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Plasmons in Graphene:
Fundamental Properties
and Potential Applications

In graphene, plasmons are expected to provide valuable insights into many-body effects

that include electron—phonon, electron—electron, and plasmon—phonon interactions.

This paper provides a critical review of the state of research in this area.

By MARINKO JABLAN, MARIN SoLjaCIC, AND HRVOJE BULJAN

ABSTRACT | Plasmons in graphene have intriguing fundamen-
tal properties and hold great potential for applications. They
enable strong confinement of electromagnetic energy at sub-
wavelength scales, which can be tuned and controlled via gate
voltage, providing an advantage for graphene’s plasmons over
surface plasmons (SPs) on a metal-dielectric interface. They
have been described for a large span of frequencies from tera-
hertz up to infrared and even in the visible. We provide a
critical review of the current knowledge of graphene plasmon
properties (dispersion and linewidth) with particular emphasis
on plasmonic losses and the competition between different
decay channels, which are not yet fully understood. Plasmons
in graphene provide an insight into interesting many-body ef-
fects such as those arising from the electron-phonon inter-
action and electron-electron interactions, including hybrid
plasmon-phonon collective excitations (either with intrinsic
or substrate phonons) and plasmarons. We provide a compar-
ison of SPs on a metal-dielectric interface with plasmons in
graphene and 2-D metallic monolayers. We finally outline the
potential for graphene’s plasmons for applications.
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I. INTRODUCTION

Recent years have witnessed a tremendous progress in the
planar waveguide and photonic crystals technology, which
paves the way toward novel, more efficient, and miniatur-
ized optical devices. Photonic elements can operate at
hundreds of terahertz (THz) frequencies with large band-
widths and low losses, thus surpassing the gigahertz (GHz)
frequencies and bandwidth limits of the electronic devices.
However, the spatial limitation for the size of optical
devices is the diffraction limit, that is, the wavelength of
light, which is at best on the order of a micrometer,
whereas electronic devices are miniaturized to the nano-
scale. To scale optical devices down to these ultimate
limits for the fabrication of highly integrated nanophotonic
devices, that could operate at near-infrared (IR) or visible
frequencies with large bandwidths, requires confinement
and control of electromagnetic energy well below the
diffraction limit. One and perhaps the only viable path
toward such nanophotonic devices are plasmonic excita-
tions that are within the focus of a growing field of
research: plasmonics [1]-[4].

In nature, there are versatile types of plasmonic excita-
tions depending on the geometry and dimensionality of the
system. Bulk plasmons are collective excitations of elec-
trons in conductors, however, they are not very interesting
from the point of view of photonics. Plasmonics is founded
on surface-plasmon polaritons [or simply surface plasmons
(SPs)]—electromagnetic (EM) waves trapped at the
conductor—dielectric interface due to collective surface
excitations of carriers [1]-[3]. Their wavelength is much
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smaller than the wavelength of the light in air at the same
frequency, which enables control of light at the nanoscale,
thereby breaking the diffraction limit [1]-[4]. This possi-
bility has also led to the investigation of plasmons in 2-D
electron gases found in various types of materials, includ-
ing inversion layers [5], heterostructures [6], and mono-
atomic metallic layers [7]-[9]. However, the search for
better plasmonic materials with greater confinement of the
electromagnetic energy and lower losses is still underway
[3]. The advent of graphene with its extraordinary electric,
optical, and mechanical properties has in recent years
opened up a whole new avenue of research on plasmons in
graphene, which is reviewed in this paper.

Graphene is a 2-D sheet of carbon atoms arranged in a
honeycomb lattice [10]-[12], which was demonstrated to
have extraordinary electric properties [10]-[16], such as
extremely large mobilities. It can be doped to high values
of electron or hole concentrations by applying external
gate voltage [10], which has a dramatic effect on its optical
properties [17], [18]. This is a great motivation for investi-
gating graphene in the context of optical and plasmonic
applications. Moreover, it can be successfully placed on
top of versatile substrates such as dielectrics and metals,
but also suspended in air.

Plasmons in graphene have attracted considerable at-
tention in recent years, both in the experimental [19]-[30]
and theoretical arenas [31]-[67]. One of the main reasons
for this is a fact that their properties such as dispersion and
intraband losses via excitation of electron-hole pairs can
be tuned by external gate voltage (thereby increasing/
decreasing the concentration of carriers).

Experimental evidence for the existence of plasmonic
effects in graphene was first obtained with electron
energy-loss spectroscopy (EELS) [19]-[21]. However, ex-
citation of plasmons with optical means and the studies of
optical phenomena with graphene plasmons have been
within the focus of several exciting recent experiments
[22]-[29]. Because the wavevector of the plasmons in
extended monolayer graphene is much larger than the
wavevector of the freely propagating photons, the coupling
of light to plasmons has to somehow overcome this mis-
match. Infrared nanoscopy and nanoimaging experiments
confine IR light onto a nanoscale tip enabling an increase
of the in-plane component of the momentum, which ena-
bles optical excitation of plasmons [23]-[25] and their
imaging in real space [24], [25]. Patterned graphene
structures, ribbons [22], disks [26], [29], or rings [27],
organized in a periodic superlattice, break translational
invariance and enable optical excitation of plasmons with
free propagating incident light. Such systems have already
demonstrated the possibility of constructing plasmonic
devices [26], [27]. Particularly intriguing excitations are
magnetoplasmons in graphene [28], [29]: plasmons occur-
ring in the presence of the magnetic field which changes
electronic band structure (introduces Landau levels), and
leads to interesting phenomena such as prolongation of
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lifetime of edge magnetoplasmons in disks with the in-
crease of the magnetic field [29]. Also noteworthy is the
possibility of atomically localized plasmon enhancement in
monolayer graphene observed with EELS in an aberration-
corrected scanning transmission electron microscope
(STEM) [30].

There are numerous studies of graphene plasmons on
the theoretical side [31]-[67]. Some of those investigate
plasmons from the fundamental point of view are: their
dispersion [32], [33], their interaction with other ex-
citations in graphene (thereby investigating many-body
effects such as plasmon—phonon coupling [39], [40] and
plasmarons [41]), their losses from various scattering
mechanisms [38], interactions with a magnetic field [51]-
[53], and modifications under strain [54], [55]. A number
of studies are aimed at patterned structures such as
ribbons and disks where finite size effects and boundary
conditions are important, which yields numerous plasmo-
nic phenomena and opens up the way to design versatile
devices.

