produce stronger scattering per structure and may require modeling beyond the S(q) analysis. One may look for results even more
insensitive to errors and implementation details via the robust-optimization techniques [56–63].
Another interesting future direction would be to explore whether there is a fundamental lower
limit on the product of the angular and frequency bandwidths per unit volume, analogous to
similar limits on the delay–bandwidth product [64].
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