Let us outline some of the theoretically proposed
phenomena and applications involving plasmons in
graphene that this review draws upon. Plasmons can
couple to other elementary excitations in graphene yielding
versatile many-body effects. Plasmon-phonon collective
excitations can occur either by coupling with surface
phonons of a polar substrate [39], or with intrinsic optical
phonons of graphene [40]. Collective excitations of charge
carriers and plasmons, referred to as plasmarons, have been
recently addressed [41] in the context of near-field optics
[24], [25]. It was suggested that illuminating graphene with
circularly polarized light gives rise to an energy gap
between the conduction and the valence bands; this system
supports collective plasma excitations of optically dressed
Dirac electrons [42]. A particularly important question is
that of electron-electron interaction on plasmons beyond
the random phase approximation (RPA) [43], [44]. The
recombination rates of carriers due to plasmon emission
were predicted to range from tens of femtoseconds to
hundreds of picoseconds, with sensitive dependence on the
system parameters [45].

Graphene plasmons have attracted interest also in the
context of near-field enhancement, i.e., systems where a
great amount of electromagnetic energy is confined at
subwavelength scales. A particularly interesting system in
this context is a nanoemitter (oscillating dipole) in the
vicinity of the graphene sheet [46]-[48], which can effi-
ciently excite plasmons and lead to strong light-matter
interactions and quantum effects. Near-field enhancement
has been predicted in a periodically gated graphene with a
defect [49], while the existence of plasmon modes in a
double-layer graphene structure leads to near-field ampli-
fication [50].

An interesting avenue of research is strain engineering
the properties of graphene and its excitations, which is
possible due to its extraordinary mechanical properties.
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Polarization of graphene and plasmons under strain have
been investigated in [54] and [55].

Plasmons in graphene with a magnetic field present
have also attracted theoretical interest [51]-[53]: the de-
pendence of their properties such as dispersion has been
studied in dependence of the magnetic field.

Nonlinear optical phenomena are of particular interest,
given the fact that considerable electromagnetic energy
can be confined to small volumes in graphene. It has been
pointed out that quantum effects can introduce a strong
nonlinear optical response in a system formed by a doped
graphene nanodisk and a nearby quantum emitter, which
yields the plasmon blockade effect (analogous to Coulomb
or photon blocade effects) [56]. However, in contrast to
photon blockade, the wavelength at which plasmon block-
ade takes place can be tuned simply by electrostatic gating
[56]. A paradigmatic nonlinear phenomenon—second
harmonic generation—was predicted to be strongly plas-
mon enhanced in graphene [57].

Finally, graphene plasmons have been proposed for
applications in versatile types of devices. Graphene holds a
great promise in the context of so-called transformation
optics [58
gated by different voltages yielding a platform for tran-

], because different parts of the sheet can be

sformation optical devices (e.g., plasmon Fourier optics
[59]). Graphene plasmon waveguides in single and paired
nanoribbon structures were analyzed [61], and guided
plasmons in graphene p—n junctions were considered [62].
Moreover, coherent terahertz sources based on plasmon
amplification were suggested [63], [36]. In optically
pumped graphene structures (out of equilibrium condi-
tions), amplification of terahertz plasmons was predicted
[64]. Optical response (due to plasmons) in periodically
patterned structures made of graphene disks was predicted
to yield 100% absorption [65]. Tunable terahertz optical
antennas based on graphene ring structures were pro-
posed [60].

Besides the usual transverse magnetic plasmons,
graphene was predicted to support a transverse electric
(TE) mode [35], which is not present in usual 2-D systems
with parabolic electron dispersion. This mode resides very
close to the light line [40] and, therefore, does not seem to
be so interesting for confinement of electromagnetic ener-
gy. In a bilayer graphene [67], the confinement is some-
what stronger, but dispersion is still very close to the
light line.

The outline of this review is as follows. In Section II,
we present the basic concepts related to plasmons in
general and plasmons in graphene. This section is intended
to be pedagogical, for the newcomers to this field. In
Section III, we discuss plasmons in patterned graphene
structures, both experiments and theory. In Section IV, we
review recent studies on plasmons in graphene performed
via infrared nanoscopy and nanoimaging [23]-[25]. In
Section V, we focus on many-body effects and losses of
graphene plasmons. We discuss possible channels of decay,

estimated decay rates for these channels, and open
questions. In Section VI, we discuss plasmons in metallic
monolayers and provide a comparison of these systems
with graphene. In Section VII, we discuss other directions
of research related to graphene plasmons, and finally we

conclude.

II. BASIC CONCEPTS

As we already mentioned in the introduction, SPs polari-
tons are electromagnetic (EM) waves trapped at a surface
of conductor [1]-[4]. Let x = 0 define a surface between
metal with dielectric function €(w) and dielectric with
dielectric constant €,. Under certain conditions, this sys-
tem can support EM wave of frequency w that propagates
along the surface of metal with wavevector g, while EM
fields decay exponentially away from the surface. If we
write for the electric and magnetic fields F(x > 0) oc e
above the metal, and F(x < 0) o e in the metal, then
elementary electrodynamics | 71 requires that K =
V¢ — gw?/c? and Ky = \/¢* — €(w)w?/c?. By matching
the boundary conditions, for the case of transverse magne-
tic (TM) polarization, we find the dispersion relation

Here, we see that the required condition is €(w) <0,
which is why metals are usually used, but polar materials
can sustain a similar kind of modes (termed surface-
phonon polaritons [72], [73]). Equation (1) can be solved
to give an explicit expression for the dispersion relation

w | ee(w)

1= € + e(w) @)

which is shown in Fig. 1. From (2), we see that for a
characteristic frequency, i.e., when €(w) =
tor diverges q >> w/c; i.e., at the certain frequency, the SP

—€,, wavevec-

wavelength is much smaller than the corresponding
wavelength of light in free space. This is in fact arguably
the most interesting characteristic of SPs since they enable
confinement of EM waves significantly below the dif-
fraction limit. On the other hand, note that in this regime
K ~ K, =~ q, which means that the fields are also
squeezed to a subwavelength regime perpendicular to
the interface and can be significantly enhanced for a given
pulse energy.

Let us imagine now a thin metal slab of thickness d and
see what happens when we decrease d (see also supporting
material from [58]). SPs from two surfaces can now couple
and form even and odd TM mode but only the latter one
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Fig. 1. (a) Schematic description of an SP on metal-dielectric interface. (b) SP dispersion curve (solid blue line) for Ag-Si interfaces; dotted blue is
the light line in Si (dispersion relation of light in bulk Si); dashed red line denotes the SP resonance. (c) Wave localization (solid line) and
propagation length (dashed line) for SPs at Ag-Si interface (experimental Ag losses are taken into account).

survives in the d — 0 limit. The corresponding dispersion
relation is

eK"‘d—|—1_
eKnd — 17

3)

Let us now write the metal dielectric function as €(w) =
1+ (ioy(w)/weg). Here o,(w) is the volume conductivity
of the metal in question so that the volume current density
is given by J, = 0, E. In the case of a thin slab (d -K,, < 1),
EM fields and induced currents are essentially uniform
across the slab, and we can introduce the effective surface
current density J; = J, - d. If we require J; = o E, the
appropriate surface conductivity is o; = 0, - d, and in this
limit (d - K,y < 1), we obtain dispersion relation [58]

2iWegE,

: 4)

os(w)

Note that the identical expression is obtained [35] for TM
EM wave trapped at 2-D sheet of charges described by a
surface conductivity o,(w), in which electron response is
frozen perpendicular to the plane. However, in that case, it
would be more common to use the term plasmon polari-
tons, because it describes self-consistent collective oscilla-
tion of electrons in a 2-D system [33]. By looking at the same
problem from a different perspective, one could also con-
veniently model this 2-D system with a thin slab of corre-
sponding bulk dielectric function [58] e(w) = 1 + (ioy(w)/
wepd), as long as the condition d - K, < 1 is satisfied.

To get a better sense of SP modes let us assume that the
metal is described by a Drude model, which is an excellent
approximation for most metals up to the onset of interband
absorption [68]. In that case, we can write

n,e? i

) =

)
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where m* is the effective electron mass, 7 is the relaxation
time, and n, is the electron volume density. The surface
conductivity (o,) can be obtained from the same expres-
sion by simply changing n, into the effective electron sur-
face density ny = n, - d. If we neglect the damping term
(T — o0) for the moment, we can write the dielectric
function in the Drude model as e(w) =1 — wrzj/wz, where
w, = nye*/€eom* is the frequency of volume plasma oscilla-
tions. Then, the dispersion relation (frequency versus
wave vector) for an SP at a single metal surface (semi-
infinite metal) asymptotically approaches the value w =
wp/+/1+ €, which satisfies the condition e(w) = —¢, [see
(2)]. Note that, even though they are both similar in fre-
quency, bulk plasmon and SP are qualitatively very differ-
ent. The former one is described by a bulk oscillation of
charge density, while the latter one involves only oscil-
lation of surface charge density with EM fields that are
localized to the metal surface.

For the case of a thin metal slab, we have more com-
plicated behavior, and (4) gives us

_ 2m*epe,
9= 2

nse

w(w +i/7) (6)

where the effective electron surface density is ny = n, - d,
and we took K ~ g, since we are mostly interested in the
electrostatic limit (q > w/c). However, for sufficiently
large wave vectors, when d - K,, < 11is no longer valid, SPs
from two surfaces decouple, and we are left with the bare
SP dispersion from (2).

Note that (4) and (6) are valid in the extreme case of a
one-atom-thick metallic layer. Nevertheless, the case of a
few atomic layers is substantially more complicated since
the electronic wave functions across the slab get quan-
tized. This results in the emergence of electronic subbands
and intersubband transitions, which modify the plasmon
dispersion [8], [9], [70].

There is one significant advantage of using monolayers
over the bulk materials since the former can be simply
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influenced electrostatically. When bulk metal is connected
to some electrostatic potential, electrons arrange them-
selves along the surface of the metal and uniformly shift all
the electron states inside the bulk [68]. However, that does
not change the Fermi level relative to the band minimum
so the volume density of electrons and metal dielectric
function remain unchanged. In contrast, in the case of a
single surface of monolayer crystal, the additional surface
electrons actually change the Fermi level: this changes the
surface conductivity, and correspondingly the optical re-
sponse of the system.

We defer the analysis of metallic monolayers to
Section VI, and focus our attention until then to a special
kind of one-atom-thick crystal called graphene. Graphene
indeed deserves a special attention due to its extraordinary
mechanical stability: graphene was shown to exist even in
the suspended samples, while metallic monolayers were
only demonstrated to exist on substrates which play a
significant role in stabilizing their structure.

Graphene is a 2-D crystal of carbon atoms arranged in
a honeycomb structure. The electron band structure is
easily derived from a tight binding model, which results
in peculiar Dirac cones which touch at the corners of the
Brillouin zone [74]. Near these points, electron dispersion
is described by a linear relation E,(p) = nvgp, where E (p)
stands for electron energy (momentum), vy = 10 m/s is
the Fermi velocity, and n =1 (n = —1) stands for con-
duction (valence) band. Note that this is very different
from the usual parabolic electron dispersion encountered
in metals described by E(p) = p?/2m*. Intrinsic graphene
does not have free carriers since valence and conduction
bands touch at the Fermi level. Nevertheless, it can be
doped and, as such, it can sustain surface modes de-
scribed by (4). Moreover, due to this finite doping, Pauli
principle will block some of the interband transitions,
allowing for existence of well-defined surface modes.
Therefore, for large doping (i.e., small plasmon energies),
we can use a semiclassical model [68] to describe behav-
ior of our system. This is a generalization of the Drude
model for the case of arbitrary band structure: in graph-
ene, doped to n, electrons per unit area, we obtain surface
conductivity

QZVF\/ﬁ; i
= 7
7o(w) Vrh w4+ ir? @)

Equation (4) implies that the plasmon dispersion in the
electrostatic limit is

_ 2hy/Tege,

Vp/Nge?

w(w—+i/7). 8)

For larger plasmon energies, we have to take into consid-
eration interband transitions, which can be derived from a
Fermi golden rule. The corresponding part in the con-
ductivity is [75]

e’ i [2Ep 4 hw

where Ep is the Fermi level, and we are working in low-
temperature/high-doping limit (i.e., Er > kT), which is
also true for (7). The total conductivity is now simply
os(w) = op(w) + o7(w). Note that now in a small interval
for frequencies below 2Ep, the imaginary part of the
conductivity is negative (So(w) <0) and (4) does not
have a solution, so graphene does not support this kind of
transverse magnetic surface modes. On the other hand, it
can be shown that, in this frequency, interval graphene
supports TE surface modes, which can be obtained as the
limiting case of a guided TE mode in a thin (d — 0) high-
index dielectric waveguide [58]. It is straightforward to
show that the dispersion relation of this TE mode is given
by [58]

_ Howios (w)
—

K (10)

Compare this to (4) and note that (10) requires a different
sign of imaginary part of conductivity.

One can also notice from (9) that the real part of the
interband conductivity has a finite value for frequencies
above 2Ep indicating a loss process. This was indeed
verified experimentally in [69], where it was demonstrated
that graphene absorbs about 2% of normal incidence light,
which is quite an astonishing result since graphene is a
single atom thick material. In this absorption process, the
incident photon excites an electron from the valence to the
conduction band, and due to the peculiar linear band
dispersion, this absorption is frequency independent. Of
course, for a finite doping, Pauli principle blocks
transitions for photon energies below 2Er.

An identical process of electron-hole excitation leads to
plasmon damping. However, from (8), we see that plasmon
has a finite wave vector, which changes the interband
transitions but also allows plasmon to excite electron-hole
pair within a single band (intraband excitation). Conser-
vation of energy and momentum requires for these transi-
tions to obey hw,(q) = Ey(p + hq) — E,(p). In this case,
like before, for finite doping Er > 0, Pauli principle blocks
interband transitions (n = —1, n’ = 1) for plasmon ener-
gies hw,(q) < 2Er — hvpq, and intraband transitions (n =
n' =1) for energies hw,(q) > hvrq. On the other hand,
outside this triangle [see Fig. 2(c)], plasmon experiences
large damping due to electron-hole excitations. To
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Fig. 2. (a) Schematic of the graphene system and TM plasmon modes. Note that the profile of the EM fields looks the same as the fields of

an SP [Fig. 1(a)]. (b) Sketch of the intraband (green arrows) and interband (red arrows) single particle excitations that can lead to large losses;
these losses can be avoided by implementing a sufficiently high doping. (c) Plasmon RPA (solid line) and semiclassical (dashed line) dispersion
curves for graphene overlaid on top of a SiO; (c;, = 4 and ¢,, = 1). The green (lower) and rose (upper) shaded areas represent regimes of
intraband and interband excitations, respectively. (d) Localization parameter )\, /).

describe plasmon behavior for large wave vectors, one needs
to resort to nonlocal theory and wavevector-dependent con-
ductivity o(w, q), which was calculated within the random
phase approximation in [32], [33], and [38].

ITI. PATTERNED GRAPHENE
STRUCTURES

To optically excite plasmon modes with light coming from
air one needs to break translation invariance of the system.
This is so because free photons in air are limited to exist
only above the light line (q < w/c), while plasmon modes
are found in a deep subwalength regime (q > w/c). One
way to do this is to cut a thin ribbon out of a graphene
plane. Now, if the width of the ribbon is w, then plasmon
will form a standing wave across the ribbon with a reso-
nance condition given by the approximate relation [76]
w A m\,/2, where m is integer and A, =27/q is the
wavelength of plasmon from infinite graphene sheet given
by (8). This means that we will have a strong absorption
of light at the resonance frequency that scales as
wp X n;1/4 - w™Y2. This was indeed demonstrated exper-
imentally [22] for the case of a periodic assembly of
graphene ribbons, which are illustrated in Fig. 3(a). When
the microribbon arrays are gated, their optical response
changes, and in Fig. 3(b) and (c), we show the change in
the transmission spectrum with respect to the charge
neutrality point for the electric field parallel and perpen-
dicular to the ribbons, respectively. When the field is
parallel to the ribbons, the response is equivalent to a
gated graphene plane, i.e., the response can be described
by the Drude model [22]. For the perpendicular field, the
translation symmetry is broken and a clear evidence of
plasmonic resonances appears [Fig. 3(c)] [22]. Plasmon
absorption is remarkably strong (more than an order of
magnitude larger than that achieved in two-dimensional
electron gas in conventional semiconductors) [22].
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Note that the absorption cross section is significantly
enhanced by using assembly of closely spaced ribbons,
compared to the single ribbon, while it was also shown
[76] that the interaction between the neighboring ribbons
is relatively weak. In fact, only the lowest mode (m = 1)
will be slightly perturbed [76] when the width of the gap
between ribbons is 0.25w. Nikitin et al. [76] also pointed
out that, in principle, it should be possible to observe ab-
sorption at higher harmonics (m > 1), however, the sys-
tem would need to have extremely low losses, i.e., long
scattering time 7 &~ 107! s (see Section V on losses).

The width of the ribbons discussed above was on the
order of micrometers. Plasmons were also theoretically
analyzed for the extreme case of few-nanometer-wide
graphene ribbons [78], [79], and ribbon arrays [80]. In that
case, electronic wavefunctions get quantized across the
ribbon, and electronic states dissolve into set of subbands,
which in turn changes the plasmon dispersion. Also
depending on the exact structure of the edges, ribbons can
also acquire a bandgap with typical measured [81] values
on the order of ~200 meV (20 meV) for ribbon widths
~15 nm (25 nm). Importance of nonlocal and quantum
finite size effects was further studied from first principle
calculations of the optical response of doped nanostruc-
tured graphene [82] and using quantum chemistry semi-
empirical approaches for elongated graphene nanoflakes of
finite length [83]. It was demonstrated [82] that plasmon
energies are in a good agreement with classical local
electromagnetic theory down to /~10-nm sizes, while finite
size effects were shown to produce substantial plasmon
broadening compared to the homogenous graphene sheet
up to sizes above 20 nm in disks and 10 nm in ribbons.

Plasmons can also propagate along the graphene nano-
ribbon in the form of waveguide modes or strongly
localized edge modes [77], while the latter ones do not
experience a cutoff in frequency and can surpass diffrac-
tion limit even in the thin ribbons. Moreover, plasmons
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Fig. 3. Plasmon resonances in microribbon arrays. (a) Atomic force microscope (AFM) image of a graphene microribbon array sample from [22]
with a ribbon width of 4 .m; the width of the ribbon is equal to the separation distance. (b)-(c) Change in the transmission spectra —AT /Tcyp
induced by gating for the electric field (b) parallel and (c) perpendicular to the ribbons; AT = T — Tcyp, where T is the transmission of the

gated array, and Ty is the transmission at the charge neutrality point. For perpendicular polarization in (c), the spectrum shows an absorption
peak at 3 THz due to plasmon excitation. For parallel polarization, the absorption is described by Drude model. See text and [22] for details
(the figures are adapted by permission from Macmillan Publishers Ltd. [22], copyright 2011).

were also studied under a realistic condition of inhomo-
geneous electrostatic doping [66], and it was shown that an
additional degree of freedom can be obtained by coupling
of plasmon modes between two neighboring ribbons [61].

A particularly interesting patterned structure is a pe-
riodic assembly of disks in graphene/insulator stacks with
several graphene sheets separated by a thin insulating
layers [26]; see Fig. 4(a). In samples from [26], there is a
strong interaction between the disks sitting on top of each
other in different layers while the interaction within a
single layer is small or negligible depending on the dis-
tance between the disks. The interaction between the
layers leads to significant change in both resonance fre-
quency and amplitude, thus enabling a few graphene-
plasmon-based devices [26]. By tailoring the size of the
disks d, their separation a, and chemical doping, the IBM
team created a tunable far-IR notch filter with 8.2-dB
rejection ratio, and a tunable THz linear polarizer with
9.5-dB extinction ratio [26]. Fig. 4(b) shows the extinction
ratio 1 — T/T, for a single-layer graphene array with d =
4.4 pm and two values of separation between the disks,
a =9 pm and 4.8 ym. Here, T and T are the transmission
through the sample with and without graphene stacked
layers present, respectively. The more densely packed
array exhibits a higher peak extinction. Fig. 4(c) shows the
extinction for different values of d (a is only 400 nm larger
than d); in such a densely packed array, peak extinction is
as high as 85% corresponding to a notch filter. A linear
THz polarizer can be made by using a pattern of micro-
ribbon stacks [see the inset in Fig. 4(d)] [26]. The ribbon
width is 2 pm and their separation is 0.5 pm (the plasmonic
resonance occurs only for electric field perpendicular to
the ribbon axis). Fig. 4(d) shows extinction for 0° and 90°
polarization (inset shows extinction at 40 cm™ as a
function of light polarization). It was also demonstrated
[26] that simple unpatterned structure of several graphene
layers can serve as an excellent shield of EM radiation for

frequencies below 1 THz simply due to Drude response,
which increases proportional to the number of layers.
Other experiments were performed in microstructures,
which offer additional resonances due to hybridization of
disk and antidot mode [27].

Terahertz plasmons in micrometer-sized graphene
disks (and graphene disk structures) can be tuned by us-
ing a magnetic field (perpendicular to the graphene disks)
[29]. It has been argued that plasmon resonance in graph-
ene disks splits into edge and bulk plasmon modes under
the influence of a strong magnetic field. The distance (in
the frequency domain) between the two resonances in-
creases with increasing field. The splitting rate depends on
doping. Interestingly, the lifetime of the edge plasmon
mode also increases with the increase of the field. These
experiments point out that graphene might be used in
tunable THz magneto—-optical devices [29].

The applicability of periodically patterned graphene
structures is underpinned by recent theoretical papers
[47], [65], predicting large extinction cross sections of
graphene disks, which can exceed their geometrical area
by an order of magnitude. Additionally, it was shown that
arrays of doped graphene disks could allow total optical
absorption when supported on a substrate, under total in-
ternal reflection or when lying on a dielectric layer coating
a metal [65].

Graphene has also been considered in the context of
optical antennas, which can convert far-field radiation into
localized energy and vice versa. They are conventionally
built from metals, and they are based on point-metallic
plasmons. Tunable terahertz optical antennas with gra-
phene ring structures were proposed [60]. Plasmonic re-
sonances of the concentric and experimentally relevant
nonconcentric graphene rings can be tuned not only by
changing the size of the rings (as metallic antennas), but
also by changing the doping concentrations. By increasing
the Fermi energy, it was shown that resonances of
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Fig. 4. Plasmon resonances in microdisk arrays. (a) Schematic
illustration of the patterned graphene/insulator stacks. (b) Extinction
spectra1 — T/T, in single-layer graphene plasmonic devices for
different separation between the disks. Inset illustrates the graphene
disk-disk interaction. (c) Extinction in transmission of tunable THz
filters, which can be tuned by varying the diameter of the disks;
stacked devices with five graphene layers were used. (d) Extinction
spectra of a graphene THz polarizer made of microribbons (left inset)
for polarizations along (0 = 0°) and perpendicular (9 = 90°) to the
micro-ribbons. Right inset shows a polar plot of extinction versus
polarization at 40 cm™'. See text and [26] for details (the figures are
adapted by permission from Macmillan Publishers Ltd. [26],
copyright 2012).
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concentric rings are blue shifted, and the extinction cross
sections are increased. As an advantage over metallic an-
tennas, the resonance frequencies of graphene antennas
mostly lie in the IR and THz ranges, which is important
because biological materials have molecular vibration fre-
quencies in those frequency regions [60].

Instead of mechanically cutting graphene into ribbons,
plasmons can also be confined into various waveguide
structures [58], [62] by tailoring the space dependence of
electron concentration, i.e., conductivity in graphene. This
can be performed through electrostatic doping, for exam-
ple, by changing the thickness or permittivity of dielectric
spacer lying between a graphene and the electric gate. As
such, graphene provides an exciting platform for metama-
terials and transformation optical devices [58]. In that
regards, it was predicted [59] that a single sheet of graph-
ene with properly designed, nonuniform conductivity dis-
tribution can act as a convex lens for propagating plasmon
waves, which may yield spatial Fourier transform of IR
SPP signals.

It was also predicted [84] and experimentally demon-
strated [30] that atomic impurities can localize plasmon
modes in graphene on subnanometer scales. However,
these measurements [30] deal with petahertz (=10 eV)
frequency regime, which means they involve 7 (4.5 eV)
and 7+ o (=15 eV) plasmons [85], which are located in
the continuum of electron-hole excitations and are, there-
fore, very severely damped. At these energies, it is also
necessary to go beyond the linear Dirac cone approxima-
tion and consider the full band structure of graphene.

IV. NANOIMAGING AND NANOSCOPY OF
PLASMONS IN GRAPHENE

Several recent exciting experiments have imaged graphene
plasmons in real space and performed nanoscopy measure-
ments by using the so-called scattering-type near-field
microscopy (s-SNOM) [23]-[25]. The basic idea is to illu-
minate a sharp tip of an atomic force microscope (the tip
size is a &~ 25 nm) with infrared light; the tip in turn acts
like a nanodipole emitter which spans momenta extending
up to a few times of 1/a at IR frequency. This enables
matching of both the frequency and wavevector to excite
graphene plasmons. The tip is located at some distance d
above the graphene overlaid on a dielectric substrate (e.g.,
SiO;), but also in the vicinity of the edge of a graphene
sample [24], or above a nanoribbon [25]. This experi-
mental setup is illustrated in Fig. 5(a) [24], [25]. Plasmons
that are excited by dipole oscillations from the illuminated
tip reflect from the sample edges and form standing
waves. The observable of the method is a measure of the
electric field inside the gap between the tip and the
sample. Since this field is directly related to the plasmon
amplitude by measuring the field at different positions
above, the sample one effectively measures the field of
plasmon standing waves.
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Fig. 5. (a) Schematic illustration of the infrared nanoimaging experiments. (b) Interference structure of a plasmon launched from the tip and
reflected plasmon waves from the edge of the sample; left and right panels show constructive and destructive interference underneath the
tip. Solid (dashed) lines correspond to the positive (negative) field maxima. Graphene is in the L > 0 region. (c) The signal (observable)

for different gate voltages. See text and [24] for details (the figures are adapted by permission from Macmillan Publishers Ltd. [24],

copyright 2012).

Fig. 5(b) illustrates the amplitude of the electric field
formed between the tip and the edge; solid and dashed
lines point at the field maxima and minima, respectively.
In Fig. 5(c), we illustrate measurements of the observa-
ble for different gate voltages, which clearly show that
graphene plasmons can be tuned via gate voltage. The
analysis of measurements shows that plasmon wave-
|2

length approximately follows the law A, o 1/ |n|", where n

is the carrier (hole in this case) density; A, is obtained
from (complex) plasmon wavevector q, = q +iq; via
Ap = 27/q1. Measurements show very strong confinement
of the EM energy, that is, Aair/Ap & 55 at Agip = 11.2 pum;
despite of such strong confinement, plasmons can
propagate several times \,. However, measurements of
[24] did not show change of the plasmon damping rate
q2/q =~ 0.135 £ 0.015 with the gate voltage, which is ex-
pected in the independent electron picture, so it would be
interesting to address this issue in future experiments. The
sample mobility from [24] was u &~ 8000 cm?/Vs. The
question of which processes are responsible for plasmon

damping is still open, and we will address it in subsequent
sections.

We point out that the nanoimaging method outlined
above was successfully used to measure real-space images
of plasmons in graphene nanoribbons on different sub-
strates [25]. Coupling of plasmons with surface optical
phonons of the substrate was observed with nanoscopy
measurements in this setup [23]. Efficient excitation of
graphene plasmons and strong-light matter interaction
corresponding to the nanoimaging setup was analyzed in
[46]-[48].

V. MANY-BODY EFFECTS AND
PLASMONIC LOSSES

Solid state systems involve complex interactions of va-
rious elementary excitations (electrons, phonons, exci-
tons, etc.) that can lead to exotic states of matter like in
the case of superconductivity [86] and fractional quantum
Hall effect [87], [88]. These phenomena fall under the
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general domain of many-body physics, and graphene pro-
vides an exciting platform for their exploration. In that
context, graphene can support plasmons which are
basically density oscillations involving collective coherent
excitation of the interacting electron gas. It was shown
that this plasmon mode can interact with other elemen-
tary excitations like a single electron to form a composite
particle plasmaron [89] or with a phonon mode (substrate
phonons or intrinsic graphene phonons) to form a hybrid
plasmon-phonon mode [39], [40]. On the other hand,
this interaction can also lead to plasmon decay through
excitation of an electron-hole pair or electron-hole pair
and a phonon.

The question of plasmonic losses is particularly intri-
guing and important. The search for low-loss plasmonic
materials is still underway [3] due to the great potential
that plasmons have for the development of nanophotonics.
As we have already mentioned, plasmon dispersion is
usually calculated within the RPA method, which captures
the possibility of plasmon decay via emission of electron—
hole pairs. These strong interband losses occur only above
some threshold frequency in the (w,q) space [see
Fig. 2(b)], since Pauli principle does not allow excitation
of electrons into the state that is already occupied. The
threshold frequency depends on doping, and by increasing
the gate voltage, these strong interband losses can be eli-
minated for frequencies in the THz and IR (e.g., see [38]).

However, even below this threshold, other processes
can lead to plasmon damping. These processes can be in-
troduced phenomenologically into the theoretical calcula-
tion by employing the relaxation-time approximation into
the RPA procedure [38], where relaxation time 7 contains
information on the plasmon decay via all admissible chan-
nels. If we assume independent decay channels, we can

where Ty, denotes the contribution to the plasmon damp-
ing from scattering on impurities and defects, Tapn from
acoustic phonons, Topy from optical phonons, and 7,
from electron-electron interactions beyond RPA; gener-
ally 7 can depend strongly on frequency w.

As a starting point for estimating the relaxation time
values, one may choose to use direct current (dc) measure-
ments. In graphene, the dc measurements are most usually
expressed through mobility which is given by u=
o(w = 0)/nse, where ny is the surface density of electrons.
By using the Drude model for graphene from (7), we can
write the relaxation time as 74, = ,uﬁ\/ns_ﬂ'/ evp, which de-
pends on the electron density n,. Typical measured [10]
room-temperature mobilities are p = 10 000 cm?/Vs at
densities n, = 10" cm ™2, which gives very long relaxation
time 74, = 370 fs. These values are most likely dictated by
Coulomb scattering of the charged impurities residing on
graphene or in the underlying substrate [95]. Indeed, it
was demonstrated [96] that room-temperature mobilities
can reach ~ 60 000 cm?/Vs for graphene suspended in
liquid of high dielectric constant, which screens Coulomb
interactions with impurities. This experiment was per-
formed under significantly lower doping ny =5 x
10" cm™2, which gives relaxation time 74, ~ 500 fs.
Finally, we note that graphene suspended in air, which was
annealed to remove impurities, shows [97] only a modest
increase of the resistivity from 5 to 240 K, maintaining a
mobility of x = 120 000 cm?/Vs at 240 K and density
ny = 2 x 10" cm ™2, which corresponds to Tq. A 630 fs. In
Fig. 6(a), we illustrate the losses (Rq/Jq) of graphene’s
plasmons as a function of frequency; the solid line corre-
sponds to losses estimated from 74, = 640 fs.

By measuring the plasmon linewidths, recent experi-
ments [26], [27], [29] have demonstrated that dc relaxation

write 7 as time of 7 ~ 100 fs does not significantly change for plas-
mons of several THz frequency. However, several different
experimental techniques [18], [19], [24], [90] have demon-
1 = 1 + 1 + 1 + 1 (11) strated reduction of relaxation time at higher (mid- and
T(W)  Timp(w)  Tapu(w)  Topn(w)  Te—e(w) near-IR) frequencies compared to the dc relaxation times.
(a)  frequency [THz] () ©) frequency [THz]  (d)
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Fig. 6. Plasmon properties including losses, relaxation times, and dispersion of the plasmon-phonon coupled modes. (a) Plasmon losses
quantified as Rq/q calculated by using only dc relaxation time 7,. = 640 fs (solid line) and 4. = 640 fs as well as 7o, (w) (dashed line),

which is displayed in (b). The leftmost shaded region (rose) depicts the region of interband losses. The central region shaded in yellow depicts
the region where losses from optical phonons are important. (c) Localization of graphene plasmons quantified as )./ \,. The parameters for
(a), (b), and (c) are n; = 3 x 10> cm~2, ;1 = 10 000 cm?/Vs, substrate is SiO;. (d) Plasmon-phonon dispersion curve for doping n; = 5 x 10'> em=2.

See text for details.
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This was seen in optical absorption experiment on uniform
graphene [18] but also on graphene nanoribbons [90].
Note, however, that graphene ribbons in the experiment
[90] are around 100 nm in width so that edge scattering can
severely limit the dc relaxation time. A view of the
experiment [90] can be found in [91]. On the other hand,
another experiment [92] on graphene nanorings of similar
size (100 nm) has observed different behavior of increase of
relaxation time in the near-IR compared to the dc
relaxation time.

A very different experimental technique (EELS) has
demonstrated [19] that plasmon linewidth increases lin-
early with plasmon momentum, which amounts to a de-
crease of relaxation time with frequency. Finally, the IR
nanoscopy experiment [24] has demonstrated decrease of
relaxation time from a dc value 74, = 260 fs to a lower
value 7 = 75 fs at 27-THz frequency. These measurements
[24] were performed on graphene samples with n, = 8 X
102 cm—2 doping, © = 8000 cm?/Vs mobilities, and the
measured plasmon wavelength was on the order of
200 nm, which was around 55 times smaller than the cor-
responding wavelength (11 pm) of light at the frequency of
27 THz. Plasmon wavelength and propagation distance
were measured in real space obtaining Rq/Sq = 7.4.
These measurements were performed on a lossy substrate.
Nevertheless, by extrapolating these numbers to a lossless
substrate, one would obtain Rq/Sq = 12.7.

Let us now discuss the influence of phonons on the
optical relaxation time by using silver (which has well-
know properties) as an example. The optical properties of
silver are easily fitted to the Drude response given by (5)
with the relaxation time [93] of the order 7, ~ 30 fs. Note
that this is of the same order of magnitude as the relaxation
time obtained [68] from the dc measurements of conduc-
tivity o(w = 0) at room temperature: 74.(T = 273 K) =
40 fs. One would thus be led to believe that dc mea-
surements are sufficient to estimate the optical relaxation
time. However, note that at lower temperatures one ob-
tains significantly longer dc relaxation times [68] T4. (T =
77 K) = 200 fs, which signals large influence of phonon
scattering. Holstein [94] gave a simple explanation of this
behavior by noting that low-temperature optical relaxation
time is related to the high-temperature dc relaxation time.
To understand this, note that in dc measurements electron
energy available for generation of an individual phonon is
roughly kT, so only a small number of phonon modes are
excited in the case T < ©p, where Op = 215 K is Debye
temperature in silver [68]. However, at optical frequen-
cies, when hw > kOp, all the phonon modes can be ex-
cited, which looks more like the case of high-temperature
dc measurements. On the other hand, for T >> ©p, there
will also be a significant contribution to dc conductivity
from the phonon absorption, which is not present at low-
temperature optical measurements. However, this is
easily accounted for by noting that the ratio of phonon
absorption and emission is proportional to the number of

thermally excited phonon modes, which is roughly n =
(1/e%/T —1) ~ (T/Op), when T > ©). Finally, Holstein
gives estimate of the optical relaxation time

T
Topt = Tde(T) —

o (12)

where T is some reference temperature larger than the
Debye temperature Op.

By returning to the case of graphene, let us first note
that the measured long dc relaxation times and weak tem-
perature dependence signify weak phonon scattering,
which is indeed expected in graphene due to the very
high Debye temperature ©p ~ 2000 K. However, the
Holstein argument [94] then states that contribution to
the optical relaxation time can hardly be deduced from the
room-temperature dc measurements in graphene. In
addition to that, besides acoustical phonons (which are
limited by Debye temperature), graphene also supports
optical phonons on the same order of magnitude as Debye
temperature wopn ~ 0.2 eV. We have argued [38] that,
due to the strong electron—phonon interaction with these
optical phonon modes, optical relaxation time Toph(w) for
frequencies above wopn drops down to tens of femtose-
conds [see Fig. 6(b)]. Plasmon losses corresponding to
Toph(w) are shown in Fig. 6(a) (dashed line); localization
parameter /\ah./)\p does not depend on 7; see Fig. 6(c). In
this process, a photon (i.e., a plasmon) is allowed to excite
electron-hole pair even below the interband threshold, by
emitting one optical phonon mode, which provides the
necessary momentum. On the other hand, phonon absorp-
tion is insignificant unless we are working at very high
temperatures. Since an optical phonon needs to be created,
the photon (plasmon) needs to have energy hw > hwoph,
due to energy conservation. In other words, for fre-
quencies (wavelengths) below fop, ~ 50 THz (above
Aoph = 6 pm, respectively) these losses are kinematically
forbidden, and we expect a sharp decrease of the relaxation
time above the optical phonon frequency. It can be ex-
pected that by considering also acoustical phonons, this
transition will be more gradual with the relaxation time
steadily decreasing, as we approach Debye frequency
wp = kOp/h. On the other hand, room-temperature dc
measurements will show significantly longer relaxation
times since most of these phonon modes will be effectively
frozen due to their high excitation energies.

The contribution from electron-electron correlations
beyond RPA to the optical conductivity was theoretically
calculated in [98] and [99]. It was pointed out that these
processes would induce severe plasmon losses below the
interband threshold [100]. Nevertheless, additional theo-
retical and experimental research is required to fully
understand the contribution from phonons and electron—
electron correlations to plasmon losses.
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Plasmons can also strongly interact with surface
phonon modes of the polar substrate to form a hybrid
plasmon-phonon mode [39], which was experimentally
demonstrated with several different techniques [20], [23],
[25], [27]. This can be understood as a simple first-order
process when plasmon and phonon dispersions cross, so
that the electron—phonon interaction gets significantly
enhanced through the collective electron response de-
scribed by the zero of the dielectric function. We would
like to emphasize that there is also an intriguing hybri-
dization of the plasmon with the intrinsic optical phonon
in graphene [40], which is illustrated in Fig. 6(d). Away
from the crossing point, the excitations have a clear plas-
monic and phononic character, whereas in the vicinity of
the crossing, the hybridization is strong. As an interesting
consequence of the unique electron—-phonon interaction in
graphene, we mention unconventional mixing of plasmon
and optical phonon polarizations: Longitudinal plasmons
in graphene couple exclusively to transverse optical pho-
nons, whereas graphene’s transverse plasmons couple only
to longitudinal optical phonons [40].

VI. PLASMONS IN METALLIC
MONO-ATOMIC LAYERS

Plasmons were also demonstrated in ultrathin metallic
layers and monolayers [7]-[9], which have an advantage
over graphene: they have an abundance of free carriers
even in intrinsic, i.e., undoped, case. For example, for
monovalent metals like silver, the surface density of elec-
trons is around ng ~ n5/3 for a monolayer crystal. Here,
n, = 5.9 x 10?2 cm 3 is the volume density of electrons in
bulk silver [68], so ny = 1.5 X 10" cm ™2, which is very
difficult to obtain in graphene.

Next, we need to consider intraband and interband
transitions which can induce strong plasmon damping. It is
straightforward to demonstrate that the onset of intraband
transitions for the case of silver on silicon is rather high
(around 4-eV energy). This is actually comparable to the
threshold for interband transitions [93] from lower d band
in bulk silver so we can take it as an estimate for the cutoff
frequency (4 eV corresponds to 300-nm wavelength). This
is another advantage of metallic monolayers compared to
the graphene case, since such a high cutoff frequency could
be obtained only in a very doped graphene. By using a
simple Drude model to describe plasmon dispersion given
by (6), we obtain plasmon wavelengths two orders of mag-
nitude lower than the corresponding free-space wavelength
of light [see Fig. 7(a)]. We can also estimate losses by using
relaxation time from the bulk silver case 7 & 30 fs, which is
shown in Fig. 7(b). Note that relaxation time of a metallic
monolayer can be different from the case of bulk material,
or can, in general, have some frequency dependence. In
fact, the EELS experiment on silver monolayer demon-
strated [7] huge plasmon linewidth that increases linearly
with plasmon momentum, similar to the case of graphene
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Fig. 7. Properties of plasmons in metallic monolayers. (a) Ratio of
free-space wavelength to the plasmon wavelength in the case of
plasmon in a monoatomic layer of silver. (b) Plasmon propagation
length in unit of plasmon wavelength.

[19]. Note, however, that domain sizes of these metallic
monolayer, reported in [7], are only of the order of
100 nm.

One tremendously important advantage of graphene
over metallic monolayer is its mechanical stability. While
metallic monolayers were only demonstrated to exist on a
substrate, graphene can maintain its structural integrity
even in a suspended form.

VII. DISCUSSION, CONCLUSION,
AND OUTLOOK

Before concluding, let us outline several other interesting
directions of research related to graphene plasmons. It was
predicted that thermally excited plasmons can strongly
mediate, enhance, and tune the near-field radiation trans-
fer between two closely separated graphene sheets [101].
The resultant heat transfer can be several orders of magni-
tude greater than the far-field heat transfer between two
black bodies of the same temperatures limited by the
Stefan-Boltzman law. The reason for this is easily under-
stood by noting that plasmon dispersion in graphene is in
deep subwavelength regime (q > w/c) with large density
of plasmon states. Then, since each wavevector can be
considered as a separate heat channel, these plasmon
modes can transfer significantly larger amount of heat
than the free propagating modes, which are limited by the
light line (q < w/c). Of course, due to the evanescent
nature of the fields, graphene sheets have to be very close
(on the order of a micrometer) for this effect to take
place. It was further predicted that graphene can be used
as a hot emitter in the near-field thermo-photovoltaic
systems, resulting in high-power densities and device effi-
ciencies [102].

Plasmons get damped during propagation, as we
discussed in Section V. However, if graphene is illuminated
by a pump light source, its conductivity will change and can
become negative [36], [63], [64]. This happens because
electrons under illumination create population inversion.
Under such nonequilibrium conditions, plasmon can get
amplified during propagation [36], [64] via stimulated
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emission of plasmons. Coherent terahertz sources based on
such amplification were suggested [36], [63].

Graphene plasmons are attracting interest in the con-
text of magneto—optics [28]. When a magnetic field
perpendicular to the graphene sheet is applied, cyclotron
excitations and plasmons interact and can hybridize to
form the so-called magnetoplasmon modes [51]-[53],
which, in turn, dramatically changes the magneto—optical
response, such as the Faraday rotation. This occurs because
the cyclotron mass in graphene is two orders of magnitude
smaller than in conventional metallic plasmonic materials,
which promotes graphene as a unique material for in-
vestigating magneto—optical phenomena. As an example,
we point at experiments performed in [28], where the
magnetic field perpendicular to a graphene sheet overlaid
on a SiC substrate was applied, and electromagnetic ra-
diation perpendicular to the graphene sheet was applied.
As a consequence, the existence of terraces (and wrinkles)
in the sample, translational invariance is broken, and
magnetoplasmons are excited. Interestingly, the plas-
monic resonance splits into two peaks with increasing
magnetic field, in striking resemblance with the split-
ting observed in graphene disks patterned structures
with the magnetic field applied [29]. The direction of
the linearly polarized light is rotated after passing through
the sample, which is a clear demonstration of Faraday
rotation [28].

It is interesting to note then when strain is applied on
graphene, i.e., when it is somehow stretched or bent,
electron dynamics can be accounted for by adding an ef-
fective vector gauge potential to the Dirac equations gov-
erning the dynamics in nonstretched graphene. This can
effectively be interpreted as an effective magnetic field
applied to the sample which can exceed in value the field
values obtained with the real magnetic field. Strain will
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